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Summary. In this note we extend the notion of completely analytic interactions
of Gibbs random fields that is known for finite interactions with finite range to
interactions that can have infinite values, too. We formulate a set of ten
conditions on such interactions in terms of analyticity properties of the parti-
tion functions, or correlation decay. The main theorem states that all these
conditions are equivalent. Therefore, an interaction is called a completely
analytic interaction, if it satisfies one of these conditions.

1. Introduction

In their recent papers [5, 7] Dobrushin and Shlosman introduced a natural class of
interactions of Gibbs random fields. It is called the class of completely analytic
interactions and it consists of interactions that possess all usual properties of
interactions in the high temperature region. This class is natural because of the fact
that it can be defined by very different conditions (by the description of the area,
where the partition functions have no zeros, by estimates of the semiinvariants of
the finite volume Gibbs distributions or by estimates of the variation distance of
the finite volume Gibbs distributions with different boundary conditions). How-
ever, the main theorem states that all these conditions are equivalent.

The main point to call these interactions completely analytic is the fact that the
free energy and the correlation functions of the corresponding Gibbs random field
are analytic functions. The examination of analyticity properties and of decay
properties of the correlation functions is one of the classical problems in statistical
mechanics. Therefore, there is a wide spread literature about such properties of
Gibbs random fields. The main acquisition of the papers [5-7] is the general,
unifying approach to them. In these papers the reader can find a detailed survey on
the literature and a discussion of the history of the problem. We will not repeat it
here.

In the papers [5, 7], where completely analytic interactions were introduced,
the authors restricted themselves to the following cases: 1. All interactions are of
finite range. 2. The interactions take finite values, only. It is the aim of the present
paper to cancel the second of these restrictions. This enables us for example to
include into the theory of completely analytic interactions hard core lattice gas
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models (see Remark 2.5). First results concerning general state spaces and infinite
range interactions are published in [4].

The interactions under consideration in this paper are defined on the lattice
Z',v =z 1. The state spaces S is supposed to be finite and to contain a special
element 0 in the sense that the value of the interaction for some configurations must
be finite, if there is one component in the configuration that equals Oe S. In hard
core lattice gas models the role of 0€S plays the vacuum element, that represents
the absence of a particle in the corresponding lattice point. The above condition
can obviously be weakened, but only for the price of essentially more complicated
constructions and further other conditions. As examples we mention the properties
(D*) and (D) of configuration spaces in [10, pp. 22, 60]. Verifying these conditions,
one has to check whether or not it is possible to compose a local configuration on
a finite part of the lattice with any other configuration outside some possibly larger
finite part in such a way that there do not occur infinite interactions for the
resulting configuration. Such compositions are used in the present paper several
times. They are not complicated in the case of the presence of a special element 0 S
as above. On the other hand one cannot include into the class of completely
analytic interactions for example in dimension one those, for which the state space
of the corresponding Markov chain breaks up into several classes or subclasses (see
[10, Chap. 5]).

Let us remark that for the enlargement of the theory of completely analytic
interactions to infinite interactions it was necessary to change the point of view of
the examination of the partition function as an analytic function of the interaction.
In the previous papers [5-7] the partition function was understood as a function of
the values U (4, w) of the interaction U. In the present paper we carry over to the
generalized activities I'(4, w) = exp( — U(4, w)) which are finite in the case when
U(A, w) = o, too, and thus allow continuous variations. This led to a reformula-
tion of the second group of conditions. In the present paper we use in the second
group of conditions a new class of quantities that take the place of the semiin-
variants in the second group of conditions in [S-7]. The new quantities are the
coefficients of the Taylor expansion of the logarithm of the partition functions,
where the derivatives are calculated with respect to the generalized activities. In
some special cases (see [11, Chapt. 4]) such functions are called Ursell functions. By
this approach we have found a new group of conditions for complete analyticity in
the case of finite interactions.

In section 2 we state our main theorem together with the set of conditions,
defining the class of completely analytic interactions. Then we show that hard core
lattice gas models will enter this class, if the chemical potential of the particles is
large enough. At the end of this section we give a scheme of the proof of the
theorem, that is divided into three steps, each of them is contained in one of the
following sections.

2. The Main Result

2.1. Basic Definitions and Notations. Let Z°, v =2 1 be the v-dimensional integer
lattice with points t = (%, . . ., "), where ¢’ are integers. We denote by P (7) the
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set of all finite subsets of Z*. One-point subsets we denote for simplicity by ¢, where
teZ’ is the point contained in this set. For V, A < Z" dist(V, A) denotes the
distance between the subsets ¥ and A with respect to the norm
It]l = max {|/][i=1,...,v} on Z' For natural numbers r we denote by
oV =0,V = {teZ’\V|dist{t, V) < r} the r-boundary of V' = Z*. If V' < Z” is some
subset of the lattice, then V¢ = Z"\ V.

Let S={0,1,...,|S| — 1} be the finite set of states. The set of all maps
o:7" — S is denoted by Q. It is called the space of configurations. For V' < Z" the
set Q,, is defined analogously. For V < W < 7" and o€ Q,, we denote by o, = a|,
the restriction of the configuration ¢ to the subset V.For V, W< Z°, Vn W= {J,
o,€Q,, wypeQy, we denote by o, wyeQy,w the configuration for which
(oyoy)ly = 0y and (o, Wy )|y = Oy

Let r be a fixed natural number and 9 be the set of all nonempty finite subsets
of Z* with diameter smaller or equal than . Each map U: 2(Z*) x Q > C U { 0 }
that fulfills the conditions (i)-(v) below is called an interaction.

(i) The value U(A, o) of U for A€ Z,(Z"), 0 €Q depends on g, only.
(i) U(4,-) < oo, if |A| =1, where |A4] denotes the cardinality of the set

AeZ (D). 2.1
(i) U4, )=0,if A¢ N (2.2)
(iv) The map U is invariant with respect to simultaneous translations of both
arguments.
(v} U(4, 0) < oo, if there exists a te A with a|, = 0. (2.3)

The set of all interactions is denoted by UAL. It contains in a natural sense the set 2,
of interactions that take values in the set Ru { oo}, only. Sometimes we use
non-translation invariant interactions, i.c. maps that fulfill (i)—(iii) and (v), but not
(iv). The set of these maps is denoted by €. We introduce on HE a metric R:

R(U,,U,)=max| sup |lexp( — ReU,(4, 0)) — exp( — Re U, (4, g))| ,

Ae N
ge Q

sup ImU, (4, g) — Im U,(4, g)| | . (2.4)

Ae M
ce Q

where we suppose that e”® = 0 and Im oo = 0. This metric R on ¥ induces
metrics on UL and A, which are denoted by R, too.
In some situations we identify Ue W & with the map I': 2,(Z*) x Q - C, with

(4, 0) = exp(— U(4, 0)) . (2.5)

The values are called generalized activities.

For each subset of real interactions & = ,, that contains the zero interaction
U°(U°(-,) = 0), we call its main component .# (¢f) the maximal open connected
subset of (T that contains U°. By ¢, we denote the set of real interactions that
fulfill the condition « formulated below, where « runs through the set {I,, I,, II,,
I, 1,11, ..., I}
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2.2 Main Theorem. The main components M (L ,) are identical for all e {l,, I,,
I, I, 01,1, . .., II1,}. This general component is called the class of completely
analytic interactions.

