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Abstract: We discuss some statistical properties of the phase boundary in the 2D low-
temperature Ising ferromagnet in a box with the two-component boundary conditions.
We prove the weak convergence@f0, 1] of measures describing the fluctuations of
phase boundaries in the canonical ensemble of interfaces with fixed endpoints and area
enclosed below them. The limiting Gaussian measure coincides with the conditional
distribution of certain Gaussian process obtained by the integral transformation of the
white noise.

1. Introduction

The large deviation probabilities for the total magnetization in the two-dimensional
(2D) Ising ferromagnet are known to possess the non-classical asymptotics in the phase
coexistence region. The exponential decay here is of the surface order [25, 14] reflecting
the fact that the phase separation is the main mechanism responsible for this asymptotic
behaviour. (Without being explicitly stated, this fact was essentially presented in the
early papers by Minlos and Sinai [19, 20] where the caséd-dimensional { > 2)

Ising model was rigorously studied.) The rate function corresponds to the total surface
tension of the phase boundary and the limiting shape of the latter can be described in
the framework of the Wulff theory [7, 23]. Particularly, in the typical configurations, the
immersed phase tends to form a unique macroscopic droplet with the shape and the area
close to that of the Wulff droplet, i. e., the solution of the related variational problem. As

a result, the optimal value of the Wulff functional provides the correct constant on the
surface scale of the exponential decay of large deviations probabilities. Note the really
remarkable fact that the last observation is actually true for all subcritical temperatures,
i. e., in the whole phase coexistence region [15, 16].

* Current address: TU Berlin, FB 3, Secr. MA 7-3, Str. des 17. Juni 136, 10623 Berlin, Germany; E-mail:
hryniv@math.tu-berlin.de
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The results obtained in [7, 23, 15, 16] describe many interesting properties of the
phase boundary as well as typical configurations in the considered situation. However,
they are not sufficient to deliver the exact asymptotics of the probabilities of large
deviations. To this end one needs more detailed information about the fluctuations of
phase boundary with respect to the limiting Wulff shape, the information that is also of
independent interest.

The present paper is an attempt on the way to fill this gap. Namely, we discuss sta-
tistical properties of phase boundary in the 2D low-temperature Ising ferromagnet with
the two-component boundary conditions in the canonical ensemble of interfaces with
fixed endpoints and fixed “area enclosed below them”. We prove the weak convergence
in C[0, 1] of the probability distributions describing the fluctuations of such interfaces
around the corresponding part of the Wulff shape to certain conditional Gaussian distri-
bution. This limiting measure coincides with the conditional distribution of a Gaussian
random process obtained by the integral transformation of the white noise.

As inthe preceding paper [6], where a similar problem for general model of the SOS-
type was investigated, we use extensively the large deviation principle in the strong form
[8] combined with ideas further developed from the original book [7]. These results were
announced in [13].

To our knowledge, there were only two mathematical papstadying weak con-
vergence of measures describing fluctuations of the phase boundary in the 2D Ising
ferromagnet [12, 5]. Nevertheless, the methods used there were adjusted to the investi-
gation of interfaces with fixed endpoints (even only horizontal ones in [12]) and are not
applicable to the additional volume constraint discussed here.

The paper is organized as follows. Section 2 contains notions and known facts to be
used later on. The main results are stated in Sect. 3. The basic polymer representation of
the patrtition function is developed in Sect. 4. Then, in Sect. 5 we prove the analyticity
of the corresponding free energy and discuss some its properties that are used in proofs
of limit theorems in Sect. 6. Convergence of finite dimensional distributions of the
considered conditional process is established in Sect. 7. The proof of the main result
is completed in Sect. 8, where the tightness condition for the sequence of measures is
checked. Finally, in the Appendix we present the geometric construction of the solution
to the Wulff variational problem corresponding to the discussed situation.

Professor Roland Dobrushin left us forever when the work described in this paper was
still in progress. But even this irreversible loss could not reduce his personal influence
on the whole work — without any doubts, he is the main author of this result. In fact, this
text is an attempt by the second author to realize some ideas of his Teacher. This paper
is devoted to the memory of R. L. Dobrushin.

2. Preliminaries

To fix the notations let us recall briefly certain notions and facts from the theory of the
2D Ising model (for detailed discussion see, e. g., [7]).

Lattices.Let Z2 be the two-dimensional integer lattice a(i#f)* be its dual,(Z?)
(Z + 1/2)?, both consisting o§ites.These lattices are immersed ité equipped with
the usual Euclidean distangg, |« —y| = \/(z1 — y1)2 + (x2 — y2)2, wherer = (z1, 22)

*_

1 Many interesting ideas appeared already in the pioneering paper [9], where however only a particular
one-dimensional distribution of the phase boundary was discussed.
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andy = (y1, y2). We call abondany segment of unit length connecting two neighbouring
sites of the dual lattice.

Let s, ¢ be two neighbours i@? and f denote the unit segment connectingndt.
By definition, a bona separateshese sites if the segmentsande are orthogonal and
meet at their midpoints.

Fix one of the two directions (1) and (1 —1). Any straight line passing through a
site in this fixed direction is calleddiagonal. Thus, any site belongs to certain (uniquely
determined) diagonal. By definition, a siec Z? is attachedto s* € (ZZ)* provided

they share the diagonal and— s*| = v/2/2. A sites € Z? is attached to a bondif s
is attached to one end ef

Let e; ande, be two orthogonal bonds that share a site of the dual lattice. We say
thate; ande, form alinked pair of bonds if they belong to the same half-planeif
determined by the diagonal passing through their common point.

For a sef” C Z?, |V| denotes its cardinality an@l’ is its outer boundary,

8V={s€ZZ\V:HteVWith|t—s|=1}.

A bonde is called aboundary bondbf the setl if there existt € V ands € Z2\ V
such thae separates ands.

ConfigurationsFor V' C Z? denote byQy = {—1,1}" the set of all possible config-
urationso = oy in V. In the casd” = {s} the configuratiorry is reduced to thepin
at the sites and is denoted simply by,. If Viy, N > 1, is the vertical strip ifZ? of the
width IV,

VN={t=(t1,t2)eZz:O<t1<N}, 2.1)

we denote the corresponding getl, 1}~ of configurations by y.

Fix anyV C Z2. A configurations = 572,y in the complemenZ? \ V is called
a boundary conditiorn(for V). Two kinds of boundary conditions will be considered
mainly in the following: the constamius boundary conditiow*,

5 =1, forallt € 22\ V, (2.2)

and the two-component boundary condit®f, ¢ € (—7/2,7/2),

v _ | 1 if £, > t;tany,
of _{ —1, otherwise. (2.3)
Contours.Let o be a configuration in a séf C Z2 andz be a boundary condition.
The boundaryI'(o, ) of the configuratiorr under the boundary conditiam is the
collection of all bonds separating the sitesZifi with different values of spins. Then
any sites* of the dual lattice is the meeting point of an even number of such bonds. If
four bonds meet at a common vertex we split them up into two pairs of linked bonds.
This procedure is actually a fixed choice of the so-called “rounding of corners” along
the diagonal passing through the common vertex of these bonds. Apply this procedure
at any dual site that is a meeting point of four bonds fidm, 7). Then the boundary
['(o, @) splits up into connected components to be catledtours.

Let Vivar, M > 1, be the set (cf. (2.1))

VNM:{t:(tl,tz)EVN:17M<t2<M} (2.4)
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andz = &*. Then every contour of (¢,7), 0 € Qnu = {—1,1}"~¥, is a closed
polygon. Forg = ¥ the boundary’(o, &) contains one (infinite) open polygdh In
the casell > [N tany] + 1 this open polygon passes through the pointd(Q) and
(N,[Ntanp] +1/2).

Phase boundanyjet o be a configuration iy (recall (2.1)) ands¥ be the boundary
condition defined in (2.3). As before, denote®y: I'(o, &) the (infinite) open contour
passing through the points,(0/2) and (V, [NV tany] + 1/2). Let A(S) be the set of all
points fromZ? N Ry,

Ry = {(xl,xg) ER?:qy € [o,N]},

that are attached to bonds.®f The restriction of5 to the vertical stripR y is called the
phase boundargnd is denoted also bY.

Let 7,7 denote the set of all phase boundaries consistent with the boundary condition
o?. Fix any S € 7,7. The point (01/2) is theinitial point and (V,[N tany] + 1/2)
is theendingpoint of the phase boundasy. By definition, theheighth(S) of S is the
difference in the ordinates of the ending and the initial point§.ofhus, forS € 7,7
one hasi(S) = [NV tany].

Assume thatV/ = M (S) > 1 is such that the contouf is covered by the rectangle
Ry = [0, N] x (1 — M, M). Then the polygorb' splits up the rectangl&,, into
two parts, the “upper” and the “lower” ones, with the aré¥s and @, respectively.
The quantity

- +

a(8) = ax(9) = IO (25)
is called theareaunder the phase boundas$y Clearly, this definition does not depend
upon M provided it is sufficiently largeM > My(S). Observe also that for a “nice”
contour S that intersects any vertical line = k, £k = 1,2,..., N — 1, at a unique
point the quantity:(S) gives the value of the integral of the piecewise constant function
appearing after removing all vertical segments fr6m
Gibbs measures.et 1 be afinite subset ¢t? andz be a boundary condition. Ti@ibbs
distributionPy, 5(-|7) in V with the boundary conditiotr is the probability measure in
Qy given by

Py s(0|5) = Z(V, 3,5) L exp{—BH(c|5)}, o€ Qy, (2.6)
where the hamiltoniaf(c|7) is defined by
Ho == Y oo— > o, @7

s,tEV, sEVEEDV,
|s—t|=1 [s—t|=1

the partition functionZ(V, 3,7) is

Z(V,3,5)= > exp{—BH(ol7)}, (2.8)

oEQy

andg > 0 denotes the inverse temperature. In what follows we will always assume that
G is sufficiently large.

Ensembles of phase boundari€onsider the bo¥y,, defined in (2.4) and let?

be the boundary condition from (2.3). LBty »s 5(-|c¥) be the Gibbs distribution in
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Qnu = {—1,1}Vvm defined as in (2.6)—(2.8). Fa¥/ > N tany denote by7Z?,,
the set of all phase boundaries Wi, consistent with the boundary conditi@ft .
The Gibbs distributio® - 17,5(-|7¥) induces the probability distributidPy a7, 5,,(-) in
T3, according to the following formula:

Pn.a,6,0(S5) = PN,M,,@({U € Quy i (o,5%) 3 5} ’ 59@)’ SeTs,.

Another form of this distribution will be of importance in the following (E4.3]).
Namely, let®(A) be the function of finite subsets i determined from the cluster
expansion of the partition functiod(Viv s, 3,7") ([7, §3.9]), |S| denote the length
of the polygonS, andA(S) is the set of all sites attached to the phase boundary. Then,
defining the weightsu 3/ (S) via

wy(S) = exp{—26\5‘| - 3 cp(A)}, 2.9)

ACVNM:AI'-TA(S)?@

we rewrite
wy (S)
E(N, M, )’

whereZ' (N, M, ) is the corresponding partition function,

E(N,M,9)= > wnum(S).

SeTy

PN,m,8,e(S) = (2.10)

For future reference we recall here the following important properties of the func-
tion ®(A) ([7, §3.984.3]): ®(A) is a translation invariant function vanishing on non-
connected setd C Z?2; moreover, there exist§y < oo such that for all3 > 3, one

has
[®(A)] < exp{—2(3 — Fo)d(A)}, (2.11)
where the functiorl(A) satisfies the inequality
d(A) > 2diam@A) + 2 (2.12)

with diam(A) denoting the diameter of the s&t diam(A) = maxX{|z — y| : =,y € A}.
According to Lemma 3.10 ([7]), estimate (2.11) implies the inequality

> @A) < KIS, (2.13)
ACZ2ANA(S)FAD

whereK = K(3) is a constant such th&f\ 0 asg "+ oc. Therefore, for all sufficiently
large s the weights (cf. (2.9))

w(S) = exp{725\5| - A-mZA(S);@ d)(A)} (2.14)

are well defined.
Let 77 = UnTy,, be the set of all phase boundarieslip consistent with the
boundary conditiom” and7y = U, 7, denote the set of all possible phase boundaries

2 Observe that two external halfbondstlid not contribute tdS| in [7] but this does not affect the value
on the right-hand side of (2.10).
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in Vi (the union here is over alp € (—x/2,7/2)). Due to [7, Theorem 4.8] the
guantities

E(N,Q)= > w(S),  E)= D w(S)

SeTy SeTn

are finite (in fact,='(/V) coincides with the partition functioc'(V, O, restr), where

Z(N, H,restr) is the partition function for the restricted grand canonical ensemble of
the phase boundaries (see definition (4.3.16) in [7])). As aresult, one can define the prob-
ability distributionsPy 5., (-) = P +00,3,0() @andPy g(-) in 77 and Ty respectively

via the following formulas:

Pn.g.(5) = EI(U]E,SZO)» SeTy, (2.15)
and S
Pn.s(5) = % S € In. (2.16)

Here again one has the conditi@n> 51 > Gcr that is a consequence of application of
the cluster expansions technique.

