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Abstract: The driving principle behind this paper is the following thesis: “Every physi-
cally reasonable random field has to be a Gibbs random field”. In this paper the so-called
“non-Gibbsian” random fields are considered. The usual definition of the Gibbs field
is generalized in such a way so as to include some of the discovered “non-Gibbsian”
fields. The new definition is then used to show that the projection of the two-dimensional
Ising model onto the one-dimensional sublatticeZ

1 falls into the class of the generalized
Gibbs fields.

A foreword by S. Shlosman

I had the sad duty to complete one of the papers by R. L. Dobrushin, on which he was
working during the last several months of his life. He got the idea of this work right
after the paper of Roberto Schonmann [S] appeared in 1989. He discussed the project
of bringing the “non-Gibbsian” fields back to the Gibbsian fold with me several times.

There are two versions of Dobrushin’s manuscript. The first one deals with the
projection of the(+)-phase of the 2D Ising model onto an arbitrary countable subset of
the latticeZ

2. Because of the wish to have a preliminary version [D95] of this result in
time for the conference in The Netherlands (the conference in August–September, 1995,
in Renkum, the last one in which R. L. Dobrushin participated), he started to write down
the special case of projecting onto the sublatticeZ

1 ⊂ Z
2. Both manuscripts were left

unfinished.
The following is the result of my attempt to finish the second manuscript. I had to

change some of the initial statements, and I also added some new ones. I think that,
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if completed by R. L. Dobrushin, the final version would also differ from his original
manuscript, though for sure the changes would be different.

1. Introduction

In the last years a following surprising possibility was discovered and intensively dis-
cussed in the literature (see the excellent review paper of van Enter, Fernandez, and
Sokal [EFS], the recent informative paper of van Enter, Fernandez and Kotecky [EFK]
and the references there). Natural functionals of values of Gibbs random fields of the
type used in the renormalization-group theory can (in some sense) be non-Gibbsian.

More exactly, it means the following. LetT be a countable set andX be a finite set.
For any subsetsV ′ ⊂ V ⊆ T and any configurationσV ∈ XV we denote the restriction
σV |V ′ ∈ XV ′

of σV toV ′ byσV ′ . For any two mutually disjoint subsetsV1, V2 ⊆ T and
any configurationsσV1 ∈ XV1 andσV2 ∈ XV2 the configuration ˜σ ∈ XV1∪V2

2 , such that its
restrictionσ̃|V1 onV1 coincides withσV1 and its restriction ˜σ|V2 onV2 coincides withσV2,
is denoted byσV1 ∪ σV2. A Gibbsian potential U = (UA(σA), A ⊂ T, 0 < |A| < ∞)
is a system of real-valued functionsUA(σA) of σA ∈ XA, labelled by the system of all
finite nonempty subsetsA ⊂ T . It is assumed that for anyt ∈ T the following series
absolutely converges: ∑

A⊂T :t∈A,|A|<∞
max

σA∈XA
|UA(σA)| < ∞. (1.1)

For any finiteV ⊂ T , any configuration ¯σT\V ∈ XT\V , called aboundary condition,
and anyσV ∈ XV consider therelative energy

EU
V (σV /σ̄T\V ) =

∑
A⊆V,A6=∅

UA(σA)

+
∑

A⊂T :A∩V 6=∅,A∩(T\V )6=∅,|A|<∞
UA(σA∩V ∪ σ̄A∩(T\V )).

(1.2)

The condition (1.1) guarantees the convergence of the series in (1.2) for all boundary
conditionsσ̄T\V and configurationsσV . Let

pU
V (σV /σ̄T\V ) =

exp{−EU
V (σV /σ̄T\V )}

ZU
V (σ̄T\V )

, (1.3)

where thepartition function

ZU
V (σ̄T\V ) =

∑
σV ∈XV

exp{−EU
V (σV /σ̄T\V )}. (1.4)

Thetransition functionpV (σV /σ̄T\V ) is defined for allσV and all boundary conditions
σ̄T\V . The systempU = {pU

V (σV /σ̄T\V ), σV ∈ XV , σ̄T\V ∈ XT\V , |V | < ∞} of
transition functions is called theGibbs specification with the potentialU .

For any subsetW ⊆ T we consider the smallestσ-algebra of subsets of the space
XT with respect to which all the coordinate functionsσt, t ∈ W , are measurable. Thisσ-
algebra is denoted byBW . A probability measureP on the measurable space (XT ,BT )
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is calledconsistent with the Gibbs specificationpU , if for any finiteV ⊂ T , any function
φ(σV ) of σV ∈ XV and any subsetB ∈ BT\V ,

∫
B

φ(σV )P(dσ) =
∫

B

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄T\V )

PT\V (dσ̄T\V ), (1.5)

wherePT\V is the restriction of the measureP to theσ-algebraBT\V . The probability
measureP is called”non-Gibbsian”, if there exists no potentialU satisfying the condition
(1.1), such that the measureP is consistent with the Gibbs specificationpU .

To be concrete we restrict ourselves to functionals of the type of decimation, applied
to the two-dimensional ferromagnetic symmetric Ising random field with large values
of the inverse temperatureβ > 0 and(+)-boundary condition. Recall the corresponding
definitions. LetT = Z

2 andX = {1,−1}. Consider the probability measurePβ,+ on
the measurable space (XZ

2
,BZ2) defined by the following usual construction. Let a

subsetV ⊂ Z
2 be finite andP β,+

V (σV ), σV ∈ XV , be the restriction of the measure
P

β,+ to theσ -algebraBV . LetWN , N = 1, 2, . . . be the sequence of the lattice squares
WN = {t = (t1, t2) ∈ Z

2 : |t1| ≤ N, |t2| ≤ N}. Then

P β,+
V (σV ) = lim

N→∞:V ⊆WN

∑
σWN

∈XWN :σWN
|V =σV

pβ,+
WN

(σWN
), σV ∈ XV . (1.6)

