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Abstract: We discuss some statistical properties of the phase boundary in the 2D low-
temperature Ising ferromagnet in a box with the two-component boundary conditions.
We prove the weak convergence inC[0, 1] of measures describing the fluctuations of
phase boundaries in the canonical ensemble of interfaces with fixed endpoints and area
enclosed below them. The limiting Gaussian measure coincides with the conditional
distribution of certain Gaussian process obtained by the integral transformation of the
white noise.

1. Introduction

The large deviation probabilities for the total magnetization in the two-dimensional
(2D) Ising ferromagnet are known to possess the non-classical asymptotics in the phase
coexistence region. The exponential decay here is of the surface order [25, 14] reflecting
the fact that the phase separation is the main mechanism responsible for this asymptotic
behaviour. (Without being explicitly stated, this fact was essentially presented in the
early papers by Minlos and Sinai [19, 20] where the case ofd-dimensional (d ≥ 2)
Ising model was rigorously studied.) The rate function corresponds to the total surface
tension of the phase boundary and the limiting shape of the latter can be described in
the framework of the Wulff theory [7, 23]. Particularly, in the typical configurations, the
immersed phase tends to form a unique macroscopic droplet with the shape and the area
close to that of the Wulff droplet, i. e., the solution of the related variational problem. As
a result, the optimal value of the Wulff functional provides the correct constant on the
surface scale of the exponential decay of large deviations probabilities. Note the really
remarkable fact that the last observation is actually true for all subcritical temperatures,
i. e., in the whole phase coexistence region [15, 16].

? Current address: TU Berlin, FB 3, Secr. MA 7-3, Str. des 17. Juni 136, 10623 Berlin, Germany; E-mail:
hryniv@math.tu-berlin.de
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The results obtained in [7, 23, 15, 16] describe many interesting properties of the
phase boundary as well as typical configurations in the considered situation. However,
they are not sufficient to deliver the exact asymptotics of the probabilities of large
deviations. To this end one needs more detailed information about the fluctuations of
phase boundary with respect to the limiting Wulff shape, the information that is also of
independent interest.

The present paper is an attempt on the way to fill this gap. Namely, we discuss sta-
tistical properties of phase boundary in the 2D low-temperature Ising ferromagnet with
the two-component boundary conditions in the canonical ensemble of interfaces with
fixed endpoints and fixed “area enclosed below them”. We prove the weak convergence
in C[0, 1] of the probability distributions describing the fluctuations of such interfaces
around the corresponding part of the Wulff shape to certain conditional Gaussian distri-
bution. This limiting measure coincides with the conditional distribution of a Gaussian
random process obtained by the integral transformation of the white noise.

As in the preceding paper [6], where a similar problem for general model of the SOS-
type was investigated, we use extensively the large deviation principle in the strong form
[8] combined with ideas further developed from the original book [7]. These results were
announced in [13].

To our knowledge, there were only two mathematical papers1 studying weak con-
vergence of measures describing fluctuations of the phase boundary in the 2D Ising
ferromagnet [12, 5]. Nevertheless, the methods used there were adjusted to the investi-
gation of interfaces with fixed endpoints (even only horizontal ones in [12]) and are not
applicable to the additional volume constraint discussed here.

The paper is organized as follows. Section 2 contains notions and known facts to be
used later on. The main results are stated in Sect. 3. The basic polymer representation of
the partition function is developed in Sect. 4. Then, in Sect. 5 we prove the analyticity
of the corresponding free energy and discuss some its properties that are used in proofs
of limit theorems in Sect. 6. Convergence of finite dimensional distributions of the
considered conditional process is established in Sect. 7. The proof of the main result
is completed in Sect. 8, where the tightness condition for the sequence of measures is
checked. Finally, in the Appendix we present the geometric construction of the solution
to the Wulff variational problem corresponding to the discussed situation.

Professor Roland Dobrushin left us forever when the work described in this paper was
still in progress. But even this irreversible loss could not reduce his personal influence
on the whole work – without any doubts, he is the main author of this result. In fact, this
text is an attempt by the second author to realize some ideas of his Teacher. This paper
is devoted to the memory of R. L. Dobrushin.

2. Preliminaries

To fix the notations let us recall briefly certain notions and facts from the theory of the
2D Ising model (for detailed discussion see, e. g., [7]).
Lattices.Let Z2 be the two-dimensional integer lattice and

(
Z2

)∗
be its dual,

(
Z2

)∗
=

(Z + 1/2)2, both consisting ofsites.These lattices are immersed intoR2 equipped with
the usual Euclidean distance| · |, |x−y| =

√
(x1 − y1)2 + (x2 − y2)2, wherex = (x1, x2)

1 Many interesting ideas appeared already in the pioneering paper [9], where however only a particular
one-dimensional distribution of the phase boundary was discussed.



Fluctuations of Phase Boundary in 2D Ising Ferromagnet 397

andy = (y1, y2). We call abondany segment of unit length connecting two neighbouring
sites of the dual lattice.

Let s, t be two neighbours inZ2 andf denote the unit segment connectings andt.
By definition, a bonde separatesthese sites if the segmentsf ande are orthogonal and
meet at their midpoints.

Fix one of the two directions (1, 1) and (1, −1). Any straight line passing through a
site in this fixed direction is called adiagonal.Thus, any site belongs to certain (uniquely
determined) diagonal. By definition, a sites ∈ Z2 is attachedto s∗ ∈

(
Z2

)∗
provided

they share the diagonal and|s − s∗| =
√

2/2. A sites ∈ Z2 is attached to a bonde if s
is attached to one end ofe.

Let e1 ande2 be two orthogonal bonds that share a site of the dual lattice. We say
thate1 ande2 form a linked pair of bonds if they belong to the same half-plane inR2

determined by the diagonal passing through their common point.
For a setV ⊂ Z2, |V | denotes its cardinality and∂V is its outer boundary,

∂V =
{

s ∈ Z2 \ V : ∃t ∈ V with |t − s| = 1
}

.

A bonde is called aboundary bondof the setV if there existt ∈ V ands ∈ Z2 \ V
such thate separatest ands.
Configurations.For V ⊂ Z2 denote by�V = {−1, 1}V the set of all possible config-
urationsσ = σV in V . In the caseV = {s} the configurationσV is reduced to thespin
at the sites and is denoted simply byσs. If VN , N > 1, is the vertical strip inZ2 of the
width N ,

VN =
{

t = (t1, t2) ∈ Z2 : 0 < t1 < N
}

, (2.1)

we denote the corresponding set{−1, 1}VN of configurations by�N .
Fix anyV ⊂ Z2. A configurationσ = σZ2\V in the complementZ2 \ V is called

a boundary condition(for V ). Two kinds of boundary conditions will be considered
mainly in the following: the constantplusboundary conditionσ+,

σ+
t = 1, for all t ∈ Z2 \ V , (2.2)

and the two-component boundary conditionσϕ, ϕ ∈ (−π/2, π/2),

σϕ
t =

{
1, if t2 > t1 tanϕ,
−1, otherwise. (2.3)

Contours.Let σ be a configuration in a setV ⊂ Z2 andσ be a boundary condition.
The boundary0(σ, σ) of the configurationσ under the boundary conditionσ is the
collection of all bonds separating the sites inZ2 with different values of spins. Then
any sites∗ of the dual lattice is the meeting point of an even number of such bonds. If
four bonds meet at a common vertex we split them up into two pairs of linked bonds.
This procedure is actually a fixed choice of the so-called “rounding of corners” along
the diagonal passing through the common vertex of these bonds. Apply this procedure
at any dual site that is a meeting point of four bonds from0(σ, σ). Then the boundary
0(σ, σ) splits up into connected components to be calledcontours.

Let VNM , M > 1, be the set (cf. (2.1))

VNM =
{

t = (t1, t2) ∈ VN : 1 − M < t2 < M
}

(2.4)
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andσ ≡ σ+. Then every contour of0(σ, σ), σ ∈ �NM = {−1, 1}VNM , is a closed
polygon. Forσ ≡ σϕ the boundary0(σ, σ) contains one (infinite) open polygonS. In
the caseM ≥ [N tanϕ] + 1 this open polygon passes through the points (0, 1/2) and
(N, [N tanϕ] + 1/2).
Phase boundary.Let σ be a configuration inVN (recall (2.1)) andσϕ be the boundary
condition defined in (2.3). As before, denote byS ∈ 0(σ, σ) the (infinite) open contour
passing through the points (0, 1/2) and (N, [N tanϕ] + 1/2). Let1(S) be the set of all
points fromZ2 ∩ RN ,

RN =
{

(x1, x2) ∈ R2 : x1 ∈ [0, N ]
}

,

that are attached to bonds ofS. The restriction ofS to the vertical stripRN is called the
phase boundaryand is denoted also byS.

LetT ϕ
N denote the set of all phase boundaries consistent with the boundary condition

σϕ. Fix anyS ∈ T ϕ
N . The point (0, 1/2) is theinitial point and (N, [N tanϕ] + 1/2)

is theendingpoint of the phase boundaryS. By definition, theheighth(S) of S is the
difference in the ordinates of the ending and the initial points ofS. Thus, forS ∈ T ϕ

N
one hash(S) = [N tanϕ].

Assume thatM = M (S) > 1 is such that the contourS is covered by the rectangle
RNM = [0, N ] × (1 − M, M ). Then the polygonS splits up the rectangleRNM into
two parts, the “upper” and the “lower” ones, with the areasQ+

N andQ−
N respectively.

The quantity

a(S) = aN (S) =
Q−

N − Q+
N

2
(2.5)

is called theareaunder the phase boundaryS. Clearly, this definition does not depend
uponM provided it is sufficiently large,M ≥ M0(S). Observe also that for a “nice”
contourS that intersects any vertical linex = k, k = 1, 2, . . . , N − 1, at a unique
point the quantitya(S) gives the value of the integral of the piecewise constant function
appearing after removing all vertical segments fromS.
Gibbs measures.LetV be a finite subset ofZ2 andσ be a boundary condition. TheGibbs
distributionPV,β(·|σ) in V with the boundary conditionσ is the probability measure in
�V given by

PV,β(σ|σ) = Z(V, β, σ)−1 exp{−βH(σ|σ)}, σ ∈ �V , (2.6)

where the hamiltonianH(σ|σ) is defined by

H(σ|σ) = −
∑

s,t∈V,

|s−t|=1

σsσt −
∑

s∈V,t∈∂V,

|s−t|=1

σsσt, (2.7)

the partition functionZ(V, β, σ) is

Z(V, β, σ) =
∑

σ∈�V

exp{−βH(σ|σ)}, (2.8)

andβ > 0 denotes the inverse temperature. In what follows we will always assume that
β is sufficiently large.
Ensembles of phase boundaries.Consider the boxVNM defined in (2.4) and letσϕ

be the boundary condition from (2.3). LetPN,M,β(·|σϕ) be the Gibbs distribution in
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�NM = {−1, 1}VNM defined as in (2.6)–(2.8). ForM > N tanϕ denote byT ϕ
NM

the set of all phase boundaries inVNM consistent with the boundary conditionσϕ.
The Gibbs distributionPN,M,β(·|σϕ) induces the probability distributionPN,M,β,ϕ(·) in
T ϕ

NM according to the following formula:

PN,M,β,ϕ(S) = PN,M,β

({
σ ∈ �NM : 0(σ, σϕ) 3 S

} ∣∣∣ σϕ
)
, S ∈ T ϕ

NM .

Another form of this distribution will be of importance in the following ([7,§4.3]).
Namely, let8(3) be the function of finite subsets inZ2 determined from the cluster
expansion of the partition functionZ(VNM , β, σ+) ([7, §3.9]), |S| denote the length2

of the polygonS, and1(S) is the set of all sites attached to the phase boundary. Then,
defining the weightswNM (S) via

wNM (S) = exp
{

−2β|S| −
∑

3⊂VNM :3∩1(S)6=∅
8(3)

}
, (2.9)

we rewrite

PN,M,β,ϕ(S) =
wNM (S)

Ξ(N, M, ϕ)
, (2.10)

whereΞ(N, M, ϕ) is the corresponding partition function,

Ξ(N, M, ϕ) =
∑

S∈T ϕ
NM

wNM (S).

For future reference we recall here the following important properties of the func-
tion 8(3) ([7, §3.9,§4.3]): 8(3) is a translation invariant function vanishing on non-
connected sets3 ⊂ Z2; moreover, there existsβ0 < ∞ such that for allβ ≥ β0 one
has

|8(3)| ≤ exp{−2(β − β0)d(3)}, (2.11)

where the functiond(3) satisfies the inequality

d(3) > 2diam(3) + 2 (2.12)

with diam(3) denoting the diameter of the set3, diam(3) = max{|x − y| : x, y ∈ 3}.
According to Lemma 3.10 ([7]), estimate (2.11) implies the inequality∑

3⊂Z2:3∩1(S)6=∅

|8(3)| ≤ K|S|, (2.13)

whereK = K(β) is a constant such thatK↘0 asβ↗+∞. Therefore, for all sufficiently
largeβ the weights (cf. (2.9))

w(S) = exp
{

−2β|S| −
∑

3:3∩1(S)6=∅
8(3)

}
(2.14)

are well defined.
Let T ϕ

N = ∪MT ϕ
NM be the set of all phase boundaries inVN consistent with the

boundary conditionσϕ andTN = ∪ϕT ϕ
N denote the set of all possible phase boundaries

2 Observe that two external halfbonds ofS did not contribute to|S| in [7] but this does not affect the value
on the right-hand side of (2.10).
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in VN (the union here is over allϕ ∈ (−π/2, π/2)). Due to [7, Theorem 4.8] the
quantities

Ξ(N, ϕ) =
∑

S∈T ϕ
N

w(S), Ξ(N ) =
∑

S∈TN

w(S)

are finite (in fact,Ξ(N ) coincides with the partition functionΞ(N, 0, restr), where
Ξ(N, H, restr) is the partition function for the restricted grand canonical ensemble of
the phase boundaries (see definition (4.3.16) in [7])). As a result, one can define the prob-
ability distributionsPN,β,ϕ(·) ≡ PN,+∞,β,ϕ(·) andPN,β(·) in T ϕ

N andTN respectively
via the following formulas:

PN,β,ϕ(S) =
w(S)

Ξ(N, ϕ)
, S ∈ T ϕ

N , (2.15)

and

PN,β(S) =
w(S)
Ξ(N )

, S ∈ TN . (2.16)

Here again one has the conditionβ ≥ β1 > βcr that is a consequence of application of
the cluster expansions technique.
Surface tension, free energy, Legendre transformation.For any fixedϕ ∈ (−π/2, π/2)
denote byn = n(ϕ) = (− sinϕ, cosϕ) the unit orthogonal vector to the straight line
t2 = t1 tanϕ in R2. Let the boxVNM , M > N tanϕ, be as in (2.4) andZ(VNM , β, σ)
denote the partition function in�NM corresponding to the boundary conditionσ . By
definition, thesurface tensionin the direction ofn is given by

τβ(n) = − lim
N→∞

lim
M→∞

cosϕ
βN

log
Z(VNM , β, σϕ)
Z(VNM , β, σ+)

, (2.17)

where the boundary conditionsσϕ andσ+ are defined by (2.3) and (2.2) respectively.
The surface tension is closely related to another important function, the so-called

free energy. To define it we fix anyδ > 0 and for any complex numberH satisfying the
condition

|<H| < 2 − δ/β, (2.18)

we introduce the partition function

Ξ(N, H) =
∑

S∈TN

exp{βHh(S)}w(S) (2.19)

with h(S) denoting the height of the phase boundaryS. The limit

F (H) = lim
N→∞

logΞ(N, H)
N

(2.20)

is called thefree energycorresponding to the heighth(S) of the phase boundary. Ac-
cording to Theorem 4.8 [7] this limit exists and is an analytical function ofH in the
domain (2.18).

The free energyF (H) defined in (2.20) is dual to the surface tensionτβ(·). Namely
([7, Theorem 4.12]), one has

τβ(n) =
1
β

F ∗(β tanϕ) cosϕ, (2.21)
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wheref∗(·) denotes theLegendre transformationof the real convex function3 f : R →
R,

f∗(p) = sup
x

(
px − f (x)

)
.

The following property of the Legendre transformation will be used below.