Surface tension, free energy, Legendre transformafonany fixedy € (—x/2,7/2)
denote byn = n(y) = (- sinp, cosy) the unit orthogonal vector to the straight line
t, = tytany in R?. Let the boxVy s, M > N tany, be as in (2.4) and (Vi ay, 3,7)
denote the partition function if2yj,; corresponding to the boundary conditien By
definition, thesurface tensioin the direction ofn is given by

=
) = — lim  lim 057 og Z0Nar, 5, 77) (2.17)
A N—

o M—oo BN Z(VNM,6,5+)7

where the boundary conditioa¥ andz* are defined by (2.3) and (2.2) respectively.

The surface tension is closely related to another important function, the so-called
free energy. To define it we fix ary> 0 and for any complex numbéf satisfying the
condition

|RH| < 2-46/p, (2.18)
we introduce the partition function
E(N,H)= > exp{BHK(S)}uw(S) (2.19)
SeTn

with h(S) denoting the height of the phase bound&ryThe limit

F() = lim 129=W- H)

Neso N (2.20)

is called thefree energycorresponding to the heigh{S) of the phase boundary. Ac-
cording to Theorem 4.8 [7] this limit exists and is an analytical functiotoin the
domain (2.18).

The free energy’(H) defined in (2.20) is dual to the surface tensigit). Namely
([7, Theorem 4.12]), one has

m8(n) = %F *(Btany) cosp, (2.21)
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wheref*(-) denotes th&egendre transformatioaf the real convex functiof f : R —
Rr

1) = sup(pz — f(@)).
The following property of the Legendre transformation will be used below.

Property 2.1. Letf(-) be a strictly convex twice continuously differentiable real function
defined in a regionV C R™, m > 1, and f*(p) be its Legendre transformation,
f*() = sup,((z,p) — f(z)), p € R™. Assume that the valuese U andp € R™ are
related viaV f(x) = p. Then the following relations hold:

() = (z,p) — f(z),
V) =, (2.22)
Hessf*(p) = (Hessf(a:))fl.

Observe that in the considered case the ma&tassf(z) of the second derivatives
f(x) as a function ofc € R™ is strictly positive definite at.

This duality property of the Legendre transformation can be verified directly or
induced from the known facts ([24, Chap. 5]).
Wulff shapelet 73(¢) = 73(n) be the surface tension defined in (2.17). Using the
symmetry properties of the lattié we easily have

75(p) = (/2 — ), 75(p) = T8(— ),

and thusrs(n) can be defined for all unit vectorse St.

Denote byD the set of all closed self-avoiding rectifiable curves: R? that are
boundaries of bounded regions (thus, boundary of any bounded convex region belongs
to D). Recall that any such rectifiable curve has finite length and has a tangent at its
almost every point. To eache D we assign the quantity

WM=NMF/WWM& (2.23)

v

whereds denotes the length element amds the unit outward normalvector to the curve
~ at the points € ~. The functional (2.23) is called th&ulff functionalcorresponding
to the surface tensiors(-).

For any~ € D denote by \Volf) the area of the enclosed region. By definition, the
Wulff shapewg is a solution to the variational problem

Ws(y) — inf : ~veD, Vol(v) > 1
Alternatively, one defines
Wpx = Nnest {z € R?: (z,n) < Mp(n)},

where ¢, -) denotes the usual scalar productiif, n is a unit vector, and;(-) is the
surface tension defined in (2.17). Then the Wulff shageoincides with the boundary
of the setVs »,, where)q is determined from the condition VBI(s »,) = 1. The Wulff

3 Here and in the following we omit restrictions near the signs like upper bounds, sums, integrals, etc. when
the appropriate operation is going over the whole set of possible values of parameters, summation indices,
integration variables respectively.



402 R. Dobrushin, O. Hryniv

shape is known to be unique up to translationR#{26, 27]. Due to positiveness of the
stiffness? 75(¢) + d—zzr (), the Wulff shape is a smooth strictly convex closed curve
B dep B

in R? and inherits the natural symmetries fr&# [7, §2.20,54.21].

Wuff profile. The main goal of the present paper is to study the statistical properties
of phase boundaries of the 2D Ising ferromagnet in a bulk with the two-component
boundary conditiong®. More precisely, we investigate the limiting behaviour of prob-
ability distributionsPy g.,(-) (Pn,1,8,,(-) resp.) in the canonical ensemble of phase
boundariesS € 77 (7y,, resp.) with fixed value of the area (recall (2.5))

aN(S):quNa qN — ¢ aSNHOO7

enclosed below them. The phase boundary here is an open polygon; thus, its limiting
behaviour is closely related to the corresponding piece of the Wulff shape to be called
below theWulff profile

To construct the Wulff profile we use the following geometric algoritAret [ be
a non-vertical straight line intersecting the Wulff shape at two different palraad A
(we denote by that of them that is to the left; see Fig. 1,a)). The segmkeaisplits up
the interior of the Wulff shape into two parts, the “upper” apg and the “lower” one
Q, with the areasQ;| and|Q, | = 1 — |Q]| correspondingly. Clearlyy; and@, are
convex sets having tangents at all their boundary points exeepid A.

a) b)
Fig. 1. Geometric construction of the Wulff profile

We say that the liné generates ag( ¢)-cutting of the Wulff shape if the following
two conditions hold: a) the linéhas the slope anglg; b) the aredQ, | (|Q;] in the
caseg < %tangp) satisfies the equality

taﬂ| -|0A]2cog ¢

Q= lq -
with |O A| denoting the length of the segmentl (and thugO A| cose is its horizontal
projection). Due to the strict convexity of the Wulff shapg, for anyg € R and

4 Here we treat the surface tensigg(-) as a function ofp (recall thatn = (— sin¢, cosyp)).

5 The analytical expression for the Wulff profile in terms of the free endr@y from (2.20) is given in
(3.14) below. See also the Appendix for more detailed discussion of the problem in a framework of a general
1D SOS model.
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¢ € (—m/2,m/2) there exists a unique()-cutting ofwg (for ¢ =  tany the pointsO
andA coincide, and becomes a tangent to the Wulff shape). If, in addition, the limiting
valueg is relatively small,

g Stang| < Qole) (2.24)

(with Qo(y) easily identified in terms of the Wulff shape), all the tangent§)fo at
its boundary points (different from® and A) have uniformly bounded slope angles.
Then the simple transformation (reflection + scaling; see Fig. 1,b)) of th@ Argives
the corresponding Wulff profile (in the degenerate case % tany the Wulff profile
becomes a segmeéit A’).

It what follows we will always assume the validity of condition (2.24) (which, in
particular, will make possible the SOS approximation of phase boundaries for sufficiently
large values of the inverse temperat@e

3. Results

Let 7y be the set of all possible phase boundariegjnandP(-) = Py s(-) denote the
probability distribution from (2.16). LeE(-) = En g(-) be the corresponding operator
of mathematical expectation.

FixanyS € Ty andforallk =0,1,..., N define

gn (k) =max{ty : (k,t2) € S}. (3.1)

Letgy(z), = € [0, N], be the piecewise linear interpolation of the valy&g¢k). Denote
by {5 (t), t € [0, 1], the random polygonal function

EN(t) = gy (Nt) — gy (0). (3.2)

Our aim here is to describe the statistical properties of traject¢i&3$ conditioned by
fixing the values of the areay (S) and the heighk(S).
More precisely, letA 5 be the random vector

An = (YN, hN), (3-3)
wherehy = hy(S) is the height ofS € 7y and
1
Yy = San(S) (3.4)

is the normalized area undsr(recall (2.5)). FoH = (Hy, H1), denote byL, , (H) the
logarithmic moment generating function of the random veatgr (recall (2.16)),

La,(H) = IogEexp{ﬁ(H,AN)} =log=(N, A, H) — log=(N),  (3.5)

where the partition functiox'(V, A, H) is calculated via
E(N,AH) = Y exp{725|5| +BHoYy +BHihy — > cb(A)}. (3.6)
SeTn ATANA(S)FD

We will show below (see Remark 5.1.1) that the last expression is finite provided the
real partitH of H = (Hy, H;) belongs to the set
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D3 = {(Ho, Hy) € R : |Hy| <2 §/8,|[Hi+ Ho| <25/} (37)

with someo > 0 and( > [p(0).
Consider any sequence of real vectdrs = (Nqy, Nby) such that 272¢, and
Nby are integer numbers and

N~1Ay — A=(q,b), 2¢ 7 b, (3.8)
in such a way that
1
-1 o - -
N4y — A 0(\/N) asN — oo, (3.9)

Definition 3.1. Letd be a positive number. Any sequentg satisfying (3.8)—(3.9) is
called (A v, 6)-regular if the following conditions hold:
1) foranyN > 1,

P(Ay =AN) > 0; (3.10)

2) for all N > 1there exists a solutiohl ; € D? of the equation
BV Ly (H) ] = An; (3.11)
H=HN

3) there exists a solutioH = (Q, H) € D3 of the equation

1
I(H) = 87 'Vy /0 F(Hoy + Hy) dy ‘H=ﬁ: A. (3.12)

HereD§ is the set from (3.7)Vy denotes the gradient with respectio= (Hy, H1)
and F'(-) is the free energy from (2.20).

Remark 3.1.1]t can be checked directly that (3.10) is true providébly and 2V2qy
are integer numbers of the same parity.

Remark 3.1.2.The conditiorH y € D§ forall N > lisatechnical one; namely, we will

show below (see the discussion after (7.5)) that the inclusienD?2 impliesH y € D2
for all sufficiently largeN.

Remark 3.1.3.Using the strict convexity of the functiof'(-) one can show that the
relations 2 # b and@ # 0 are equivalent (see also the discussion the in Appendix
below).

Fix any (A v, 0)-regular sequence y and consider the conditional random process
On(t) = (En(®)|AN = An) (3.13)

with £%,(¢) defined in (3.2). Applying arguments similar to those used in [7] one can prove
the law of large numbers for the process(t). Namely, the distribution of the process
tends weakly in the spadg[0, 1] of continuous function on the segment 10 to the
distribution concentrated on some deterministic functi@), € [0, 1]. The function

é(t) presents the solution of the following variational problem (cf. (2.23), (2.21)):
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1
W) = /0 BLF(f(8) dt — inf,
1
C , : =0, =b, =
fe{geacon: o =0 =0 [ atyir=a}

(here AC[0, 1] is the space of absolutely continuous functions oriJpand can be
computed explicitly,

ét) = (F(H+Q) - F(H+Q - Q1) /5Q, (3.14)

where (9, H) is the solution of (3.12). Observe that due to Remark 3.1.3 on&h&a8é
and thuse(t) is well defined. Moreover, in view of the inclusio@(H) € D3, the
derivative ofe{t) is uniformly bounded in [01].

Consider the random process

\/%(ﬂz*v(t) - Né@)), telo,1], (3.15)

and denote the corresponding measur@[, 1] by uy = uj\’,*. The following theorem
formulates the main result of the present paper.

On(t) =

Theorem 3.2. Let a(A n, 6)-regular sequencel y be as described above. Then there
existsfp = Bo(d) < oo such that for allg > o the sequence of measuyes converges
weakly to some Gaussian measutdan C[0, 1]. The limiting measurg* coincides with
the conditional probability distribution of the random procé$s), ¢ < [0, 1], obtained
by the integral transformation of the white noi¢e,,

=5 /0 (F"(H +Q — Qs))Y2du,

conditioned by the conditions

l ~ ~
= / ftydt=0  and  £@)=0
0

Remark 3.2.1.The random vectoA y from (3.3) has zero mean and the variances of
its components are of ordéf (see Lemma 6.1 below). Therefore, the conditignzd
means that the evenfa\ y = Ay} are in the large deviation region for the distribution

Pn.s()-

Plan of the proof of Theorem 3.2 he proof of our main result follows the same scenario
used in the case of random walks [6] with necessary modifications.

Namely, for any natural numbérand a setS of real numbers;, 0 < s1 < s <
... < 8 < 1 =541, consider the random vector

On = (Yn, Xn(s1), - .-, Xn(sk), Xn (1)) € R¥2, (3.16)
whereYy was defined in (3.4), and n(t), t € [0, 1], are calculated via (cf. (3.2))
Xn(t) = gn(INt]) — g (0), (3.17)
with [ N't] denoting the integral part d¥'t. Let M%2, k = 0,1,.. ., be the set
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M?\;Z = {M = (mo, M, - -, ME+1) ° {ZNmo,ml, B ,mk+1} C Zl}. (3.18)

Then for anyM y € M%/2 of the kindM y = (Ngqn, m}, ..., mk, Nby) one has the
relation
_ 1 .k _ _P(ONy =My)

P(XN(S]_) mN,...,XN(sk) mu | AN AN) P(AN :AN). (319)
HereAy = (Yn, Xn (1)) isthe vectorfrom (3.3)andy = (Ngn, Nby)isthe Ay, 6)-
regular sequence fixed above.

First, we investigate the asymptotical behaviour of the numerator and the denomina-
tor in (3.19) and obtain the central limit theorem for the finite dimensional distributions
of the random process

On(t) = (Xn(t) | An = Ay). (3.20)
Then, we prove that the difference between the conditional prégggs(recall (3.13))
and® () has uniformly bounded exponential moments in some neighbourhood of the
origin. This observation implies immediately the same central limit theorem for the
corresponding finite dimensional distributions of the pro&&sg).