Herepβ,+
W , W ⊂ Z

2, |W | < ∞, are the probability distributions defined by the Ising
specification for the case of the plus-boundary conditions, i.e.

pβ,+
W (σW ) =

exp{−βEIsing
W (σW /+)}

Zβ,+
W

, (1.7)

where (forW c = Z
2 \ W )

EIsing
W (σW /+) = −

∑
(s,t)⊆W :|s−t|=1

σsσt −
∑

(s,t):s∈W,t∈W c,|s−t|=1

σs (1.8)

and

Zβ,+
W =

∑
σW ∈XW

exp{−βEIsing
W (σW /+)}. (1.9)

It is well-known that the limits (1.6) exist. By the Kolmogorov theorem the system of the
probability distributionsP β,+

V , V ⊂ Z
2, |V | < ∞, defines the measurePβ,+ in a unique

way.
Let now a countable setT ⊆ Z

2. Consider the projection5T : XZ
2 → XT , defined

by σ = (σt, t ∈ Z
2) → 5T σ = (σ′

t, t ∈ T ), whereσ′
t = σt for all t ∈ T . Via this

projection, the measurePβ,+ induces a measurePβ,+
T on the space (XT ,BT ), defined

by

P
β,+
T (B) = P

β,+(5−1
T B), B ∈ BT , (1.10)

which is called theprojection onT of the Ising measurePβ,+. In case of the sublattice
T = bZ2 (thenb should be an integer), the transformation described above is called
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decimation with spacingb. It is one of the transformations used in renormalization-group
theory. An important result of van Enter, Fernandez, and Sokal [EFS], extending earlier
results of Griffiths and Pearce [GP78, GP79] and Israel [I], states that for decimation
with any spacingb ≥ 2 the measurePβ,+

T is ”non-Gibbsian”. The other important
result is due to Schonmann [S]. He considers the case ofT = {t = (t1, t2) ∈ Z

2 : t2 =
0} and proved that the measureP

β,+
T is ”non-Gibbsian” in this case also. The flow

of witty examples of ”non-Gibbsian” measures is on the increase. Sometimes these
examples are treated as pathological ones and even as an insult to physical intuition,
since the belief that any reasonable transformation of a Gibbs measure leads to another
Gibbs measure is a foundation-stone of the generally accepted, but mathematically non-
rigorous, renormalization-group theory.

The mathematical results discussed above are very interesting, but the used termi-
nology seems to be misleading in some sense. The property (1.1) of the potential is
very convenient, if it is valid, but is not intrinsic to the notion of Gibbs distribution.
Moreover, it is not strictly necessary to assume that Gibbs transition functions (1.3) are
defined for all boundary conditions ¯σT\V ; it is enough to assume that they are defined
only almost everywhere with respect to the corresponding random field. This point of
view is evidently unavoidable, if the space of valuesX = R

1, and the interaction is
infinite range. For example, Gaussian translation-invariant random fields are described
as Gibbsian ones with the potentialU = (UA(σA), A ⊂ Z

d, |A| < ∞), such that

UA(σX ) =

{
cs−tσsσt if A = {s, t},
0 in other cases, (1.11)

wherecs−t = ct−s are some nonnegative constants (see [D80]). It is clear that if all these
constants do not vanish, the series in the definition (1.2) for the relative energy diverges
for some boundary conditions ¯σV c , and so the Gibbs specification can not be defined in
a reasonable way for all boundary conditions. Of course, in the case of finiteX similar
possibilities appear exotic, but, if we meet the real difficulties in these cases, we can
try to find a way out by using partly defined specifications. At least, physical intuition
of renormalization-group theory is vague enough to be not in contradiction with such
interpretation of Gibbs measures.

More exactly, let againT be a countable set andX be a finite set. We define the
potentialU = (UA(σA), A ⊂ T, |A| < ∞) as above, but we will not introduce the

condition (1.1). Instead, for any finiteV ⊂ T we introduce the setX
U
V ∈ BT\V of

all boundary conditions ¯σT\V such that the series (1.2) absolutely converges for all

σV ∈ XV . (This setX
U
V can in principle be empty.) Then for ¯σT\V ∈ X

U
V we can

still define the probability distributionpU
V (σV /σ̄T\V ) by the formula (1.3). The system

pU = {pU
V (σV /σ̄T\V ), σV ∈ XV , σ̄T\V ∈ X

U
V , V ⊂ T, |V | < ∞} of transition

functions will be called thepartly defined Gibbs specification with the potentialU . A
probability measureP on the measurable space (XT ,BT ) is calledconsistent with the
partly defined Gibbs specificationpU , if for any finiteV ⊂ T the probability

PT\V (X
U
V ) = 1, (1.12)

and the identity (1.5) holds for any functionφ(σV ) of σV ∈ XV and any setB ∈ BT\V

such thatB ⊆ X
U
V .
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Now we can formulate the main result of the paper.

Theorem 1.1. There exists a valueβ0 < ∞ such that for allβ > β0 and T = {t =
(t1, t2) ∈ Z

2 : t2 = 0} ⊂ Z
2 there exists a Gibbs potentialUβ

T = {Uβ
A(σA), A ⊂

T, |A| < ∞, σA ∈ XA}, such that the projectionPβ,+
T of the Ising measurePβ,+ is

consistent with the partly defined Gibbs specificationpUβ
T .

Remark 1.A similar construction can be applied to the case of minus-boundary condi-
tion. As a result we obtain that the projection of the Ising measure with minus-boundary

condition is consistent with the partly defined Gibbs specification with the potentialUβ

T ,
which is obtained from the potentialUβ

T by the change of variablesσt ↔ −σt, t ∈ T .
For large enoughβ these two potentials do not coincide. We believe that there is no
unique potential̃Uβ

T , such that both projectionsPβ,+
T andP

β,−
T are consistent with the

partly defined Gibbs specificationpŨβ
T .