2.3 The Conditions. For Ue W ¢, Ve P,(Z"), 6 € Q the partition function is defined
by

Zy(Ulgy= ), exp(— Hy(oy5)), (2.6)
ay€ £y,
where
HYo,l6)= Y U4 0,6, . 2.7)
AnV+ &

Throughout this paper we suppose that Z,(U|d) =1 for UeNC 6eQ. Let us
mention that in the case Ue 2, ie. in the case of real interactions, the condition
(2.3) ensures that Z,(U|d ) # 0 for all choices of V'e Z,(Z"), Q. The property of
being non-zero of the partition functions for complex interactions, too, will be of
importance in the first group of conditions.

Condition /,. Ued,, iff there exists &€ > 0 such that for all Ve #,(Z"), 5eQ the
partition functlons ZV(U |G ) are nonvanishing provided

Te0I(U)={UeUC|RWU,T) <z} . 2.8)

Condition /. Ued , iff there exist C < co and ¢ > 0 such that for all Ve 2,(2"),
ge Q2 the partltlon functions ZV(U |&) are nonvanishing, provided

U e(OB(U)={Ue‘2IF|R(U,U <eg} 2.9)
and, moreover,
IIn[Z,(U,16)/Z,(U,15)]] < Cl(VuaV) nsupp(T, — T,)]  (2.10)
for all U,, U,e0,(U), where for Ue¥ ¢

supp U = U 4.
UA4,)#0

Here and in the sequel we suppose that o + a= o0 foraeC and oo — 0 =0.

We define now the functions, called generalized Ursell functions, that replace
the semiinvariants in the theory of completely analytic interactions without infinite
values. With the help of them we formulate the conditions of the second group. For
the definition of the generalized Ursell functions we use the representation of
interactions U e U, by the generalized activities (see (2.5)). Let V be a finite subset of
7' and {A4,,..., A4,} be a finite collection of subsets 4, Z,(Z") such that
A,nV+ &,i=1,...,m For each set {{y,...,,} of functions y;:Q - R
such that ;(w) depends on w|,,, only, and all I'e A, we define

Py oA )=T(A )+ Y z2i(0), (211)

itA;=A

where z;€C, i =1, ..., m. For each multiindex K = (k, . .., k,,) and each 6eQ
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we define the generalized Ursell functions by

oIkl

[l/J,lkla---a ;'{‘mlr’ Vaa_-]zaz—kl—z—m(anV(ﬁ(Z; ----- zm)'a_)zl=() (212)
1. ]

zm-=0
where |[K| =k, + ... + k,,.

Condition /l,. Ued;, iff there exist C < oo and ¢ > 0 such that for all V, 6, m,
Ay, ooy Ay Wi s, K=(k, ...k, with |§,/=<1 and A4,eN,
i=1,...,m the generalized Ursell functions [y, ..., l//;,f‘mif, V,qd ], that are
defined by (2.12) for real I, can be extended to analytic functions on @,(I') and it

holds the following estimate:
L, . i TV, 6] S ky! ..k, CIKI (2.13)

for all Fe® (I').

Let us remark that the partition functions Z,(I'|6) depend on the values
I'A, wl,)for AnV + J, only, ie. they depend on a finite set of values, only. By
being analytic we mean the usual property of functions of several variables.

Condition /f,. Ued,,, iff there exist C < co and a function ¢:Z, — R, with the
property

Y et~ < oo (2.14)
te Z¥
such thatforall V,6, m, A, ..., AWy, oo s ¥ K=(ky, ..., k,)with |ff,] < 1
and 4,eN, i=1,..., m
L, . | TV, 61 S kL. kI CIXI > IT olgh. @15
Ge%4,,. .., A,) ge R(G)
where (A, . . ., A,,) is the set of all trees G with m vertices identified with the sets

Ays.o oy A Z(G) is the set of all edges g =(4;,,A; ) of the tree G and
lgl = dist(A;,, 4;,).

Condition /I . Uedt;_iff there exist C < oo and « > 0 such that for all ¥, 6, m,

Ao Ay Wy, S, K=(k, ... k,) with [|<1 and Ae%R,
i=1,...,m

Iy, oLV, 6] <kt ... k! C¥lexp(—ad(A,, ..., 4,)), (2.16)
where d(4,,..., A,)=min{|B||B< Z’, BU(4, U ... UA,) connected} and

connectivity is meant in the sense of the graph Z” with edges joining nearest
neighbours.

In the next group of conditions the notion of Gibbs distributions Q¥(s, |6 ) in
finite volumes Ve #,(Z") with boundary conditions 5e Q is used. It is defined for
Ue¥, and 6,0, by

Qvloy|6) = Z,(U|6)" ! exp( — HY(oy|d)) (2.17)

where Z,(U|G) and Hy(s,|6) are defined by (2.6) and (2.7) respectively. Let us
remark that the Gibbs distributions in the finite volumes with boundary conditions
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are well-defined because for real U the condition (2.3) ensures that the partition
functions do not vanish. For A = Ve Z,(Z") and w,eQ 4 let

OV, Alwyld) = Y QV(ovla). (2.18)
OyE Qyioyl =,
Condition Il Ued ; iff for some 6 <1, p>0 and all VeZ(Z"), tedV,
cl,c%eQwithg!| =62 ifs+t

Var(Qg, B(t,p,V)(' 161 )s Qg,B(t,p,V)(' lo—.Z )) é %5|B(t’ Ps V)|_ ! > (219)

where B(r, p, V)= {seV|p <|s—t| £ p+r} and by Var(-,") is denoted the
variation distance of two probability measures on the same finite measurable space,
ie. if Q,, Q, are two probability measures on the finite measurable space X, then

Var(Q,,Q,) = Z 10, (x) — Q,(x)! .

xeX

Condition /. Ued y, iff for some decreasing function ¢:7, —» R, with

lim @(d)d** Y =0 (2.20)
d—~
and all V¢, % as specified in Condition [II, and all A < V
Var(QV. 4(-16 1), @V < Y olls—tl. (2.21)
seA

Condition /Il,. Ue y;, iff for some K < o0, k>0and all ¥, A, ¢, 6", 6% as
specified in Condition 111,

Var(QV, 4(116 1), Q¥ 4(*16 %)) £ K exp( — xdist(t, A)) . (2.22)

Condition /ll,. Ued ;;, iff forsome K < oo,k > 0,all V, A, 1,6
in Condition III, and all ¢ ,€ Q, such that Q¥ ,(s,/G*) £ 0

Qy,A(O'AIO_' 1)
QV. alo,4l6%)

Condition /Il,. Ued y_ iff for some K < o, x>0 and some large enough
d = d(K, x) the bound (2.22) holds for all Ve 2,(2") with diam V' < d and all 4, t,
61, 67 as specified in Condition I11,.

The Condition 111, is called a constructive condition. It is of the same type as
Condition I1I, with the main difference that the corresponding bounds have to be
checked only for volumes with a diameter smaller than a given constant d(K, ),
which can be evaluated explicitly. In [6] it is proved that for each condition «,
aef{l,, ..., I11,}, there is a corresponding constructive condition. The same can
be done in our situation, too, without new ideas. That is why we do not go into
details here.

, & % as specified

- 15 < Kexp( — xdist(t, 1)) . (2.23)

24. Remark. The Conditions I,, I, Il ..., III, almost coincide with the
conditions introduced in [5-7] for completely analytic interactions that take finite
values, only. Therefore we refer the reader to [5-7] for a discussion of the
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significance of these conditions and for the history of the problem, together with
the corresponding references. Moreover, the reader can find there several examples
of classes of completely analytic interactions with finite values.