Property 2.1. Letf (·) be a strictly convex twice continuously differentiable real function
defined in a regionU ⊂ Rm, m ≥ 1, and f∗(p) be its Legendre transformation,
f∗(p) ≡ supx

(
(x, p) − f (x)

)
, p ∈ Rm. Assume that the valuesx ∈ U andp ∈ Rm are

related via∇f (x) = p. Then the following relations hold:

f∗(p) = (x, p) − f (x),

∇f∗(p) = x,

Hessf∗(p) =
(
Hessf (x)

)−1
.

(2.22)

Observe that in the considered case the matrixHessf (x) of the second derivatives
f (x) as a function ofx ∈ Rm is strictly positive definite atx.

This duality property of the Legendre transformation can be verified directly or
induced from the known facts ([24, Chap. 5]).
Wulff shape.Let τβ(ϕ) = τβ(n) be the surface tension defined in (2.17). Using the
symmetry properties of the latticeZ2 we easily have

τβ(ϕ) ≡ τβ(π/2 − ϕ), τβ(ϕ) ≡ τβ(−ϕ),

and thusτβ(n) can be defined for all unit vectorsn ∈ S1.
Denote byD the set of all closed self-avoiding rectifiable curvesγ ⊂ R2 that are

boundaries of bounded regions (thus, boundary of any bounded convex region belongs
to D). Recall that any such rectifiable curve has finite length and has a tangent at its
almost every point. To eachγ ∈ D we assign the quantity

W(γ) = Wβ(γ) =
∫

γ

τβ(ns) ds, (2.23)

whereds denotes the length element andns is the unit outward normalvector to the curve
γ at the points ∈ γ. The functional (2.23) is called theWulff functionalcorresponding
to the surface tensionτβ(·).

For anyγ ∈ D denote by Vol(γ) the area of the enclosed region. By definition, the
Wulff shapewβ is a solution to the variational problem

Wβ(γ) → inf : γ ∈ D, Vol(γ) ≥ 1.

Alternatively, one defines

Wβ,λ = ∩n∈S1

{
x ∈ R2 : (x, n) ≤ λτβ(n)

}
,

where (·, ·) denotes the usual scalar product inR2, n is a unit vector, andτβ(·) is the
surface tension defined in (2.17). Then the Wulff shapewβ coincides with the boundary
of the setWβ,λ0, whereλ0 is determined from the condition Vol(Wβ,λ0) = 1. The Wulff

3 Here and in the following we omit restrictions near the signs like upper bounds, sums, integrals, etc. when
the appropriate operation is going over the whole set of possible values of parameters, summation indices,
integration variables respectively.
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shape is known to be unique up to translations inR2 [26, 27]. Due to positiveness of the
stiffness,4 τβ(ϕ) + d2

dϕ2 τβ(ϕ), the Wulff shape is a smooth strictly convex closed curve

in R2 and inherits the natural symmetries fromZ2 [7, §2.20,§4.21].
Wulff profile.The main goal of the present paper is to study the statistical properties
of phase boundaries of the 2D Ising ferromagnet in a bulk with the two-component
boundary conditionsσϕ. More precisely, we investigate the limiting behaviour of prob-
ability distributionsPN,β,ϕ(·) (PN,M,β,ϕ(·) resp.) in the canonical ensemble of phase
boundariesS ∈ T ϕ

N (T ϕ
NM resp.) with fixed value of the area (recall (2.5))

aN (S) = N2qN , qN → q asN → ∞,

enclosed below them. The phase boundary here is an open polygon; thus, its limiting
behaviour is closely related to the corresponding piece of the Wulff shape to be called
below theWulff profile.

To construct the Wulff profile we use the following geometric algorithm.5 Let l be
a non-vertical straight line intersecting the Wulff shape at two different pointsO andA
(we denote byA that of them that is to the left; see Fig. 1,a)). The segmentOA splits up
the interior of the Wulff shape into two parts, the “upper” oneQ+

l and the “lower” one
Q−

l with the areas|Q+
l | and|Q−

l | = 1− |Q+
l | correspondingly. Clearly,Q+

l andQ−
l are

convex sets having tangents at all their boundary points exceptO andA.

?

� O

A

l

�������

6

-
O′

A′

l′

1�������������

a)

→

b)
Fig. 1.Geometric construction of the Wulff profile

We say that the linel generates a (q, ϕ)-cutting of the Wulff shape if the following
two conditions hold: a) the linel has the slope angleϕ; b) the area|Q−

l | (|Q+
l | in the

caseq < 1
2 tanϕ) satisfies the equality

|Q−
l | = |q − tanϕ

2
| · |OA|2 cos2 ϕ

with |OA| denoting the length of the segmentOA (and thus|OA| cosϕ is its horizontal
projection). Due to the strict convexity of the Wulff shapewβ , for any q ∈ R and

4 Here we treat the surface tensionτβ (·) as a function ofϕ (recall thatn = (− sinϕ, cosϕ)).
5 The analytical expression for the Wulff profile in terms of the free energyF (·) from (2.20) is given in

(3.14) below. See also the Appendix for more detailed discussion of the problem in a framework of a general
1D SOS model.



Fluctuations of Phase Boundary in 2D Ising Ferromagnet 403

ϕ ∈ (−π/2, π/2) there exists a unique (q, ϕ)-cutting ofwβ (for q = 1
2 tanϕ the pointsO

andA coincide, andl becomes a tangent to the Wulff shape). If, in addition, the limiting
valueq is relatively small, ∣∣∣q − 1

2
tanϕ

∣∣∣ < Q0(ϕ) (2.24)

(with Q0(ϕ) easily identified in terms of the Wulff shape), all the tangents toQ−
l at

its boundary points (different fromO andA) have uniformly bounded slope angles.
Then the simple transformation (reflection + scaling; see Fig. 1,b)) of the arcOA gives
the corresponding Wulff profile (in the degenerate caseq = 1

2 tanϕ the Wulff profile
becomes a segmentO′A′).

It what follows we will always assume the validity of condition (2.24) (which, in
particular, will make possible the SOS approximation of phase boundaries for sufficiently
large values of the inverse temperatureβ).

3. Results

Let TN be the set of all possible phase boundaries inVN andP(·) ≡ PN,β(·) denote the
probability distribution from (2.16). LetE(·) ≡ EN,β(·) be the corresponding operator
of mathematical expectation.

Fix anyS ∈ TN and for allk = 0, 1, . . . , N define

g+
N (k) = max{t2 : (k, t2) ∈ S}. (3.1)

Letg+
N (x), x ∈ [0, N ], be the piecewise linear interpolation of the valuesg+

N (k). Denote
by ξ+

N (t), t ∈ [0, 1], the random polygonal function

ξ+
N (t) = g+

N (Nt) − g+
N (0). (3.2)

Our aim here is to describe the statistical properties of trajectoriesξ+
N (t) conditioned by

fixing the values of the areaaN (S) and the heighth(S).
More precisely, let3N be the random vector

3N = (YN , hN ), (3.3)

wherehN = hN (S) is the height ofS ∈ TN and

YN =
1
N

aN (S) (3.4)

is the normalized area underS (recall (2.5)). ForH = (H0, H1), denote byL3N
(H) the

logarithmic moment generating function of the random vector3N (recall (2.16)),

L3N
(H) ≡ logE exp

{
β
(
H, 3N

)}
= logΞ(N, 3, H) − logΞ(N ), (3.5)

where the partition functionΞ(N, 3, H) is calculated via

Ξ(N, 3, H) =
∑

S∈TN

exp
{

−2β|S| + βH0YN + βH1hN −
∑

3:3∩1(S)6=∅
8(3)

}
. (3.6)

We will show below (see Remark 5.1.1) that the last expression is finite provided the
real part<H of H = (H0, H1) belongs to the set
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D2
δ =

{
(H0, H1) ∈ R2 : |H1| < 2 − δ/β, |H1 + H0| < 2 − δ/β

}
(3.7)

with someδ > 0 andβ ≥ β0(δ).
Consider any sequence of real vectorsAN = (NqN , NbN ) such that 2N2qN and

NbN are integer numbers and

N−1AN → A = (q, b), 2q 6= b, (3.8)

in such a way that

N−1AN − A = o
( 1√

N

)
asN → ∞. (3.9)

Definition 3.1. Let δ be a positive number. Any sequenceAN satisfying (3.8)–(3.9) is
called(3N , δ)-regular if the following conditions hold:

1) for anyN > 1,
P(3N = AN ) > 0; (3.10)

2) for all N > 1 there exists a solutionHN ∈ D2
δ of the equation

β−1∇HL3N
(H)

∣∣∣
H=HN

= AN ; (3.11)

3) there exists a solution̂H = (Q, H) ∈ D2
δ of the equation

I(H) ≡ β−1∇H

∫ 1

0
F (H0y + H1) dy

∣∣∣
H=Ĥ

= A. (3.12)

HereD2
δ is the set from (3.7),∇H denotes the gradient with respect toH = (H0, H1)

andF (·) is the free energy from (2.20).

Remark 3.1.1.It can be checked directly that (3.10) is true providedNbN and 2N2qN

are integer numbers of the same parity.

Remark 3.1.2.The conditionHN ∈ D2
δ for all N > 1 is a technical one; namely, we will

show below (see the discussion after (7.5)) that the inclusionĤ ∈ D2
δ impliesHN ∈ D2

δ
for all sufficiently largeN .

Remark 3.1.3.Using the strict convexity of the functionF (·) one can show that the
relations 2q 6= b andQ 6= 0 are equivalent (see also the discussion the in Appendix
below).

Fix any (3N , δ̄)-regular sequenceAN and consider the conditional random process

θ+
N (t) =

(
ξ+
N (t)|3N = AN ) (3.13)

with ξ+
N (t) defined in (3.2). Applying arguments similar to those used in [7] one can prove

the law of large numbers for the processθ+
N (t). Namely, the distribution of the process

tends weakly in the spaceC[0, 1] of continuous function on the segment [0, 1] to the
distribution concentrated on some deterministic function ˆe(t), t ∈ [0, 1]. The function
ê(t) presents the solution of the following variational problem (cf. (2.23), (2.21)):
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W(f ) =
∫ 1

0
β−1F ∗(f ′(t)) dt → inf ,

f ∈
{

g ∈ AC[0, 1] : g(0) = 0, g(1) = b,

∫ 1

0
g(t) dt = q

}
(hereAC[0, 1] is the space of absolutely continuous functions on [0, 1]) and can be
computed explicitly,

ê(t) =
(
F (H + Q) − F (H + Q − Qt)

)/
βQ, (3.14)

where (Q, H) is the solution of (3.12). Observe that due to Remark 3.1.3 one hasQ 6= 0
and thus ˆe(t) is well defined. Moreover, in view of the inclusion (Q, H) ∈ D2

δ, the
derivative ofê(t) is uniformly bounded in [0, 1].

Consider the random process

θ∗
N (t) =

1√
N

(
θ+

N (t) − Nê(t)
)
, t ∈ [0, 1], (3.15)

and denote the corresponding measure inC[0, 1] by µ∗
N = µ+,∗

N . The following theorem
formulates the main result of the present paper.

Theorem 3.2. Let a (3N , δ̄)-regular sequenceAN be as described above. Then there
existsβ0 = β0(δ̄) < ∞ such that for allβ ≥ β0 the sequence of measuresµ∗

N converges
weakly to some Gaussian measureµ∗ in C[0, 1]. The limiting measureµ∗ coincides with
the conditional probability distribution of the random processξ̂(t), t ∈ [0, 1], obtained
by the integral transformation of the white noisedws,

ξ̂(t) ≡ β−1
∫ t

0

(
F ′′(H + Q − Qs)

)1/2
dws,

conditioned by the conditions

η̂ ≡
∫ 1

0
ξ̂(t) dt = 0 and ξ̂(1) = 0.

Remark 3.2.1.The random vector3N from (3.3) has zero mean and the variances of
its components are of orderN (see Lemma 6.1 below). Therefore, the condition 2q 6= b
means that the events{3N = AN} are in the large deviation region for the distribution
PN,β(·).

Plan of the proof of Theorem 3.2. The proof of our main result follows the same scenario
used in the case of random walks [6] with necessary modifications.

Namely, for any natural numberk and a setS of real numberssi, 0 < s1 < s2 <
. . . < sk < 1 = sk+1, consider the random vector

ΘN ≡
(
YN , XN (s1), . . . , XN (sk), XN (1)

)
∈ Rk+2, (3.16)

whereYN was defined in (3.4), andXN (t), t ∈ [0, 1], are calculated via (cf. (3.2))

XN (t) ≡ g+
N ([Nt]) − g+

N (0), (3.17)

with [Nt] denoting the integral part ofNt. Let Mk+2
N , k = 0, 1, . . ., be the set
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Mk+2
N =

{
M = (m0, m1, . . . , mk+1) : {2Nm0, m1, . . . , mk+1} ⊂ Z1

}
. (3.18)

Then for anyMN ∈ Mk+2
N of the kindMN = (NqN , m1

n, . . . , mk
N , NbN ) one has the

relation

P
(
XN (s1) = m1

N , . . . , XN (sk) = mk
N | 3N = AN

)
=

P(ΘN = MN )
P(3N = AN )

. (3.19)

Here3N = (YN , XN (1)) is the vector from (3.3) andAN = (NqN , NbN ) is the (3N , δ̄)-
regular sequence fixed above.

First, we investigate the asymptotical behaviour of the numerator and the denomina-
tor in (3.19) and obtain the central limit theorem for the finite dimensional distributions
of the random process

ΘN (t) ≡
(
XN (t) | 3N = AN

)
. (3.20)

Then, we prove that the difference between the conditional processθ+
N (t) (recall (3.13))

andΘN (t) has uniformly bounded exponential moments in some neighbourhood of the
origin. This observation implies immediately the same central limit theorem for the
corresponding finite dimensional distributions of the processθ+

N (t).
Finally, we check the following inequality:

E|θ∗
N (t) − θ∗

N (s)|4 ≤ C|t − s|7/4

with some constantC > 0 uniformly in s, t ∈ [0, 1] and sufficiently largeN . This
implies the weak compactness of the sequenceµ∗

N and finishes the proof by applying
known results on weak convergence of measures inC[0, 1] ([10]). �

A similar result holds also for the random process

θ−
N (t) =

(
ξ−
N (t)|3N = AN ), t ∈ [0, 1],

induced by the lowest points of intersection (cf. (3.1)),

g−
N (k) = min{t2 : (k, t2) ∈ S},

via
ξ−
N (t) = g−

N (Nt) − g−
N (0).

Let µ−,∗
N denote the probability distribution inC[0, 1] corresponding to the process

(recall (3.15))

θ−,∗
N (t) =

1√
N

(
θ−

N (t) − Nê(t)
)
, t ∈ [0, 1].

Theorem 3.3. For the sequences of measuresµ−,∗
N the statement of Theorem 3.2 holds

true. Moreover, for any sequence of real numbersαN , αN → 0 asN → ∞, one has
the convergence

αN

(
θ+

N (t) − θ−
N (t)

)
→ 0 (3.21)

in probability asN → ∞.

Clearly, the formulated results are valid also for the measuresµ±,∗
NM describing the sta-

tistical properties of the phase boundariesS ∈ T ϕ
NM in the boxVNM with the boundary

conditionσϕ, provided onlyM >
(
maxt∈[0,1] |ê(t)|+ε

)
N with any fixedε > 0. This fol-

lows immediately from the observation that the events{maxt∈[0,1]|N−1θ±
N (t)− ê(t)| >

ε} belong to the large deviations region for the measuresµ±
N and thus have exponentially

small probabilities asN → ∞.
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4. Basic Representation of the Partition Function

We start with discussing the statistical properties of the vectorΘN of joint distribution
(recall (3.16)),

ΘN ≡
(
YN , XN (s1), . . . , XN (sk), XN (sk+1)

)
∈ Rk+2, (4.1)

wherek is a natural number, the quantitiessi satisfy the condition 0< s1 < . . . < sk <
sk+1 = 1, the normalized areaYN is defined in (3.4), and the processXN (t), t ∈ [0, 1],
is determined via (recall (3.17))

XN (t) ≡ g+
N ([Nt]) − g+

N (0). (4.2)

For future reference we consider the more general situation. Namely, fix any natural
numberk and a collectionR = {r1, . . . , rk+1} of natural numbers (they can depend on
N , i. e.,ri = ri,N ) such that for all sufficiently largeN ≥ N0(R) one has the relation

0 < r1 < . . . < rk < rk+1 = N.