Remark 2.We consider the two-dimensional Ising model and the sublatticeT = Z
1 ⊂

Z
2 only to simplify the following construction. In fact, the only essential feature of our

approach is that in the considered case the contour method and the cluster expansion
for the contour system are applicable. Therefore, similar results can be proved for other
examples of the subsetsT ⊂ Z

2, for the Ising model in dimensiond > 2 and for many
other Gibbs models.

Remark 3.There is a hope that the partly defined Gibbs specifications exist also in
other ”non-Gibbsian” situations, but the investigation of this problem requires a lot of
additional work.

Remark 4.There is the following doubt, formulated in connection with the approach
developed in this paper: the class of partly defined potentials is too wide and we know
nothing about corresponding “almost Gibbs” fields. One possible response is that we also
know almost nothing about the usual Gibbs fields with potentials of the class (1.1). We
have only a general theorem of existence, a theorem of uniqueness for high temperatures
and some examples of phase transitions for low temperatures. It seems that similar results
can be obtained under some appropriate restrictions for Gibbs fields with partly defined
potentials.

1.1. Some heuristics.We finish this section by an informal description of some properties
of the projected low-temperature Ising measure, which is meant to explain the origins of
its “non-Gibbsianity” (in the standard meaning) and also to make the main results of this
paper (see Propositions 2.2 and 2.3) look natural. Consider the segment [−n, n] ⊂ Z

1.
We want to fix the configurationσ everywhere on [−n, n] except at the origin, and we
want to estimate the influence of the rest of the configurationσ outside this segment
on the valueσ0. For the ordinary Gibbs field this influence vanishes asn → ∞. As we
will see soon, this is generally not the case in our example. To be specific, suppose that
the configurationσ is antisymmetric on [−n, n], that isσs = −σ−s for 1 ≤ s ≤ n,
and thatσ[1,n] is somewhat neutral, that is for some fixedk � n all the averages
1
k |σs+1 + · · · + σs+k| < 1

2, say, for alls, 0 ≤ s ≤ n − k. The reader can consider, for
example, the configurationσt = (−1)t, 0 < t ≤ n. Let us first consider the case when
the configuration outside [−n, n] is identically +1. Then the typical configuration of the
(+)-phase of the 2D model under such condition in the vicinity of the origin looks as
follows: the segments of minuses of the configurationσ are enclosed by “thin” contours
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which stay very close to these segments, while the rest of the plane is filled by the
(+)-phase. Because of the symmetry of the configurationσ[−n,n]\0, its influence on the
spin at the origin vanishes, and the influence left is that of the (+)-phase outside the thin
contours, so the spinσ0 behaves basically as if being in the (+)-phase.

Let us now add two more (−)-segments,±[n + 1, n + N ]. If N is moderate, then
nothing new happens, and we have just two more thin contours, surrounding the new
(−)-segments. However, whenN becomes larger than a certain thresholdN (n, β), then
the picture becomes qualitatively different: the two new contours prefer to merge into
one big contour, containing the whole segment[−N, N ] inside. Energetically this is a
loss, because the length of the new system of contours exceeds the minimal possible one
by ∼ 2n. The reason why the system is willing to pay this price is that the arrangement
described gives more possibilities for fluctuations. Roughly speaking, the second picture
corresponds to the pinning of the external contour of the third one to the segment [−n, n].
However, the probability of the event that this contour is located at some given height
h above the origin, is of the order ofC(β)√

N
for h ∼ √

N . So when
√

N � exp{2βn},
the entropy considerations win over the energy considerations, and the system prefers
the freedom of fluctuations to the energy gain. When the unifying external contour is
formed (which happens with probability close to one, if

√
N � exp{2βn}), the picture

in the vicinity of the origin is reversed: inside the big contour we see thin contours
surrounding (+)-segments of the configurationσ. Outside them what we see is basically
the (−)-phase, and so the spinσ0 behaves basically as if being in the (−)-phase.

This is how the “non-Gibbsian” nature of the projected field is manifested: no matter
how large the segments [−n, −1], [1, n] are, where the configuration is fixed, we still
can influence the behavior at the origin – by choosing the segments±[n + 1, n + N ]
even bigger. That is a clear indication that if we still want to describe the field by a
Gibbs potential, we have to be prepared to allow extremely long-range interactions,
which might not even decay. Another, more quantitative information, we can get from
this example is that the total energy of two strings of (−)-particles,H(σ[a1,b1]∪[a2.b2] ),
wherea1 < b1 < a2 < b2, can be (approximately) equal to the sum of the energies of
the two strings,H(σ[a1,b1] ) +H(σ[a2,b2] ), only if the strings are well separated. Here and
in the following forA ⊂⊂ Z

1 we denote byσA the configuration

σA(s) =

{−1 for s ∈ A ,
+1 for s /∈ A.

(1.13)

The reason for that is that the approximate additivity of the energy is equivalent to the
approximate independence. But when the distance between the segments,|a2 − b1| is
o(min(|b1 − a1|, |b2 − a2|)), then we have to expect the two contours to coalesce, which
rules out any hope for independence.

1.2. Organization of the paper.In the next section we write down the expression for the
potential we are looking for, and formulate its main decay properties.

In Sect. 3 we study one of the main important objects we need: the meniscus. By
this we mean the following. Suppose a box contains a system which is a mixture of two
phases, with a phase separation surface between them. In case both phases are touching
the walls of the box, the separation surface has its boundary on the wall. What we need
is the information on how the phase separation surface approaches the wall of the box
in question. We find in particular that the number of pure states of the Ising model in the
half space equals the continuum!

In Sects. 4 and 5 we remind the reader about the cluster expansion technique.
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Sections 6 and 7 contain the main technical results of the paper. There we are ob-
taining the estimates on the interaction, which are enough to prove the Gibbsianity of
the projected field. This is done in Sect. 8.

A preliminary formulation of the results of the present paper appeared in [DS].