2.5. Remark. We consider the interactions corresponding to hard core lattice
gas models with pair interactions as an example of a class of completely analytic

interactions that take infinite values, too. Let S = {0, 1, ..., |S| — 1} be the state
space and U e, such that
@) Uuw, ) =0 if Ve and |V|>2, (2.24)
(i) U({s,t},6)=00 iff |[s—¢|=1 and of;+0,0,*0, (2.25)
(iii) Ult,o)=p' iff o, =ieS, where yi°=0. (2.26)
For i, i=1,...,|S| — 1 large enough the following estimate holds obviously:

> sup  Var(QE(-|6"), QF(-16*) < 1. (2.27)

seZ’,s=+0 7, d%eQ
6l|1=6zlx't*s

In [2, Theorem 5] estimates of the variation distance of the Gibbs distributions in
finite volumes were derived from (2.27). They show in the case of interactions with
finite range that the corresponding interaction fulfills Condition II1,. Tt follows
from this result that the class of interactions defined by (2.24)—(2.26) is a class of
completely analytic interactions. Because of the implication Ue & ;;;, = Ue;,
we find examples of completely analytic interactions not only in the case when U is
a pair interaction, but when (2.24) is not fulfilled, too. For this we only have to
suppose sup |[I'(4,0) — 1] < e for AeMN, |A| > 2 and & sufficiently small. For this

situationdteh% analyticity of the free energy was shown with the help of cluster
expansions in [8]. Let us remark that interactions for hard core lattice gas models
are interesting for the examination of the Ising antiferromagnet in the neighbour-
hood of the critical point, too (see [3, 9]). The condition y',i =1, ..., |S| — 1, to be
large is essential, because of the well known result in [17], that shows already in the
case S ={0,1}, v=2 an example of an interaction, fulfilling (2.24)—(2.26), but
having more than one limit Gibbs state. The nonuniqueness of the limit Gibbs state
contradicts the condition of complete analyticity.

2.6. Remark. Using inequality (2.27) and the results in [2], it is easy to see that the
following assertion is true. Let U € U, be a real interaction of finite range, fulfilling
(23)and let 4 = (/(U)eR,i=1, ..., |S| — 1 be sufficiently large numbers. Define
Ue, by

IS|~1

Uflt,d)=U@té)+ Y uwrld),

i=1
where y(6)=11if 6|, =ieS and y,(6) = 0 otherwise.
UW,0)=U(V,0),

if Ve and V]| > 1.
Then U, is a completely analytic interaction.
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2.7. Remark. We want to point out that the assertion of the main theorem is not
restricted to the case of hard spheres that do not allow simultaneous occupations of
neighbouring lattice points. It comprises the case of more complicated hard cores,
too. Thus it gives new insight into general hard core systems such as examinated in
[12]. In [12] there are given conditions on the generalized activities that ensure
that the partition functions do not vanish, i.e. they ensure complete analyticity by
Condition I,. Now, the main theorem states a series of other properties of such
systems.

2.8.  Remark. The proof of the Theorem 2.2 follows the scheme

|
i I, — 1 I
f > .
I, I, HI,<—II,
1 r
I, +— 111,

An arrow X — Y means that the condition Y is fulfilled for the elements of the main
component of the set of interactions fulfilling condition X. In Proposition 3.4 the
implication 111, — I, is proved, in Proposition 4.6 the implication I, — I11,, in
Proposition 4.7 the implication 111, — I1I, and in Proposition 5.1 the implication
I1, - II,. The proofs of the implications I, — I,,, IT11, — III, - I11,, I11, — III, are
obvious. The implications I, —» I, [T, — II, — I, can be proved in the same way as
in [5]. We only want to give a comment on the implication 111, — III, that is
proved in [6, Proposition 4.1]. The main point is that the Conditions 111, and I11,
are not conditions directly expressed by the interactions. They are conditions on
the variation distance of the Gibbs distributions in finite volumes with different
boundary conditions, i.e. they are conditions on specifications. In the proof of
Proposition 4.1 in [6] only measurability properties of specifications are used, but
not the property that the specification is a positive one.

3. Condition I1I, Implies Condition I,
During the proof of the proposition that Condition I1I, implies Condition I, we
use the following lemma.

3.1. Lemma. Let Ue, and p >0, 6 <1, vz 1 be given and fixed in all the
following. Define for Ve P,(Z*) and t€ V° the sets B(t, p, V) and V by

B(t,p, V)= {seVip<ls—t| <p+r} G.1)
V={seVl||s—t|>p+r}. (3.2)
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Suppose that for all Ve P(2’), te V*, G, 6 *€Q such that
Glly=¢62%, if s+t (3.3)
the following estimate holds:
Var(QV, pe. o) (16 ), OV )16 %) £ 281B(, o, V)71 (3.4)

Then there exists an ¢o = gy(U, p, 8) > 0 such that the partition functions Z,(U]&)
are nonvanishing for all Ue 0, ,(U), Ve?f(ZV) ageQ. Moreover, one can choose
go > 0 so small that for all 0 < & < ¢, and all Ue 0,(U) and te V*

I) there exist functions C; = C,(e; U), 9, = 9,(5; U, U, V,t) and x = k(U) such
that lim C,(g) = O for the fixed U, |9,(6)| = 1 for all 6 Q and all values of the
e—0

other variables and
Z,(U16)Z7(U|4)
Z,(U|6)Z3(U |6)

for all 6eQ, -
IT) there exist functions C, = C,(g; U), $, = $,(6*,6% U, U, V,t) and x = x(U)
such that lim C,(e) = 0, |9,(G 1,6 %) < 1 for all 61, 6 *€ Q that fulfill (3.3) and
=0

=14+ 9,C, exp( — x dist(t, Vnsupp(U — U))) (3.5)

all fixed values of the other variables and
z,(U|5"Zy(U|3?)
Z,U16YZy(U |67
for all 61, 6 2eQ that fulfill (3.3).

=1+ %C, exp( — « dist(t, Vasupp(U — U))) (3.6

For the sake of simplicity we omitted in the formulation of the lemma
the specification of the dependence of C,, C,, 4, 3, and « of the fixed parameters
v, 1, p, 0.

Proof. Let Ue ¥, be an interaction that meets the conditions of the lemma with
respect to the numbers p and é. If U takes finite values only, then one can find ¢, so
small that all interactions Ue 0, (U ) have this property, too. Moreover, one can
find 0 < ¢ < ¢q such that for all Ueo, L(U)

sup [U(4,6) — U (4,6) <¢,.

Ae A

e
Now, one can prove the lemma in the same way as it was done in [5, Theorem 3.1],
where the authors investigated finite interactions with respect to a distance defined
by the left hand side of the above inequality. We want to emphasize that in this case
g does not depend on U!

It remains the case, when U takes infinite values. In each e-neighbourhood of

U one can find interactions that take infinite values, too. But one can choose &, so
small that for all Ue0, o(U) and all AeZ,(Z*), 6eQ such that U(4,0) <
U (A4, 6) < oo holds, too. Hence there are two possible cases:
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(i) Ue0,,(U)yand U (4, ¢) = o iff U(4, 6) = 0.
(i) Ue 0, (U) and there exist AoeM, 6,eQ such that U(d,,0,) = oo but
U (4,,0,) < 0.