Denote (cf. (4.2))
X(ri) ≡ g+

N (ri) − g+
N (0), (4.3)

and consider the random vector

ΘN,R =
(
YN , X(r1), . . . , X(rk), X(rk+1)

)
∈ Rk+2. (4.4)

For any complex vectorH = (H0, H1, . . . , Hk+1) ∈ Ck+2 we denote byLN,R(H) the
logarithmic moment generating function of the random vectorΘN,R,

LN,R(H) ≡ logE exp{β
(
H, ΘN,R

)
}.

Observe that the last equality can be rewritten in the form (cf. (3.5))

LN,R(H) = logΞ(N, R, H) − logΞ(N ), (4.5)

where

Ξ(N, R, H) =
∑

S∈TN

exp
{

−2β|S| + β
(
H, ΘN,R

)
−

∑
3:3∩1(S)6=∅

8(3)
}

. (4.6)

As we will show below (see Theorem 5.1), the last expression is finite provided<H
belongs to the set

D̂k+2
δ = {H = (H0, H1, . . . , Hk+1) ∈ Rk+2 : H0 ∈

(
− δ

4β(k+2), Q + δ
4β(k+2)

)
,

|Hi| < δ
4β(k+2), i = 1, . . . , k, |Hk+1 − H| < δ

4β(k+2)},
(4.7)

where (Q, H) is the solution of (3.12) andδ is the positive number fixed in Definition 3.1
above.

Since the partition functionΞ(N, R, H) contains all the information about the sta-
tistical properties of the random vectorΘN,R, we will study it carefully in the remaining
part of this section. Following [7], we split up every phase boundaryS ∈ TN into pieces
that are typical at low temperatures (“tame animals”) and pieces to be interpreted as
excitations appearing at non-vanishing temperatures (“wild animals”).

Let us recall briefly the necessary considerations ([7,§4.4]). Denoting
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9(3) = exp{−8(3)} − 1,

we observe that there existsβ0 < ∞ such that

|9(3)| ≤ exp{−2(β − β0)d(3)} (4.8)

for all β ≥ β0 and any finite set3 (cf. (2.11)–(2.12)). In particular,9(3) vanishes on
non-connected sets3.

Denote byCN the set of all collectionsC = {S, 31, . . . , 3j}, whereS ∈ TN , finite
sets3i ⊂ Z2 are connected and satisfy the condition3i ∩ 1(S) 6= ∅, i = 1, . . . , j;
j = 0, 1, . . .; here1(S) is the set of all sites attached to the phase boundaryS. Then the
partition functionΞ(N, R, H) can be rewritten in the form

Ξ(N, R, H) =
∑

S∈TN

exp
{

−2β|S| + β
(
H, ΘN,R

)} ∏
3:3∩1(S)6=∅

(
9(3) + 1

)
=

∑
C∈CN

exp
{

−2β|S| + β
(
H, ΘN,R

)} j∏
l=1

9(3l).

(4.9)

Fix anyC = {S, 31, . . . , 3j} ∈ CN . We say that the collectionC is regular in the
columnm ∈ N if the line{(x, y) ∈ R2 : x = m} intersects the setS ∪ 31 ∪ . . . ∪ 3j at
a unique point. Let 1≤ m1 < m2 < . . . < ml ≤ N − 1, l = l(C) ∈ {0, 1, . . . , N − 1},
be the set of allm, 1 ≤ m ≤ N − 1, such that the collectionC is regular in the column
m. Denote

41 = {(x, y) ∈ R2 : x ≤ m1},

42 = {(x, y) ∈ R2 : m1 ≤ x ≤ m2},
· · ·

4l = {(x, y) ∈ R2 : ml−1 ≤ x ≤ ml},

4l+1 = {(x, y) ∈ R2 : ml ≤ x}
(in the casel = 0 we have41 = R2). By definition, theanimalξi, i = 1, . . . , l + 1, is the
collection

ξi = {Si, 3j1, . . . , 3js
},

where
Si = S ∩ 4i, {3j1, . . . , 3js

} = {3 ∈ C : 3 ⊂ 4i}.

Let (mi, yi) = S ∩ {(x, y) ∈ R2 : x = mi}, i = 1, . . . , l. We put also (m0, y0) =
(0, 1/2) and (ml+1, yl+1) = (N, h(S) + 1/2). For any animalξi we define the following
quantities: thelength |ξi| that coincides with the length of the polygonSi; the base
J(ξi) = (mi−1, mi]; the width |J(ξi)| = mi − mi−1; theheighth(ξi) = yi − yi−1 with
(mi−1, yi−1) and (mi, yi) denoting thebeginningand theend of the animalξi. Then,
we define thearea a(ξi) belowξi as

a(ξi) =
1
2

(a−
i − a+

i ),

wherea−
i anda+

i denote the areas of the lower and the upper parts of the rectangle
[mi−1, mi] × [yi−1 − M, yi−1 + M ] that appear after cutting it alongSi (clearly, this
definition is independent ofM provided it is sufficiently large,M ≥ M0(S); cf. (2.5)).
Finally, for r ∈ J(ξi) = (mi−1, mi] we denote byh(r, ξi) the height of the animalξi in
therth column,
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h(r, ξi) = g+
N (r) − g+

N (mi−1).

Direct computations give us the following relations:

h(S) =
l+1∑
i=1

h(ξi),

X(r) =
j(r)−1∑

i=1

h(ξi) + h(r, ξj(r)),

a(S) =
l+1∑
i=1

(
a(ξi) + (N − mi)h(ξi)

)
(4.10)

with j(r) denotingj such thatr ∈ J(ξj). Define theactivity of ξi via

9N,R,H(ξi) = exp
{

−2β|ξi| + βh(ξi)
((

1 − mi

N

)
H0 +

k+1∑
n=1

1{i<j(rn)}Hn

)

+ β
k+1∑
n=1

1{i=j(rn)}Hnh(rn, ξj(rn)) + βH0
1
N

a(ξi)
} ∏

3s∈ξi

9(3s),

(4.11)

where1{i<j(rn)} and1{i=j(rn)} denote the indicator functions of the relationsi < j(rn)
andi = j(rn) correspondingly. Then the partition functionΞ(N, R, H) can be rewritten
in the form

Ξ(N, R, H) =
∑

C∈CN

l(C)∏
i=1

9N,R,H(ξi). (4.12)

Fix any animalξ. An animalξ′ is calledvertically congruenttoξ iff it can be obtained
by shifting all components ofξ on the same distance in the vertical direction. Letξ̂ denote
the class of all animals that are vertically congruent toξ. Clearly, allξ ∈ ξ̂ have the
same length, base, height, etc. and thus have the same activity9N,R,H(ξ̂). Observe that
any collectionC ∈ CN can be rewritten in the form{ξ̂1, . . . , ξ̂l+1} such that the clasŝξi

has the baseJ(ξ̂i) = (mi−1, mi] and 0 =m0 < m1 < . . . < ml+1 = N . On the other
hand, to any such collection{ξ̂1, . . . , ξ̂l+1} corresponds a uniqueC ∈ CN ; therefore,
there exists a one-to-one mapping betweenCN and the set̂KN of all ordered collections
{ξ̂1, . . . , ξ̂l+1} described above. As a result, (4.12) can be rewritten in the form

Ξ(N, R, H) =
∑

{ξ̂1,...,ξ̂l+1}∈K̂N

l+1∏
i=1

9N,R,H(ξ̂i). (4.13)

In a similar way we consider the set̂K(a,b] , (a, b] ⊆ [0, N ], a, b ∈ N, of ordered
collections{ξ̂1, . . . , ξ̂l} of the equivalence classesξ̂i such thatJ(ξ̂i) = (mi−1, mi] and
a = m0 < m1 < . . . < ml+1 = b. Using the activities from (4.11) we introduce the
partition function

Ξ((a, b], N, R, H) =
∑

{ξ̂1,...,ξ̂l+1}∈K̂(a,b]

l+1∏
i=1

9N,R,H(ξ̂i). (4.14)
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(In the casea = b we put as usuallyΞ(∅, N, R, H) = 1.) Relations (4.13) and (4.14) will
be the starting point of our considerations.

It follows from estimate (2.13) that the weightsw(S) from (2.14) coincide asymp-
totically asβ → ∞ with exp{−2β|S|}. Therefore, the probability distribution (2.15) is
“close” to the distribution concentrated on the polygonsS ∈ T ϕ

N of minimal length. It
is convenient to consider a slightly larger set of phase boundaries

TN,∞ = {S ∈ TN : |S ∩ {(x, y) : x = m}| = 1, ∀m = 0, . . . , N} (4.15)

and the probability distribution

PN,β,∞(S) =
exp{−2β|S|}
Ξ(N, β, ∞)

, S ∈ TN,∞, (4.16)

with the partition function

Ξ(N, β, ∞) =
∑

S∈TN,∞

exp{−2β|S|}. (4.17)

Note that according to definition (4.15) everyS ∈ TN,∞ is regular in any columnm,
m = 0, . . . , N . Therefore, any animalξ corresponding toS ∈ TN,∞ has unit width and
is called atameanimal. The probability distributionPN,β,∞(·) from (4.16)–(4.17) is
called theensemble of tame animals. Any animal that is not tame is calledwild.

For anyS ∈ TN,∞ one has|S| = |ξ1| + . . . + |ξN |. Moreover, for any tame animalξ
one easily gets|J(ξ)| = 1, |ξ| = |h(ξ)| + 1,a(ξ) = h(ξ)/2, and therefore (cf. (4.10))

X(r) =
r∑

j=1

h(ξj), a(S) =
N∑
j=1

(
N − j + 1/2

)
h(ξj).

As a result, the distribution (4.16)–(4.17) coincides with the distribution of the homo-
geneous random walk with the generating functionZ(H) of one step,

Z(H) ≡ E exp{βHh(ξ)} = Q(H)/Q(0),

where

Q(H) =
+∞∑

k=−∞
exp{−2β

(
|k| + 1

)
+ βHk} = e−2β sinh(2β)

cosh(2β) − cosh(Hβ)
. (4.18)

Thus, the limiting behaviour of the phase boundaryS in the ensemble of tame animals
with fixed valuesX(N ) = NbN anda(S) = N2qN can be described by Theorem 2.3
from [6], where such asymptotics for a general random walk was investigated. To extend
that result to the case of the probability distributionPN,β(·) (recall (2.16)) in the ensemble
of phase boundariesS ∈ TN (i. e., to prove Theorem 3.2) is the main goal of the present
paper.

In the ensemble of tame animals the partition function (4.6) is reduced to

Ξ(N, R, H, ∞) =
∑

S∈TN,∞

exp
{

−2β|S| + β
(
H, ΘN,R

)}
. (4.19)

We rewrite it in the form
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Ξ(N, R, H, ∞) =
N∏
j=1

Q(HN,j), (4.20)

whereQ(·) was defined in (4.18) and the quantitiesHN,j , j = 1, . . . , N , are calculated
via

HN,j =
(
1 − (j − 1/2)/N

)
H0 +

k+1∑
n=1

Hn1{j≤rn}. (4.21)

For future reference we define also the partition function (cf. (4.14))

Ξ((a, b], N, R, H, ∞) =
b∏

j=a+1

Q(HN,j), (4.22)

where (a, b] ⊆ [0, N ] is a segment with integer endpointsa, b. Here again
Ξ(∅, N, R, H, ∞) = 1.

Observe that the functionQ(·) is finite for all H such that|<H| < 2. Moreover, if
for someδ > 0 andβ ≥ β0(δ) > 0 one has

|<H| < 2 − δ/2β, (4.23)

then
| cosh(Hβ)|

cosh(2β)
≤ cosh(|<H|β)

cosh(2β)
≤ cosh(2β − δ/2)

cosh(2β)
< e−δ/4 (4.24)

if only β ≥ β0(δ) > 0 and therefore∣∣∣ tanh(2β)
e2βQ(H)

− 1
∣∣∣ ≤ cosh(2β − δ/2)

cosh(2β)
< e−δ/4. (4.25)

As a result, logQ(H) is well defined and uniformly bounded for all realH satisfying
(4.23) with any fixedβ ≥ β0(δ) > 0.

Consider arbitraryH ∈ D̂k+2
δ (recall (4.7)). Then anyHN,j from (4.21) satis-

fies (4.23) and therefore the functionN−1 logΞ(N, R, H, ∞) is bounded uniformly
in N and any suchH. Since the asymptotical properties of the partition function
Ξ(N, R, H, ∞) are well understood ([6]), we can reduce the investigation of the partition
functionΞ(N, R, H) from (4.6) to the study of the relative partition function

Ξ̂(N, β, R, H) =
Ξ(N, R, H)

Ξ(N, R, H, ∞)
. (4.26)

In the remaining part of this section we develop the so-called polymer representation
of this partition function and obtain certain estimates for the polymer weights. All the
considerations will be applicable also to the relative partition function

Ξ̂((a, b], N, R, H) ≡ Ξ((a, b], N, R, H)
Ξ((a, b], N, R, H, ∞)

(4.27)

(recall (4.14), (4.22)) for any interval (a, b] ⊆ (0, N ] with integer endpoints.
Substituting (4.13) and (4.20) into (4.26) one easily obtains6

6 Here and belowj is always an integer number; therefore,j ∈ J(ξ̂) meansj ∈ J(ξ̂) ∩ Z1. For any
segmentI = (a, b] ⊆ [0, N ] with integer endpoints we denote by|I| its length,|I| = b − a.
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Ξ̂(N, β, R, H) =
∑

{ξ̂1,...,ξ̂l+1}∈K̂N

l+1∏
i=1

(
9N,R,H(ξ̂i)

∏
j∈J(ξ̂i)

Q(HN,j)−1
)
. (4.28)

For any segmentI = (a, b] ⊆ [0, N ] denote

X̂N,R,H(I) =
(∏

j∈I

Q(HN,j)
)−1 ∑

ξ̂:J(ξ̂)=I

9N,R,H(ξ̂). (4.29)

Then (4.28) can be rewritten in the form

Ξ̂(N, β, R, H) =
[N/2]∑
α=0

∑
{I1,I2,...,Iα}

α∏
i=1

X̂N,R,H(Ii), (4.30)

where the inner sum is taken over all families of mutually disjoint intervalsIi = (ai, bi] ⊆
[0, N ] such that|Ii| ≥ 2. Observe that|I| = 1 impliesX̂N,R,H(I) = 1.

Formula (4.30) is a particular case of the polymer representation of the partition
function ([17, 7]). To apply the cluster expansions technique we need the following
estimate (cf. [7, Lemma 4.7]).

Lemma 4.1. Let H ∈ Ck+2 be such that<H ∈ D̂k+2
δ and a real numberγ satisfies the

condition
0 ≤ γ ≤ δ/8.

For any intervalI ⊂ (0, N ] with integer endpoints put

̂̄XN,R,H(I) =
(∏

j∈I

Q(HN,j)
)−1 ∑

ξ̂:I(ξ̂)=I

9N,R,H(ξ̂) exp{γ|ξ̂|}.

Then there exists̄β > 0 depending only upon the valueβ0 from (4.8) and on the
constantδ such that for allβ ≥ β̄ and all intervalsI ⊂ (0, N ] under consideration one
has

| ̂̄XN,R,H(I)| ≤ exp{−4(β − β̄)(|I| − 1)}. (4.31)

The functionŝ̄XN,R,H(I) depend analytically on suchH.

Remark 4.1.1.Putting γ = 0 we obtain estimate (4.31) for the polymer weights
X̂N,R,H(I) from (4.29).

Proof. We start with the following observation. Letξ be a wild animal with the base
J(ξ) = (m′, m′′] and let a natural numberm satisfy the conditionm′ < m < m′′. Since
ξ is not regular in the columnm at least one of the following two events occurs: 1) the
vertical line{(x, y) ∈ R2 : x = m} intersects the corresponding partS = Sξ of the
phase boundary at least at three points; 2) a point from some set3 ∈ ξ belongs to the
columnm and thus at least two boundary bonds of the set3 are intersected by this line.
Therefore, for any wild animalξ = (S, 31, . . . , 3k) one has the inequality

|J(S)| − 1 ≤ 1
2

(
Nh(S) −

(
|J(S)| − 1

)
+

∑
3∈ξ

d(3)
)
,
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whereNh(S) denotes the number of full horizontal bonds inS, the functiond(·) satisfies
(2.11)–(2.12) andJ(S) ≡ J(ξ). As a result,∑

3∈ξ

d(3) ≥ 3
(
|J(S)| − 1

)
− Nh(S).