2. Construction of the Potential

The proof of Theorem 1.1 is based on an explicit construction of the potentialUβ
T . In

this section we explain this construction.
In the case of the two-point spaceX = {1,−1} we will use the following notations

for the configurationsσV ∈ XV in a volumeV . For anyσV = (σt, t ∈ V ) ∈ XV we let

σ+
V = {t ∈ V : σt = 1}, σ−

V = {t ∈ V : σt = −1}. (2.1)

As it is well-known (see [G] or [EFS]), distinct Gibbs potentials can define the
same Gibbs specification, but there is a subclass of potentials, which are defined by the
specification in a unique and even, in some sense, constructive way. It is the subclass of
the so-called lattice gas potentials. These potentials are especially natural for the fields
with two values±1, when a typical configuration takes mainly one of these two values.
In the considered case of the Ising measureP

β,+ with β large, this dominant value is +1.
We can treat the sitest ∈ σ−

V as the sites where interacting particles are situated, and
the sitest ∈ σ+

V as empty (vacuum) sites.
We will use the following definitions. In the caseX = {1,−1} a Gibbs potential

U = (UA(σA), A ⊂ T, 0 < |A| < ∞) is called alattice gas potentialif

UA(σA) =

{
UA, if σ−

A = A,
0 for all otherσA ∈ XA,

(2.2)

where{UA, A ⊂ T, 0 < |A| < ∞} is a system of real numbers. We can treatUA as
the energy of mutual interaction between particles which occupy the setA. We show
below that the potentialsUβ

T , the existence of which is stated in Theorem 1.1, can be
constructed as lattice gas potentials.

There is a constructive way to recover the valuesUA from the probability distribution
of a Gibbs field with a lattice gas potential. LetW be a finite volume,X = {1,−1}, and
pW be a probability distribution on the setXW . Assume thatpW is a Gibbs distribution
with a lattice gas potentialU = {UA, A ⊆ W}. It means that

pW (σW ) =
exp{−∑A:A⊆σ−

W
UA}

ZU
W

, σW ∈ XW , (2.3)

where the partition function

ZU
W =

∑
σW ∈XW

exp

−
∑

A:A⊆σ−
W

UA

 . (2.4)



132 R. L. Dobrushin, S. B. Shlosman

Let a setD ⊂ W , andσD
W is the configuration defined by (1.13), i.e.

(
σD

W

)−
= D. It

follows from (2.3) that

pW (σD
W ) =

exp{−∑A:A⊆D UA}
ZU

W

. (2.5)

In particular, for the case of the “vacuum” configurationσ∅
W on W (i.e. (σ∅

W )+ = W )
we have

pW (σ∅
W ) = (ZU

W )−1. (2.6)

It follows from the relations (2.5) and (2.6) that∑
A:A⊆D

UA = − ln
pW (σD

W )

pW (σ∅
W )

. (2.7)

Recall now a well-known (and checked in an elementary way) Mobius inversion
formula. Let8(·),9(·) be a pair of functions defined on the set of all finite subsets
A ⊆ R, whereR is a finite or countable set. Then

9(A) =
∑
D⊆A

8(D), A ⊆ R, |A| < ∞, (2.8)

if and only if

8(A) =
∑
D⊆A

(−1)|A\D|9(D), A ⊆ R, |A| < ∞. (2.9)

It follows from the Mobius formula and the relation (2.7) that for any finiteA ⊆ W ,

UA = −
∑
D⊆A

(−1)|A\D| ln
pW (σD

W )

pW (σ∅
W )

. (2.10)

Of course, we do not know yet that the measureP
β,+
T is consistent with a partly defined

Gibbs specification with a lattice gas potentialU . But the previous discussion suggests
the following definitions, which will be justified below. We will treat the measureP

β,+
T

as the limit, asN → ∞, of the projections of the Ising distributionspβ,+
WN

(recall (1.7))
to the setsT ∩ WN and write the analog of the formula (2.10) for these projections. For
anyN andD ⊆ (T ∩ WN ) we let

Qβ,+,N
T,D = − ln

pβ,+
WN

(
σWN

: (σWN
|T∩WN

)− = D
)

pβ,+
WN

(
σWN

: (σWN
|T∩WN

)− = ∅) . (2.11)

For any finiteD ⊂ T we let

Qβ,+
T,D = lim

N→∞
Qβ,+,N

T,D , (2.12)

if, of course, this limit exists. Let

Uβ,+,N
T,A =

∑
D⊆A

(−1)|A\D|Qβ,+,N
T,D , (2.13)

Uβ,+
T,A = lim

N→∞
Uβ,+,N

T,A =
∑
D⊆A

(−1)|A\D|Qβ,+
T,D. (2.14)
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Theorem 2.1. In the situation of Theorem 1.1 all the limits (2.12), (2.14) exist. The
measurePβ,+

T is consistent with the partly defined Gibbs specification with the lattice
gas potentialUβ,+

T which is defined by the relation (2.2), where the valuesUA = Uβ,+
T,A.

It is clear that the main Theorem 1.1 follows from Theorem 2.1. The main difficulty
of its proof is a derivation of the appropriate estimates on the absolute values of the
potentialsUβ,+

T,A. Once obtained, they would imply easily the consistency of the measure

P
β,+
T with the potentialUβ,+

T .

2.1. Bounds onUβ,+
T . Here we formulate these estimates, the derivation of which is the

main content of the paper.

Proposition 2.2. A rough estimate.LetA ⊂ T be any finite set. Then

|UA| ≤ 4(2β + C) |A| 2|A|. (2.15)

The estimate (2.15) does not look very promising, and, what is worse, it seems
that for some sets it cannot be improved significantly. These sets include segments and
other sets of high density. Fortunately, the probability of the event that the segmentA
is occupied by the(−)-particles decays as exp{−4β |A|}, and so such a weak estimate
as (2.15) by itself does not destroy our argument. The next statement supplements the
estimate (2.15) with the bound needed to enable the proof of our main result.