In the first case the proof of our assertion follows the scheme of the proof in the
case, when U takes finite values, only, if we suppose (and we do it throughout this
paper) that oo — o0 =0. For the proof of the second case we introduce
a real-valued intermediate interaction U Let & < M x Q be the set of all pairs
(4, o) for which U(4, ¢) = oo but U (4, 0) < oo . We define

U'A,0)=ReU(A, 0), if (4,0)eS (3.7)
and

U*(A, 6) = U(A4, o) in all other cases . (3.8)
Obviously U*e 0,,(U). We assert that under the conditions of the lemma one can
choose &, so small that for all VeZ,(Z"), te V", all 0 <& < g, and all Ueo,(U)
there exist functions C,=C,(e;U), K, =K, U, U, V1), C,= \/;,,
K, =K, (61,62 U,U" V,t),anumber § = § (5, v, r, p) and a function x = x(U)
such that 1irr(1) ¢ 1(€) = 0 for fixed values of the other variables and |K,(5)| < 1 for

all 6eQ, [K,(G*,6%)| <1forall¢',6%2eQ and for all 5eQ
Z,(U|5)Zy(U"|5)
Zy(U"G)Z#(U|6)
and for all 5, 6 e Q that fulfill (3.3)
Var(Q¥ s, vy (16 1), OF b oy (116 ) S 361BE p, VI TH (3.10)

=1+ K,C, exp(— x dist(z, V nsupp(U — U")), (3.9)

and

Zy(U|6 HZy(U"|5?)

Z UG Z U157 14+ K,C, exp( — «x dist(t, Vnsupp(U — U")) . (3.11)

As before we omitted the specification of the dependence of the functions C Ky,
K, and k of v, 7, p, 0. Let us mention two facts that will be used in the proof several
times. At first we draw the reader’s attention to the fact that, if (3.11) is true, it
follows by subsequent application of this formula that for 6%, 6 2 € Q that differ at
any finite set of points of the set ¢V for the given Ve (Z*)

ZAUGYHY Zo(U"G2 R
ZV((ULT6 )‘)ZVV((U:;Z; =110+ K;,:C; exp(— kD)) , (3.12)
14 A

i

where i indicates the points ;€ 0V, where ¢! and & 2 differ from each other and
D, = dist(t;, V ~supp(U — UM). Furthermore it will be necessary to distinguish
between “good” and “bad” configurations. For Ve Z,(Z*) and oy € Q. we call the
configuration w, € Q, a good configuration and write w, € Q§*(a}.), if for all
AeN, A = VU dV the value U(A, wyoyp.) is smaller than infinity. Otherwise the
configuration w, € 2, is called a bad configuration and we write w, € Q)" (o). In
the following we denote for VeZ2,(Z") by 0, the configuration of Q, that is
identical OeS.



Completely Analytic Interactions with Infinite Values 345

Let Ve?,(Z'), te V* and e Q be fixed. Then

) Q[lj,hV\V(wV\VIO:)

bad 7
By € QV\ 7057 ,.)

= X Y OV @pl)QY (e, 5155 0p)

bad =
O pe 250;0, ) ope O

A

) max Qy\y (@716 pewy)

bad =
Wy p€ QV\T/(OVGW) wy€ 2y

KU, U V,t,6) (3.13)

and

im K@U, U%V,6,6)=0 (3.14)

R, UR)-0

uniformly in V, t, 6. Indeed, the set V'\V is contained in the bounded sphere
B(t,p + r)= {seZ’||ls — t| £ p + r}. Hence, the values Q’J'{,;(- |6 ) do not depend
on the restriction of & to the complement of B(t, p + r) U éB(t, p + r). It follows
from w . p eQ‘,’}‘\d,; (Opoy.) and (2.4) that at least one factor of the product

[ exp( — UMA, op 0y p Gy ) Z5) (U6) = QU 5 (@)1 plwp & o)
AN+ &
is smaller or equal than R(U, U"). Furthermore, we conclude from

lim  Z,\;(U"G) = Zy 7 (UIG)

RW,UM)—0
and again V\V < B(t, p + r) that
KU, U" V,t,6)/R(U, UM < C < (3.15)

for some constant C that does not depend on V, t, ¢ and U*, if R(U, U") is small
enough.

Now we can start with the proof of (3.9)-(3.11). We do it by induction on the
cardinality of Ve 2,(Z”). The first step is easy because Z¢(l7 |6) = 1 by definition.
Suppose that (3.9)-(3.11) are valid for all VeP,(Z") with [V]<n—1. Let
Ve?. (L") be a set with |V| = n and tedV. A short calculation shows that

Z,(Ul5) _ < Zy(U]-6v.)
Zy(U"3) P(U"Gve)

Uh

[1+ (P('O'_yc)]> (3.16)

vV.a

where (- >¥"; denotes the expectation value with respect to the Gibbs distribution
QV"(-16) (see (2.17)) and the function ¢ is defined by

plo)=esp| — Y (U(4,0)—U"4,0)|-1. (3.17

AnV+ &
ANV =

Let us emphasize that U” is a real-valued interaction and thus both sides of (3.16)
are well defined.
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Let D = dist(z, ¥ nsupp(U — U")). Then, if D > p + r, the function ¢ is iden-
tical zero. Hence, we get from (3.11) and (3.12)

Zy(U16) Zyp(U"5) _ <ZI7(U|'U_VC)ZV(Uh|G_)>Uh

Zy(UMG)Zp(U|G) N\ Zp(U"-Gy)Z5(UIG) /v,

(3.18)

VoV R Uk
= < [T (1 +K,:C,exp(— KD,.))> .
i=1 V,s
Using the facts that [V no¥V| < |B(t,p, V) and DD, + p + r for all i, it is not
hard to see from (3.18) the existence of functions K i and C1(C,) such that
IKi| <1, lim C}(C,)=0and
CAZ—vO
Zy(Ul6)Zy(U"|5)

= F(l A1 _ .
Zy(U*6)Zp(U5) I+ KiCiexp(—«D), (3.19)

where we omitted to write down the corresponding dependence of K! and C}(C 2)
on the parameters U, U", V, t, v, r, p, 4.
Let now D £ p + r. Then

—1, if wyl, ;e (056 )
o(w, ¢ C)={ RGNS SN 3.20
ey 0, if wyl,peQF0pcy) (3.20)
and, hence, we get from (3.16)
Zy(U|6) Zyp(U"|6) _ <Z;7(Ul'5vc)217(U"|5)>Uh (3.21)
Z,(U"a)Zp(UlG) Zy(UM-Gy)Zi(UIG) /v, 5 '
Zy(Uloy,, 7056y Zp(UG) .
_ _ — 5wy plo).
wmé‘g{lym mc)Z?(Uh““V POy Zy(Ule) T

For the first term on the right hand side of (3.21) we obtain a representation in the
form of equation (3.19) in the same way as it was shown in the case D > p + r. The
second term on the right hand side of (3.21) can be estimated with the help of the
induction hypothesis (3.11) and (3.12)

Zp(Ujwy, 505Gy Zp(U"G) im

Z h = v, V\V(w[/\ﬁlé')
@y p€ ARy 055,) Zp(Ulloy\p Oy gy Zp(U|o)
[V noP| . " )
< ] 1t + C,exp(—«D,)l > QY 5@ pl6) . (322)
i=1 _e Qbed_ (0 )

V\ N

Because of (3.13), (3.14) and |V 8V | < |B(t, p + r)| the right hand side of (3.22)

tends to zero, if R(U, U™ tends to zero. Hence, we have in the case D < p + r for

some C3(C,), K%, C3
Zy,(U|6)Zp(U*5)

=1+ K}Clexp(—«D) + C*, 3.23
ZAUT0) Z7(Ulg) | RICTeRm DT o2
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where lim  C® =0, uniformlyin Vand 4, |K?| £ 1and lim é%(éz) = 0. We

R(U,UR) >0 C2-0 R
get from (3.19) and (3.23) the needed equation (3.9) with new functions K, and C,
that possess the asserted properties.