Denote

X̃(S) ≡
∑

k,31,...,3k:3i∩1(S)6=∅∑k

i=1
d(3)≥3(|J(S)|−1)−Nh(S)

exp{−2(β − β0)
k∑

i=1

d(3i)} (4.32)

and fix anyβ1 > 0. As it was shown in [7] (see Eq. (4.7.11)), there exists a function
ε = ε(β1), ε(β1)↘0 asβ1↗∞, such that

X̃(S) ≤ exp{−6(β − β2)
(
|J(S)| − 1

)
+ 2(β − β2)Nh(S)} exp{ε|S|} (4.33)

with β2 = β0 + β1. Define

XN,R,H(S) =
∑

ξ:Sξ=S

|9N,R,H(ξ)|, (4.34)

where the sum is taken over all wild animalsξ with fixed Sξ = S. We prove below the
following estimate:

XN,R,H(S) ≤ exp{−2β|S| + (2β − δ/2)Nv(S)}X̃(S) (4.35)

with Nv(S) denoting the number of vertical bonds inS. Then (4.31) follows directly.
Indeed, for anyH, <H ∈ D̂k+2

δ , one has (recall (4.25))

|Q(HN,j)|−1 ≤ e2β+2β3

with someβ3 = β3(β0, δ). Therefore the inequality∣∣∣̂̄XN,R,H(I)
∣∣∣ ≤

∣∣∣∏
j∈I

Q(HN,j)
∣∣∣−1 ∑

S:I(S)=I, yin(S)=0

XN,R,H(S)eγ|S|

(hereyin(S) denotes they-coordinate of the initial point ofS) can be rewritten in the
form ∣∣∣̂̄XN,R,H(I)

∣∣∣ ≤ e−(4β−6β2+2β3)(|I|−1)e2β+2β3e−(2β−ε−γ)∑
S:I(S)=I, yin(S)=0

exp{
(
2β − 2β2 − (2β − ε − γ)

)
Nh(S)}

exp{(−δ/2 + ε + γ)Nv(S)},

where the identity|S| = Nv(S)+Nh(S)+1 was used. Letβ1 be such thatε = ε(β1) < δ/8
andβ2 = β0 + β1 ≥ β3. Then∣∣∣̂̄XN,R,H(I)

∣∣∣ ≤ e−4(β−2β2)(|I|−1)
∑

S:I(S)=I,

yin(S)=0

e−β4(Nh(S)+1)−δNv(S)/4, (4.36)
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where we used the obvious inequality 2β2 + 2β3 ≤ 2(β2 + β3)
(
|I| − 1

)
(recall that for

any wild animalξ one has|J(ξ)| > 1) and denotedβ4 = 2β2 − ε − γ. It remains to
observe that the last sum was shown to be bounded [7, p. 119],∑

S:I(S)=I, yin(S)=0

e−β4(Nh(S)+1)−δNv(S)/4 ≤ R(β4, δ)|I|(1 − R(β4, δ)
)−1

, (4.37)

providedβ4 is large enough,β4 ≥ β̄4(δ), to guarantee the estimate

R(β4, δ) = 2e−β4
1 + e−δ/4

1 − e−δ/4
< 1.

As a result, (4.31) follows directly from (4.36) and (4.37).
It remains to establish (4.35). To do this we cut the polygonS into pieces by any

vertical linex = m, m ∈ N. ThenS splits up into certain collection of zigzag fragments
fn consisting of two horizontal half-bonds and (possibly) a vertical segment ofS. The
ordering offn in S determines in a unique way the initial and ending points offn. Define
the heighth(fn) of fn as the difference between ordinates of ending and initial points
of fn. Clearly,

h(ξi) =
∑

fn∈ξi

h(fn), Nv(ξi) =
∑

fn∈ξi

|h(fn)|. (4.38)

Define the midpointcn of the fragmentfn as the midpoint of the vertical segment
belonging tofn (provided it is not empty) or as the midpoint of the fragmentfn itself
(otherwise). Letdn denote the distance fromcn to the vertical linex = mi passing
through the ending point of the animalξi (recall thatJ(ξi) = (mi−1, mi]). The direct
geometric considerations give the equality

a(ξi) =
∑

fn∈ξi

dnh(fn). (4.39)

Now, (4.38) and (4.39) imply the relation (cf. (4.11))

h(ξi)
(

1 − mi

N

)
+

1
N

a(ξi) =
∑

fn∈ξi

h(fn)
(

1 − mi − dn

N

)
. (4.40)

Then, the inclusion<H ∈ D̂k+2
δ and the inequality

1/2 ≤ dn ≤ |I| − 1/2 < mi (4.41)

imply the estimate (recall (3.7), (4.7))

<
{

βh(ξi)
((

1 − mi

N

)
H0 +

k∑
l=1

1{i<j(rl)}Hl + Hk+1

)
+ βH0

1
N

a(ξi)
}

≤
(
2β − 3δ/4

)
Nv(S).

(4.42)

On the other hand, from the inclusion<H ∈ D̂k+2
δ and the obvious inequality

|h(rl, ξj(rl))| ≤ Nv(Sξj(rl ) ) one easily obtains
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<
{

β
k∑

n=1

1{i=j(rn)}Hnh(rn, ξj(rn))
}

≤ δ

4
Nv(Sξi ). (4.43)

Finally, (4.35) follows immediately from (4.34), (4.11), (4.7), (4.42) and (4.43). Estimate
(4.31) is proved.

It remains to observe that the uniform estimates obtained above imply the analyticity

of ̂̄XN,R,H(I) as a function ofH, <H ∈ D̂k+2
δ . �

Corollary 4.2. Let the polymer weights̃XN,R,H(I) be defined as in (4.29) with the
activities9N,R,H(ξi) replaced by (cf. (4.11))

9̃N,R,H(ξi) = exp
{

−2β|ξi| + βh(ξi)
(
H0

(
1 − mi

N

)
+

k+1∑
n=1

Hn1{i<j(rn)}

)
+ β

k+1∑
n=1

Hnh(rn, ξj(rn))1{i=j(rn)}

} ∏
3s∈ξi

9(3s).

(4.44)
Then there exist constantsβ0 andN0 = N0(β0) such that for allβ ≥ β0, N ≥ N0 and
all segmentsI = (a, b] ⊆ [0, N ], b − a ≤ log2 N , with integer endpoints one has the
estimate∣∣∣X̃N,R,H(I) − X̂N,R,H(I)

∣∣∣ ≤ 2
(
e2β log4 N/N − 1

)
exp{−4(β − β0)(|I| − 1)}. (4.45)

Proof. We start with the following simple observation. There existsβ̄ > 0 (probably
different fromβ̄ in (4.31)) such that for allαN > 0 and allβ ≥ β̄ one has

∣∣∣(∏
j∈I

Q(HN,j)
)−1 ∑

ξ̂:I(ξ̂)=I

Nv(ξ̂)≥αN

9N,R,H(ξ̂)
∣∣∣ ≤ e−δαN /8e−4(β−β̄)(|I|−1). (4.46)

Indeed, using the relation (cf. (4.37))

∑
S:J(S)=I, yin(S)=0,

Nv(S)≥αN

e−β4(Nh(S)+1)−δNv(S)/4

≤ e−δαN /8
∑

S:J(S)=I, yin(S)=0

e−β4(Nh(S)+1)−δNv(S)/8

≤ e−δαN /8R(β4, δ/2)|I|(1 − R(β4, δ/2)
)−1

one easily deduces (4.46) from (4.36).
Now,
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∣∣∣ ∏

j∈I

|Q(HN,j)|

≤
∑

ξ̂:J(ξ̂)=I, Nv(ξ̂)≤log2 N

∣∣∣9N,R,H(ξ̂) − 9̃N,R,H(ξ̂)
∣∣∣

+
∑

ξ̂:J(ξ̂)=I,

Nv(ξ̂)>log2 N

∣∣∣9N,R,H(ξ̂)
∣∣∣ +

∑
ξ̂:J(ξ̂)=I,

Nv(ξ̂)>log2 N

∣∣∣9̃N,R,H(ξ̂)
∣∣∣.

(4.47)

Then, using the simple estimate|a(ξ̂)| ≤ |I|Nv(ξ̂), definitions (4.11) and (4.44), one
obtains ∣∣∣9N,R,H(ξ̂) − 9̃N,R,H(ξ̂)

∣∣∣ ≤
(
e2β|I| Nv (S)

N − 1
)∣∣∣9N,R,H(ξ̂)

∣∣∣
≤

(
e2β log4 N/N − 1

)∣∣∣9N,R,H(ξ̂)
∣∣∣, (4.48)

provided|I| ≤ log2 N andNv(S) ≤ log2 N . Finally, substituting (4.48) into (4.47)
and using (4.46) to evaluate the last two sums in (4.47), one easily deduces (4.45) from
Lemma 4.1 for all sufficiently largeN . �

5. Cluster Expansion and Limiting Properties of the Partition Function

We establish here the cluster expansion for the relative partition functionΞ̂(N, β, R, H)
and investigate some asymptotical properties of the corresponding free energy to be used
later. The following statement presents the main result of this section.

Theorem 5.1. There exists a constantβ0 depending only onδ and the constantβ0 from
(2.11) such that for allβ ≥ β0, N , and H, <H ∈ D̂k+2

δ (recall (4.7)), the partition
functionΞ(N, R, H) is finite (i. e., the defining series is absolutely convergent) non-
vanishing analytical function ofH satisfying the bound

|logΞ̂(N, β, R, H)| =
∣∣∣logΞ(N, R, H) −

N∑
j=1

logQ(HN,j)
∣∣∣

≤ N exp{−4(β − β0)}.

(5.1)

There exist functions8N,R,H(I) of intervalsI = (a, b] ⊆ (0, N ] with integer end-
points such that ∣∣∣8N,R,H(I)

∣∣∣ ≤ exp{−4(β − β0)
(
|I| − 1

)
}, (5.2)

and
logΞ̂(N, β, R, H) =

∑
I⊂[0,N ]

8N,R,H(I). (5.3)

Finally, the functions 8N,R,H(I) depend analytically on polymer weights
XN,R,H(I ′), I ′ ⊆ I, and the following inequality holds∣∣∣∣ ∂8N,R,H(I)

∂XN,R,H(I ′)

∣∣∣∣ ≤
(
|I| − |I ′| + 1

)2
exp{|I ′| exp{−4(β − β0)}}. (5.4)
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Remark 5.1.1.Fork = 0 one hasΞ(N, R, H) ≡ Ξ(N, 3, H) (recall (3.6)) and therefore
this partition function is finite for allH, <H ∈ D2

δ (recall (3.7)).

Proof. In view of the polymer representation (4.30) and Lemma 4.1, expansion (5.3)
and estimates (5.2) follow from any of the numerous versions of cluster expansions for
polymer models (see, e. g., [18, 17]).

Then, (5.1) follows directly from (5.2) and the inequality

∣∣∣ ∑
I:I0⊆I

8N,R,H(I)
∣∣∣ ≤

∞∑
i=1

(i + 1) exp{−4(β − β0)i} ≤ exp{−4(β − β̄0)}, (5.5)

that is valid for somēβ0 < ∞ and arbitraryI0 = (a, a + 1] ⊂ [0, N ], a ∈ Z.
It remains to check (5.4). Due to the Möbius inversion formula (see, e. g., [18,§2.6],

[7, §3.8], [8,§3.3]) the cluster weights8N,R,H(I) can be calculated from (recall (4.27))

8N,R,H(I) =
∑

I∗: ∅6=I∗⊆I

(−1)|I\I∗| logΞ̂(I∗, N, R, H), (5.6)

where againI∗ are intervals with integer endpoints. According to Proposition 3.6 ([8]) the
functions logΞ̂(I∗, N, R, H) depend analytically on the polymer weightŝXN,R,H(I ′),
I ′ ⊆ I∗. Moreover, using (4.30) and (5.3) one has7

∂ logΞ̂(I∗, N, R, H)

∂X̂N,R,H(I ′)
=

Ξ̂(I∗ \ I ′, N, R, H)

Ξ̂(I∗, N, R, H)
= exp

{
−

∑
Ĩ=(a,b]:Ĩ⊆I∗,

Ĩ∩I′ 6=∅

8N,R,H(Ĩ)
}

.

As a result, (5.5) implies directly that∣∣∣∣∣∂ logΞ̂(I∗, N, R, H)

∂X̂N,R,H(I ′)

∣∣∣∣∣ ≤ exp{|I ′|e−4(β−β̃0)}, (5.7)

with someβ̃0 depending only onβ0. It remains to observe that for any pairI, I ′, I ′ ⊆ I,

of intervals with integer endpoints there exists no more than
(
|I| − |I ′| + 1

)2
intervals

Ĩ satisfying the conditionI ′ ⊆ Ĩ ⊆ I. Finally, (5.4) follows immediately from (5.6),
(5.7) and the last observation. �

Remark 5.1.2.We have proved (5.4) using only the polymer representation (4.30) of the
partition functionΞ̂(N, β, R, H) and the estimate (4.31) of polymer weightsX̂N,R,H(I)
(recall Remark 4.1.1). Since the explicit form of these polymer weights was not used,
our result is valid for any partition function defined via (4.30) with any collection of
polymer weights satisfying (4.31).

7 In the caseI∗ \ I = I1 ∪ I2 with disjoint intervalsI1 andI2 we denote

Ξ̂(I1 ∪ I2, N, R, H) ≡ Ξ̂(I1, N, R, H)Ξ̂(I2, N, R, H).
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In the remaining part of the present section we obtain some corollaries of Theorem 5.1
to be used later on.

Let firstk = 0,R = {r1}, r1 = N andH = (0, H) ∈ C2. Then the partition function
Ξ(N, R, H) from (4.6) coincides with the partition functionΞ(N, H) (recall (2.19))
for the heighth(S) of the phase boundaryS. DefineΞ̂(N, H) similarly to (4.26). The
following result was obtained in [7].

Corollary 5.2 ([7], Theorem 4.8). LetH satisfy the condition

|<H| < 2 − δ/2β. (5.8)

Then all the statements of Theorem 5.1 are valid for the partition functionΞ̂(N, H).
Moreover, the functions8N,R,H(I) do not depend onN ,

8N,R,H(I) ≡ 8H (|I|),

where|I| denotes the length of the intervalI, and there exists a limit

F̂ (H) = lim
n→∞

logΞ̂(N, H)
N

, (5.9)

that presents an analytical function ofH in the region (5.8). Finally, one has the expan-
sion

F̂ (H) =
∞∑
i=2

8H (i) (5.10)

and the estimate

|F̂ (H)| ≤ exp{−4(β − β0)}, (5.11)

whereβ ≥ β0 with sufficiently largeβ0.

Remark 5.2.1.Due to (4.27) one haŝΞ(I, N, R, H) = 1 for anyI ⊂ [0, N ] such that
|I| = 1. Thus, (5.6) implies8H (1) = 0 that explains the absence ofi = 1 in (5.10). The
expansion from (5.10) plays the important role in the following considerations.

Remark 5.2.2.It follows from (5.9), definitions (4.26) and (4.20) that the limit (recall
(2.20))

F (H) = lim
N→∞

logΞ(N, H)
N

exists, is an analytical function ofH in the region (5.8), and satisfies there the following
identity ([7, p. 120])

F (H) ≡ F̂ (H) + logQ(H).

To study the asymptotical properties of the areaaN (S) below the phase boundaryS
we putk + 1 = 0 in (4.1). Denote the corresponding partition function byΞ(N, H, area)
and define the relative partition function̂Ξ(N, H, area) as in (4.26).
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Corollary 5.3. Assume thatH satisfies (5.8). Then̂Ξ(N, H, area) is a non-vanishing
analytical function of suchH. Moreover, there exists the limit

F̂area(H) ≡ lim
N→∞

logΞ̂(N, H, area)
N

=
∫ 1

0
F̂

(
(1 − x)H

)
dx, (5.12)

whereF̂ (·) is the free energy from (5.9) corresponding to the heighth(S) of the phase
boundaryS. Finally, there exist constantsβ0 and N0 such that for allN ≥ N0 and
β ≥ β0,

∣∣∣logΞ̂(N, H, area) − N

∫ 1

0
F̂

(
(1 − x)H

)
dx

∣∣∣ ≤ exp{−3(β − β0)} log10 N. (5.13)

Remark 5.3.1.Due to the integral representation in (5.12), the functionF̂area(·) is an
analytical function ofH in the region (5.8).