Finally, we check the following inequality:

E|05 (1) — O (s)|* < Clt — s|"/*

with some constan€ > 0 uniformly in s, ¢ € [0, 1] and sufficiently largeN. This
implies the weak compactness of the sequerigeand finishes the proof by applying
known results on weak convergence of measur&{ 1] ([10]). O

A similar result holds also for the random process
o5 () = (ExO|AN = AN), t €0,1],
induced by the lowest points of intersection (cf. (3.1)),
gy (k) =min{ty : (k,t2) € S},
via
En(®) = gy (V) — g (0).

Let 1" denote the probability distribution i€[0, 1] corresponding to the process

(recall (3.15))
1

VN

Theorem 3.3. For the sequences of measures™ the statement of Theorem 3.2 holds
true. Moreover, for any sequence of real numbegs, oy — 0asN — oo, one has
the convergence

05" (t) = (05 () — Ne@)), t €[0,1].

an (05 () — 0y(@) — 0 (3.21)
in probability asN — co.

Clearly, the formulated results are valid also for the measuﬁé{; describing the sta-
tistical properties of the phase boundares 77, in the boxVy »; with the boundary
conditions?, provided onlyM > (max;co,11 |é(t)|+e) N with any fixede > 0. This fol-
lows immediately from the observation that the evemtsx;co 1 |N*19ﬁ(t) —eé()| >

¢} belong to the large deviations region for the measpﬁand thus have exponentially
small probabilities agv — oc.
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4. Basic Representation of the Partition Function

We start with discussing the statistical properties of the vegterof joint distribution
(recall (3.16)),

On = (Y, Xn(s1), ..., Xn(sk), Xn(se1)) € RF2, (4.1)

wherek is a natural number, the quantitigssatisfy the condition @< s; < ... < s <
sg+1 = 1, the normalized are¥y is defined in (3.4), and the proce&sy(t), t € [0, 1],
is determined via (recall (3.17))

Xn(t) = gn(INT]) — gy (0). (4.2)
For future reference we consider the more general situation. Namely, fix any natural
numberk and a collectioR = {r1, ..., rx+1} Of natural numbers (they can depend on

N, i.e.r; =r; y) such that for all sufficiently largé/ > Ny(R) one has the relation
O<ri<...<rp<rps=N.

Denote (cf. (4.2))

X(r:) = gn(rs) — gn(0), (4.3)
and consider the random vector
Onr = (Y, X(r), ..., X(rg), X (rps1)) € R¥2 (4.4)

For any complex vectad = (Ho, Hy, . .., Hi1) € Ck*2 we denote byl y z(H) the
logarithmic moment generating function of the random veétgryz,

LNR(H) = |Og E eXp{ﬁ(H , @sz)}

Observe that the last equality can be rewritten in the form (cf. (3.5))

Ly wr(H)=10g=(N,R,H) —log =(N), (4.5)
where
VR H) = Y exp{ =288+ B(H.OnR) D e()}.  (46)
SeTn A:ANA(S)HA

As we will show below (see Theorem 5.1), the last expression is finite provided
belongs to the set

'D(Isﬁz ={H = (Ho, H1,...,Hg+1) € RF¥*2: Hy € (—4ﬁ(i+2), Q+ 4B((li+2))’

5 - ]
\Hi| < 4500200 = L Ky [Hens — H| < g50551

4.7)

where (, H) is the solution of (3.12) andlis the positive number fixed in Definition 3.1
above.

Since the partition functio® (N, R, H) contains all the information about the sta-
tistical properties of the random vect®ty = , we will study it carefully in the remaining
part of this section. Following [7], we split up every phase boundagy7y into pieces
that are typical at low temperatures (“tame animals”) and pieces to be interpreted as
excitations appearing at non-vanishing temperatures (“wild animals”).

Let us recall briefly the necessary considerations§§74]). Denoting
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W(A) = exp{—®(A)} — 1,
we observe that there exists < oo such that

[W(A)| < exp{—2(3 — Fo)d(A)} (4.8)

for all B3 > [y and any finite set\ (cf. (2.11)—(2.12)). In particula’(A) vanishes on
non-connected sets.

Denote byCy the set of all collection€ = {S, A1,...,A;}, whereS € Ty, finite
setsA; C Z? are connected and satisfy the conditiapn A(S) # 0, = 1,...,7;
7=0,1,...; hereA(S) is the set of all sites attached to the phase bounflamhen the
partition function=(V, R, H) can be rewritten in the form

W RH) = Y ep{-20is|+s(H.onr) ) []  (wa)+1)

SeTn A:ANA(S)AD
; (4.9)
= " exp{-20I3| + 5(H, On%) } [ WA,
CeCn =1

FixanyC = {5, A1,...,A;} € Cy. We say that the collectio@ is regular in the
columnm € Nif the line {(z,y) € R? : z = m} intersects the s U A1 U... U A; at
aunique point. Let K m; <mp < ...<my < N-1,1=1(C) € {0,1,...,N — 1},
be the set of alin, 1 < m < N — 1, such that the collectio@ is regular in the column

m. Denote
A1 ={(z,y) e R?: 2 < my},

Ny ={(z,y) € RZ :my <& <my},

A ={(z,y) e RZ :my_y < <my},
Ay = {(2,y) € R? 1y < o}

(in the casé = 0 we have/\; = R?). By definition, theanimal&;,i = 1,...,1+1, is the
collection
gi = {517 Ajla R A.js}7
where
S; =SNA,;, {Ajl,...,AjS}z{AGC:ACAZ'}.

Let (mi,y:) = SN {(z,y) € R? : 2 = m;}, i = 1,...,1. We put also f, yo) =
(0,1/2) and (ny+1, yi+1) = (IV, A(S) + 1/2). For any animaf; we define the following
quantities: thdength |¢;| that coincides with the length of the polygdsh; the base
J(fl) = (TTLZ',]_, mi], the width |J(§1)| =m; — m;_1, the helghth(fl) =Y — Yi—1 with
(mi—1,y:—1) and (n;,y;) denoting thebeginningand theend of the animal;. Then,
we define tharea a(&;) below¢; as

(&) = oy —a).

wherea; anda; denote the areas of the lower and the upper parts of the rectangle
[m;_1,m;] X [y;—1 — M,y;_1 + M] that appear after cutting it alongj; (clearly, this
definition is independent a¥/ provided it is sufficiently large)l > My(.5); cf. (2.5)).
Finally, forr € J(&;) = (m;_1, m;] we denote byi(r, £;) the height of the anima]; in

thes™ column,
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h(r, &) = gn(r) — g (mi-a).
Direct computations give us the following relations:

1+1
h(S) = h(&),
=1
j(r)—1
X(r)= > h(&)+h(r, &), (4.10)
i=1
+1

a(S) =Y (&) + (N — mi)h(&))

=1
with j(r) denotingj such that- € J(§;). Define theactivity of &; via

k+1

Unrn(€) = exp{ ~2816] + pn(e) (1 - 5 ) Ho + > Lii<str0) H

o . (4.11)
83" Lisstea Hah 0, §i600) * BHoa(€) ) T w(a),
n=1 As€E;

wherelg;j...)y andlg=;...y; denote the indicator functions of the relatians j(r,,)
andi = j(r,) correspondingly. Then the partition functiaf{/V, R, H) can be rewritten

in the form
1(C)

EWNV,RH) =D [[¥nvrn&) (4.12)
CeCy =1
Fix any animak. An animal¢’ is calledvertically congruento € iff it can be obtained
by shifting all components @gfon the same distance in the vertical direction.é_&benote
the class of all animals that are vertically congrueng t€learly, all¢ € é have the
same length, base, height, etc. and thus have the same adtivigyn (é). Observe that
any collectionC € Cy can be rewritten in the forfiéy, . . ., £41} such that the class
has the basd(éi) = (mj_1,m;]and 0 =mgy < m1 < ... < my+1 = N. On the other
hand, to any such collectio{fl, e ,ém} corresponds a uniqué € Cy; therefore,
there exists a one-to-one mapping betwégrand the sek n of all ordered collections
{él, .. ,ém} described above. As a result, (4.12) can be rewritten in the form

+1
EV,RH) = Y [[¥nrn@). (4.13)

{é1frareky 71

In a similar way we consider the sEJgaJ,], (a,b] C [0,N], a, b € N, of ordered
collections{¢y, ..., &} of the equivalence classéssuch that/(¢;) = (m;_1, m;] and
a=mg < mg < ...< ma = b. Using the activities from (4.11) we introduce the
partition function

+1
Z(a, b, NRH) = > J[¥nrn@) (4.14)

{1, )€Ky L
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(Inthe case = bwe put as usuallg(#, N, R, H) = 1.) Relations (4.13) and (4.14) will
be the starting point of our considerations.

It follows from estimate (2.13) that the weightg.S) from (2.14) coincide asymp-
totically asg — oo with exp{—20|S|}. Therefore, the probability distribution (2.15) is
“close” to the distribution concentrated on the polygshs 7,7 of minimal length. It
is convenient to consider a slightly larger set of phase boundaries

TNoo ={S€Tn:|SN{(z,y) :z=m} =1,Ym=0,...,N} (4.15)

and the probability distribution

_ exp{—20|5[}
Prooscl) T S g S € T (4.16)
with the partition function
E(N,B,00)= > exp{—23|S[}. (4.17)
S€ETN, 00

Note that according to definition (4.15) eve$ye Ty, is regular in any colummn,
m =0,...,N. Therefore, any animdl correspondlng t® € 7y, has unit width and
is called atameanlmal The probability d|Str|but|OPNﬁ () from (4.16)—(4.17) is
called theensemble of tame animaksny animal that is not tame is calledld.

For anyS € Tn o one hagsS| = || +... + [¢x]|. Moreover, for any tame animal
one easily getsJ (&) = 1,|¢] = |h(&)| + 1, a(&) = h(&)/2, and therefore (cf. (4.10))

X0 =3 hE).  alS)= Z — j+1/2)h(E)).

J=1

As a result, the distribution (4.16)—(4.17) coincides with the distribution of the homo-
geneous random walk with the generating functitiff) of one step,

Z(H) = Eexp{SHA(S)} = Q(H)/Q(0),

where
e o sinh(23)
Q(H) = k;_ooexp{—Zﬁ(W +1) +BHk} =e % cosh(@) — coshT D)’ (4.18)

Thus, the limiting behaviour of the phase bound&rin the ensemble of tame animals
with fixed valuesX (N) = Nby anda(S) = N2qy can be described by Theorem 2.3
from [6], where such asymptotics for a general random walk was investigated. To extend
that result to the case of the probability distributiy 5(-) (recall (2.16)) in the ensemble
of phase boundaries € 7y (i. e., to prove Theorem 3.2) is the main goal of the present
paper.

In the ensemble of tame animals the partition function (4.6) is reduced to

ENRH, 0= Y exp{ 205+ B(H. Onr) }. (4.19)

SETN,

We rewrite it in the form
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N
E(N,R,H,00) = [ QHN ), (4.20)
J=1

whereQ(-) was defined in (4.18) and the quantit®s; ;, j = 1,..., N, are calculated

via
k+1

Hy;=(1—( —1/2)/N)Ho+>  Hnlg<, ). (4.21)
n=1

For future reference we define also the partition function (cf. (4.14))

b
Z((a,b], N,R,H,00) = [] Q(Hx,), (4.22)

j=a+l

where ¢,b] C [0,N] is a segment with integer endpoints b. Here again
Z(0,N,R,H,0) =1.

Observe that the functio@(-) is finite for all H such thafRH| < 2. Moreover, if
for somed > 0 andg > [p(5) > 0 one has

IRH| < 2 - 6/28, (4.23)
then |cosh@)| _ cosh(RH|3) _ cosh(Z — 5/2)
CcOos CcOos COos — —5/4
cosh@) = cosh(@) = cosh(@) ¢ (4.24)
if only 5 > (o(9) > 0 and therefore
tanh(23) < cosh( —6/2) < o—8/8, (4.25)

ePQ(H) |~ cosh(2)

As a result, log)(H) is well defined and uniformly bounded for all refl satisfying
(4.23) with any fixed3 > [o(5) > 0.

Consider arbitraryH € D2 (recall (4.7)). Then anyiy ; from (4.21) satis-
fies (4.23) and therefore the functioi—tlog = (N, R, H, o) is bounded uniformly
in N and any suckH. Since the asymptotical properties of the partition function
Z(N,R,H, o0) are well understood ([6]), we can reduce the investigation of the partition
function = (V, R, H) from (4.6) to the study of the relative partition function

SN, R,H)

E(N Hy= o2
( ’677?’7 ) E(N7R7H7OQ)

(4.26)

In the remaining part of this section we develop the so-called polymer representation
of this partition function and obtain certain estimates for the polymer weights. All the
considerations will be applicable also to the relative partition function

Z((a,b], N,R,H)
Z((a,b], N,R,H, )

(recall (4.14), (4.22)) for any intervad(b] C (0, N] with integer endpoints.
Substituting (4.13) and (4.20) into (4.26) one easily obtéins

Z((a,b], N, R, H) =

(4.27)

6 Here and belowj is always an integer number; therefojec J(€) meansj € J(€) N Z!. For any
segment = (a, b] C [0, N]with integer endpoints we denote b¥} its length,|I| = b — a.
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+1
EwarH= Y [[(vwen@ T QUv)™). 28

{&1,.. Emeky ©L JeJ(E)

For any segment = (a, b] C [0, N] denote

Snen = ([[QEY)) Y Unrn®. (4.29)

JEI EJ(E)=I
Then (4.28) can be rewritten in the form

[N/2]

Z(N,3,R,H) = Z Z H)?N,R,H(Ii)a (4.30)

a=0 {I,I,....Io} i=1

where the inner sum is taken over all families of mutually disjoint interfats(a;, b;] C
[0, N] such thaI;| > 2. Observe thaltf| = 1 impliesX y z n(I) = 1.