Proposition 2.3. A refined estimate.Let ε > 0 be fixed. Then there exists a value
β = β (ε), such that for allβ > β (ε) and for all finite setsA ⊂ T with densityρ (A)
below1 − ε :

ρ (A) ≡ |A|
diam(A) + 1

< 1 − ε (2.16)

we have
|UA| ≤ exp{−β′diam(A)} ,

whereβ′ = β′ (β) → ∞ asβ → ∞.

3. The Meniscus

As the reader will see in the following, the case of projecting a two-dimensional field
onto the one-dimensional sublattice has the best chances to be non-Gibbsian. The reason,
roughly speaking, is this: the question about weak dependence of the spatially separated
boxesB1, B2 of the sublatticeZd′ ⊂ Z

d according to the projection of the random field
P boils down to the following question:

Consider two closed contours01,02 ⊂ Z
d, enclosing the boxesB1, B2, respectively.

Let the contours be distributed independently, each one governed by the fieldP. The
question is about the behavior of the probability of the event that their intersection
is nonempty, as a function of dist(B1, B2). It is more or less clear that the lower the
dimension of the contour is the bigger are its fluctuations. In other words, the lower
the dimension of the contour0 the higher are chances to observe it at some distance
from the enclosed setB. That is the reason why we think that the 2D case might be the
most difficult one. To obtain our result we have therefore to control the fluctuations of
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the contour surrounding a given setB, which is a segment, or punctured segment, in
our case. We will do it by using the following meniscus theorem, which seems to be
interesting on its own.

The meniscus theorem describes the phases of the semiinfinite Ising model, which
correspond to various possible slopes of the interface as it approaches the wall. Namely,
we consider the 2D Ising model on the half-infinite lattice (Z

2)+ = {(x, y) ∈ Z
2 : y > 0},

and we are interested in the set of Gibbs states corresponding to the following boundary
condition on thex-axis:

σ̄x =

{
+1 for x ≥ 0,
−1 for x < 0.

To remind the reader of the definition of the Gibbs field on (Z
2)+, corresponding to the

Ising model with a given boundary condition, we need some notation. Let3 ⊂ (Z2)+

be a finite subset. By∂3 we denote the usual boundary of3 ⊂ Z
2, and by∂+3 ⊂ ∂3

– the intersection∂3∩ (Z2)+. A random field on the set of all configurations on (Z
2)+ is

called the Gibbs field with Ising interaction and boundary conditions ¯σ, iff its conditional
distribution in any finite3 given the configurationσc outside3 is given by the usual
Gibbs formula for the Ising interaction in the case∂+3 = ∂3, while in the remaining
case∂3\∂+3 6= ∅ we also use the same formula where we supplement the configuration
σc|∂+3 by the restriction ¯σ|∂3\∂+3.

To formulate the meniscus theorem we introduce the following configurations, which
will be used as boundary conditions. Letn = (nx, ny) be any unit vector inR2 with
nx > 0. We define the configurationσn by

σn(x) =

{
+1 for n · x ≥ 0,
−1 for n · x < 0.

Denote byVN the box

VN =
{

(x, y) ∈ Z
2 : −N < x < N, 0 < y < N

}
, (3.1)

and let〈·〉β
N,n be the Gibbs state inVN , corresponding to the Ising model at inverse

temperatureβ with boundary conditionσn. We also introduce the notationh (N, n) for
the integer point on the liney = N closest to the linen · x = 0.

Theorem 3.1 (The meniscus theorem).If β is large enough, then

1. The thermodynamic limit〈·〉β
n = limN→∞〈·〉β

N,n exists for everyn.

2. The states〈·〉β
n are mutually different Gibbs states of the Ising model on the half-lattice

(Z2)+, corresponding to the boundary condition̄σ.

For applications of this result to the problem of Gibbsianity we need a certain property
of the phases〈·〉β

n . This property is formulated in terms of the contours of configurations.
So in the next subsection we remind the reader of the relevant definitions.

3.1. Peierls contours.Let Z
2 be the two-dimensional integer lattice. Assume thatZ

2 ⊂
R

2. LetZ2? be theconjugate latticewith vertices (n1 + 1/2, n2 + 1/2), n1, n2 ∈ Z
1. Let

E be the set ofedges of the conjugate lattice, i.e. the set of all closed intervals of the
length 1 connecting the adjacent points of this lattice. For each edgee ∈ E there are
two vertices of the original latticeZ2 with the distance 1/2 frome. We say that they are
vertices adjacent to the edgee. LetW ⊂ Z

2 be a finite set. The set of edgese ∈ E such
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that at least one of two points to which the edgee is adjacent belongs toW is called the
set ofedges in the volumeW and is denoted byE(W ).

Return now to the Ising distribution with the plus-boundary condition. The boundary
B(σW ) of the configurationσW = (σt, t ∈ W ) ∈ XW , whereX = {1,−1}, is defined
as the set of all edgese ∈ E(W ) such that either both pointst, t′ ∈ Z

2 adjacent toe
belong toW andσt 6= σt′ or one of these two pointst ∈ W , the other onet′ /∈ W and
σt = −1. As usual, we represent the boundaryB(σW ) as a sum of contours, but to do it
in a unique way it is necessary to be careful in the definition of contours. Lete1, e2 ∈ E

be two distinct edges containing a common vertext = (t1, t2) ∈ Z
2?. We say that these

edges make alegitimate turn, if either one of these edges connects the vertext with
the vertex (t1 + 1, t2) and the other vertex connects it with the vertex (t1, t2 + 1) or if
one of these edges connects the vertext with the vertex (t1 − 1, t2) and the other vertex
connects it with the vertex (t1, t2 − 1). A contour is defined as a sequencee1, e2, . . . , ek

of mutually distinct edges such that the edgesei, ei+1, i = 1, 2, . . . , k (herek + 1 = 1)
have a common vertex and in case there is another pair of edgesei′ , ei′+1 of this contour
having the same common vertex, the edgesei, ei+1 make a legitimate turn. The set of
all contours is denoted byG. We say that a contour0 ∈ G is acontour in the volume
W , if all its edges belong toE(W ). The set of all such contours is denoted byG(W ).
The number of edges in a contour0 ∈ G is denoted|0| and is called thelengthof this
contour. The set of all pointst ∈ Z

2 such that there is no continuous curve inR
2 which

does not intersect a contour0 and connect the pointt ∈ Z
2 ⊂ R

2 to ”infinity” will
be called theinterior of the contour0 and will be denoted by Int0. We say that the
contours01 and02 arecompatibleif they have no common edges and if at any vertex
which is contained in both of contours these contours make legitimate turns.