We want to point out that the function C, is constructed from C,= \/.; and
further functions that do not depend on V, if R(U, U") is small enough. Hence, C L
does not depend on V.

In the next step we prove (3.10) for Ve 2,(Z") with [V] = n, assummg that (3.9)
is true for the same V. We have to show that for any small enough 6 > 0 one can
choose ¢, > 0 independently of V, tedV and G such that for all tedV, 6eQ
and all Ue A€ with R(U, U) < ¢,

Var(QY s, p.v) (16 ), Q¥ 5, o1y (116)) < 6 . (3.24)
For the sake of simplicity we write B instead of B(z, p, V). Then

R = _ 1 _
Var(Qy p(+16), OV, 5(:[5)) = 3 ) > Qg(waV\BIG) X |1 — ¥(wg)l
wze Qp\ g€ Qpp
(3.25)
where
y exp( - ) UMA, 00 U_yc))
ZV(UIU_) @y g QV\E AnV+ & VB
Y8 =7, 01s) '
% Y exp( - Y U4, a)BwV\Béyc)>
@y g€ Q1/\1; AnV+ &

Because of QV(waV\B|o) =0, if we QF*(0) G y.), we have to examine ¥ for

wg € QF° (OV\Bch) only. Smce B has the thickness r we get with W = V\(Bu ¥)

Y exp( - > U4, w;wwaéw))

2
ZV(Ulﬁ) wWe.wa;,EQ;, Aﬁf#g

Zy(U*6) Z Z exp< - Y U(A, wr/www35VC))

CUWEQW(D"}EQ"; AmV#Q

exp( — Z Uh(A, (DBCOWo'_(BUW)c)>

AnV+ B ANV =

P(wg) = X

exp< — Z U(A, waWO-—(BuW)”))
AnV+ B, ANV =

_ Zy(U16) Zy(U"|wp6ye)
Z,(UM16)Z5(Ulwy05)

h _
Y exp| — Y UMA 0powdmowy)

Wy € Qx”f’.d(wB&(BuW)‘) AnV+ &

AnV =

x| 1+ g
Z eXp| — Z U(A, wywwg(BuW)c)

e O (@58 gowy) ANV + @

AnV =
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It follows from the induction hypothesis (3.9) that, if the distance R(U, U*) tends to
zero, the first factor tends to one. The same is true for the second factor, because of
Wy € Q% (w56 sowy) in the numerator. Since the function él in (3.9) does not
depend on Vand W < {se Z*| |t — s| < p} the convergence is uniform in ¥ and &.
This proves (3.24) that leads together with (3.3) and (3.4) to

Var(Q9 (16 1), Q7 s(+16 ) < Var(QV s(-16 1), @V, (-1 1)) +
+ Var(Qy, 5(-16 1), 07, 5(-16 %)) +
+ Var(Q7 5(+16 ), Q¥ s(-16 %)
=6|B|7' + 2
< 251 IT1 426,
if &, is sufficiently small. Now, we choose § so small that
$5|BI7t + 25 <351BI7!
for some & < 1. Inequality (3.10) is proved.

In the last step of the proof we suppose that {3.9) and (3.10) are true for all
Ve?(2’),|V| £ nand that (3.11) is true for all Ve #,(Z’), |V| < n — 1. We prove
that (3.11) is true for all Ve 2,(Z"), |V| = n, too. We write for the corresponding
parameters V, 61, 6 2
Z,Ul6") Zy(U"6*) _

Z,(U"6") 2,(U16%)
(Z,(U|6") | Zy(U"6") — Z (UG Z » (U6 )2y (U"6?) /Z3(U]6%) )
(Zy(U16%)/Z, (UG WZ5(U"6* )/ Z5(U16%))

Using (3.16) and (3.17) the numerator of the right hand side of (3.26) can be written
in the form

<ZV Ul %) Zp(U"6?) 1>”" _ <Zv( 6% Zy(U"(6 )_1>”"
ZH (UM %) Z5(U 167 T\ Zp (U 659 Zy(U16?)
Zy(U|-GY)Zp(UMGY) >""
+<Zv(U"|-6Vc)Z~<U|62>“’ o)) (3-27)
Zy(U|-6%)Zp(U"G*) ~ >U"
—<ZT/(U"| FazyUe?) O ° V)

Notice that within the < - -brackets of the first term one can replace @ . by ¢ 2..
We can use the induction hypothesis (3.11) in the form of (3.12) and get

<Za(U|-6w)Za(U"|&2) ) 1>”" _ <Zr/(U| 5% Zp(U"16) 1>”"
ZyUTHIZ U fra \ZpUT 5392301

1+

. (3.26)

V.5 V,52

<N

v, v,52

= 2<l_[ (1 + Crexp(—xDy)) — 1>Var(Q5f’B('| '), QVrs(+16)), (3.28)

i

where all D, = D=dist(Vn 8V, Vrsupp(U — U"). The number of points t;
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where (- }.)l, . ,> and ¢ '|, ., differ from each other is bounded from above by
|B(t, p, V')|. Hence, one can choose «(5) and €, so small that for D<D + p + r
and R(U, U") < ¢,

|B| n - ~ ~
[T @+ C,exp(—«D,))— 1 < |B|-C,exp(— kD)5~ 12

i=1
Then it follows from (3.10) that the right hand side of (3.28) does not exceed
C,exp( — kD)5 12 . (3.29)

In the case D > p + r the function ¢ is identical zero and we still have to examine
the denominator of (3.26). But it follows straightforward from (3.9) that for
sufficiently small g,
Z,(U6*)Zp(U"5)
Z,(U"6*)Zp(U|5?)

v

54 (3.30)

Now we get (3.11) from (3.30), (3.29), (3.27) and (3.26). In the case D < p + r we use
(3.11) in the form (3.12) and (3.20) for the set ¥ = ¥ and for & ,j =1, 2, to estimate
the last two terms in (3.27).

Zy(U"5%) Zp(Ulw, ) e
W ) m‘l’(wv"'w)QV (wy|d?)

wy€ 2y

= ) )

Wy € Q‘,’,‘{i,;(();z?{”) wpe Qp
JURN D) OV @y 3167 (331)
W\ € 9‘1’;‘{117(0‘75{,()
S+ C)BKW, U V1,67,
where K(U, U" V,t,67) is the function defined in _(3.13) with the properties
expressed by (3.14) and (3.15). Now one can choose k(5 ) and &g 50 small that (3.28)

and (3.30) are satisfied and that the bound (3.29) holds for (3.28). In this case the
absolute value of (3.27) does not exceed

C,exp(— kD)§ V2 + 2K(U, U, ¥, 1,67)-(1 + C,)¥ |

Zy(U"6%) Zy(Ulwy oy,
Z3(U16%) Zp(U* wp oy,

< =
Qi
<\-
St | S

Gl

Due to the special choice of C as C = \/E the above term can be estimated by
C,exp(— kD)§ 4, if g, is small enough Now (3.11) follows straightforward from
(3.30) and (3.26).