Formula (4.30) is a particular case of the polymer representation of the partition
function ([17, 7]). To apply the cluster expansions technique we need the following
estimate (cf. [7, Lemma 4.7]).

Lemma 4.1. LetH € C¥*2 be such thaltH € D¥*2 and a real numbery satisfies the
condition

0<y<4/8
For any intervall C (0, N] with integer endpoints put

)?N,R,H(I):(HQ(HN,j))_l > Wnrn() exp(v[E]}-

Jjel E1(d)=I

Then there exist§_ > 0 depending only upon the valyg from (4.8) and on the
constant such that for all3 > § and all intervalsI c (0, N] under consideration one
has

X)) < exp{—4(3 — B)(1] - 1)}. (4.31)
The functioné?N,R’H (I) depend analytically on sudt.

Remark 4.1.1Puttingy = 0 we obtain estimate (4.31) for the polymer weights
XN,R,H(I) from (4.29).

Proof. We start with the following observation. Létbe a wild animal with the base
J(€) = (m’,m"] and let a natural numben satisfy the conditiomn’ < m < m”. Since

£ is not regular in the columm at least one of the following two events occurs: 1) the
vertical line{(z,y) € R? : = = m} intersects the corresponding pait= S, of the
phase boundary at least at three points; 2) a point from some sef belongs to the
columnm and thus at least two boundary bonds of thessare intersected by this line.
Therefore, for any wild anima = (S, Ay, . . ., Ax) one has the inequality

)]~ 1< 3 (N(S) ~ (1) 1) + 3 d(w)),

A€t



Fluctuations of Phase Boundary in 2D Ising Ferromagnet 413

whereN;, (S) denotes the number of full horizontal bondssirthe functiond(-) satisfies
(2.11)—(2.12) and (S) = J(&). As aresult,

> d(a) = 3(]J(S)] = 1) = Na(S).

NS

Denote

k
X(9) = > exp{—2(8 — Bo) Y _ d(A:)} (4.32)
sy AR A NA(S)FD i=1
Sk d)=3(]7(9)] ~1)~ N ()

and fix anys; > 0. As it was shown in [7] (see Eg. (4.7.11)), there exists a function
e = e(f1), e(B1)\.0 asfl /oo, such that

X(S) < exp{—6(3 — B2)(|J(S)| — 1) +2(8 — B2)Nu(S)} expfelS|} (4.33)
with 3, = (g + 3;1. Define

Xnrn(S)= Y [Wnrnu©)l, (4.34)
£:5:=8

where the sum is taken over all wild animélsvith fixed S¢ = S. We prove below the
following estimate:

XnrH(S) < exp{—28S| + (28 — §/2)N,(S)} X (S) (4.35)

with N, (S) denoting the number of vertical bondsSh Then (4.31) follows directly.
Indeed, for amH, RH € D2, one has (recall (4.25))

Q(Hy ;)| 7+ < e25+%
with somegs = 33(50, 9). Therefore the inequality
~ -1
)XN,R,H(I)‘ < ‘H Q(HN.,j)’ > Xnru(S)e”!
jel S:I(S)=I, yin(S)=0

(herey,(S) denotes the-coordinate of the initial point of) can be rewritten in the
form

‘ Xy e n( I)’ < o~ (4B—68,+203)(1|~1) ,20+203 , ~(26—<—7)

ST exp{(28 28, (28 — e —4)) Nu(S)}
S:I(S)=1I, yin(S)=0
exp{(—0/2 +& +7)N,(S)},

where the identityS| = N, (S)+ N (S)+1was used. Let; be suchthat = £(6;) < §/8
andB; = ffo + 1 > Bs. Then
’iNR n( I)‘ < e MB2RID N AN ON($)/4, (4.36)

S:1(S)=1,
Yin(S)=0
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where we used the obvious inequality,2+ 233 < 2(5, + 53)(|I| — 1) (recall that for
any wild animal¢ one hagJ(§)| > 1) and denoted, = 25, — ¢ — +. It remains to
observe that the last sum was shown to be bounded [7, p. 119],

¢TI DIND/S < R, )11 (1~ R(B,0)) T, (437)
S:(S)=1, yin(S)=0

providedg, is large enoughi, > B_4(6), to guarantee the estimate

1 +€76/4

e

R(fa,8) = 2¢~%
As a result, (4.31) follows directly from (4.36) and (4.37).

It remains to establish (4.35). To do this we cut the polygointo pieces by any
vertical linex = m, m € N. ThenS splits up into certain collection of zigzag fragments
fn consisting of two horizontal half-bonds and (possibly) a vertical segmesit ©he
ordering off,, in S determines in a unique way the initial and ending pointg,oDefine
the heighth(f,,) of f,, as the difference between ordinates of ending and initial points
of f,,. Clearly,

hE)= Y h(fa), Nu@) = > [h(fa)l- (4.38)
fn€&i fn€&i

Define the midpoint,, of the fragmentf,, as the midpoint of the vertical segment
belonging tof,, (provided it is not empty) or as the midpoint of the fragménitself
(otherwise). Letd,, denote the distance from), to the vertical linex = m; passing
through the ending point of the animgl (recall thatJ(¢;) = (m;—1,m;]). The direct
geometric considerations give the equality

a€) = > duh(fn)- (4.39)
fn€&:

Now, (4.38) and (4.39) imply the relation (cf. (4.11))

m; 1 _ m; —dp
med(1- 1) + vale) = f%_ (1= ) (4.40)
Then, the inclusiofRH € D¥*2 and the inequality
1/2<d, <|I| -1/2<m, (4.41)

imply the estimate (recall (3.7), (4.7))
k
i 1
R{AREN (2 57 ) Ho* X Licsoor i + Hin) + BHo0(€) } (4 400
= < (28— 35/4) N,(S).

On the other hand, from the inclusicRH € DY*2 and the obvious inequality
|h(r, &ir))| < Nv(ng(,,,l)) one easily obtains
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k
4]
R{OD " iy Huhlras Gie) | < 7 Nu(S8). (4.43)

n=1

Finally, (4.35) follows immediately from (4.34), (4.11), (4.7), (4.42) and (4.43). Estimate
(4.31) is proved.
It remains to observe that the uniform estimates obtained above imply the analyticity

of )?N,R,H(I) as a function off, RH ¢ 13{;*2. O

Corollary 4.2. Let the polymer Weight§,~’N7R7H(I) be defined as in (4.29) with the
activities\W y » 1 (&;) replaced by (cf. (4.11))

U n(6) = expl 2016 + Bh(e) (Ho(1— 57 ) + kzi Holiciry)

k+1
+83 Hah(rn &0 s | T WA,
n=1 AS€EE;

(4.44)
Then there exist constants and Ng = No(Gp) such that for allg > Gy, N > Ny and
all segmentd = (a,b] C [0, N], b — a < log? N, with integer endpoints one has the
estimate

Knrnll) = Knn(D)] < 2(e2°F VN — 1) exp{~4(3 — Go)(1] — D)} (4.45)

Proof. We start with the following simple observation. There exét& 0 (probably
different fromg in (4.31)) such that for allvy > 0 and all@ > 3 one has

-1 . _
(TTewxn) Y Unmu@| <etov/eetG-An. (4.46)
Jel E1(d)=1

Ny(@zan

Indeed, using the relation (cf. (4.37))

Z e~ BaNR(S)+1)—3 N, (S)/4
5:J(S)=I, yin(S)=0,
Ny(S)zan
< g dan/8 Z e~ Ba(Nr(S)+1)=6 N, (5)/8
S:J(S)=I, yin(S)=0

< e—éaN/SR(@h 5/2)‘1‘ (1 — R(Ba, 5/2))_1

one easily deduces (4.46) from (4.36).
Now,
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‘)?N,R,H(I) - )N(N,R,H(I)’ H|Q(HN,j)‘

jeI
< Z ’\I"N,’R,H ©) - UnrH (é)‘
&J(E)=1, N,()<log? N (4.47)
+ Z "I’N,R,H(é)‘ + Z ‘\I’N,R,H(é)’-
EJE)=I, EJE)=I,
Ny (&)>log? N Ny (€)>log? N

Then, using the simple estimaie(¢)| < |I|N,(¢), definitions (4.11) and (4.44), one
obtains
Ny (S)

‘IJN,R,H(é) - @N,R,H(é)‘ < (ezﬁlll N — 1) ‘\I’N,R,H(é)‘

< <625'094N/N - 1)‘\IJN,R,H(5)

(4.48)

b

provided|I| < log? N and N,(S) < log? N. Finally, substituting (4.48) into (4.47)
and using (4.46) to evaluate the last two sums in (4.47), one easily deduces (4.45) from
Lemma 4.1 for all sufficiently largév. O

5. Cluster Expansion and Limiting Properties of the Partition Function

We establish here the cluster expansion for the relative partition funém/h 6, R,H)
and investigate some asymptotical properties of the corresponding free energy to be used
later. The following statement presents the main result of this section.

Theorem 5.1. There exists a constaf depending only on and the constang, from
(2.11) such that for al3 > o, N, andH, RH € D¥*2 (recall (4.7)), the partition
function (N, R, H) is finite (i. e., the defining series is absolutely convergent) non-
vanishing analytical function dfl satisfying the bound

~ N
logZ(N. 3. RH)| = Jlog S(N, R,H) ~ 3109 Q(H,)
j:

N exp{—4(5 — fo)}-

There exist function®  z 1 () of intervals! = (a,b] C (0, N] with integer end-
points such that

(5.1)

IN

| @ (D] < exp{=4(3 — Go)(I1] - 1)}, (5.2)
and N
logZ(N,3,R,H) = > @nznu) (5.3)
IC[0,N]

Finally, the functions &y r n(I) depend analytically on polymer weights
Xnrnu(’), I' C I, and the following inequality holds

‘ 0PN r.H()

/ 2 ,
e | < (1= 111+ 1 exp(| | exp(~40 — )} (54)
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Remark 5.1.1Fork = 0one hag' (N, R,H) = Z(N, A, H) (recall (3.6)) and therefore
this partition function is finite for alH, RH € D2 (recall (3.7)).

Proof. In view of the polymer representation (4.30) and Lemma 4.1, expansion (5.3)
and estimates (5.2) follow from any of the numerous versions of cluster expansions for
polymer models (see, €. g., [18, 17]).

Then, (5.1) follows directly from (5.2) and the inequality

> ¢NRH<I>\ (z+1)exp{ 43— fo)i} < exp{—4(3— fo)},  (6.5)

I:1,CI

that is valid for somé_o < oo and arbitrarylp = (a,a + 1] C [0, N], a € Z.
It remains to check (5.4). Due to thed¥ius inversion formula (see, e. g., [£2.6],
[7, §3.8], [8,§3.3]) the cluster weight® = (I) can be calculated from (recall (4.27))

oyru@)= > (DN TogZE(U*, N, R,H), (5.6)
I*: 071+ C1I

where agaui* are intervals with integer endpoints. According to Proposmon 3.6 ([8]) the

functions IogJI* N, R,H) depend analytically on the polymer we|gﬁf§w ru"),
I' C I*. Moreover, using (4.30) and (5.3) one has

=7 =(T* / ~
alogi(l 7N7R7H):‘~(i \I7N7R7H):exp{_ Z q)N,RH(I)}
OX N rn(I") E(I*,N,R.H) e
fml’;f_Z)
As a result, (5.5) implies directly that
0109 =(7, N, Ry H) | ey 17140500}, (5.7)
OXNrH(I)

with somef, depending only om. It remains to observe that for any pairl’, I’ C I,
of intervals with integer endpoints there exists no more tfjah— |1’ + 1)2 intervals

I satisfying the conditiod’ C I C I. Finally, (5.4) follows immediately from (5.6),
(5.7) and the last observation. [

Remark 5.1.2 We have proved (5.4) using only the polymer representation (4.30) of the
partition function=(V, 3, R, H) and the estimate (4.31) of polymer weights; % (1)
(recall Remark 4.1.1). Since the explicit form of these polymer weights was not used,
our result is valid for any partition function defined via (4.30) with any collection of
polymer weights satisfying (4.31).

7Inthe casd* \ I = I1 U I, with disjoint intervalsl; andl, we denote

E(I U Ip, N,R,H) = E(I1, N, R, H)Z(I5, N, R, H).
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Inthe remaining part of the present section we obtain some corollaries of Theorem 5.1
to be used later on.

Letfirstk =0,R = {r1}, 71 = N andH = (0, H) € C2. Then the partition function
Z(N,R,H) from (4.6) coincides with the partition functiaB (N, H) (recall (2.19))
for the heighth(.S) of the phase boundary. DefineE(N, H) similarly to (4.26). The
following result was obtained in [7].