We say that a finite system of contoursπ ⊂ G is acompatible system of contours,
if any two different contours inπ are compatible. LetH be the set of all systems of
compatible contours andH(W ) ⊆ H be the set of all compatible systems of contours
π ⊆ G(W ) of contours in a volumeW ( the setH(W ) includes the empty system of
contours). It is easy to understand that for any finite volumeW and any configuration
σW ∈ XW there exists a unique system of contoursπ(σW ) ∈ H(W ) such that

B(σW ) = ∪0∈π(σW )0. (3.2)

Further, for any system of contoursπ ∈ H(W ) there is a unique configurationσW (π) ∈
XW such that

π(σW (π)) = π. (3.3)

For any pointt ∈ Z
2 denote byO(t) the set of all contours0 ∈ G such thatt ∈ Int 0.

The configurationσW = (σt, t ∈ W ) ∈ XW can be reconstructed from the contour
systemπ(σW ) by the help of the relation

σt =

{
+1, if |O(t) ∩ π(σW )| is even,
−1, if |O(t) ∩ π(σW )| is odd.

Let 0 be a fixed contour. Define the subset1 (0) ⊂ Z
2 by the relation:

1 (0) = Z
2\
 ⋃

γ:γ is compatible with0

Int γ

 . (3.4)
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It is a subset of all sites of the lattice which are at the distance not greater than

√
2

2
from

0. The set1 (π) is defined in the obvious way.

3.2. Localization of the meniscus.We return now to the meniscus. Note first that ifβ

is large enough, then with〈·〉β
n -probability 1 every configurationσ on (Z2)+ contains

exactly one infinite contour, and it has an endpoint at the point (− 1
2 , 0). Let us denote

this contour by0 = 0(σ), and let [γ1(σ), γ2(σ)] ⊆ R
1 be the (random) segment of the

x-axis, obtained by projecting the contour0 ontoR
1 (the cases of the projection to be

semiinfinite or infinite are not excluded, of course).

Theorem 3.2 (The theorem on the localization of the meniscus).Suppose addition-
ally to the conditions of the Meniscus Theorem thatny > 0. (That means that the
contours0 go typically to the north-west.) Then the〈·〉β

n -probability of the event
{σ : γ2(σ) ≥ l, l > 0} is bounded from above by

exp{−cnβl} with cn > 0. (3.5)

(The positivity ofcn is not uniform inn, of course).

The above theorem estimates the probability of the event that the contour0 crosses
the vertical line and deviates from it into the positive quadrant by the distancel.A similar
result holds for the probabilities of crossing and deviating by a distancel from other
straight lines, passing through the origin. However, if the line has equationy = kx with
the slopek < 0, k 6= −nx

ny
, then the corresponding estimate is of the form exp{−ckl},

and the positive exponentck does not diverge asβ → ∞, unlike (3.5). The reason is
that such deviations are not suppressed even at zero temperature.

The following corollary of the above result is crucial for our purposes. Consider
again the boxVN (see (3.1)) and endow it with the boundary condition ¯σ, which is +1
on the left, top and right border, as well as on the segment [0, N ], and is different from
being identically +1 on the remaining part of the boundary. Then every configuration
σ̃ in VN has a certain amount of open contours0i(σ̃) attached to the boundary ofVN .
Denote by [˜γ1(σ̃), γ̃2(σ̃)] the smallest segment of thex-axis, containing the projections
of all the contours0i(σ̃). Let 〈·〉β

σ̄,N be the corresponding Gibbs state inVN . Then the
following statement holds:

Corollary 3.3. The〈·〉β
σ̄,N - probability of the event{σ̃ : γ̃2(σ̃) ≥ l, l > 0} is bounded

from above by

exp{−cβl} (3.6)

with c > 0, uniformly inσ̄, N .

Proof. The state〈·〉β
σ̄,N can be coupled with any of the states〈·〉β

n in such a way that
the former is higher than the latter in the FKG sense. (That means that with probability
one, according to the coupling measure, ˜σ(t) 6= σ(t) for everyt ∈ VN .) In particular, the
region between the contour0(σ) and the ray

(−∞,− 1
2

)
of thex-axis contains all the

contours0i(σ̃), and soγ2(σ) ≥ γ̃2(σ̃). So the corollary holds withc = cn for arbitraryn
with positive coordinatesnx, ny. �
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3.3. Properties of the phase separation line.The reader who is familiar with the book
[DKS] would note that the above statements are quite close to those in its Chapter 4,
where the question about large deviations of the phase separation line is discussed. There
the deviations were studied for two ensembles: one was the canonical ensemble of the
phase separation linesS ∈ IN,n, connecting two points (12 , 1

2) and (h (N, n) , N − 1
2),

while the other was the grand canonical ensemble of the phase separation lines, which
were starting at (12 , 1

2), but which were terminating on the liney = N− 1
2, with the position

h (S) of the endpoint on this line randomly distributed in such a way that its mean value
wash (N, n), and the distribution was asymptotically normal with the variance of the
order of

√
N . Before discussing these results further, we recall some notions introduced

in [DKS].