We want to point out that during the proof of (3.9)-(3.11) we always ensured
that the construction of the functions C and x did not depend on the actual
volume V in our induction procedure. Moreover in each step we had to choose
a suitable small ¢,. We did this choice independently of ¥, too. Thus we can use as
the needed ¢, the minimal one of all steps. The rest of the proof of the lemma is easy.
Indeed, we find that the following condition is fulfilled by definition of U” For
AeN and we

U(A, o) = o0 ifand only if U"A, @)= oo .
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This corresponds to the case (i) of our proof and, hence, (3.5) and (3.6) are valid for
U" instead of U. The assertions of the lemma are now consequences of the following
calculations.

z,(U16)Zy(U16) _ Z,(U16) Z3(U"5) Zy(U"5) Zp(Ul5)

Z, (U5 25016  ZvU"G) (U |6) Zy(UI6) Zp(U"6)
= (1 + 9,C exp(— kd))(1 + K,C,exp(— £ D))" !
=1+ 9,Ciexp(—&d),

where & is the constant x used in (3.9) and §1', o) 1» K are some new constants, that
possess the needed properties. This proves (3.5). Analogously we get

Z,(U16")Z,(Ul>) _ ) ) .
ZV(U|&1) ZV(U |O'_2 ) = (1 + 92C26xp( Kd))(l =+ chzexp( &D ))

=1+ 3,Cexp(—kd),

for some new constants that possess the needed properties. The equation (3.6) is
proved.

In the course of the proof of the proposition that Ue & 1, implies U e ;, we
make use of the following lemma.

3.2. Lemma. Then, if _ Uedl 1, there exists e¢>0 such that for all
We Ve?i(Z2’), 6eQ, Uel,(U) the following estimate holds for some constant
C=CWU,|W) < c0:

max |Z,, (U loyéwe)/Z,(U]5) <C. (3.32)

Oy € Qy

Proof. In a first step we prove an estimate for the ratio of partition functions for
Ue¥,. Namely, we show that for VeZ(Z"), teV, 0,€S, 6eQ there exists
a constant C,(U) > 0 that does not depend on V, t, g,, & such that

Zy(Ul16)/2,\(Ul0,G ) > C,(U). (3.33)

Using the abbreviation

qU,V,t,0,,6)= exp( - Y U4, 6,c)>
AnV =t
we get
ZV\:(UthG_tC)

—q(U, V,1,7,,6)
Z,,(Ulo,G ) !

Zy(U|6)/Z,(Ul0,6rc) =Y.

T, €8

L Z,(UI0G,)
~Z,,Ulo,d.)

If follows from (2.3) and U € ¥, that
q(U, ¥, £,0,6) 2 C,(U) > 0 (3.35)

q(U, V,t,0,6). (3.34)
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for some constant C,(U) that does not depend on V, ¢, 6. For the examination of
the ratio on the right hand side of (3.34) we look at the terms exp( — H ‘,f\t(wlattf )
(see (2.7)) the sum of which gives the partition function Z,, (Uls,6 ). In case of
exp( — H},,(0]0,6,)) + O there is a number C; = C,(U, V, t,w,6,,G) > 0 such
that exp( — H“f\{(a)latc_r,c))' Cy =exp(— HY, (0]08,)). Since U e, the constant
C, depends on a finite number of variables, only, and, hence, there exists

minC5(U, V, t,w,0,,6)=C(U)>0. {3.36)
Now, we get from (3.36)—(3.38)
Y exp(~ HY, (@lo,0)

we Q .
Z,(U16)/Z, (Ul6,3) Z C,(U)- C4(U)| 1 + CAV)Z, (Uloo )

2 G,(U)-Cu(U) = C,(U)>0.

The estimate (3.33) is proved. After these preliminary examinations we go about the
proof of (3.32). Let £ > 0 be so small, that for all Ue@,(U) the conclusions of
Lemma 3.1 can be used. To show (3.32), it is enough to handle the case W = ¢ for
someteVeZ(Z')and 6eQ. If V,tand ¢ are fixed, then § splits into two parts §,
and S,:

1,eS,, iff U(A,1,6,.)<o0 forall Aef,AnV=rt.
We get for all g, €S

Z,(Ul6 Z, (Olt,6.) -
]—‘V‘(:\—‘)— |y 2050 gy e 6)
Z, (O 60) 15,2, (0T0,6,)
Z, (0 1,6.)  ~
vy Lol599) gy e, ). (3.37)

res, 2, (U] 6,6 )
Using Lemma 3.1, equation (3.6), we can write
Z, (UO,6,.
V\l(~lrto;t ) = (1 + 8,Cy)
Z,(Ulo,G)
where we included the term exp( — xd) from (3.6) into 4,.
For 7,€ S, we get
qT, V,t,7,6)/qU, V,t,7,,6) =1+ 8,C,, (3.39)

where |94;] £ 1 and C, tends to zero, if ¢ tends to zero, and the convergence is
uniformly in V, ¢, 7, and 4.
For 1,€8, we get

Zy(Ul7,6 )

— (3.38)
ZV\z(U|O—10-lC)

lim ¢(U, V,t,1,6)=0 (3.40)

e 0

uniformly in V, ¢, 1,, 6.
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It follows from (3.37)—(3.40) and (3.33) that

Z,(Ulo )| Zy(Ulo,5.) {
= = — 1+ %,CH1 + HKC) +
ZV(U|0_—) ZV(U|O') ( 2 5)( 3 6)
Z (U|T 610) ~ _ -1
+ 14 8,C) =2 2, Vt, 1,
r,ezsz( ,Cs) Z,(U5) qf T, 0')}
£C,(U)y< 0 .

The bound C in (3.32) can be chosen as C = [W|- C,;(U). The lemma is proved.

3.3. Corollary. Then, if Ue 111, there exists ¢ > 0 such that for all Ve Z.(Z°),
eQ, Ue0 [{U) and each complex valued function @ on Q that depends for some
W < V on |y, only, the following estimate holds:

KeXP.s1 < Clel, (341)
where C = C(|W|, U, r, v, &) is independent of V and ¢ and
ol = sup [p(w)] .
we 2

Before proving this assertion we want to remark that in (3.41) the left hand side is
defined by

=

= Y 0wydr)QY swylé) , (3.42)

wy e 2,

{p)

where Q;;(coyla) is defined by (2.17) with U instead of U. In Lemma 3.1 it was
shown that for Ue 1, and ¢ > 0 small enough the partition functions Z, (U |6 )
are nonvanishing for U el (U). Hence, for small enough & {¢)}, 5 is well-defined.

Proof. Let Uell yy;,, € > 0 be small enough, Ue(f)s( ) and ¢:Q — C a function
that for some W < Ve2,(Z") depends on wly, only. Then it follows from (2.6),
(3.42) and (3.32) that

ZV\W(U |owa we) %

g _ Wi
Keo>v,al = 1SI™ @l max 2,0 15)

g€ Qw

exp( > U(A, 046 Wc))

X max

e Oy AW+ o

An(V\W)= @

< [S™ipl €, max

o€ Qu

(3.43)
AnW+ &
An\W)= &

exp(— ) ﬁ(A,achWc)),

where C, is the bound in (3.32). Let 6 5 € Qy, be the configuration for which the
maximum is reached on the right hand side of (3.43). It is easy to see that

6 we Q%5 we), if ¢ is small enough. Hence, Re U(A, 646w.) < C,(U,¢) for all
AeN, AnW &, An(V\W) = F. As a consequence we get that the right
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hand side of (3.43) is bounded by a constant

C=18"elC,-Cs(U, &1, W),
Q.ED.