Corollary 5.2 ([7], Theorem 4.8). Let H satisfy the condition
[RH| < 2—-6/25. (5.8)

Then all the statements of Theorem 5.1 are valid for the partition funcﬁidﬁ, H).
Moreover, the function® y % 1 () do not depend oV,

SN rH(I) = Pr(I]),

where|I| denotes the length of the intervBland there exists a limit

F(H) = lim w, (5.9)

n—oo

that presents an analytical function &f in the region (5.8). Finally, one has the expan-
sion

F(H) =Y &y (5.10)
i=2
and the estimate
|F(H)| < exp{—4(3 — 5o)}, (5.11)

wheregs > ( with sufficiently larges.

Remark 5.2.1Due to (4.27) one haS(I, N,R,H) = 1 for anyI C [0, N] such that
|I| = 1. Thus, (5.6) implie® 5 (1) = 0 that explains the absenceicf 1 in (5.10). The
expansion from (5.10) plays the important role in the following considerations.

Remark 5.2.21t follows from (5.9), definitions (4.26) and (4.20) that the limit (recall
(2.20))
F(H) = N"m log=(N, H)

exists, is an analytical function &f in the region (5.8), and satisfies there the following
identity ([7, p. 120])

F(H) = F(H) + log Q(H).

To study the asymptotical properties of the atgd.S) below the phase boundafy
we putk +1 = 0in (4.1). Denote the corresponding partition functiordgyv, H, area)

and define the relative partition functi&@(N, H, area) as in (4.26).
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Corollary 5.3. Assume thaf/ satisfies (5.8). The@(N, H, ared) is a non-vanishing
analytical function of suctif. Moreover, there exists the limit

5 1
Fareatn) = jim 0= - R nma 612)
0

— 00

Wheref(') is the free energy from (5.9) corresponding to the heigl%) of the phase
boundaryS. Finally, there exist constant§, and Ny such that for allN > Ny and

B = o,
~ 1 ~
log = (N, H,ared) — N / F((1-2)H) d;z:‘ < exp{—3(3 — Bo)} log*®® N. (5.13)
0
Remark 5.3.1Due to the integral representation in (5.12), the funcﬁaaea(-) is an
analytical function offf in the region (5.8).

Remark 5.3.2 The derivatives ofV ! log §(N, H, area) with respect t&/ converge to

the corresponding derivatives Ebreg(H ). In this case estimate (5.13) is also true with
possibly another constapg.

The following simple property of real functions will be used below.

Property 5.4. Let f(-) be a smooth real functiory, : U — R, whereU is some open
convex set ilR*. Assume that for any= 1, ..., k one has

‘af @ <4 (5.14)
Ox; _
=y
uniformly iny € U. Then for ally, z € U,
k
F@) = FE <D aily: — zil. (5.15)

=1

Proof. Defineg(t) = f(z +t(y — 2)). Then

iy = N~ OF
g0 = 5 (e +tly—2) (i — 2),
=1t

and therefore (recall (5.14))

1 k
) — £(2)] = |9(1) - 9(0) < /O Ot <> aslys — =]

=1
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Proof of Corollary 5.3 The analyticity of Iog?(N, H,area) with respect té/ in the
region (5.8), the cluster expansion

logZ(N, H,area) = > @y yared]) (5.16)
IC[O,N]

and the estimates foby i ared!) of the type (5.2) and (5.4) follow directly from
Theorem 5.1. It remains to establish (5.13).

We will check below that there exists a constant = C1(4, 5p) such that for all
B > (o and all intervalsl = (m/,m"] c [0, N], |m’ —m”| < log? N, with integer
endpoints the following inequality holds:

log® N
N

@ N mared]) — Pa—m/nu(I])] < C1 exp{—3(8 — Bo)}, (5.17)

where the quantitie® ; (k) coincide with the elements of expansion (5.10). Then (5.13)

will follow directly from (5.17).
Indeed, using (5.16) we obtain

1
‘Iogf(N, H, area)— N/ F((1—z)H) dm‘
0

N
<y ’ﬁ((l —m"/N)H) — > <1>N,H,aree(f)‘ (5.18)

m/=1 1=(m,m/ - IC(0,m"]
N

’N/ (A—2)H)d Z ((1—j/N) )‘

where in view of (5.10),
F((1-j/N)H Z O (/) (k)- (5.19)

Let us estimate every term on the right-hand side of (5.18). First of all, due to analyticity
of F'(-) there exists a constatt = C»(4, 5) > 0 such that for al3 > 5y and H in the
region (5.8) one has

1 N .
~ ~ J
N F(l—x)H)d Fl(1-=)H)| < (s
N [ Fa-om)d- Y F(0-$)m)| <
Then, (5.11) and analog of (5.2) imply

Ry = ‘ﬁ((l —m" /N)H) - 3 (DN,H,aredI)’
I=(m,m""1:IC(0,m"] (5.20)

< exp{—4(5 — Bo)} +exp{—4(8 — ﬁ_o)} =(C3 < o0.

Finally, for anym” > log® N we rewrite (recall (5.19))
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Ry = ‘ﬁ((l - m”/N)H) - > <I>N,H,area(1)‘
I=(m,m"1C(0,m"]
< Z |® N, m.ared]) — Pa_mr (D))

I=(m,m""1:1C(0,m"’]
|m' —m|<log? N

+ Z (|, maredD)| + | ®a—m/nmu)]) -

I=(m,m""1:1C(0,m"]
|m”" —m|>log? N

Applying (5.17) to every term in the first sum and using (5.2) for all other terms we

obtain
8

log
Ry <log? N - Cy

exp{ 3(8 — fo)}
+2 Z exp{—4(3 — fo)k} (5.21)
k>log? N
10
< %9 N exp( 33— B}

for all sufficiently largeN. Finally, applying (5.20) forn” < log? N and (5.21) in the
opposite case, I6gV < m” < N, we obtain

1
log Z(V, H, area)— N/ F(a- :c)H) dx’

< C3log? N + C4(N — log? N)

< Csexp{—3(3 — (o)} log™

(with some constant’s > 0) for all sufficiently largeN.

Thus, it remains to prove (5.17). Fix ady= (m’,m"] C [0 N], Im" —m/| <
log? N, with integer endpoints. Recall that the partition functiF)(N,H area) corre-
sponding to the normalized ar&g; is expressed in terms of activities

E‘XP{ 3(3 — fo)} + C2

Wy avedés) = expl 2016 + 5 (1 " n(e) + 0H Ta(e)} [T wa),
AsEE;
where the animaj; has the basé(&;) = (m;—1, m;]. Define (cf. (4.29))

Kw.naredl’) = (H Q(a-imm)) " Y Wnmaredd. IcCI
EIE)=I"
For all with J(£) C (m’, m”] consider also new activities
Uy, ared€) = exp{ 2618 + 8H (1- 2= )w(@© [T w(a.)
As€E;

(with the same value:” for all such animalg) and polymer weights
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= -1 _ ~
XN mared!’) = (H Q((l - j/N)H)) Z U, i .areds), I'cr.
jer EIE)=I

Clearly, the polymer weightﬁN,Hyareg() satisfy (4.31). Moreover, for all’, I’ C I,
one has

‘)? ~,maredl’) — iN,H,area(I ’)’
< 2<€zﬁ log N/N _ 1) exp{—4(8 — B)(|I| — 1)} (5.22)
4
< 45'0‘9’TN625 06" N/N exp{—4(3 — B)(1| — 1)},

provided N andg are sufficiently largeg3 > EandN > Np. In the second inequality
above we have used the simple inequadity- 1 < ze” that is true for allk: > 0.
Let ®n gared!) and @y g aredl) be the cluster weights generated by

)?Nﬂ?area(l’) andX y, m.ared!’), I' C I, correspondingly. In view of Remark 5.1.2
we apply (5.4) and (5.15) to obtain

‘¢N,H,area(f) - 6N,H,area(f)’

71, —4(8 — Bg) -~ =
< D el gtV ‘XN,H,aree(I/) —Xn,maredI’)|-

11'cl

Then, using (5.22) one gets
‘CDN,H,aree(I ) — ®n.mared! )’

8
<46|OQJTNe2ﬁ'°9“N/N 3 e 4B—Bo)(|I'[=1) | I'|e=*C =50

)

1:1'cl
8
< log Nef3(ﬁfﬁ’)
- N
provided N is sufficiently large ang > 8’ > 0. It remains to observe that due to its
definition® v i ared ) coincides withd ;. /ny g (1)- O

Finally, consider the random vectéxy from (4.1)—(4.2),
On = (Yn, Xn(s2), ..., Xn(si), Xn(1)) € RF2,
where the collectios = {s1, ..., sg+1} ISSuch that < s; < ... < sg+1 = 1. Denote
R(S) = {[Nsil,..., [Nsil, N }.
Then the corresponding partition fAuncti(ﬁl(N, R(S),H) is given by (4.6) withR
replaced byR(S). For anyH, RH € D%*2, define

k+1

H(z)=(1-2)Ho+ > Hlcy) (5.23)
=1
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Corollary 5.5. The partition function::(N, R(S),H) is a non-vanishing analytical
function ofH, RH € D%*2. There exist the limit

= 1

Whereﬁ(~) is the free energy from (5.9) arﬁ](x) was defined in (5.23). Finally, there
exist constantéVg and 3y such that for allV > Ngand g > [,

1
log Z(N,R(S),H) — N / F(H(z)) dm‘ < log® N exp{—3(6 — Bo)}.  (5.25)
0
Remark 5.5.1Due to the integral representation in (5.24), the free enEAl;qg)(H) is

an analytical function o, RH € D¥*2,

Remark 5.5.2The analog of (5.25) holds for any partial derivative of the function
log Z(N, R(S), H) as a function oH, RH € D¥*2, with possibly different constart.

Proof. Arguments similar to those used in the proof of Corollary 5.3 imply the following
estimate

‘N / " Bl (@) de — 109 Z ((re, riea], N, R, H)‘ 526
< log™® N exp{—3(3 — o)}

foranyi =0,1,...,kandN > Nowith sg =79 =0,r; =[Ns;],i=1,...,k+1.0n
the other hand,

’Iog E(N, R(S),H) — N/l F(H(x)) da:‘
0
< zk:‘ N/S7+1ﬁ(f[(x)) dx — |Og§((’l“i,’l“i+1],N,R,H)’

k
Y |enrend)]
i=1 I:(r;,r;+1]CIC[0,N]

Therefore, (5.26) and (5.5) imply the inequality

‘Iogf(N,R(S),H) N/:ﬁ(ﬁ(x)) d”’

< (k+1)log”® N exp{—3(3 — o)} + k exp{—4(3 — Bo)}
< log*® N exp{—3(3 — o)}

for all sufficiently largeN andg3 > Bo- O



424 R. Dobrushin, O. Hryniv

6. Limit Theorems for the Joint Distribution

We study here the asymptotical behaviour of the probabil{ésy = M y) andP(A y =
Ap) entering the right-hand side of (3.19).

Let an integer numbéf > 0 and a sef of real numbers;, {0 < s1 < ... < s <
1 = 5,41 be fixed. Denote

Rz{”f‘i:T’iz[NSi],iz:L,...,k"'l},

and forH € 23§+2 consider the logarithmic moment generating functiog  (H)
corresponding to the random vector z = O from (4.1)—(4.2),

LN;R(H) = |OgEEXp{6(H,@N7R)}. (61)

For anyH € 13§+2 we introduce also the random vectef; » 1 with H-tilted distribu-
tion,
P(Onru =M)=exp{3(M,H) — Ly z(H)}P(On,r =M), (6.2)

whereM € MK'2 (recall (3.18)). Observe that the mean ved&dy r 4 and the
covariance matrixCovOy r 1 of O » 1 can be calculated via

BEON R H =VuLnr(H), B*CovOyN ».n = HesL y = (H), (6.3)

whereVy denotes the gradient artdess. y z(H) is the Hessian (the matrix of the
second derivatives) df iz (H) as the function oH = (Hy, H1, . . ., Hi+1).
Assuming thatH andM are related via

BM = Vy Ly r(H),
one easily obtains (recall (6.2), (4.5))

M) = Z(N,R,H) _
P(Onr =M) =exp(—B(M, H)}WP(@N,R,H =M) 6.4)

= exp{—Li,r (M)} P(Onrn =M)
with Ly » () denoting the Legendre transformation

LyrM) = Sblp(ﬂ(M ,H) — Ly r(H)).

Inview of (6.4) the problem is reduced to the investigation of the asymptotical behaviour
of the probabilityP(On,z,1 = M).

For anyH € D%*2 define the matrix

BN’R(H) = ﬂziNHeSiNvR(H) (65)

and introduce the quadratic forBw = 1(T), T = (to, t1, - - - , tgs1) € R¥*2,
By gru(T) = (Byr(H)T,T).
Consider also the quadratic form

BR)H(T) = (BR(H)T7 T)
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corresponding to the matrix (recall (5.24))
1 ! PR
Br(H) = ?Hess/ (logQ + F) (H(z)) dz, (6.6)
0

whereQ(-), f(-), andf[(x) were defined in (4.18), (5.9), and (5.23) respectively.