3.3.1. The ensemble of tame animals.We start by considering the canonical ensemble
of tame animals, which is defined as a measure on the set

I∞
N,n = {S ∈ IN,n : |S ∩ {(x, y) : y = m}| = 1

for all m = 0, 1, . . . , N} (3.7)

of all SOS-trajectoriesS, starting at (12 , 1
2) and terminating at (h (N, n) , N − 1

2). We
denote byk(r, S) the abscissa of the trajectoryS at the levelr:

k(r, S) = S ∩ {(x, y) : y = r}. (3.8)

We introduce the distribution

P∞
N,n(S) = (4(N, n,∞))−1 exp{−2β|S|}, S ∈ I∞

N,n, (3.9)

with the partition function

4(N, n,∞) =
∑

S∈I∞
N,n

exp{−2β|S|}. (3.10)

The main tool in investigating this ensemble is the passage to the grand canonical en-
semble, which is defined as a family of measures on the union

I∞
N =

⋃
n

I∞
N,n, (3.11)

indexed by the real parameterH:

P∞
N,H (S) = (4(N, H, ∞))−1 exp{−2β|S| + βHh(S)}, S ∈ I∞

N , (3.12)

with the partition function

4(N, H, ∞) =
∑

S∈I∞
N

exp{−2β|S| + βHh(S)}. (3.13)

It is not difficult to calculate explicitly the partition function (3.13) of the ensemble
of tame animals. Supposing that−2 < H < 2 we have

4(N, H, ∞) = e2β(QH )N (3.14)

with
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QH =
+∞∑

k=−∞
exp{−2β(|k| + 1) +βHk} = e−2β sinh(2β)

cosh(2β) − cosh(Hβ)
. (3.15)

The positionh(S) of the endpoint of the polygonS on the liney = N − 1
2

is a random

variable in the ensemble (3.12). It equals the sum ofN identically distributed random
variables with the probability distribution

P∞
H (k) = Q−1

H exp{−2β(|k| + 1) +βHk}, (3.16)

the mean value

M∞
H = β−1∂ logQH

∂H
=

sinh(Hβ)
cosh(2β) − cosh(Hβ)

, (3.17)

and the variance

D∞
H = β−2 ∂2 logQH

∂H2
=

cosh(2β) cosh(Hβ) − 1

(cosh(2β) − cosh(Hβ))2 . (3.18)

According to the standard local limit theorem for sums of independent random variables
(see for example [Gn]), asN → ∞ one has

P∞
N,H ({S : h(S) = bN}) ∼ 1√

2πND∞
H

exp

{
− 1

2ND∞
H

(bN − NM∞
H )2

}
,
(3.19)

whenever a sequence of integersbN is chosen in such a way that the quantity

|bN − M∞
H N |

N1/2

is bounded uniformly inN .

3.3.2. The ensemble of wild animals.The “true” phase separation line of the Ising model
is a small perturbation of the ensemble, introduced above, see [DKS]. The corresponding
ensembleIN,n of the separation lines is again formed by the polygonsS of the dual
lattice, starting at (12 , 1

2) and terminating at (h (N, n) , N − 1
2), but this time it is not

required that the intersectionsS ∩ {(x, y) : y = r} are singletons. Therefore, instead of
the random variablek(r, S) (see (3.8)) we introduce two new variables:

k(r, S) = min{x : S ∩ {(x, y) : y = r} 6= ∅} ,

k̄(r, S) = max{x : S ∩ {(x, y) : y = r} 6= ∅} .

The probability distributionPN,n(S) (compare with (3.9)) is the one induced on the
setIN,n of separation lines by the Ising model random field〈·〉β

N,n, while the probability
distribution PN,H (S) on IN =

⋃
n IN,n is obtained as a normalized mixture of the

distributionsPN,n(S) with the weights exp{βHh(S)}, compare with (3.12).

Turning back to the meniscus problem, the eventdev (r, ck) we are interested in, is
the following one: the random line deviates at the levelr from the ray of its expected
values by an amount linear in the distance from the starting point, i.e. byckr. In the
ensembleIN its probability is given by
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PN,H (dev (r, ck)) ≡ PN,H (r, ck) ≡
∑

S∈IN :k̄(r,S)−rMH≥ckr or
rMH−k(r,S)≥ckr

PN,H (S). (3.20)

The result of [DKS] is that this probability is exponentially small inr:

PN,H (r, ck) ≤ A exp{−r9(ck)}, (3.21)

with 9(·) a positive function, defined on a positive semiaxis. This statement is almost
what we need, though the estimator does not include the dependence onβ. (To have
such dependence one has to put restrictions on the slopesck andMH .) However when
one looks at the situation in the canonical ensemble, it is much less satisfactory; the
corresponding estimate of [DKS] reads:

PN,n(r, ck) ≡
∑

S∈IN,n:k̄(r,S)−rMH≥ckr or
rMH−k(r,S)≥ckr

PN,n(S) ≤ A
√

N exp{−r9(ck)}.(3.22)

This estimate was enough for the purposes of [DKS] of studying the surface tension. To
obtain (3.22) from (3.21) is very easy:

PN,H (r, ck) ≥ PN,H (r, ck; h(S) = h (N, n))

≡ PN,H

(
r, ck|h(S) = h (N, n)

)
PN,H (h(S) = h (N, n))

≡ PN,n(r, ck)PN,H (h(S) = h (N, n)) ,

and we get the desired bound by using the statement that the random variableh(S)
has the standard local limit behavior with the variance of the order ofN . It is clear
however that the true estimate in (3.22) should be of the same order as in (3.21), and
the probabilityPN,H (r, ck) should in fact be asymptotically equal to the conditional
probabilityPN,H

(
r, ck|h(S) = h (N, n)

)
, since the conditioning is done by fixing the

random variableh(S) to be equal to its mean value (which belongs to the region of its
typical values). As we will see in the following, the corresponding improvement can
indeed be done.

In this paper we will not prove the Meniscus Theorem, relegating it to the forthcom-
ing publication. What we will establish is the Meniscus Localization Theorem for the
particular choice of the vectorn = ( 1√

2
, 1√

2
). Since the only thing we need for the pur-

poses of the present paper is the above mentioned Corollary 3.3, it will be enough. The
relevant events we should study are that the observablesk(r, S) reach some threshold
valuesl > 0. Note however, that the probability of the eventk(r, S) ≥ l only increases
when the sizeN of the boxVN increases. So for any fixedr we can chooseN as large
as it is convenient for us.