Remark 5.3.2.The derivatives ofN−1 logΞ̂(N, H, area) with respect toH converge to
the corresponding derivatives of̂Farea(H). In this case estimate (5.13) is also true with
possibly another constantβ0.

The following simple property of real functions will be used below.

Property 5.4. Let f (·) be a smooth real function,f : U → R1, whereU is some open
convex set inRk. Assume that for anyi = 1, . . . , k one has∣∣∣∣∂f (x)

∂xi

∣∣∣∣ ∣∣∣∣
x=y

≤ ai (5.14)

uniformly iny ∈ U . Then for ally, z ∈ U ,

|f (y) − f (z)| ≤
k∑

i=1

ai|yi − zi|. (5.15)

Proof. Defineg(t) = f
(
z + t(y − z)

)
. Then

g′(t) =
k∑

i=1

∂f

∂xi

(
z + t(y − z)

)
· (yi − zi),

and therefore (recall (5.14))

|f (y) − f (z)| ≡ |g(1) − g(0)| ≤
∫ 1

0
|g′(t)| dt ≤

k∑
i=1

ai|yi − zi|.

�
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Proof of Corollary 5.3. The analyticity of logΞ̂(N, H, area) with respect toH in the
region (5.8), the cluster expansion

logΞ̂(N, H, area) =
∑

I⊂[0,N ]

8N,H,area(I) (5.16)

and the estimates for8N,H,area(I) of the type (5.2) and (5.4) follow directly from
Theorem 5.1. It remains to establish (5.13).

We will check below that there exists a constantC1 = C1(δ, β0) such that for all
β ≥ β0 and all intervalsI = (m′, m′′] ⊂ [0, N ], |m′ − m′′| ≤ log2 N , with integer
endpoints the following inequality holds:∣∣∣8N,H,area(I) − 8(1−m′′/N )H (|I|)

∣∣∣ ≤ C1
log8 N

N
exp{−3(β − β0)}, (5.17)

where the quantities8H (k) coincide with the elements of expansion (5.10). Then (5.13)
will follow directly from (5.17).

Indeed, using (5.16) we obtain∣∣∣logΞ̂(N, H, area)− N

∫ 1

0
F̂

(
(1 − x)H

)
dx

∣∣∣
≤

N∑
m′′=1

∣∣∣F̂ ((
1 − m′′/N

)
H

)
−

∑
I=(m,m′′]:I⊆(0,m′′]

8N,H,area(I)
∣∣∣

+
∣∣∣N ∫ 1

0
F̂

(
(1 − x)H

)
dx −

N∑
j=1

F̂
((

1 − j/N
)
H

)∣∣∣,
(5.18)

where in view of (5.10),

F̂
((

1 − j/N
)
H

)
=

∞∑
k=2

8(1−j/N)H (k). (5.19)

Let us estimate every term on the right-hand side of (5.18). First of all, due to analyticity
of F̂ (·) there exists a constantC2 = C2(δ, β) > 0 such that for allβ ≥ β0 andH in the
region (5.8) one has

∣∣∣N ∫ 1

0
F̂

(
(1 − x)H

)
dx −

N∑
j=1

F̂
((

1 − j

N

)
H

)∣∣∣ ≤ C2.

Then, (5.11) and analog of (5.2) imply

RN =
∣∣∣F̂((

1 − m′′/N
)
H

)
−

∑
I=(m,m′′]:I⊆(0,m′′]

8N,H,area(I)
∣∣∣

≤ exp{−4(β − β0)} + exp{−4(β − β̄0)} = C3 < ∞.

(5.20)

Finally, for anym′′ ≥ log2 N we rewrite (recall (5.19))
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RN =
∣∣∣F̂((

1 − m′′/N
)
H

)
−

∑
I=(m,m′′]:I⊆(0,m′′]

8N,H,area(I)
∣∣∣

≤
∑

I=(m,m′′]:I⊆(0,m′′]

|m′′−m|≤log2 N

∣∣8N,H,area(I) − 8(1−m′′/N )H (I)
∣∣

+
∑

I=(m,m′′]:I⊆(0,m′′]

|m′′−m|>log2 N

(
|8N,H,area(I)| +

∣∣8(1−m′′/N )H (I)
∣∣) .

Applying (5.17) to every term in the first sum and using (5.2) for all other terms we
obtain

RN ≤ log2 N · C1
log8 N

N
exp{−3(β − β0)}

+2
∑

k≥log2 N

exp{−4(β − β0)k}

≤ C4
log10 N

N
exp{−3(β − β0)}.

(5.21)

for all sufficiently largeN . Finally, applying (5.20) form′′ ≤ log2 N and (5.21) in the
opposite case, log2 N < m′′ ≤ N , we obtain∣∣∣logΞ̂(N, H, area)− N

∫ 1

0
F̂

(
(1 − x)H

)
dx

∣∣∣
≤ C3 log2 N + C4(N − log2 N )

log10 N

N
exp{−3(β − β0)} + C2

≤ C5 exp{−3(β − β0)} log10 N

(with some constantC5 > 0) for all sufficiently largeN .
Thus, it remains to prove (5.17). Fix anyI = (m′, m′′] ⊂ [0, N ], |m′′ − m′| ≤

log2 N , with integer endpoints. Recall that the partition functionΞ̂(N, H, area) corre-
sponding to the normalized areaYN is expressed in terms of activities

9N,H,area(ξi) = exp
{

−2β|ξi| + βH
(

1 − mi

N

)
h(ξi) + βH

1
N

a(ξi)
} ∏

3s∈ξi

9(3s),

where the animalξi has the baseJ(ξi) = (mi−1, mi]. Define (cf. (4.29))

X̂N,H,area(I
′) =

(∏
j∈I′

Q
((

1 − j/N
)
H

))−1 ∑
ξ̂:I(ξ̂)=I′

9N,H,area(ξ̂), I ′ ⊆ I.

For all ξ̂ with J(ξ̂) ⊂ (m′, m′′] consider also new activities

9N,H,area(ξ̂) = exp
{

−2β|ξ̂| + βH
(

1 − m′′

N

)
h(ξ̂)

} ∏
3s∈ξi

9(3s)

(with the same valuem′′ for all such animalŝξ) and polymer weights
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X̂N,H,area(I
′) =

(∏
j∈I′

Q
((

1 − j/N
)
H

))−1 ∑
ξ̂:I(ξ̂)=I′

9N,H,area(ξ̂), I ′ ⊆ I.

Clearly, the polymer weightŝXN,H,area(·) satisfy (4.31). Moreover, for allI ′, I ′ ⊆ I,
one has∣∣∣X̂N,H,area(I ′) − X̂N,H,area(I ′)

∣∣∣
≤ 2

(
e2β log4 N/N − 1

)
exp{−4(β − β̄)(|I| − 1)}

≤ 4β
log4 N

N
e2β log4 N/N exp{−4(β − β̄)(|I| − 1)},

(5.22)

providedN andβ are sufficiently large,β ≥ β̄ andN ≥ N0. In the second inequality
above we have used the simple inequalityex − 1 ≤ xex that is true for allx ≥ 0.

Let 8N,H,area(I) and 8N,H,area(I) be the cluster weights generated by

X̂N,H,area(I ′) andX̂N,H,area(I ′), I ′ ⊆ I, correspondingly. In view of Remark 5.1.2
we apply (5.4) and (5.15) to obtain∣∣∣8N,H,area(I) − 8N,H,area(I)

∣∣∣
≤

∑
I′:I′⊂I

e|I′|e−4(β−β0) · log4 N ·
∣∣∣X̂N,H,area(I

′) − X̂N,H,area(I
′)
∣∣∣.

Then, using (5.22) one gets∣∣∣8N,H,area(I) − 8N,H,area(I)
∣∣∣

≤ 4β
log8 N

N
e2β log4 N/N

∑
I′:I′⊂I

e−4(β−β0)(|I′|−1)e|I′|e−4(β−β0)

≤ log8 N

N
e−3(β−β′)

,

providedN is sufficiently large andβ ≥ β′ > 0. It remains to observe that due to its
definition8N,H,area(I) coincides with8(1−m′′/N )H (I). �

Finally, consider the random vectorΘN from (4.1)–(4.2),

ΘN ≡
(
YN , XN (s1), . . . , XN (sk), XN (1)

)
∈ Rk+2,

where the collectionS = {s1, . . . , sk+1} is such that 0< s1 < . . . < sk+1 = 1. Denote

R(S) =
{

[Ns1], . . . , [Nsk], N
}

.

Then the corresponding partition function̂Ξ(N, R(S), H) is given by (4.6) withR
replaced byR(S). For anyH, <H ∈ D̂k+2

δ , define

H̃(x) = (1− x)H0 +
k+1∑
l=1

Hl1{x<sl}. (5.23)
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Corollary 5.5. The partition functionΞ̂(N, R(S), H) is a non-vanishing analytical
function ofH, <H ∈ D̂k+2

δ . There exist the limit

F̂R(S)(H) ≡ lim
N→∞

logΞ̂(N, R(S), H)
N

=
∫ 1

0
F̂

(
H̃(x)

)
dx, (5.24)

whereF̂ (·) is the free energy from (5.9) and̃H(x) was defined in (5.23). Finally, there
exist constantsN0 andβ̃0 such that for allN ≥ N0 andβ ≥ β̃0,

∣∣∣logΞ̂(N, R(S), H) − N

∫ 1

0
F̂

(
H̃(x)

)
dx

∣∣∣ ≤ log10 N exp{−3(β − β0)}. (5.25)

Remark 5.5.1.Due to the integral representation in (5.24), the free energyF̂R(S)(H) is
an analytical function ofH, <H ∈ D̂k+2

δ .

Remark 5.5.2.The analog of (5.25) holds for any partial derivative of the function
logΞ̂(N, R(S), H) as a function ofH, <H ∈ D̂k+2

δ , with possibly different constant̃β0.

Proof. Arguments similar to those used in the proof of Corollary 5.3 imply the following
estimate ∣∣∣N ∫ si+1

si

F̂
(
H̃(x)

)
dx − logΞ̂

(
(ri, ri+1], N, R, H

)∣∣∣
≤ log10 N exp{−3(β − β0)}

(5.26)

for anyi = 0, 1, . . . , k andN ≥ N0 with s0 = r0 = 0, ri = [Nsi], i = 1, . . . , k + 1. On
the other hand,

∣∣∣logΞ̂(N, R(S), H) − N

∫ 1

0
F̂

(
H̃(x)

)
dx

∣∣∣
≤

k∑
i=0

∣∣∣ N

∫ si+1

si

F̂
(
H̃(x)

)
dx − logΞ̂

(
(ri, ri+1], N, R, H

)∣∣∣
+

k∑
i=1

∑
I: (ri,ri+1]⊆I⊂[0,N ]

∣∣∣8N,R(S),H(I)
∣∣∣.

Therefore, (5.26) and (5.5) imply the inequality

∣∣∣logΞ̂(N, R(S), H) − N

∫ 1

0
F̂

(
H̃(x)

)
dx

∣∣∣
≤ (k + 1) log10 N exp{−3(β − β0)} + k exp{−4(β − β0)}
≤ log10 N exp{−3(β − β̃0)}

for all sufficiently largeN andβ ≥ β̃0. �
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6. Limit Theorems for the Joint Distribution

We study here the asymptotical behaviour of the probabilitiesP(ΘN = MN ) andP(3N =
AN ) entering the right-hand side of (3.19).

Let an integer numberk ≥ 0 and a setS of real numberssi, {0 < s1 < . . . < sk <
1 = sk+1 be fixed. Denote

R = {ri : ri = [Nsi], i = 1, . . . , k + 1},

and for H ∈ D̂k+2
δ consider the logarithmic moment generating functionLN,R(H)

corresponding to the random vectorΘN,R ≡ ΘN from (4.1)–(4.2),

LN,R(H) = logE exp{β
(
H, ΘN,R

)
}. (6.1)

For anyH ∈ D̂k+2
δ we introduce also the random vectorΘN,R,H with H-tilted distribu-

tion,
P(ΘN,R,H = M ) = exp{β(M , H) − LN,R(H)}P(ΘN,R = M ), (6.2)

whereM ∈ Mk+2
N (recall (3.18)). Observe that the mean vectorEΘN,R,H and the

covariance matrixCovΘN,R,H of ΘN,R,H can be calculated via

β EΘN,R,H = ∇HLN,R(H), β2CovΘN,R,H = HessLN,R(H), (6.3)

where∇H denotes the gradient andHessLN,R(H) is the Hessian (the matrix of the
second derivatives) ofLN,R(H) as the function ofH = (H0, H1, . . . , Hk+1).

Assuming thatH andM are related via

βM = ∇HLN,R(H),

one easily obtains (recall (6.2), (4.5))

P
(
ΘN,R = M

)
= exp{−β(M , H)}Ξ(N, R, H)

Ξ(N )
P
(
ΘN,R,H = M

)
= exp{−L∗

N,R (M )} P
(
ΘN,R,H = M

) (6.4)

with L∗
N,R(·) denoting the Legendre transformation

L∗
N,R(M ) ≡ sup

H

(
β(M , H) − LN,R(H)

)
.

In view of (6.4) the problem is reduced to the investigation of the asymptotical behaviour
of the probabilityP

(
ΘN,R,H = M

)
.

For anyH ∈ D̂k+2
δ define the matrix

BN,R(H) ≡ 1
β2N

HessLN,R(H) (6.5)

and introduce the quadratic formBN,R,H(T), T = (t0, t1, . . . , tk+1) ∈ Rk+2,

BN,R,H(T) ≡
(
BN,R(H)T, T

)
.

Consider also the quadratic form

BR,H(T) ≡
(
BR(H)T, T

)
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corresponding to the matrix (recall (5.24))

BR(H) ≡ 1
β2

Hess
∫ 1

0

(
logQ + F̂

)(
H̃(x)

)
dx, (6.6)

whereQ(·), F̂ (·), andH̃(x) were defined in (4.18), (5.9), and (5.23) respectively.

Lemma 6.1. Let β ≥ β0 with β0 fixed in (5.11). Then uniformly inH ∈ D̂k+2
δ and

T ∈ Rk+2, |T| = 1, one has

BN,R,H(T) → BR,H(T) asN → ∞. (6.7)

Moreover, there exist positive constantsb, N0, andβ̄ depending only onβ0 from (5.11)
andδ such that uniformly inH ∈ D̂k+2

δ , N ≥ N0, andβ ≥ β̄ one has

BR,H(T) ≥ b|T|2, BN,R,H(T) ≥ b|T|2. (6.8)

Proof. In view of (6.5), (4.5), and (4.26) one easily obtains

BN,R(H) =
1

β2N
HesslogΞ(N, R, H, ∞) +

1
β2N

HesslogΞ̂(N, β, R, H). (6.9)

The first term on the right-hand side of (6.9) presents the normalized covariance matrix
for the ensemble of tame animals. Due to (4.20) the corresponding quadratic form
QN,R,H(T) satisfies the relation

QN,R,H(T) = QR,H(T) + O(N−1)|T|2 asN → ∞, (6.10)

where the limiting quadratic formQR,H(T) is calculated via

QR,H(T) =
1
β2

∫ 1

0
(logQ)′′

(
H̃(x)

)(
(1 − x)t0 +

k+1∑
l=1

1{x<sl}tl

)2
dx. (6.11)

Let F̂N,R,H(T) be the quadratic form corresponding to the second term on the right-hand
side of (6.9). According to Remark 5.5.2 one has

F̂N,R,H(T) = F̂R,H(T) + O
( log10 N

N
exp{−3(β − β0)}

)
|T|2 asN → ∞ (6.12)

with the limiting quadratic form (cf. (6.11))

F̂R,H(T) =
1
β2

∫ 1

0
(F̂ )′′

(
H̃(x)

)(
(1 − x)t0 +

k+1∑
l=1

1{x<sl}tl

)2
dx.