3.3. Proposition. The Condition U e X y;;_ implies Ue (X y,.

Proof. Let Ued,yy, and &, > 0 be the number for which the assertions of Lemma
3.1 and Lemma 3.2 are valid. For U,, U,e0,(U) we choose a sequence of
interactions U ‘e 0, (U), i =1, ..., k such that

(i) U' (4, 0) = U, (4, o) and U* (4, w) = U,(A, w) for all A = VUV, weQ.
(ii) Then, if (U ! — U%)(4, .) # 0, the interactions differ from each other on this
set A, only, and for all e with 6| , + w|, the values U'*!(4,6) and
U'(A, ¢) are equal.
(iii) k is the smallest number such that (i) and (ii) are satisfied.

It is clear that

k £ Cy( v, ISDI(V' v 8V) A supp(T, — U,)l - (3.44)
Our assertion will follow from (3.44) and the estimate
In[Z, (U 16)/Z,(U**16)]| £ C, , (3.45)

where C, = C,(U, r, &, v). ) )
Let A, be the set for which U fand U **! differ from each other. Using (ii) and
(3.32) we get for all Ve, (Z*), 6eQ

Z,(U"6) Zu(U'lwé,,) 5 -
- 1= — oy Zof _H? _ _Hi
‘ZV(U”H&) Lz, 0 R H @) men(= T )
<C Y |{exp(— H'(@) —exp(— H' o)}, (3.46)
we Q4
where H/(w) = > Uj(W,wc?Aa) for j=ii+1.

We AgudV, Wnd,+ &

But the last sum in (3.46) can obviously be estimated by a constant C -&,, where
C =C(U,r,v,¢&,,]|S|). This already proves (3.45). Hence, the proposition is proved.

4. Condition I, Implies Condition /71,

For the proof of the assertion that Ue.# (X, ) implies Ue (%, we need the
following lemmata. One of them is already published, but we repeat it here without
proof for the sake of completeness.

4.1. Lemma [6, Lemma 3.1]. Suppose the function ¢(z) is analytic in the disc
{zeCllz| <1 + 8}, > 0, with|p(2)] £ C, for |z| < 1 and ¢(0) is real, p(0) > « > 0.
Let E=1—exp(— a/2C,) and C, =1 + max{|lnal, |InC,|}. Then ¢(z) = 0 for
lz| £ E and |In ¢(z)| £ C, for |z| £ E, where we choose the branch of the logarithm in
such a way that In@(0) is real.
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4.2. Lemma. Let Ued, . Then there exist ¢ >0 and C < oo such that for all
VeZ 1), 6eQ, UeO (V)

InZ,(T)6)| < CIV|. 4.1)

Proof. Because of Uedl, there exists &, > 0 such that for all [76(9871(U) the
partition functions are nonvanishing. We define

d=sup {|{UA4, 0)||[4eN ,0eQ , U4, w) < w0}

and k=card{V < 2’| 0eV, diam V < r} .

We show that the numbers ¢ and C looked for are
e =[1—exp(—exp(—x2i + ¢,) + In|S]))]e, 4.2)
C=[1+«(+e;)+mniS|]. 4.3)

According to (2.5) we use instead of U respectively U the corresponding generalized
activities I' respectively I'. It is not hard to check that for I'e OT(I')

1Zy, (F16)""1] £ exp(k(@ + &;) + In|S]) . (44)
For |z| £ 1 we introduce the functions
(A4, w) = T4, w)exp(z-In(F (4, 0)/T{4, w))) if T'(4,w)+0

and I'*(A, o) = zI (4, w) if T'(4, w) = 0.

Obviously I'*e O] (I') for all |z| £ 1. Thus, the partition functions Z,(I'*|¢ ) are
analytic functions of the parameter z in the disc {ze C||z| < 1}. Moreover, it is easy
to see that

|Z,,(I'#|3)' V1| < exp(x(d@ + ¢,) + InS])
and
Z, (6" z exp( — i) .

Hence, we can apply Lemma 4.1 to ¢(z) = Z,(I'*|¢ )*/!V), which gives by definition
of ¢ and C (see (4.2), (4.3)) the needed result.

43. Lemma. Let # < N, be an open and connected subset that contains
the interaction T'°={I'(A,-)=1, AeN} corresponding to U°. Define
O,9)y=\) 0I)and OT(#)= \) OF(T). Then there exist &, > 0 and a func-

Te#w e w ~ o~
tiona(l',e) >0, T e W, e < g,, such that for all functions g(I'), '€ O,(#"), that are

analytic in O (%) the conditions
() 195 < M for all Fe0I () (4.5)

and
(ii) for some n = 0

0 4.6)

amg(l')
& (By)... 0T (B)lr=ro
q

Y L,=m<n,B,,...,B,e?(Z") imply

=1

lg(D)| £ Mexp( — na(l,e)) forall I'ew . 4.7)



Completely Analytic Interactions with Infinite Values 355

By the partial derivatives (4.6) of the function g(I"), I'e 0.(#"), we mean the family
of functions

{ amg(I7) }
ol (By, 6b1)d" 2 (B, a"?) ... 0" (B, 0%"))

where the parameters are chosen as follows: I;; 2 0, l;; + ... + Iy, =1, 6" 7€ Qp,,
j=1...,u;>0,i=1,...,q. The proof of the lemma proceeds in the same way
as the proof of Theorem 4.2 in [5].

A family {V,e?(2’)li=1,...,1I} is said to be connected, if for all

G EJc{l,... I}
(r)-(yn)ee.

In the next two lemmata we examine the generalized Ursell functions, that are
defined by (2.12), to find the crucial properties of these functions.

44. Lemma. Let Ve P (L"), A,eN, AinV+ I, ¥ Q>R such that (o)

depends on wl|y, only,i=1,..., mand K =(k,, ..., k,) be given. Then, if the set
{A,,..., A,} is nonconnected,
i, .., Yk r% V,61=0. (4.8)

Proof. By definition (see (2.11), (2.5)-(2.7)) we have

zZy(lg,, ... @)= I1 (1 + Y Zil//i(wy&yc)> .

wy€Qy AnV £ & irdi=4
From the nonconnectivity of {4,, . . ., A4,,} it follows the existence of a nonempty

set J = {1, ..., m} such that (U Ai)m(U Ai) = (J. Now it is not hard to see
that ieJ i¢J
ZV(F((;1 ----- zm)|5) = ZVn(U A,.)(F(g,-, ieJ)|5)'ZVn(UA,.)(F(g,-,iw)la') .
igJ

Thus the logarithm of Z,(I'g, .. 2,0 ) breaks up into a sum of two logarithms

and, consequently, the derivatives defining the generalized Ursell functions for I'°
are vanishing.

45 Lemma. Let{A,,..., A,},{By,..., B, } be two families of elements of 0t and
(W15 ..., Y} be afamily of maps y;: Q — R such that y,(w) depends on | 4,, only.
I) Then,if {A\,..., A, By, ..., B,} is nonconnected,

611 +..0+l,
oI (By)...84I (B,

for all choices of the parameters V, &, Li=(y,..., 1), i=1,...,q,
K=(k...,kp,).

m q
) Let Ve P(Z"), 6'€Q, i =1, 2 be such that for D =< U Ai) u< U B,-) the
i=1 i=1

Jollowing conditions hold:

Wik, ..yl V, 6]

0, 4.9)

F=ro°

DaVi=DnV, DnoVi=DndV, and G'|,=62, forall sedV,nD.
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Then, for all choices of the other parameters

611+"'+l‘1

~ ~ [w(k‘a"'s ;:"‘\f,V,&l
T (By)... 8T (B) SAA P
ot ~
== m—V NS N A 410
oiF(B,)... 0% (B) SRCLE M
Proof. The left hand side of (4.9) is equal to
ik, e M e PO VG 411
where
_ )1 for (wydve)ls, = a¥
Lij(@yOve) = {0 otherwise “12)
if 6V oy g, =0lovnp foralli=1,...,qj=1...,u.