Lemma 6.1. Let 8 > fy with § fixed in (5.11). Then uniformly i € D%*2 and
T € R*¥*2/|T| = 1, one has

BN,R,H(T) — BR)H(T) asN — oo. (67)

Moreover, there exist positive constahtsVy, and ,6’_ depending only o, from (5.11)
andé such that uniformly itH € D¥*2, N > Ny, and8 > 3 one has

Bru(T) > b[T|?, Bz n(T) > 0T (6.8)
Proof. In view of (6.5), (4.5), and (4.26) one easily obtains

1 1 ~
ByrH) = m—NHesslog Z(N,R,H,00) + 62—NHesslog Z(N,B3,R,H). (6.9)

The first term on the right-hand side of (6.9) presents the normalized covariance matrix
for the ensemble of tame animals. Due to (4.20) the corresponding quadratic form
Qn = H(T) satisfies the relation

QN rH(T) = Qru(M) +O(N T asN — oo, (6.10)

where the limiting quadratic for@x w(T) is calculated via

k+1

QM=% [ G0y (i) (@~ oo+ > Locaht) de. (611)

LethVR,H (T) be the quadratic form corresponding to the second term on the right-hand
side of (6.9). According to Remark 5.5.2 one has

log*® N
N

Fnrn(T) = Fru(T)+ o( exp{—3(3 — ﬁo)}) TR asN — oo (6.12)

with the limiting quadratic form (cf. (6.11))

k+1

~ 1 o~ ~
Fru(T) = 5712 /0 (F)" (H(z)) ((1 SIS 1{w<sl}tl>2 dz.

=1

As a result, (6.7) follows immediately from (6.10) and (6.12).
It remains to prove the inequalities in (6.8). First, observe that

Bru(T) = Qru(T) + ﬁR,H(T)-

We will show later that the functio—2(log Q + 13) "(H) is uniformly bounded from
below (and above) by two positive constants uniformlyfin /| < 2—3§/453, provided
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G is sufficiently large,6 > 6_0. Then the first inequality in (6.8) follows from the
observation that the quadratic form

k+1

/0 ((1—x)t0+21{x<5,}tl) dx

=1

is a positive continuous function af = (to, .. ., tx+1) on the unit spherél| = 1, and
thus is bounded from below by some positive constant

To prove that the functio—2(log Q + ﬁ)"(H) is bounded uniformly irfHl, |H| <
2 —35/453, we observe that due to (4.18),

92 cosh(23) cosh 3) —
| =
(2OH? 09 Q(H) = (cosh(23) — coshﬂﬂ))2

and thus (recall (4.24))

_25C€08h(Z%) — 1 < cosh(Zp) —1 coshH j3)
cosh(2) ~ cosh(Zp)  cosh(Z)

logQ(H) <

5/4

0?
- ﬂzaHz (/4 — 1)2
ifonly 3 > o andH € R? satisfies (4.23). On the other hand, due to Corollary 5.2 for
any fixedHy, |Ho| < 2—3§/4/3, the functionF'(H) is analytic in the disk of radiu$/44
with the center afH,. Applying the Cauchy formula and estimate (5.11) one obtains

o FUD| < COYexp( 403 — ),

whereC(6) > 0 is a constant depending only @en The needed inequality follows
immediately provided is such that

_23€08h(Zp) — 1 _

C(9) exp{—4(5 — 50)}<* cosh(Zio) = q1.

Putb = ¢1C1/2. Since the convergence in (6.7) is uniformHne D*2, the last
inequality in (6.8) follows for all sufficiently larg&/, N > No. O

Let © be the Gaussian random vector with zero mean and the covariance matrix
Br(H) (recall (6.6)). Denote its characteristic function¥y(T),

xu(T) = eXp{—%Bn,H(T)}, T e RF*2 (6.13)

Since the matrixB (H) is positively definite, the distribution @ is non-degenerate
and has the densify, (X), X € R¥*2,
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Theorem 6.2. Let a sequence of vectarsy € ﬁf;"z satisfy the conditiotd y — H ¢
Dk*2 as N — oco. Consider the random vector

1
Oy = W(QN,R,HN — EONRHY)- (6.14)

Then for all§ > 5o with sufficiently larges, the distribution of©}, converges weakly
as N — oo to the distribution of the random vect@® with the characteristic func-
tion x4 (T).

Proof. Let x5 (T) be the characteristic function of the random ve&ar 1,

E(N, Ra HN +iﬁ_lT)

xn(T) = Eexpli(T,On,r,Hy)} = Z(N.R.Hx) (6.15)
Then the characteristic functiogy, (T) of the random vecto®?, equals
100 X3 (T) = 3B s (T) — ity v, (6.16)
where
1 k1 Ps B
Ry = i lvmz’z;zotltmtpm log Z(N, R, H) T (6.17)

with somew = w(Hy,T), 0 < w < 1. Since the convergence in (6.7) is valid for
belonging to any compact setk¥*2 (uniformly in H € D¥*?), it remains to prove that

Ry =0(N*?) asN — oc. (6.18)

Let xn,=,H(T) be the characteristic function of the random vedof r v, H €
DE*2, (cf. (6.15))
ZE(N,R,H+iB71T)
Z(N,R,H)
We will show below that the function logy = +(T) can be extended to an analytical
function of T in the region{T € C**2, "% [St;| < 5/4}. Then, applying the Cauchy
formula one obtains

XN RH(T) = (6.19)

o,

9 < ‘
DDt log XN,R,H(T)‘ < C(0) sup |logxn,zn(T) (6.20)

(H,T)EG(S)
for all suchT, where (recall (4.7))

k+1
G©) = {(H,T) HeDZ, TeC2Y ISt < 5/4},
=0
and the constan®'(0) depends only o@. This will give us the needed estimate for the

remainderR .
Using (4.26) we rewrite (6.19) in the form
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_E(N, R,H+ iﬁflT)
T =xFru(M—3
XNRH(T) = XX R u(T) Z(N,B,R,H)

, (6.21)

wherex z n(T) denotes the corresponding characteristic function in the ensemble of
tame animals (recall (4.20), (4.18)),

N .
0o 17 QUAHN; +iB7 N )
T) = I I 6.22
XN,R,H( ) 1 Q(HN,j) ) ( )

and the quantitiesy ; are calculated via (cf. (4.21))

k+1
tn,; = (l — (j — 1/2)/N)t0 + Ztnl{jﬁrn}'

n=1

It follows from (5.1) that

E(N,R,H+iB71T)

log——=
Z(N, B, R, H)

< 2N exp{—4(3 — Bo)} (6.23)

uniformly in (H, T) € G() provided8 > o with 8o = 80(26/3) > 0. On the other
hand (see Eg. (4.10.18) in [7]), the inequality

log Q(Hy ; +if *tn ;) — l0gQ(Hny ;)| < C(6)e PC1HNiD < C(5)e=3/* (6.24)

holds uniformly inN, 7 = 1,..., N and H,T) € G(5). Then, (6.21), (6.22), (6.23),
and (6.24) imply the estimate

llog xn. = n(T)| < C(S)Ne™3/4 (6.25)

for all N, H,T) € G(), provided3 > (p(20/3) > 0. Finally, the analyticity of
log x v, = H(T) follows directly from (6.25), definitions (6.21), (6.22), (4.18), and The-
orem 5.1.

Since (6.18) follows directly from (6.17), (6.20), and (6.25), one has the convergence

XN(T) = Xu(T),  asN — oo (6.26)

that is uniform inT belonging to any compact set ®**2 provided g is sufficiently
large. O

LetHy, Hy — H € D¥*2 be the sequence of vectors from Theorem 6.2. For any
N define

1
Env =EONRHN = BVHLN,R(H) ‘H—H )
AN

and for anyM € MX%;? (recall (3.18)) put

XN:T]}V(MN—EN).
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Theorem 6.3. Uniformly inM y € M2 andH y € ﬁf;"z, Hy —He ﬁf;*z, one has
2N'FPOnrHy =My) —Fy(Xy) =0 asN — oo,

wherep, () denotes the density of the random veatbfrom Theorem 6.2, provided
8 > Po with sufficiently largejy > 0.

Proof. Using the well-known inversion formula for the Fourier transformation we
rewrite the difference

PN = 2N P(ONRHy =MN) —Pu(Xn)

in the form
_ 1 « —i(T,Hn)
PN = W Xn(T)e 7 dT
A . (6.27)
= = —i(T,Hy)
(27T)k+2 \/Rkﬂ XH (T)e dT»
where

A={T =(to, ..., tgs1) € R¥2: |tg]| < 27N%2 |t)| <7V N,1=1,2,...,k+1}.

Following the standard proof of the local limit theorem (see, e. g.,443]) we evaluate
the right-hand side of (6.27) by the sum of four terms,

@r)y D (T + Ty + Ja+ a),

where for some positive constamsand A,
= [ WM =TT, A=A A
1
Jo = / Xu(M)dT, Ay =RF2\ Ay,
Az
h= [ aMidr. =34

with
A3 ={T e R¥2: || < AVN,1=0,1,... .k +1}\ Ay,
A4=A\(A1UA3).

Fix anye > 0. We will show in the following that the constantsand A can be
chosen in such a way to imply, < ¢/4,p=1,...,4,ifonly 8 > Gy (andN > Np)
with sufficiently largegy, > 0 (andNy > 1).

First, due to (6.26) one hag — 0 asN — oo for any fixedA > 0 and allg > S,
providedg, is sufficiently large.

Then, since the distribution of the random vecéris non-degenerate, one has
Jo — 0asA — oo forall 8 > Gy with sufficiently largegdo.

To estimate/; fix any T € Az. Then|T| < Ay/N(k + 2) and for anyN one gets
(recall (6.17), (6.20), and (6.25))
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k+1 3
[Ry| < CL@ONe /43 [u]) < Co(O)N exp(~36/4}(k + 2T
=0

< C1(6)N¥2 exp{—35/4}(k + 2°A|T 2.
Consequently (recall (6.16)),

Ry| <

. 1 _| i Cr(0)(k + 2P _35/a \ 1012
I0gx3/(T) + 5B ()| = | oz in| < g ——e /AT
Let A > 0 be such that

C1(O)(k + 2)°
6
with the constant from (6.8). Then

exp{—30/4}A <

NS

1 b b
RI0g XA (T) < — 5By rmn (T)+ 4T < — [T

and therefore
X~ (T)| < exp{Rlog x5 (T)} < exp{—b|T|?/4}

forall T € Az uniformly in N > Npandjs > E(With Ny andﬂ_from Lemma 6.1). As
aresult,

Ja= [ Ixn(M\dT g/ e UTF/AgT N, 0 as A/ o
A3 Az
Finally, fix anyT € A4 and rewrite|x 3 (T)| in the form (recall (6.21), (6.14))

. _ 1=
XN = XX gy (V2T =
o ‘:’(NvRvHNN

(6.28)

The arguments, similar to those used in the proof of Theorem 4.2 from [6], imply the

existence of a constardt = C(R, 4, o) > 0 such that for alll € A4, H € 73§+2,
08 > Bo, andN sufficiently large one has

XX R H(NTY2T)| < exp{~CN}.

Then, applying (5.1) to estimate the partition functions on the right-hand side of (6.28)
one immediately gets

XN (T < exp{—N(C — 2exp{—4(3 — Fo)})}-

Therefore, for all sufficiently largg, G > ﬂ_o, one obtains
Ja :/ IXn(T)]dT < / e ON/2 4T = (20)*2N*F exp{~CN/2} \, 0
Ay A

asN — oo that finishes the proof of the theorem. [

In the arguments above the Gaussian dergity) can be replaced by the density
of zero-mean Gaussian distribution with the covariance matrixz (H n) (recall (6.5),
(6.16), and (6.26)). In particular, one has
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Corollary 6.4. There existpositive constant®, 5o, co, andCy suchthatforallV > Ny
andg > S,

¢ 1/2 C,
Noﬂz < (detHessLAN(HN)) P(An sy = Ay) < Wogz, (6.29)

whereL, , (-) was determined in (3.5) artd y —in (3.11).
For future reference we formulate also the following simple statement.

Corollary 6.5. Let all X 5 be uniformly bounded. Then under the conditions of Theo-
rem 6.3 one has

l k+4
PON by = M) = SN H5,(Xx) - (L +o(D)

where the estimate(1) is uniform with respect to the considered sequehtgse 23(’;*2
and Xy, provided only3 is sufficiently large.

Moreover, there exist positive constamts ¢;, C;, i = 1,2, and a numbeVy such
that

c285?% < ey (X ) < NP (OnrHy =My) < C1py(Xn) < Cop"%  (6.30)

uniformly in N > Ny and the sequencés$,, Xy under consideration, provided only

B > Bo.

7. Convergence of Finite Dimensional Distributions

We prove here the convergence of finite dimensional distributions of the conditional
random process (recall (3.15))

1
On(t) = —= (05 @) — NE@®)), t €1[0,1],
to the corresponding distributions of the Gaussian measufeom Theorem 3.2.
Consider first the vectaa  of conditions (3.3) with the logarithmic moment gen-
erating functionZ, , (H) from (3.5). Assume thatl belongs to the seb? defined in
(3.7). Then

1 B log®® N
5 Vs (H) = () +0(=),
whereZ(H) was defined in (3.12) and the estima2é) is uniform inH € D2. Indeed,
it follows from (3.5) and (4.26) that

(7.1)

87 uLay(H) = 572Vi (Iog E(V, A, H) +l0gZ(N, A, H,00)) . (7.2)
Then, due to Remark 5.5.2 one has
1 ~ 1 o
—_Vulog=E(N, A,H) — =Vy / F((1—z)Ho+ H,) dw‘
NG g (7.3)

N 10
< —36-A 109N
= N
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On the other hand, the analyticity and uniform boundedness a{ggn the region
(4.23) imply the estimate

1
NiﬁvH log Z(N, A, H, 00) — %VH/O logQ((1 - 2)Ho+ H1) dz = O(N~1). (7.4)

Finally, (7.1) follows directly from (7.2)—(7.4) and definition (3.12).