As a result, (6.7) follows immediately from (6.10) and (6.12).
It remains to prove the inequalities in (6.8). First, observe that

BR,H(T) ≡ QR,H(T) + F̂R,H(T).

We will show later that the functionβ−2
(
logQ + F̂

)′′
(H) is uniformly bounded from

below (and above) by two positive constants uniformly inH, |H| < 2−3δ/4β, provided
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β is sufficiently large,β ≥ β̄0. Then the first inequality in (6.8) follows from the
observation that the quadratic form

∫ 1

0

(
(1 − x)t0 +

k+1∑
l=1

1{x<sl}tl

)2
dx

is a positive continuous function ofT = (t0, . . . , tk+1) on the unit sphere|T| = 1, and
thus is bounded from below by some positive constantC1.

To prove that the functionβ−2
(
logQ + F̂

)′′
(H) is bounded uniformly inH, |H| <

2 − 3δ/4β, we observe that due to (4.18),

∂2

β2∂H2
logQ(H) =

cosh(2β) cosh(Hβ) − 1(
cosh(2β) − cosh(Hβ)

)2

and thus (recall (4.24))

e−2β cosh(2β0) − 1
cosh(2β0)

≤ cosh(2β0) − 1
cosh(2β0)

· cosh(Hβ)
cosh(2β)

≤ ∂2

β2∂H2
logQ(H) ≤ eδ/4(

eδ/4 − 1
)2

if only β ≥ β0 andH ∈ R1 satisfies (4.23). On the other hand, due to Corollary 5.2 for
any fixedH0, |H0| < 2−3δ/4β, the functionF̂ (H) is analytic in the disk of radiusδ/4β
with the center atH0. Applying the Cauchy formula and estimate (5.11) one obtains

∣∣∣ ∂2

β2∂H2
F̂ (H)

∣∣∣ ≤ C(δ) exp{−4(β − β0)},

whereC(δ) > 0 is a constant depending only onδ. The needed inequality follows
immediately providedβ is such that

C(δ) exp{−4(β − β0)} ≤ 1
2
e−2β cosh(2β0) − 1

cosh(2β0)
= q1.

Put b = q1C1/2. Since the convergence in (6.7) is uniform inH ∈ D̂k+2
δ , the last

inequality in (6.8) follows for all sufficiently largeN , N ≥ N0. �

Let Θ be the Gaussian random vector with zero mean and the covariance matrix
BR(H) (recall (6.6)). Denote its characteristic function byχH(T),

χH(T) ≡ exp
{

−1
2
BR,H(T)

}
, T ∈ Rk+2. (6.13)

Since the matrixBR(H) is positively definite, the distribution ofΘ is non-degenerate
and has the densitypH(X), X ∈ Rk+2.
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Theorem 6.2. Let a sequence of vectorsHN ∈ D̂k+2
δ satisfy the conditionHN → H ∈

D̂k+2
δ asN → ∞. Consider the random vector

Θ∗
N ≡ 1√

N

(
ΘN,R,HN

− EΘN,R,HN

)
. (6.14)

Then for allβ ≥ β0 with sufficiently largeβ0 the distribution ofΘ∗
N converges weakly

as N → ∞ to the distribution of the random vectorΘ with the characteristic func-
tion χH(T).

Proof. Let χN (T) be the characteristic function of the random vectorΘN,R,HN
,

χN (T) ≡ E exp{i(T, ΘN,R,HN
)} =

Ξ(N, R, HN + iβ−1T)
Ξ(N, R, HN )

. (6.15)

Then the characteristic functionχ∗
N (T) of the random vectorΘ∗

N equals

logχ∗
N (T) = −1

2
BN,R,HN

(T) − i

6N3/2
RN , (6.16)

where

RN =
1
β3

k+1∑
l,m,p=0

tltmtp
∂3

∂Hl∂Hm∂Hp
logΞ(N, R, H)

∣∣∣∣
H=HN + iω

β
√

N
T

(6.17)

with someω = ω(HN , T), 0 ≤ ω ≤ 1. Since the convergence in (6.7) is valid forT
belonging to any compact set inRk+2 (uniformly in H ∈ D̂k+2

δ ), it remains to prove that

RN = o
(
N3/2

)
asN → ∞. (6.18)

Let χN,R,H(T) be the characteristic function of the random vectorΘN,R,H , H ∈
D̂k+2

δ , (cf. (6.15))

χN,R,H(T) =
Ξ(N, R, H + iβ−1T)

Ξ(N, R, H)
. (6.19)

We will show below that the function logχN,R,H(T) can be extended to an analytical
function ofT in the region{T ∈ Ck+2,

∑k+1
i=0 |=ti| < δ/4}. Then, applying the Cauchy

formula one obtains∣∣∣∣ ∂3

∂tl∂tm∂tp
logχN,R,H(T)

∣∣∣∣ ≤ C(δ) sup
(H,T)∈G(δ)

|logχN,R,H(T)| (6.20)

for all suchT, where (recall (4.7))

G(δ) =
{

(H, T) : H ∈ Dk+2
δ/2, T ∈ Ck+2,

k+1∑
i=0

|=ti| < δ/4
}

,

and the constantC(δ) depends only onδ. This will give us the needed estimate for the
remainderRN .

Using (4.26) we rewrite (6.19) in the form
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χN,R,H(T) = χ∞
N,R,H(T)

Ξ̂(N, R, H + iβ−1T)

Ξ̂(N, β, R, H)
, (6.21)

whereχ∞
N,R,H(T) denotes the corresponding characteristic function in the ensemble of

tame animals (recall (4.20), (4.18)),

χ∞
N,R,H(T) =

N∏
j=1

Q(HN,j + iβ−1tN,j)
Q(HN,j)

, (6.22)

and the quantitiestN,j are calculated via (cf. (4.21))

tN,j =
(
1 − (j − 1/2)/N

)
t0 +

k+1∑
n=1

tn1{j≤rn}.

It follows from (5.1) that∣∣∣∣∣log
Ξ̂(N, R, H + iβ−1T)

Ξ̂(N, β, R, H)

∣∣∣∣∣ ≤ 2N exp{−4(β − β0)} (6.23)

uniformly in (H, T) ∈ G(δ) providedβ ≥ β0 with β0 = β0(2δ/3) > 0. On the other
hand (see Eq. (4.10.18) in [7]), the inequality

|logQ(HN,j + iβ−1tN,j) − logQ(HN,j)| ≤ C̄(δ)e−β(2−|HN,j |) ≤ C̄(δ)e−3β/4 (6.24)

holds uniformly inN , j = 1, . . . , N and (H, T) ∈ G(δ). Then, (6.21), (6.22), (6.23),
and (6.24) imply the estimate

|logχN,R,H(T)| ≤ C̃(δ)Ne−3δ/4 (6.25)

for all N , (H, T) ∈ G(δ), providedβ ≥ β0(2δ/3) > 0. Finally, the analyticity of
logχN,R,H(T) follows directly from (6.25), definitions (6.21), (6.22), (4.18), and The-
orem 5.1.

Since (6.18) follows directly from (6.17), (6.20), and (6.25), one has the convergence

χ∗
N (T) → χH(T), asN → ∞ (6.26)

that is uniform inT belonging to any compact set inRk+2 providedβ is sufficiently
large. �

Let HN , HN → H ∈ D̂k+2
δ be the sequence of vectors from Theorem 6.2. For any

N define

EN ≡ EΘN,R,HN
=

1
β

∇HLN,R(H)
∣∣∣
H=HN

,

and for anyMN ∈ Mk+2
N (recall (3.18)) put

XN =
1√
N

(
MN − EN

)
.
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Theorem 6.3. Uniformly inMN ∈ Mk+2
N andHN ∈ D̂k+2

δ , HN → H ∈ D̂k+2
δ , one has

2N
k+4

2 P(ΘN,R,HN
= MN ) − pH(XN ) → 0 asN → ∞,

wherepH(·) denotes the density of the random vectorΘ from Theorem 6.2, provided
β ≥ β0 with sufficiently largeβ0 > 0.

Proof. Using the well-known inversion formula for the Fourier transformation we
rewrite the difference

ρN = 2N
k+4

2 P(ΘN,R,HN
= MN ) − pH(XN )

in the form

ρN =
1

(2π)k+2

∫
A

χ∗
N (T)e−i(T,HN ) dT

− 1
(2π)k+2

∫
Rk+2

χH(T)e−i(T,HN ) dT,

(6.27)

where

A = {T = (t0, . . . , tk+1) ∈ Rk+2 : |t0| ≤ 2πN3/2, |tl| ≤ π
√

N, l = 1, 2, . . . , k + 1}.

Following the standard proof of the local limit theorem (see, e. g., [11,§43]) we evaluate
the right-hand side of (6.27) by the sum of four terms,

(2π)−(k+2) (J1 + J2 + J3 + J4) ,

where for some positive constantsA and1,

J1 =
∫

A1

|χ∗
N (T) − χH(T)| dT, A1 = [−A, A]k+2,

J2 =
∫

A2

χH(T) dT, A2 = Rk+2 \ A1,

Jp =
∫

Ap

|χ∗
N (T)| dT, p = 3, 4,

with
A3 = {T ∈ Rk+2 : |tl| ≤ 1

√
N, l = 0, 1, . . . , k + 1} \ A1,

A4 = A \ (A1 ∪ A3) .

Fix any ε > 0. We will show in the following that the constantsA and1 can be
chosen in such a way to implyJp < ε/4, p = 1, . . . , 4, if only β ≥ β̄0 (andN ≥ N0)
with sufficiently largeβ0 > 0 (andN0 > 1).

First, due to (6.26) one hasJ1 → 0 asN → ∞ for any fixedA > 0 and allβ ≥ β0,
providedβ0 is sufficiently large.

Then, since the distribution of the random vectorΘ is non-degenerate, one has
J2 → 0 asA → ∞ for all β ≥ β0 with sufficiently largeβ0.

To estimateJ3 fix any T ∈ A3. Then|T| ≤ 1
√

N (k + 2) and for anyN one gets
(recall (6.17), (6.20), and (6.25))



430 R. Dobrushin, O. Hryniv

|RN | ≤ C1(δ)Ne−3δ/4
( k+1∑

l=0

|tl|
)3

≤ C1(δ)N exp{−3δ/4}(k + 2)3/2|T|3

≤ C1(δ)N3/2 exp{−3δ/4}(k + 2)21|T|2.

Consequently (recall (6.16)),∣∣∣logχ∗
N (T) +

1
2
BN,R,HN

(T)
∣∣∣ =

∣∣∣ i

6N3/2
RN

∣∣∣ ≤ C1(δ)(k + 2)2

6
e−3δ/41|T|2.

Let 1 > 0 be such that

C1(δ)(k + 2)2

6
exp{−3δ/4}1 ≤ b

4

with the constantb from (6.8). Then

< logχ∗
N (T) ≤ −1

2
BN,R,HN

(T) +
b

4
|T|2 ≤ − b

4
|T|2

and therefore
|χ∗

N (T)| ≤ exp{< logχ∗
N (T)} ≤ exp{−b|T|2/4}

for all T ∈ A3 uniformly in N ≥ N0 andβ ≥ β̄ (with N0 andβ̄ from Lemma 6.1). As
a result,

J3 =
∫

A3

|χ∗
N (T)| dT ≤

∫
A2

e−b|T|2/4 dT ↘ 0 as A ↗ ∞.

Finally, fix anyT ∈ A4 and rewrite|χ∗
N (T)| in the form (recall (6.21), (6.14))

|χ∗
N (T)| = |χ∞

N,R,HN
(N−1/2T)| |Ξ̂(N, R, HN + iT/β

√
N )|

|Ξ̂(N, R, HN )|
. (6.28)

The arguments, similar to those used in the proof of Theorem 4.2 from [6], imply the
existence of a constantC = C(R, δ, β0) > 0 such that for allT ∈ A4, H ∈ D̂k+2

δ ,
β ≥ β0, andN sufficiently large one has

|χ∞
N,R,H(N−1/2T)| ≤ exp{−CN}.

Then, applying (5.1) to estimate the partition functions on the right-hand side of (6.28)
one immediately gets

|χ∗
N (T)| ≤ exp{−N (C − 2 exp{−4(β − β0)})}.

Therefore, for all sufficiently largeβ, β ≥ β̄0, one obtains

J4 =
∫

A4

|χ∗
N (T)| dT ≤

∫
A

e−CN/2 dT = (2π)k+2N
k+4

2 exp{−CN/2} ↘ 0

asN → ∞ that finishes the proof of the theorem. �

In the arguments above the Gaussian densitypH(·) can be replaced by the density
of zero-mean Gaussian distribution with the covariance matrixBN,R(HN ) (recall (6.5),
(6.16), and (6.26)). In particular, one has
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Corollary 6.4. There exist positive constantsN0,β0,c0, andC0 such that for allN ≥ N0
andβ ≥ β0,

c0

N
β2 ≤

(
det HessL3N

(HN )
)1/2

P(3N,HN
= AN ) ≤ C0

N
β2, (6.29)

whereL3N
(·) was determined in (3.5) andHN – in (3.11).

For future reference we formulate also the following simple statement.

Corollary 6.5. Let all XN be uniformly bounded. Then under the conditions of Theo-
rem 6.3 one has

P(ΘN,R,HN
= MN ) =

1
2
N− k+4

2 pH(XN ) · (1 + o(1)),

where the estimateo(1) is uniform with respect to the considered sequencesHN ∈ D̂k+2
δ

andXN , provided onlyβ is sufficiently large.
Moreover, there exist positive constantsβ0, ci, Ci, i = 1, 2, and a numberN0 such

that

c2β
k+2 ≤ c1pH(XN ) ≤ N

k+4
2 P

(
ΘN,R,HN

= MN

)
≤ C1pH(XN ) ≤ C2β

k+2 (6.30)

uniformly inN ≥ N0 and the sequencesHN , XN under consideration, provided only
β ≥ β0.

7. Convergence of Finite Dimensional Distributions

We prove here the convergence of finite dimensional distributions of the conditional
random process (recall (3.15))

θ∗
N (t) =

1√
N

(
θ+

N (t) − Nê(t)
)
, t ∈ [0, 1],

to the corresponding distributions of the Gaussian measureµ∗ from Theorem 3.2.
Consider first the vector3N of conditions (3.3) with the logarithmic moment gen-

erating functionL3N
(H) from (3.5). Assume thatH belongs to the setD2

δ defined in
(3.7). Then

1
Nβ

∇HL3N
(H) = I(H) + O

( log10 N

N

)
, (7.1)

whereI(H) was defined in (3.12) and the estimateO(·) is uniform inH ∈ D2
δ. Indeed,

it follows from (3.5) and (4.26) that

β−1∇HL3N
(H) = β−1∇H

(
logΞ̂(N, 3, H) + logΞ(N, 3, H, ∞)

)
. (7.2)

Then, due to Remark 5.5.2 one has∣∣∣ 1
Nβ

∇H logΞ̂(N, 3, H) − 1
β

∇H

∫ 1

0
F̂

(
(1 − x)H0 + H1

)
dx

∣∣∣
≤ e−3(β−β̃0) log10 N

N
.

(7.3)
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On the other hand, the analyticity and uniform boundedness of logQ(·) in the region
(4.23) imply the estimate

1
Nβ

∇H logΞ(N, 3, H, ∞)− 1
β

∇H

∫ 1

0
logQ

(
(1−x)H0 +H1

)
dx = O

(
N−1

)
. (7.4)

Finally, (7.1) follows directly from (7.2)–(7.4) and definition (3.12).
LetHN andĤ be the solutions of (3.11) and (3.12) respectively. Applying the implicit

function theorem toI(·) and taking into account estimate (7.1) one easily obtains

|HN − Ĥ| = β−1O
( log10 N

N

)
+ β−1O(N−1AN − A), (7.5)

where the estimatesO(·) are uniform inHN ∈ D2
δ, andN−1AN ∈ I

(
D2

δ′
)

respectively
(hereδ′ > 0 is any fixed number andI

(
D2

δ′
)

denotes the image of the regionD2
δ′ ).

ThusHN → Ĥ asN → ∞ and therefore allHN with sufficiently largeN belong to the
regionD2

δ from (3.7) (recall Remark 3.1.2).
Let ΘN be the random vector from (3.16),

ΘN ≡
(
YN , XN (s1), . . . , XN (sk), XN (sk+1)

)
∈ Rk+2.