Now the first assertion follows immediately from Lemma 4.4. The second
assertion is a direct consequence of the representation (4.11) for the derivatives and
of the properties of D.

4.6. Proposition. The Condition Ue # (X ;) implies Ue X 1y,

Proof. Let U e.#(Ct; ) and consider the function
g(U) = In[Q7 (0,416 *)/QV, (0,46 *)]
=1nZ,(U|6%) —nZ,(U|6") + InZy, s(Ul6a5 i)
—InZy, A(U\aAé,%c) , {4.13)

where the parameters are chosen as follows: Ve Z,(Z"), A= V,tedV, d LeleQ
such that &', = 2|, for s #t, 0,€Q5(GY) N Q5°4(G%.). Define # =W,
to be the main component of the set of interactions that fulfill (4.1) with the
constants C and 2e¢. It follows from Lemma 4.2 that the sets #'¢ , exhaust .4 ((Z;,).
Moreover, we get .

lg(U)} < 4C1V (4.14)

for all U e 0 I(#"). In the next step of the proof we want to show an estimate similar
to (4.7). For this we need for some n 2 0

gt +lqg(f)
M (By)... 04T (B)lF-re

To prove (4.15) we use Lemma 4.5 for the case m = 0. By this lemma the derivative
on the left hand side of (4.15) can be nonvanishing only if the family {B,,..., B}
is connected with ¢ e B; for some i and A " B; + (J for some i. Indeed, if connect-
ivity does not hold, the derivative vanishes according to I) of Lemma 4.5. If on the
other hand the family is connected, but t& B, for all i or all intersections A N B; are
empty, then according to II) of the same Jemma we have a complete cancellation of
equal terms with different signs in (4.13). Hence, if the derivative is nonvanishing,
then g = [r~dist(t, 4)], where [x] denotes the integer part of the number x. Now,

=0. (4.15)
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it is a consequence of Lemma 4.3 that
lg(U)| = 4C|V]exp( — a(U)dist(t, A)) . 4.16)

Let us recall that in (4.10) the boundary conditions &', ¢ 2e Q differ from each
other at t, only. For general ¢, 62eQ such that for the fixed ¢,eQ, holds

0,€ Q86 & ) Q5 3 ) we get by subsequent application of (4.15)

Qv A(046")
0V, A(a,6 %)
where 4(6 ', %) = {sedV|d |, + ¢ *|}.

Now we can attack the original problem. Remark that without loss of general-

ity we can restrict ourselves to the situation, where V=AUV, withAnV, = &
and

In S AC|V[214(G 1, 6 *)lexp( — a(U)dist(4(6 L, 6 2), 4)),  (4.17)

V, = {seV|dist(s, t) < dist(z, 4)} . (4.18)
Indeed, assume that there exists se V, s¢ A, but dist(s, t) > dist(t, A). Then
_ Valo )
Qg,A(UAlG 1) B TSZES QV,A ( A

0V, 4(0,6%) _
Z Qg,ﬁ (O-Ars|62)
1s€S

where A = AU {s} and A is situated in ¥ such that V\A fulfills (4.17). Assuming
that (2.23) is true for J and A and using the implication

5

S| S
a/b, < K,i=0,...,18|=> Y a,./Zb,.<K,

i=0 i=0

which is true for positive real numbers g, and b,, we get that (2.23) is true for ¥ and
A, too.
In the following we use the notations

A’ = {seAldist(s, ) < dist(t, A) + r}
A" =MNA" and
V = {seA"|dist(s, A") > dist(t, A)} .

Taking into account the finiteness of the range of the interaction a long but simple
calculation shows that

OV.4 (046 1)/ Q7. 4(045 %) = QV 4 (0416 1)/ QY 4 (0416 %) . (4.19)

This enables us to restrict ourselves to the set A’. For this set and j = 1, 2 we get by
the formula of the total probability

QY x(oyld) = ¥ 0V +(oxl0pG %) 0F swy]67) . (4.20)
wpe Qp

Before doing the next step let us remark that we can restrict ourselves to the case
dist(t, A) > r. This assertion is true because of the possibility to change the needed
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constant K in (2.23) for the values of dist(¢, 4) up to the finite number r. It follows
from this remark that dist(¥, 4’) > r. We use (4.17) for the volume ¥\ ¥ and get for
all wy, wfeQp

Yoo alox lyd's.) ~ ~ .
In =5 | SACII\V[(16(V\V ) V] + Dexp( — a(U)dist(t, A)) .
V\IZA'(UA' | 6%:)

4.21)
It is easy to sec that V\V|< C,|A'|(dist(z, A)), [A'] £ C,(dist(f, A))* and
[6(V\V )| £ C,(dist(t, A))°, where C, = C,(v), C, = C,(r, v) and C, = C,4(r, v) are
constants. Hence, it follows from (4.20) and (4.21) that
Qv aloald?)
QEA (a1 %)
for some k > 0 and some K < oo. Now the estimate (2.23) follows immediately
from (4.22) and (4.19). The proposition is proved.

— 1| £ Kexp( — x dist(t, A)) (4.22)

4.7. Propesition. The Condition Ue X ;;;, implies Ue yy; .

Proof. Let Ue 11y, and the parameters V, A, 1, 6 1, ¢ * be chosen as necessary for
the Conditions III, and III,. We denote by Q)= Q5°4(G}.)n Q%% (%)
Now the proof proceeds in the following way: Then, if dist(z, A4) > r, it follows from
(2.23) that

U —1
Var(QY A(-16 %), QY 4(15 ) < 4 max [2ral0d? ) _ ‘
| 720408 4(0,057)

< $Kexp( — xdist(t, 4)) .

The case Elist(t, A) £ r is trivial because it is possible to increase the needed
constant K in (2.22) for the values of dist(t, A) up to the finite number r.

5. The Second Group of Conditions

The basis to include the second group of conditions into the cycle of the theorem
are the properties of the generalized Ursell functions for the zero-interaction U°
that are proved in the Lemmata 4.4 and 4.5 We use them to prove the implication
Ue(11,)=>Uell .. Before doing this we remark that the implication
Uedir,=Ue i, follows from the estimate

supp(Fer 20 — I')| =

U Aikéc-m

i=1
for some constant C = C(r, v) and the Cauchy formula for derivatives of analytic
functions. The Condition II, follows from Condition II, with ¢(d) = exp( — xd).

5.1. Proposition. The Condition U € .# (X 11,) implies U e 11,.
Proof. We apply Lemma 4.3 to the function
g =Tyt ... I, V61,
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where I' € @F(I'). The a priori estimate is (2.13),i.e. M = C¥Ik,! . . . k! It follows
from assertion I) of Lemma 4.5 that the derivative (4.6) can be nonvanishing only if
{41,..., 4,,B,,..., B} is connected. Since diam B; < r and by definition of
d(A, ..., A,) it follows that g = c-d(4,, . . ., 4,,) for some constant ¢ = c(r, v).
This immediately gives the asserted estimate (2.16).
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