LetH y andH be the solutions of (3.11) and (3.12) respectively. Applying the implicit
function theorem t@(-) and taking into account estimate (7.1) one easily obtains

log'® N
N

IHy —H| = 6‘1O< ) +3TO(N Ay — A), (7.5)

where the estimate3(-) are uniform inH y € D%, andN ~*Ay € Z(D%) respectively
(heres’ > 0 is any fixed number and(D3,) denotes the image of the regi@g,).
ThusH y — H asN — oo and therefore al y with sufficiently largeN belong to the

regionD? from (3.7) (recall Remark 3.1.2).
Let ©n be the random vector from (3.16),
On = (Yn, Xn(s1), .-, Xn(sk), Xn(ske1)) € RM2
ForHy = (HS, Hy) determined from (3.11) we introduce the vector
HS = (H%,0,...,0,HY) € RF*2,
Clearly, the sequend#?, converges to

H°=(Q,0,...,0, H) € R¥"?,

whereH = (Q, H) denotes the solution of (3.12); thus, H, with sufficiently largeN
belong to the regio%*2 from (4.7). Denote (recall (6.1), (6.3))

EY = EON r o, = (Ngn, ey, - -5 ek, Nbw)

with 5
ey =en(s;) = BTMLN,R(H) ‘H=H[}V .
Similarly to (7.1) one easily obtains the relation (recall (7.5))
10
%eN(s) = o(s) + so('og N) +50(NLAy — A), (7.6)

where (cf. (3.14))

é(s) = %/0 F’((lf x)Q +H) dz = (F(H +Q)—-F(H+Q - Qs))/,@Q, (7.7)

and the estimateS(-) are uniform ins € [0, 1], providedg is sufficiently large.
For anyM y € M%#2 (see (3.18)) of the kind

MN :(NqN7m:]LVa"'7m§I7NbN)7
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we put
, 1 , .
Ty = ——=(m'y — ely), i1=1,... k.
Let p,(-) denote the probability distribution of the Gaussian random veétor
(1, &1, - - -, &e+1) With the characteristic functioRyo(T) from (6.13). Then

P(X°)
Po(0)

presents the density of the conditional distributién (.. ,f_k|77= 0, £_k+1 = 0). Finally,
define the random process (recall (3.20), (7.7))

et ... 2F0) = X%=(0,2%, ..., 2", 0) e R¥*?,

o4(t) = On(t) — NE()). (7.8)

S
VN
Theorem 7.1. Let a natural numbek and a collection of real numbers, 0 < ¢; <

... <ty < 1, befixed. Then for ajf > 5y with sufficiently larges, the distribution of
the random vecto(@j\,(tl), cee (—)}‘v(tk)) converges weakly to the Gaussian distribution
with the densityp(-|0). This limiting distribution coincides with the corresponding
distribution of the measurg* from Theorem 3.2.

The proof of Theorem 7.1 can be obtained by literal repetition of that of Theorem 5.2
in [6]. It is based on the following simple observation that follows immediately from
Theorem 6.3 (cf. Lemma 5.1 in [6]).

Lemma 7.2. Let all 2y, be uniformly bounded. Then

P (On(s1) =mk,...,On(sk) =mk) = N~ 25k, ..., 2 [0) (1 +0(D))

asN — oo if only 3 is sufficiently large3 > (5o > 0; the estimaten(-) is uniform in
suchzt,.

Denote (cf. (4.3))
AjX = A8;X(5)=gn0G) —gnG — 1)

and choose any, _
0<p<d/12 (7.9)

with ¢ fixed in Theorem 3.2.

Lemma 7.3. There exist positive constants, 5o, and Ny such that for all > 5o,
N > Ng,and allj =1,..., N one has

E(exp{p|AjX|} | AN = AN) <C. (7.10)

Proof. Fix anyj € {1,2,..., N} and a phase bounday € 7y. Applying to S the
animal decomposition described in Sect. 4 we observethat is uniquely determined

by the animak satisfying the conditio () D (j — 1, j]. Denote by{¢} the event
{€} ={S € Ty : the animal decomposition &f contains¢}.

Then one has



434 R. Dobrushin, O. Hryniv

E(e” N Ay = An) = explp|A; X)YPUEH An = Ax), (7.11)

3

where the summation is going over the whole set of disjoint ev{ér}tsuch that](é) =
(m;_1,m;] D (j — 1, 7]. Relation (7.11) will be the initial point of our reasoning.

We start with the following simple observation. LEYN, R, H), H € D}*2, be
the partition function from (4.13) ar@ € Ky be the animal fixed above. Denote by
Kn(€) c Ky the set of all collections front y that contair€,

Kn@) = {{&,....Gn} e Kn €€ {&,... &)

Clearly, the set& y (€) form the partition ofC v labeled by¢ under consideration. Define
(cf. (4.13))
+1

ENVRHE= Y [[¥nru@)

(v iy R () =1 (7.12)
=Z(N,R,H |g) Wy zn).
Then for allH € D*2 and sufficiently larged one has
(V. R.H[§) .
[ AR LV % |
‘ Z(N,R,H) | = exp{(26 + Qs + p)| ()}, (7.13)

WhereJ(é) is the base of the animéland (recall (4.25))

= ma log Q(H) + 24|. 7.14
Q5= max |logQUi)+20 (7.14)
To check (7.13) observe that the cluster expansion oEI()QT, R,H |£) contains

only the cluster weights depending dn= (a,b] C (0, N] \ J(é). Since the same
weights appear in the expansion for I6gV, R, H) one easily obtains (recall (4.26),
(4.20), (4.21), and (5.5))

log = (N, R, H |€) ~log Z(N, R, H) + 3" 10gQ(H,)| < KIJ@)|  (7.15)
J€IE)
forallH € 13§+2 and sufficiently larges, where the constadt = K(5) \, 0asg " oo.
Thus, (7.13) follows directly from (7.15), (7.14), and the inequdlify ;| < 2—5/28
(cf. (4.7), (4.23)).

We will show below that for some constaft> 0 and all sufficiently larges one
has

o P(An = AN {E))
P{¢H An = An) = P(Ay = Ax) (7.16)

< Cexp{(28+ Qs +20)| T + p| AL} Wn s (£),

where

ALE = (a1, hE8]) = (Gan(@+ (1 22)n(@), n@)
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(recall that.](é) = (m;—1, m;]), Hy is the solution to (3.11), and (cf. (4.11))
A ~ A m;
Unoan (€) = exp{ 2018 + on(@) ((1- 5 ) Ho+ Ha)
1 -
+8Ho~a@ ) T wa)

A€

= exp{ 2014 + B(ALELH) | [T wia)

AEE

with H € D2. Then (7.10) follows directly.
Indeed, according to (4.42),

B(AIELH) < (28 — 35/4) Ny () (7.17)
for anyH € D2. Then, the inequalities
@I <N, 1a©I< IOl N, [TQI<mi  (7.18)
imply |a[€]| < N,(€) and therefore
|ALE]] < [alé]] + RIE]| < 2N, (E). (7.19)
As a result, using the simple observation
1A X(E)] < Nu(©), (7.20)
one obtains (recall (7.9))
E(exp{p|A; X[} | An = An)

< CZ6—25|f|+(25+Q5+2p)\J(£)|+(25 /2N, (&) H W(A,)

3 As€é

—026(25+Q5+20)\I\ S 2l aNG T wiay),
Ea@)=T Aceé

(7.21)

where) *, denotes the summation over &l (a,b] C (0, N] such thatl O (j — 1, j].
As in Sect. 4 (recall (4.32)—(4.35)) we estimate the inner sum via

e 2BIEH28-6/2N. ) X (3)
S:(S)=1, yin(S)=0
< e80T =1)+2(5—p) 3 eIV (S)/4=Bs(Nn(S)+D)
S:(S)=1, yin(S)=0

wheregs = 26, —¢ andg, in (4.33) is sufficiently large to imply(3,) < /4. Evaluating
the last sum with the help of (4.37) one easily obtains (7.10),

R(Bs,0)"

E(erl X | Ay = Ax) <O (n+1)e #0222
(P T Ax = 4x) <€D o+ 1) - R(3s.0)

n=1

<C,  (1.22)
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for 8 > (4, and some constart, where we setl; = (66, + Qs + 2p)/4 andC =
Cexp{262 + Qs + 2p}.
It remains to establish (7.16). First, we apply the analog of (6.4) to rewrite

P(AN :AN;{é}) _ Z(N,Hy, A;€) . P(A Ny = 4n) (7.23)
P(Av=Ay)  E(N.Hx,A)  P(Anpy = Av) '

with Hy denoting the solution of (3.11). The first fraction on the right-hand side of
(7.23) can be estimated with the help of (7.12)—(7.13),

E(N,Hn, A;€) _ E(N,Hy, A€ :
E(N,Hy,A)  E(N,Hy, A) U (€)
< exp{(202 + Qs *+ PITEO N Wn a i (§).

On the other hand, similarly to (7.13) one obtains

(7.24)

|5 (log S0V, Hy A 1) - g SV, Huv, )| < @sa ¥ DI@] (729

with (recall (4.24))

9 tog ()| =

max sinhHgS
H:|H|<2-5/28| 30

max
H:|H|<2—6/28 cOSh 23 — coshH 3

Q51 =

sinh(25 — 6/2) - e 02 emo/4
~coshZB —cosh(B—0/2) — 1—e9/4 /41

for all 5 > ((d). Thus, taking into account the simple identity
1 A -
BVH logWy an(€) = Al¢]
(that can be obtained by direct computation) one deduces immediately that

1 N
EAngny = BVH log =(N,H, A;€)

H=HN

satisfies the estimate
EAyeny — Av — AL| £ @1+ AT (7.26)

It remains to evaluate the last fraction in (7.23). Let fjré(ﬁ)\ < Av/N with some
fixed constanfd > 0. Observe that the analog of (7.25) for the second derivatives can be
obtained in a similar way; therefore, the analog of (5.24) for our specialRas¢ N }
imply the convergence

1
76211\7 Hesslog Z(NV,H, A; €) — éHeSS /0 F(( - 2)Ho+ Hy) do

forany > fo(6) uniformly inH = (Ho, H3) € 23(%. Thus, the limiting properties of the
random vect0|(AN; {5}) are the same as that afy. In particular, if A[¢]| < BV N
with any fixed constanB > 0, one can apply Corollary 6.4 to obtain (recall (7.26))
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P(ANJE,HN - AN)

<é 7.27
P(Anny = An) ' (7.27)

provideds is sufficiently large. In the opposite ca$a,[§]| > Bv/N, one has (recall
(6.30))

~ = 2. 2 ~ 3
P(A e,y = AN) - 1 < CzJZV < Cper!ME (7.28)
P(Anny = AN) P(ANHy = AN) p
Finally, for |.J(€)| > Av/N, one gets
~ = 2. 2 ~ 3
P(Ay ¢y = AN) 1 CoN" _ & erl @ (7.29)

P(Anny = AN) P(Anny = AN) B
Now, (7.16) follows immediately from (7.23), (7.24), and (7.27)—(7.29).0

Observe that this proof can be applied to any local variable that satisfies the analog of
(7.20) with the right-hand side of the kirdN,, (£), whereC' > 0 is any fixed constant;
then (7.9) should be replaced by

0< p<d/12C.
In particular, one has
Corollary 7.4. Let the constant€’, 8y, and Ng be as determined in Lemma 7.3. Then
E(exp{plgn() —gn O} | AN = Ax) <C
forall j=1,2,..., N, provided onlyN > Ngandg > fo.

For future reference we formulate here the following corollary of Lemma 7.3 that
could be obtained directly from (7.16) using calculations similar to those in (7.21)—
(7.22).

Corollary 7.5. Fixanumberj € {1,2,..., N}.Forany phase boundary € 7 apply
the animal decomposition and denoteglfy) the animal satisfying (¢(5)) 2 (5 — 1, 5]
Then there exist8 < oo such that for allg > 3 and all! > 1 one has

P(JEG) > 1+ 1| Ay = Ax) < exp{—4(8 — A)l}.
Another consequence of Lemma 7.3 is the following

Theorem 7.6. For all 8 > 39 with 5y determined in Theorem 7.1 the finite dimensional
distributions of the random proces8, (), ¢ € [0, 1], have the same limiting behaviour
as that of@;, ().

Proof. In view of the observation (recall (3.15), (3.20), (7.8), (3.17), and (3.2))

(Nt}
vN

the statement of the theorem follows immediately from (7.10). For details see [6, The-
orem54]. O

On () — ON() =

(on(IN1 +1) = gN(INED | An = Ax)
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8. Proof of Main Theorems

To complete the proof of our main result we need to check the weak compactness of the
sequence of measurgg . We obtain it here as an implication of Theorem 2.2 from [10,
Chap. 9] which provides the sufficient condition for the weak compactness of measures
in C[0,1]. The following statement verifies the assumption of the above mentioned
theorem.