For HN =
(
H0

N , H1
N

)
determined from (3.11) we introduce the vector

H0
N ≡ (H0

N , 0, . . . , 0, H1
N ) ∈ Rk+2.

Clearly, the sequenceH0
N converges to

H0 = (Q, 0, . . . , 0, H) ∈ Rk+2,

whereĤ = (Q, H) denotes the solution of (3.12); thus, allH0
N with sufficiently largeN

belong to the region̂Dk+2
δ from (4.7). Denote (recall (6.1), (6.3))

E0
N ≡ EΘN,R,H0

N
=

(
NqN , e1

N , . . . , ek
N , NbN

)
with

ei
N = eN (si) =

1
β

∂

∂Hi
LN,R(H)

∣∣∣
H=H0

N

.

Similarly to (7.1) one easily obtains the relation (recall (7.5))

1
N

eN (s) = ê(s) + sO
( log10 N

N

)
+ sO

(
N−1AN − A

)
, (7.6)

where (cf. (3.14))

ê(s) =
1
β

∫ s

0
F ′((1 − x)Q + H

)
dx =

(
F (H + Q) − F (H + Q − Qs)

)/
βQ, (7.7)

and the estimatesO(·) are uniform ins ∈ [0, 1], providedβ is sufficiently large.
For anyMN ∈ Mk+2

N (see (3.18)) of the kind

MN = (NqN , m1
N , . . . , mk

N , NbN ),
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we put

xi
N =

1√
N

(mi
N − ei

N ), i = 1, . . . , k.

Let pk(·) denote the probability distribution of the Gaussian random vectorΘ =
(η̄, ξ̄1, . . . , ξ̄k+1) with the characteristic functionχH0(T) from (6.13). Then

p̃k(x1, . . . , xk|0) ≡ pk(X0)
p0(0)

, X0 = (0, x1, . . . , xk, 0) ∈ Rk+2,

presents the density of the conditional distribution (ξ̄1, . . . , ξ̄k|η̄ = 0, ξ̄k+1 = 0). Finally,
define the random process (recall (3.20), (7.7))

Θ∗
N (t) =

1√
N

(
ΘN (t) − Nê(t)

)
. (7.8)

Theorem 7.1. Let a natural numberk and a collection of real numbersti, 0 < t1 <
. . . < tk < 1, be fixed. Then for allβ ≥ β0 with sufficiently largeβ0 the distribution of
the random vector

(
Θ∗

N (t1), . . . , Θ∗
N (tk)

)
converges weakly to the Gaussian distribution

with the densityp̃k(·|0). This limiting distribution coincides with the corresponding
distribution of the measureµ∗ from Theorem 3.2.

The proof of Theorem 7.1 can be obtained by literal repetition of that of Theorem 5.2
in [6]. It is based on the following simple observation that follows immediately from
Theorem 6.3 (cf. Lemma 5.1 in [6]).

Lemma 7.2. Let all xi
N be uniformly bounded. Then

P
(
ΘN (s1) = m1

N , . . . , ΘN (sk) = mk
N

)
= N− k

2 p̃k(x1
N , . . . , xk

N |0) (1 + o(1))

asN → ∞ if only β is sufficiently large,β ≥ β0 > 0; the estimateo(·) is uniform in
suchxi

N .

Denote (cf. (4.3))

1jX = 1jX(S) = g+
N (j) − g+

N (j − 1)

and choose anyρ,
0 < ρ < δ̄/12 (7.9)

with δ̄ fixed in Theorem 3.2.

Lemma 7.3. There exist positive constantsC, β0, andN0 such that for allβ ≥ β0,
N ≥ N0, and allj = 1, . . . , N one has

E
(
exp{ρ|1jX|} | 3N = AN

)
≤ C. (7.10)

Proof. Fix any j ∈ {1, 2, . . . , N} and a phase boundaryS ∈ TN . Applying to S the
animal decomposition described in Sect. 4 we observe that1jX is uniquely determined
by the animalξ satisfying the conditionJ(ξ̂) ⊇ (j − 1, j]. Denote by{ξ̂} the event

{ξ̂} = {S ∈ TN : the animal decomposition ofS containsξ̂}.

Then one has
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E
(
eρ|1jX|| 3N = AN

)
=

∑
ξ̂

exp{ρ|1jX(ξ̂)|}P({ξ̂}| 3N = AN

)
, (7.11)

where the summation is going over the whole set of disjoint events{ξ̂} such thatJ(ξ̂) =
(mi−1, mi] ⊇ (j − 1, j]. Relation (7.11) will be the initial point of our reasoning.

We start with the following simple observation. LetΞ(N, R, H), H ∈ D̂k+2
δ , be

the partition function from (4.13) and̂ξ ∈ K̂N be the animal fixed above. Denote by
K̂N (ξ̂) ⊂ K̂N the set of all collections from̂KN that containξ̂,

K̂N (ξ̂) = {{ξ̂1, . . . , ξ̂l+1} ∈ K̂N : ξ̂ ∈ {ξ̂1, . . . , ξ̂l+1}}.

Clearly, the setŝKN (ξ̂) form the partition of̂KN labeled byξ̂ under consideration. Define
(cf. (4.13))

Ξ
(
N, R, H; ξ̂

)
≡

∑
{ξ̂1,...,ξ̂l+1}∈K̂N (ξ̂)

l+1∏
i=1

9N,R,H(ξ̂i)

= Ξ
(
N, R, H | ξ̂

)
· 9N,R,H(ξ̂).

(7.12)

Then for allH ∈ D̂k+2
δ and sufficiently largeβ one has∣∣∣∣Ξ

(
N, R, H | ξ̂

)
Ξ(N, R, H)

∣∣∣∣ ≤ exp{(2β + Qδ + ρ)|J(ξ̂)|}, (7.13)

whereJ(ξ̂) is the base of the animalξ̂ and (recall (4.25))

Qδ ≡ max
H:|H|<2−δ/2β

| logQ(H) + 2β|. (7.14)

To check (7.13) observe that the cluster expansion of logΞ
(
N, R, H | ξ̂

)
contains

only the cluster weights depending onI = (a, b] ⊆ (0, N ] \ J(ξ̂). Since the same
weights appear in the expansion for logΞ(N, R, H) one easily obtains (recall (4.26),
(4.20), (4.21), and (5.5))∣∣∣logΞ

(
N, R, H | ξ̂

)
− logΞ(N, R, H) +

∑
j∈J(ξ̂)

logQ(HN,j)
∣∣∣ ≤ K|J(ξ̂)| (7.15)

for all H ∈ D̂k+2
δ and sufficiently largeβ, where the constantK = K(β) ↘ 0 asβ ↗ ∞.

Thus, (7.13) follows directly from (7.15), (7.14), and the inequality|HN,j | < 2− δ/2β
(cf. (4.7), (4.23)).

We will show below that for some constant̄C > 0 and all sufficiently largeβ one
has

P({ξ̂}| 3N = AN

)
=

P(3N = AN ; {ξ̂}
)

P(3N = AN

)
≤ C̄ exp{(2β + Qδ + 2ρ)|J(ξ̂)| + ρ|3[ξ̂]|}9N,3,HN

(
ξ̂
)
,

(7.16)

where

3[ξ̂] =
(
a[ξ̂], h[ξ̂]

)
=

( 1
N

aN (ξ̂) +
(

1 − mi

N

)
h(ξ̂), h(ξ̂)

)
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(recall thatJ(ξ̂) = (mi−1, mi]), HN is the solution to (3.11), and (cf. (4.11))

9N,3,H
(
ξ̂
)

≡ exp
{

−2β|ξ̂| + βh(ξ̂)
((

1 − mi

N

)
H0 + H1

)
+ βH0

1
N

a(ξ̂)
} ∏

3s∈ξ̂

9(3s)

= exp
{

−2β|ξ̂| + β
(
3[ξ̂], H

)} ∏
3s∈ξ̂

9(3s)

with H ∈ D2
δ. Then (7.10) follows directly.

Indeed, according to (4.42),

β
(
3[ξ̂], H

)
≤

(
2β − 3δ/4

)
Nv(ξ̂) (7.17)

for anyH ∈ D2
δ. Then, the inequalities

|h(ξ̂)| ≤ Nv(ξ̂), |a(ξ̂)| ≤ |J(ξ̂)| · Nv(ξ̂), |J(ξ̂)| ≤ mi (7.18)

imply |a[ξ̂]| ≤ Nv(ξ̂) and therefore

|3[ξ̂]| ≤ |a[ξ̂]| + |h[ξ̂]| ≤ 2Nv(ξ̂). (7.19)

As a result, using the simple observation

|1jX(ξ̂)| ≤ Nv(ξ̂), (7.20)

one obtains (recall (7.9))

E
(
exp{ρ|1jX|} | 3N = AN

)
≤ C̄

∑
ξ̂

e−2β|ξ̂|+(2β+Qδ+2ρ)|J(ξ̂)|+(2β−δ/2)Nv(ξ̂)
∏

3s∈ξ̂

9(3s)

= C̄
∑

I

e(2β+Qδ+2ρ)|I|
∑

ξ̂:J(ξ̂)=I

e−2β|ξ̂|+(2β−δ/2)Nv(ξ̂)
∏

3s∈ξ̂

9(3s),

(7.21)

where
∑

I denotes the summation over allI = (a, b] ⊆ (0, N ] such thatI ⊇ (j − 1, j].
As in Sect. 4 (recall (4.32)–(4.35)) we estimate the inner sum via∑

S:I(S)=I, yin(S)=0

e−2β|ξ̂|+(2β−δ/2)Nv(ξ̂)X̃(S)

≤ e−6(β−β2)(|I|−1)+2(β2−β)
∑

S:I(S)=I, yin(S)=0

e−δNv(S)/4−β3(Nh(S)+1),

whereβ3 = 2β2−ε andβ2 in (4.33) is sufficiently large to implyε(β2) < δ/4. Evaluating
the last sum with the help of (4.37) one easily obtains (7.10),

E
(
eρ|1jX| | 3N = AN

)
≤ C̃

∞∑
n=1

(n + 1)e−4(β−β4)n R(β3, δ)n

1 − R(β3, δ)
≤ C, (7.22)
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for β ≥ β4 and some constantC, where we setβ4 = (6β2 + Qδ + 2ρ)/4 andC̃ =
C̄ exp{2β2 + Qδ + 2ρ}.

It remains to establish (7.16). First, we apply the analog of (6.4) to rewrite

P(3N = AN ; {ξ̂}
)

P(3N = AN

) =
Ξ(N, HN , 3; ξ̂)
Ξ(N, HN , 3)

·
P(3N ;ξ̂,HN

= AN

)
P(3N,HN

= AN

) (7.23)

with HN denoting the solution of (3.11). The first fraction on the right-hand side of
(7.23) can be estimated with the help of (7.12)–(7.13),

Ξ(N, HN , 3; ξ̂)
Ξ(N, HN , 3)

=
Ξ(N, HN , 3 | ξ̂)
Ξ(N, HN , 3)

9N,3,HN

(
ξ̂
)

≤ exp{(2β2 + Qδ + ρ)|J(ξ̂)|}9N,3,HN

(
ξ̂
)
.

(7.24)

On the other hand, similarly to (7.13) one obtains∣∣∣ 1
β

∇H

(
logΞ(N, HN , 3 | ξ̂) − logΞ(N, HN , 3)

)∣∣∣ ≤ (Qδ,1 + ρ)|J(ξ̂)| (7.25)

with (recall (4.24))

Qδ,1 ≡ max
H:|H|<2−δ/2β

∣∣∣ ∂

β∂
logQ(H)

∣∣∣ = max
H:|H|<2−δ/2β

sinhHβ

cosh 2β − coshHβ

≤ sinh(2β − δ/2)
cosh 2β − cosh(2β − δ/2)

≤ e−δ/2

1 − e−δ/4
=

e−δ/4

eδ/4 − 1

for all β ≥ β0(δ). Thus, taking into account the simple identity

1
β

∇H log9N,3,H
(
ξ̂
)

= 3[ξ̂]

(that can be obtained by direct computation) one deduces immediately that

E3N ;ξ̂,HN
≡ 1

β
∇H logΞ(N, H, 3; ξ̂)

∣∣∣∣
H=HN

satisfies the estimate∣∣∣E3N ;ξ̂,HN
− AN − 3[ξ̂]

∣∣∣ ≤ (Qδ,1 + ρ)|J(ξ̂)|. (7.26)

It remains to evaluate the last fraction in (7.23). Let first|J(ξ̂)| ≤ A
√

N with some
fixed constantA > 0. Observe that the analog of (7.25) for the second derivatives can be
obtained in a similar way; therefore, the analog of (5.24) for our special caseR = {N}
imply the convergence

1
β2N

HesslogΞ(N, H, 3; ξ̂) → 1
β2

Hess
∫ 1

0
F

(
(1 − x)H0 + H1

)
dx

for anyβ ≥ β0(δ) uniformly in H = (H0, H1) ∈ D̂2
δ. Thus, the limiting properties of the

random vector
(
3N ; {ξ̂}

)
are the same as that of3N . In particular, if|3[ξ̂]| ≤ B

√
N

with any fixed constantB > 0, one can apply Corollary 6.4 to obtain (recall (7.26))
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P(3N ;ξ̂,HN
= AN

)
P(3N,HN

= AN

) ≤ C̄1 (7.27)

providedβ is sufficiently large. In the opposite case,|3[ξ̂]| > B
√

N , one has (recall
(6.30))

P(3N ;ξ̂,HN
= AN

)
P(3N,HN

= AN

) ≤ 1

P(3N,HN
= AN

) ≤ C̄2N
2

β2
≤ C̄3e

ρ|3[ξ̂]|. (7.28)

Finally, for |J(ξ̂)| > A
√

N , one gets

P(3N ;ξ̂,HN
= AN

)
P(3N,HN

= AN

) ≤ 1

P(3N,HN
= AN

) ≤ C̄2N
2

β2
≤ C̄4e

ρ|J(ξ̂)|. (7.29)

Now, (7.16) follows immediately from (7.23), (7.24), and (7.27)–(7.29).�

Observe that this proof can be applied to any local variable that satisfies the analog of
(7.20) with the right-hand side of the kindCNv(ξ̂), whereC > 0 is any fixed constant;
then (7.9) should be replaced by

0 < ρ < δ̄/12C.

In particular, one has

Corollary 7.4. Let the constantsC, β0, andN0 be as determined in Lemma 7.3. Then

E
(
exp{ρ|g+

N (j) − g−
N (j)|} | 3N = AN

)
≤ C

for all j = 1, 2, . . . , N , provided onlyN ≥ N0 andβ ≥ β0.

For future reference we formulate here the following corollary of Lemma 7.3 that
could be obtained directly from (7.16) using calculations similar to those in (7.21)–
(7.22).

Corollary 7.5. Fix a numberj ∈ {1, 2, . . . , N}. For any phase boundaryS ∈ TN apply
the animal decomposition and denote byξ(j) the animal satisfyingJ(ξ(j)) ⊇ (j −1, j].
Then there exists̄β < ∞ such that for allβ ≥ β̄ and all l ≥ 1 one has

P(|J(ξ(j))| ≥ l + 1| 3N = AN

)
≤ exp{−4(β − β̄)l}.

Another consequence of Lemma 7.3 is the following

Theorem 7.6. For all β ≥ β0 with β0 determined in Theorem 7.1 the finite dimensional
distributions of the random processθ∗

N (t), t ∈ [0, 1], have the same limiting behaviour
as that ofΘ∗

N (t).

Proof. In view of the observation (recall (3.15), (3.20), (7.8), (3.17), and (3.2))

θ∗
N (t) − Θ∗

N (t) =
{Nt}√

N

(
g+

N ([Nt] + 1) − g+
N ([Nt]) | 3N = AN

)
the statement of the theorem follows immediately from (7.10). For details see [6, The-
orem 5.4]. �
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8. Proof of Main Theorems

To complete the proof of our main result we need to check the weak compactness of the
sequence of measuresµ∗

N . We obtain it here as an implication of Theorem 2.2 from [10,
Chap. 9] which provides the sufficient condition for the weak compactness of measures
in C[0, 1]. The following statement verifies the assumption of the above mentioned
theorem.

