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1. Introduction

1.1. In 1910 A. A, Markov began to study the conditions under which the
central imit theorem is applicable to nonstationary Markov chains. He showed
- [26] that if for all # the variables X{™, - -+, X% form a sequence of random
-~ variables which can take on the vaIues 0 and 1 and are connected by a non-
stationary chain (the general case of a chain of variables with N = 2 states is
usually reduced to this particular case), and if S™ = XM+ .- 4+ X" then
" a sufficient condition that the sums

S MSm
VDS
- be normal asymptotically is that for all » and % there is some & > 0 such that
wi L P{X{M == 1] XD, =1} = 1—a™,
@™ L P{XP = 0| X)) = 0} £ 1—a®,
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here a!™ = o. Markov made use of this fact in developing the method of
moments. He mentioned also that the difficult problem of reducing the number
' of restrictions he introduced must remain open for other investigators.
The next step in the study of this problem was made by $. N. Bernstein.
. In his work published in 1922, Bernstein [1] treated Markov's problem as a
- special case of a more general problent involving the conditions for the sums of
¢ weakly dependent variables to be normal asymptoticaily. He showed, in par-
| ticular, that the normalized sums (1.1) are normal asymptotically if the varia-
jbles «™ in (1.2) satisfy the condition that «™u*—¢ — o for some & > 0. In
is now classical work of 1926, Bernstein [2] strengthened his result and showed
Ethat this property is true also if at™ ¥ - co, where & > 0. In addition, in
| the same work he gave an example which showed that if «!™ ~ cn~%, where
(0 << ¢ < o) is a constant, then the sequence 8 can havea limit distribution
hich is not normal. (This example is dealt with in detail in Section 2 of the
tesent article.) A further refinement of the conditions of validity of the central
mit theorem required a deeper study of the Markov chain itself. This Bernstein
did 3, 4] in 1926—1928. In these works he proved the sufficiency of the
bcondition a™ n%—* — co. Finally, as late asin 1947, N. A. Sapogov [29] devel-
ped Bernstein’s method to the point where he was able to obtain the best
ossible result. He showed that normality is obtained in the limit if (™ 1% — oo,
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80 R. L. Dobrushin

CENTRAL LIMIT THEOREM FOR NONSTATIONARY MARKOV CHAINS

R. DOBRUSHIN (MOSCOW)

(Summary)

This paper is a continuation of investigations on the central limit theorem for nonstationary
Markov chains, carried out by Markov (1910}, Bernstein (1922-1036), Sapogov (1947 — 1949} and
Linnik (1948—1049).

Let §,, 7 == 1, 2, be sets of states of the chain, and ¥, be o-algebras of measurable subsets of
these sets. A function Plw, B) (x€£2,, B e,) is called a stochastic transition function if it has
the foliowing properties: i

1) if Plw, B) for fixed B is 2 measurable function of x;

2} if Pz, B) for fixed = is 2 probability measure in B. Let A,, 2 == 1, 2, be Banach spaces of |
completely additive functions of sets A(B;) (B, e®) with 1{£2,) = 0 and with norm ]

J[4}] = sup |M{B}|.
Be¥Y,

By means of the eguation .
_PA(B) =j§ Pz, B)Aldz), Bel,
1 .

any stochastic transition function defines the operator P taking A, into 4,. Let N(P) be the norm
of this operator P. :
The number «(P) = 1--N(P) is called the ergodic coefficient of this stochastic transition:
function. 1f we have & denumerable chain, then P is a stochastic matrix (fy) and
a{P) = inf T min Piym, Pim)-
kb ome=d :
A nopstationary chain with » moments of time is defined by a sequence of pairs (Q{”- B,
i=1,... n, transition functions P"(z, B), (e ", B e, i e 1,. .., »—1) and the initi
probability distribution P (B) (B &90,). In a natural manner the probability measure is gives
in the space QW == Q% . QM. Let X" be a measurable function defined on 24 and;
continued onto L™, and let é
Strhme XML XML X
We shall consider the limit distribution for a sequence of random variables
Sin . ES

VD3im

Sim —

By definition
@™ == min a{PM).
H
Theorem 1: If
1) DX > o> 0,
2) | XM < C < w,
3} n'fe min a(PP¥) - @ (# - @),
£
them S'™ §s am asymplotically normal sequence of random variables.
If we veplace condition (2} by
@) DXP <€ < =,
then the limit distribution Jor S will become an infinitely divisible distribution if il ewiabs.
This theorem is not valid if we replace condition (3) by '
(8" #Msmina(PP) & < 0 (2 - o).
i

Theorem 8: If conditions (1), (2) and (3) are satisfied,
FPM) = P{XPM-BXP < )

and
L]

4) lm — e

n—sco % {ort™)? =1 o 8 = ratle{atnyf
then S is an agsymplotically novmal sequence of rendom variables.

I we replace condition (4) by a less stringent condition, Theorem 8 is not valid.
A criterion for the ergodic properties of nonstationary Markov chains is also given.

EAFW () =90,