Theorem 8.1. There exist positive numbet (5, and Ny such that
EJ6x (1) — Ox ()" < CJt — o]
uniformly inN > Np and all segmentgs, t] C [0, 1], s < t, provided only3 > (.

As in [6] we consider two cased, = Ay = [t —s| < N8 andA > N~8/°,
separately.

Lemma 8.2. There exist positive numbef§ and N; such that
E[03%(5) — O3 (s)|* < Calt — 57/

uniformlyin[s, ] C [0,1], A < N=%79 ifonly N > Ny and3 > (3, with 3, determined
in Lemma 7.3.

The proof is based on estimate (7.10) and can be obtained by literal repetition of that
of Lemma 6.2 from [6].

Lemma 8.3. There exist positive numbef%, 5., and N, such that
E[0x (1) — O3 (s)|* < Caft — 52 (8.1)

uniformly in[s,#]  [0,1], A > N~%° ifonly N > N, and 3 is sufficiently large,
B > Ba.

Proof. Denote (recall (3.2))

(v = &) — €5 () = gy (V) — gn(NV's)

and introduce the random vector (cf. (3.3))
Ay = (YNahN7CN/\/K)
with the logarithmic moment generating functiBrAN(H), H € R3, (cf. (3.5))
Lay(H) = |ogEexp{ﬂ(H,7\N)} =logZ(N, A,H) — log=(N).  (8.2)
ForHy = (HR,, H?},) determined from (3.11) we define
HY = (HY, Hy,0)

and
. 1 ~
EN = *VH IOgE(N,A,H) :(NquNvaéN)a (83)
8 H=HY,

where similarly to (7.6) one obtains the relation (recall (3.9))
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En = N(E(t) — &(s)) + Ao(V'N).

As a result, for all sufficiently largé&v one has

0;,(t) — 0, (s)\* I(nv — enVA| _
E(T> < 2;20(/; + 1)4P(W > k| Ay = AN). (8.4)

We will show below that for allv > N, andjs > 5, with sufficiently largeN, > 0 and
B2 > 0 one gets the estimate

P(I(y = EnVAl > kVNA Ay = Ay) < f(k), (8.5)
where
Dy exp{—a1k?}, if |k| <eVNA,
Dyexp{—aaNYB|k|}, if  |k| > eV NA,
and Di, Dy, aa, ap, € are some fixed positive constants. Thus, the series in (8.4) is

convergent and (8.1) follows immediately.
It remains to establish estimates (8.5)—(8.6). To do this we introduce the vector (recall

(8.3))

fn(k) = { (8.6)

Zy = (Nqn. Nbw,én + kVN) =Ex +(0,0,kVN) (8.7)
and determinél y = Hy (k) = (HY (k), HY (k), H% (k)) from the equation
%VH log =(N, A, H) T Zn. (8.8)

It follows from (8.2) and the implicit function theorem that providedn (8.7) is of
orderv/ N A the quantities?%, (k) — HS,, H% (k) — HY,, and H%(k)v/A are of order
A. Therefore, there exist = ¢(p) > 0, N3 > 0, andgs > 0 such that for allk,

|k] <evNA,all g > 3 and allN > N3 the following inequalities hold true

\HY (k) — HY| < pA,  |Hy(k) - Hy| < pA,  |Hi(K)| < pVA.

Thus, applying arguments similar to those used in the proof of Lemma 6.1 one obtains
the inequality (cf. (6.8))

(HessLy  (H)T,T) ‘H—ﬁ

AN

> CB°NIT|? (8.9)
(k)

forall k, |k| < eV NA,all T € R3, 3 > B4, N > N4, whereC, (3,4, and N, are some
positive constants depending only oand 3y from (5.11). For future reference we fix
such a value of > 0.

Assuming thaty — ey vV NA > 0 (in the opposite case the estimates are similar)
we rewrite

P(Cv > énVA+kVNA|Ay = Ay)
_P(AN = AN, (nv > ENVA+EVNA)
P(An = Ay) (8.10)
e Bay@ Py (An = An (v > EnVA +EVNA)

- oLy (An) Py (Ay = Ay) ’
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Wherefj‘\N () andLj} . () denote the Legendre transformations of the functifm§(-)
andLa , (+) correspondinglyH y was determined in (8.8H y —in (3.11), anquN(-),
P, (-) denote the tilted distributions of the random vectdrs andA y with parameters
Hy andH y respectively.

Let us evaluate first the diﬁereni@{N(ZN) — L} . (An). It follows from (8.2),
(8.3), (3.11) and the duality relations (2.22) for the Legendre transformation that

Ly (En) =L (An) and 9L} (En) =0,

Whereo"'zfj‘\N() denotes the derivative of the functi(iriN(:co, x1, x2) With respect to
2. Consequently (cf. relation (A.5) in [6]),

In,@x) L4 (Ex) = / (VN — ) (@L% (Nan. Now, éx+y) dy, (8.11)
0

and one needs to evalua@fijw(-) from below. Denote
EY = En +(0,0,3) = (Nqw, Nb, én +1). (8.12)

We will show below that in the cagé| < v/ N A there exist positive constants =
a1(e) and s such that for ally, |y| < kv/N, one has
(@2)2L}  (E%) > ou/N. (8.13)
Then (8.11) implies L L
Ly (@Zn) — Ly (En) > a1h?, (8.14)

provided|k| < v/N'A and due to the convexity dt;  (-) (see also Property A.2 in
6
* L3, @) = L (En) > 200N k| (8.15)
iD the onosite Easaq > v/ NA. Thus, itremains to prove (8.13). To do this determine
HY = (HY (v), Hx (v), H% (y)) from the condition (recall (8.12))
1
8

and consider the matribdessZAN(ﬁﬁ{,). Since it is positive definite (recall inequality
(8.9)) there exist§’s = Cs(¢) > 0 such that for all, |y| < kv/N < eNV/A, one has

Vuli, ()| =El.

H=HY,

9 \2~ O \2~ 92~ 2 )
g 9 (2 > )
{(6}[0) LAN(H)<3H1> Lan(H) <8H18H0LAN(H)) } herin CsN
(8.16)
On the other hand,
det HessL»  (H) \H_ﬁy < CN® (8.17)

uniformly in suchy with some fixed constarits > 0. Since due to the duality relations

(2.22) the value of the derivativé)?L}; _ (E%) coincides with the ratio of the left-hand
sides in (8.16) and (8.17), one immediately obtains (8.13).
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It remains to evaluate the last fraction in (8.10). Consider first the gdsec
eVNA. LetA & be the random vector with the distribution mducedFl?_y () and

LAN M (H), H = (Ho,Hl) be its logarithmic moment generating function,

LAN,"‘TN (H) = Iog<ZM€M§V eﬂ(HJVI)F)’-':"N (AN = M))
= Lay(Hy + (Ho, H1,0)) — L, (Hn).

Note that this function is strictly convex and satisfies the condition

detHessL -~ (H > C5N? 8.18
G H00 &8 (8.18)

(since the expression on the left-hand side of (8.18) coincides with the left-hand side of
(8.16) withy = kv/N). As a result, applying the analog of (6.29) one gets

C
PﬁN (AN = AN) < Fgﬂz

On the other hand, the denominaRy , (Ax = Ax) can be evaluated from below via
the analog of (6.30). Thus, there exist positive constahtsl;, and N7 such that for all
N > N7, 3> (B7,and|k| < e/ NA one has

F)fl_v| (AN:AN,CN>5N\/K+]€\/NA) P~ (AN:AN)
= < <C7.  (819)
Phy (AN = AN) PHN(AN An)

In the opposite cas¢k| > e/ N A, one easily gets (recall (6.30))

PﬁN<AN=AN,<N>éN\/K+k\/NA) < 1
Puy (AN = AN) ~ Py (AN = An) (8.20)
N? 1/18
< oF < Cgexp{aaNY k).

It remains to observe that (8.5)—(8.6) follow immediately from (8.10), (8.14), (8.15),
(8.19), and (8.20). O

Proof of Theorem 3.Z2The statement of the theorem follows directly from Theorems 7.1,
7.6, 8.1, and Theorem 2.2 from [10]. O

Proof of Theorem 3.3The first part of the theorem can be obtained in the same way as
Theorem 3.2. The convergence in (3.21) follows from Corollary 7.4. O
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A. WuIff Construction in 1D Models of SOS Type

The 1D SOS model is the simplest interface model. In view of its simplicity it is very
popular in the physical literature and is used mainly as a “toy model” for discussing the
statistical properties of interfaces. In particular, the Wulff construction for this model is
well understood ([1, 21]).

On the other hand, the interfaces appearing in the 1D SOS model present sample
paths of the 1D random walk of the special type (see, e. g., [6, Sect. 3]) and therefore the
Wulff construction here follows immediately from the known facts of the sample paths
large deviations theory ([3, Chap. 5], [22]). Using the probabilistic interpretation one
can investigate a much more general case of random walks than those usually appearing
in the physical literature in the context of 1D model of SOS type (see, e. g., [2] for a list
of typical examples). In this sense, the random walks provide the most general model
of SOS type and for this reason we will use the probabilistic language in the present
section. We will restrict ourselves to the discrete case, though the generalization to the
continuous one is straightforward [6, Sect. 2].

Let&; be a sequence of independent integer valued random variables having the same
non-degenerate distribution that is concentrated on the |&tfic&hen the interface is
described by the sequence of partial susyss= 0, S, = Zle &;, of the corresponding
random walk. Denote by

L(h) = log E exp{h¢}

the logarithmic moment generating function (the free energy) of a single step of this
random walk. Assume in addition tha(-) is a finite function (and thus analytical) in
some open neighbourhood of the oridirkinally, for anyn > 1 andt € [0, 1] define a
random polygonal function (a piece-wise linearly interpolated interface)

[nt]

xn(t) = S[nt] + {nt}g[nthl = Z é-i + {nt}f[nthl

=1

with [nt] and{nt} denoting the integral and the fractional partsiworrespondingly.
Then the distribution of.:1z,,(t) satisfies the large deviations principle with the
rate function ([22, 4, 3])

1
j(f)z{ /O L*(f'() dt, if f e AC[0,1], f(0) =0,

+00 otherwise,

where AC[0, 1] is the space of absolutely continuous functions gdJ@ndL*(-) is the
Legendre transformation df(-),

L*(z) = Sup(wh — L(h)),
h

that is well defined due to the strict convexity bf-). In particular, for any admissible
pair (g, b) (i. e., satisfying condition (A.4) below) one has

i 109 P(zn(1) € (b,b+¢), [y za(t) dt € (q,q+¢)) - 7P,

eN\\0n—oo n

8 This is a usual conjecture in applications; moreover, typically one demands the existethespdnential
moments fok (see, e. g., [2]).
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wheref(-) presents the solution of the variational problem:

1
J(f) — inf : f(0)=0, f(1)=b, /0 f@)dt =q. (A.1)

Note that the functional7(-) is closely related to the Wulff functional with naturally
defined surface tension (see, e.g., [6, Sect. 3]), and therefore the furi¢fjan the
Waulff profile in the considered situation.

L(h) ﬂt)
N, ,

0 h —
O

A

o) 1t
a) b)

Fig. 2. Wulff construction in a general 1D model of SOS type

Itturns out that the variational problem (A.1) can be solved explicitly. Namely, define
the quantitiegg = ho(q, b) andhy = hi(q, b) from the equations

1
/ L' (b1 +yho) dy = b,
0

L (A.2)
/o Z/L/(ill + yilo) dy =q.
Then the Wulff profilef(-) is defined via ([6, Sect. 2])
_ L(hy+ho) — L(ha+ (L —t)ho) ) /ho, if ho 0,
f(t)={ ( (i +Fo) = (7 (=) ) /o if ho# s
L'(hq)t = bt, otherwise.

Relations (A.2)—(A.3) have a simple geometric interpretation. Namely, rewriting
(A.2) in the form (cf. [21, Theorem 3])

(L(hs+ho) = L(ha)) /o =,

1 fho (L + fo) + L(ha)
7z o 2

—L(ﬁ1+y)) dy=q—1b/2

we infer that these conditions prescribe to find two pom(ﬁl, L(hl)) and O(hl +
ho, L(hl + ho)) on the graph of the functioh(-) such that (see Fig. 2,a)): 1) the straight
line passing througt and A has the slope coefficiebt 2) the area; (ho) of the figure
bounded by the segmeéA and the arc of the graph d@f(-) with the endpointsA and

O equals { — b/2)ho?, wherehq denotes the horizontal separation of the poiitand

O (inthe case < b/2 one should interchange these points). Then the Wulff prélje
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is obtained by simple transformation (reflection + scaling) of theatqsee Fig. 2,b)).
In the critical case @ = b the pointsO and A coincide and due to the second line in
(A.3) the corresponding Wulff profile is reduced to the segni#nt’ (Fig. 2,b)).

Due to the strict convexity and analyticity of the functidf), the normalized area
Qu(ho)/ho?is anincreasing function éf andQ; (ho)/ ho? — 0ashe — 0. In particular,
the conditiongio = 0 and 2 = bare equivalent (recall (A.3)). As aresult, equations (A.2)
have at most one solution. Such solution clearly exists for every qaiy $atisfying the
condition®

0= b/2] < supQs()/ 1. (A.4)

Here the supremum corresponds to the most “upper” limiting position of the s@eant
thus, (A.4) means that the real secant should be below the limiting one (if such exists).
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