Theorem 8.1. There exist positive numbersC, β0, andN0 such that

E|θ∗
N (t) − θ∗

N (s)|4 ≤ C|t − s|7/4

uniformly inN ≥ N0 and all segments[s, t] ⊆ [0, 1], s < t, provided onlyβ ≥ β0.

As in [6] we consider two cases,1 = 1N ≡ |t − s| ≤ N−8/9 and1 > N−8/9,
separately.

Lemma 8.2. There exist positive numbersC1 andN1 such that

E|θ∗
N (t) − θ∗

N (s)|4 ≤ C1|t − s|7/4

uniformly in[s, t] ⊂ [0, 1],1 ≤ N−8/9, if onlyN ≥ N1 andβ ≥ β0 withβ0 determined
in Lemma 7.3.

The proof is based on estimate (7.10) and can be obtained by literal repetition of that
of Lemma 6.2 from [6].

Lemma 8.3. There exist positive numbersC2, β2, andN2 such that

E|θ∗
N (t) − θ∗

N (s)|4 ≤ C2|t − s|2 (8.1)

uniformly in [s, t] ⊂ [0, 1], 1 > N−8/9, if only N ≥ N2 andβ is sufficiently large,
β ≥ β2.

Proof. Denote (recall (3.2))

ζN ≡ ξ+
N (t) − ξ+

N (s) = g+
N (Nt) − g+

N (Ns)

and introduce the random vector (cf. (3.3))

3̃N =
(
YN , hN , ζN/

√
1

)
with the logarithmic moment generating functionL̃3N

(H), H ∈ R3, (cf. (3.5))

L̃3N
(H) ≡ logE exp

{
β
(
H, 3̃N

)}
= logΞ̃(N, 3, H) − logΞ(N ). (8.2)

For HN = (H0
N , H1

N ) determined from (3.11) we define

H0
N = (H0

N , H1
N , 0)

and

ẼN ≡ 1
β

∇H logΞ̃(N, 3, H)
∣∣∣
H=H0

N

= (NqN , NbN , ẽN ), (8.3)

where similarly to (7.6) one obtains the relation (recall (3.9))
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ẽN = N (ê(t) − ê(s)) + 1o(
√

N ).

As a result, for all sufficiently largeN one has

E
(θ∗

n(t) − θ∗
n(s)√

1

)4
≤ 2

∑
k≥0

(k + 1)4P
( |ζN − ẽN

√
1|√

N1
> k| 3N = AN

)
. (8.4)

We will show below that for allN ≥ N2 andβ ≥ β2 with sufficiently largeN2 > 0 and
β2 > 0 one gets the estimate

P
(
|ζN − ẽN

√
1| > k

√
N1| 3N = AN

)
≤ fN (k), (8.5)

where

fN (k) =

{
D1 exp{−α1k

2}, if |k| ≤ ε
√

N1,

D2 exp{−α2N
1/18|k|}, if |k| > ε

√
N1,

(8.6)

andD1, D2, α1, α2, ε are some fixed positive constants. Thus, the series in (8.4) is
convergent and (8.1) follows immediately.

It remains to establish estimates (8.5)–(8.6). To do this we introduce the vector (recall
(8.3))

Z̃N ≡ (NqN , NbN , ẽN + k
√

N ) = ẼN + (0, 0, k
√

N ) (8.7)

and determinẽHN = H̃N (k) = (H̃0
N (k), H̃1

N (k), H̃2
N (k)) from the equation

1
β

∇H logΞ̃(N, 3, H)
∣∣∣
H=H̃N

= Z̃N . (8.8)

It follows from (8.2) and the implicit function theorem that providedk in (8.7) is of
order

√
N1 the quantitiesH̃0

N (k) − H0
N , H̃1

N (k) − H1
N , andH̃2

N (k)
√

1 are of order
1. Therefore, there existε = ε(ρ) > 0, N3 > 0, andβ3 > 0 such that for allk,
|k| ≤ ε

√
N1, all β ≥ β3, and allN ≥ N3 the following inequalities hold true

|H̃0
N (k) − H0

N | < ρ1, |H̃1
N (k) − H1

N | < ρ1, |H̃2
N (k)| < ρ

√
1.

Thus, applying arguments similar to those used in the proof of Lemma 6.1 one obtains
the inequality (cf. (6.8))(

HessL̃3N
(H)T, T

) ∣∣∣
H=H̃N (k)

≥ Cβ2N |T|2 (8.9)

for all k, |k| ≤ ε
√

N1, all T ∈ R3, β ≥ β4, N ≥ N4, whereC, β4, andN4 are some
positive constants depending only onε andβ0 from (5.11). For future reference we fix
such a value ofε > 0.

Assuming thatζN − ẽN

√
N1 ≥ 0 (in the opposite case the estimates are similar)

we rewrite

P
(
ζN > ẽN

√
1 + k

√
N1| 3N = AN

)
=

P
(
3N = AN , ζN > ẽN

√
1 + k

√
N1

)
P(3N = AN )

=
e
−L̃∗

3N
(̃ZN )

e
−L∗

3N
(AN )

P
H̃N

(
3N = AN , ζN > ẽN

√
1 + k

√
N1

)
PHN

(3N = AN )
,

(8.10)
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whereL̃∗
3N

(·) andL∗
3N

(·) denote the Legendre transformations of the functionsL̃3N
(·)

andL3N
(·) correspondingly,̃HN was determined in (8.8),HN – in (3.11), andP

H̃N
(·),

PHN
(·) denote the tilted distributions of the random vectors3̃N and3N with parameters

H̃N andHN respectively.
Let us evaluate first the differencẽL∗

3N
(Z̃N ) − L∗

3N
(AN ). It follows from (8.2),

(8.3), (3.11) and the duality relations (2.22) for the Legendre transformation that

L̃∗
3N

(ẼN ) = L∗
3N

(AN ) and ∂2L̃
∗
3N

(ẼN ) = 0,

where∂2L̃
∗
3N

(·) denotes the derivative of the functioñL∗
3N

(x0, x1, x2) with respect to
x2. Consequently (cf. relation (A.5) in [6]),

L̃∗
3N

(Z̃N )− L̃∗
3N

(ẼN ) =
∫ k

√
N

0
(k

√
N −y)(∂2)2L̃∗

3N
(NqN , NbN , ẽN +y) dy, (8.11)

and one needs to evaluate (∂2)2L̃∗
3N

(·) from below. Denote

Ẽy
N = ẼN + (0, 0, y) = (NqN , NbN , ẽN + y). (8.12)

We will show below that in the case|k| ≤ ε
√

N1 there exist positive constantsα1 =
α1(ε) andβ5 such that for ally, |y| ≤ k

√
N , one has

(∂2)2L̃∗
3N

(Ẽy
N ) ≥ α1/N. (8.13)

Then (8.11) implies
L̃∗

3N
(Z̃N ) − L̃∗

3N
(ẼN ) ≥ α1k

2, (8.14)

provided|k| ≤ ε
√

N1 and due to the convexity of̃L∗
3N

(·) (see also Property A.2 in
[6])

L̃∗
3N

(Z̃N ) − L̃∗
3N

(ẼN ) ≥ 2α2N
1/18|k| (8.15)

in the opposite case,|k| > ε
√

N1. Thus, it remains to prove (8.13). To do this determine
H̃y

N = (H̃0
N (y), H̃1

N (y), H̃2
N (y)) from the condition (recall (8.12))

1
β

∇HL̃∗
3N

(H)
∣∣∣
H=H̃y

N

= Ẽy
N ,

and consider the matrixHessL̃3N
(H̃y

N ). Since it is positive definite (recall inequality
(8.9)) there existsC5 = C5(ε) > 0 such that for ally, |y| ≤ k

√
N ≤ εN

√
1, one has[( ∂

∂H0

)2
L̃3N

(H)
( ∂

∂H1

)2
L̃3N

(H) −
( ∂2

∂H1∂H0
L̃3N

(H)
)2

] ∣∣∣∣
H=H̃y

N

≥ C5N
2.

(8.16)
On the other hand,

det HessL̃3N
(H)

∣∣∣
H=H̃y

N

≤ C6N
3 (8.17)

uniformly in suchy with some fixed constantC6 > 0. Since due to the duality relations
(2.22) the value of the derivative (∂2)2L̃∗

3N
(Ẽy

N ) coincides with the ratio of the left-hand
sides in (8.16) and (8.17), one immediately obtains (8.13).
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It remains to evaluate the last fraction in (8.10). Consider first the case|k| ≤
ε
√

N1. Let 3
N,H̃N

be the random vector with the distribution induced byP
H̃N

(·) and
L

3N ,H̃N
(H), H = (H0, H1), be its logarithmic moment generating function,

L
3N ,H̃N

(H) ≡ log
(∑

M∈M2
N

eβ(H,M )P
H̃N

(3N = M )
)

= L̃3N
(H̃N + (H0, H1, 0)) − L̃3N

(H̃N ).

Note that this function is strictly convex and satisfies the condition

det HessL
3N ,H̃N

(H)
∣∣∣
H=(0,0)

≥ C5N
2 (8.18)

(since the expression on the left-hand side of (8.18) coincides with the left-hand side of
(8.16) withy = k

√
N ). As a result, applying the analog of (6.29) one gets

P
H̃N

(
3N = AN

)
≤ C0

N2
β2.

On the other hand, the denominatorPHN
(3N = AN ) can be evaluated from below via

the analog of (6.30). Thus, there exist positive constantsC7, β7, andN7 such that for all
N ≥ N7, β ≥ β7, and|k| ≤ ε

√
N1 one has

P
H̃N

(
3N = AN , ζN > ẽN

√
1 + k

√
N1

)
PHN

(3N = AN )
≤

P
H̃N

(3N = AN )

PHN
(3N = AN )

≤ C7. (8.19)

In the opposite case,|k| > ε
√

N1, one easily gets (recall (6.30))

P
H̃N

(
3N = AN , ζN > ẽN

√
1 + k

√
N1

)
PHN

(3N = AN )
≤ 1

PHN
(3N = AN )

≤ N2

c2β2
≤ C8 exp{α2N

1/18|k|}.

(8.20)

It remains to observe that (8.5)–(8.6) follow immediately from (8.10), (8.14), (8.15),
(8.19), and (8.20). �

Proof of Theorem 3.2.The statement of the theorem follows directly from Theorems 7.1,
7.6, 8.1, and Theorem 2.2 from [10]. �

Proof of Theorem 3.3.The first part of the theorem can be obtained in the same way as
Theorem 3.2. The convergence in (3.21) follows from Corollary 7.4. �
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A. Wulff Construction in 1D Models of SOS Type

The 1D SOS model is the simplest interface model. In view of its simplicity it is very
popular in the physical literature and is used mainly as a “toy model” for discussing the
statistical properties of interfaces. In particular, the Wulff construction for this model is
well understood ([1, 21]).

On the other hand, the interfaces appearing in the 1D SOS model present sample
paths of the 1D random walk of the special type (see, e. g., [6, Sect. 3]) and therefore the
Wulff construction here follows immediately from the known facts of the sample paths
large deviations theory ([3, Chap. 5], [22]). Using the probabilistic interpretation one
can investigate a much more general case of random walks than those usually appearing
in the physical literature in the context of 1D model of SOS type (see, e. g., [2] for a list
of typical examples). In this sense, the random walks provide the most general model
of SOS type and for this reason we will use the probabilistic language in the present
section. We will restrict ourselves to the discrete case, though the generalization to the
continuous one is straightforward [6, Sect. 2].

Letξi be a sequence of independent integer valued random variables having the same
non-degenerate distribution that is concentrated on the latticeZ1. Then the interface is
described by the sequence of partial sums,S0 = 0, Sk =

∑k
i=1 ξi, of the corresponding

random walk. Denote by
L(h) ≡ logE exp{hξ}

the logarithmic moment generating function (the free energy) of a single step of this
random walk. Assume in addition thatL(·) is a finite function (and thus analytical) in
some open neighbourhood of the origin.8 Finally, for anyn ≥ 1 andt ∈ [0, 1] define a
random polygonal function (a piece-wise linearly interpolated interface)

xn(t) = S[nt] + {nt}ξ[nt]+1 =
[nt]∑
i=1

ξi + {nt}ξ[nt]+1

with [nt] and{nt} denoting the integral and the fractional parts ofnt correspondingly.
Then the distribution ofn−1xn(t) satisfies the large deviations principle with the

rate function ([22, 4, 3])

J (f ) =


∫ 1

0
L∗(f ′(t)

)
dt, if f ∈ AC[0, 1], f (0) = 0,

+∞ otherwise,

whereAC[0, 1] is the space of absolutely continuous functions on [0, 1] andL∗(·) is the
Legendre transformation ofL(·),

L∗(x) = sup
h

(
xh − L(h)

)
,

that is well defined due to the strict convexity ofL(·). In particular, for any admissible
pair (q, b) (i. e., satisfying condition (A.4) below) one has

lim
ε↘0

lim
n→∞

logP
(
xn(1) ∈ (b, b + ε),

∫ 1
0 xn(t) dt ∈ (q, q + ε)

)
n

= −J (f̄ ),

8 This is a usual conjecture in applications; moreover, typically one demands the existence ofall exponential
moments forξ (see, e. g., [2]).
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wheref̄ (·) presents the solution of the variational problem:

J (f ) → inf : f (0) = 0, f (1) = b,

∫ 1

0
f (t) dt = q. (A.1)

Note that the functionalJ (·) is closely related to the Wulff functional with naturally
defined surface tension (see, e.g., [6, Sect. 3]), and therefore the functionf̄ (·) is the
Wulff profile in the considered situation.

�����
?

�
-

h

L(h)

0

6

A

O

-� h0

���������

6f̄ (t)

t1O′
-

A′

a)

−→

b)

Fig. 2.Wulff construction in a general 1D model of SOS type

It turns out that the variational problem (A.1) can be solved explicitly. Namely, define
the quantitieŝh0 = ĥ0(q, b) andĥ1 = ĥ1(q, b) from the equations

∫ 1

0
L′(ĥ1 + yĥ0

)
dy = b,∫ 1

0
y L′(ĥ1 + yĥ0

)
dy = q.

(A.2)

Then the Wulff profilef̄ (·) is defined via ([6, Sect. 2])

f̄ (t) =


(
L

(
ĥ1 + ĥ0

)
− L

(
ĥ1 + (1− t)ĥ0

)) /
ĥ0, if ĥ0 6= 0,

L′(ĥ1)t ≡ bt, otherwise.
(A.3)

Relations (A.2)–(A.3) have a simple geometric interpretation. Namely, rewriting
(A.2) in the form (cf. [21, Theorem 3])

(
L

(
ĥ1 + ĥ0

)
− L

(
ĥ1

)) /
ĥ0 = b,

1

ĥ2
0

∫ ĥ0

0

(
L(ĥ1 + ĥ0) + L(ĥ1)

2
− L(ĥ1 + y)

)
dy = q − b/2

we infer that these conditions prescribe to find two pointsA(ĥ1, L(ĥ1)) andO(ĥ1 +
ĥ0, L(ĥ1 + ĥ0)) on the graph of the functionL(·) such that (see Fig. 2,a)): 1) the straight
line passing throughO andA has the slope coefficientb; 2) the areaQb(h0) of the figure
bounded by the segmentOA and the arc of the graph ofL(·) with the endpointsA and
O equals (q − b/2)h0

2, whereh0 denotes the horizontal separation of the pointsA and
O (in the caseq < b/2 one should interchange these points). Then the Wulff proflief̄ (·)
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is obtained by simple transformation (reflection + scaling) of the arcOA (see Fig. 2,b)).
In the critical case 2q = b the pointsO andA coincide and due to the second line in
(A.3) the corresponding Wulff profile is reduced to the segmentO′A′ (Fig. 2,b)).

Due to the strict convexity and analyticity of the functionL(·), the normalized area
Qb(h0)/h0

2 is an increasing function ofh0 andQb(h0)/h0
2 → 0 ash0 → 0. In particular,

the conditionŝh0 = 0 and 2q = b are equivalent (recall (A.3)). As a result, equations (A.2)
have at most one solution. Such solution clearly exists for every pair (q, b) satisfying the
condition9

|q − b/2| < sup
h

Qb(h)/h2. (A.4)

Here the supremum corresponds to the most “upper” limiting position of the secantOA;
thus, (A.4) means that the real secant should be below the limiting one (if such exists).
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