3.3.3. Calculations in the grand canonical ensemble of tame animals.We start by
estimating the probability of the deviation we are interested in, in the grand canonical
ensembleP∞

N,H of tame animals. In accordance with our choice of the directionn, the
field H has to satisfy the equation

M∞
H ≡ β−1∂ logQH

∂H
=

sinh(Hβ)
cosh(2β) − cosh(Hβ)

= −1. (3.23)
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The functionM∞
H is analytic and increasing, so the inverse functionH∞(M ) is also

analytic and increasing. The solution to Eq. (3.23) isH = H∞(−1) = −2 + ln 2
β + o( 1

β ).
The event we are occupied with is that the observablek(r, S) reaches some threshold
l > 0, 0< r < N . Denoting this probability byP∞

N,H (r, l), we have for every choice of
the auxiliary fieldK that

P∞
N,H (r, l) ≡

∑
S∈I∞

N
:k(r,S)=l

exp{−2β|S| + βHh(S)}
4(N, H, ∞)

≡ e−βKl
∑

S∈I∞
N

:k(r,S)=l

exp{−2β|S| + βHh(S) + βKk(r, S)}
4(N, H, ∞)

≤ e−βKl 4(N, H, r, K,∞)
4(N, H, ∞)

, (3.24)

where 4(N, H, r, K,∞) =
∑

S∈I∞
N

exp{−2β|S| + βHh(S) + βKk(r, S)}.

(The estimate (3.24) is the standard Cramer tilt.) The straightforward calculations (3.14),
(3.15) imply that

P∞
N,H (r, l) ≤ e−βKl

[
cosh(2β) − cosh(Hβ)

cosh(2β) − cosh((H + K) β)

]r

. (3.25)

(Note that this estimate does not depend onN .) The choice ofK is up to us. The
approximate optimization in (3.25) suggests the following choice forK:

K + H =

{
2 − 1

β ln(1 + r
l ) for r

l < e2β

2 ,
1
β

l
r e2β for r

l ≥ e2β

2 .

The choice which we will use and which is simpler to handle is the following:

K + H =


−H for r ≤ l,

2 − 1
β ln(1 + r

l ) for l < r < e2βl
2 ,

1
β

l
r e2β for r ≥ e2βl

2 .

(3.26)

Hence we have the estimate

P∞
N,H (l) ≡

∑
r

P∞
N,H (r, l)

≤ e2βHl
∑

r< e2βl
2

1 + eβHl

 ∑
l<r≤2l

(
l + r

2r

)r

+
∑

2l<r≤ e2βl
2

(
l + r

2r

)r

+
∑

r> e2βl
2

(
1
2

)r


≤ e2βHl e

2βl

2
+ eβHl

l +
∑
r>2l

(
3
4

)r

+
∑

r> e2βl
2

(
1
2

)r


< e−βl, (3.27)

providedβ is large enough.
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3.3.4. Calculations in the canonical ensemble of tame animals.In complete analogy
with (3.24) we obtain that in the canonical ensemble

P∞
N,n(r, l) ≤ e−βKl 4(N, n, r, K,∞)

4(N, n,∞)
, (3.28)

where
4(N, n,∞) =

∑
S∈I∞

N
:h(S)=h(N,n)

exp{−2β|S|},

4(N, n, r, K,∞) =
∑

S∈I∞
N

:h(S)=h(N,n)

exp{−2β|S| + βKk(r, S)}.

To proceed, we use the following relations between the canonical and grand canonical
partition functions: for everyH:

4(N, n,∞) = P∞
N,H{S : h(S) = h(N, n)}

× 4(N, H, ∞) exp{−βHh(N, n)},

4(N, n, r, K,∞) = P∞
N,H,r,K{S : h(S) = h(N, n)}

× 4(N, H, r, K,∞) exp{−βHh(N, n)}.

Of course, the distributionP∞
N,H,r,K is defined onI∞

N by

P∞
N,H,r,K{S} =

exp{−2β|S| + βHh(S) + βKk(r, S)}
4(N, H, r, K,∞)

.

The substitution to (3.28) of the last two relations (with different valuesH, H̃) gives

P∞
N,n(r, l) ≤ e−βKl × (3.29)

×
P∞

N,H̃,r,K
{S : h(S) = h(N, n)}

P∞
N,H{S : h(S) = h(N, n)}

4(N, H̃, r, K,∞)
4(N, H, ∞)

exp{−βH̃h(N, n)}
exp{−βHh(N, n)} .

(Here, in contrast with (3.25), we have theN -dependence.) We obtain the best possible
bound by choosing the magnetic fieldsH, H̃ in such a way that the expectations of
the random variableh(S) are equal to the same valueh(N, n) under bothP∞

N,H and
P∞

N,H̃,r,K
. Under that choice the first ratio in (3.29) is less than 1, providedN is large

enough. To see this we note first that the distributions ofh(S) under bothP∞
N,H and

P∞
N,H̃,r,K

are asymptotically normal, and that the standard local limit theorem holds
for them. Lemma 3.4, proven below, tells us that the variance of the random variable
h(S) underP∞

N,H is not bigger than the one underP∞
N,H̃,r,K

, so that we can use the
knowledge of the limit behavior ofh(S) and apply the relation (3.19).Also, the difference
|H̃ − H| → 0, asN → ∞, while the product (̃H − H)h(N, n) tends to the derivative

d
dM H∞(−1). This derivative is finite, and that takes care of the last factor. (In the
present situation also a different choice is possible:H is chosen in the way prescribed,
while H̃ is taken to be equal toH. In such a case the first ratio in (3.29) goes to 1 as
N → ∞, since the random variablesk(r, S) andh(S) − k(r, S) are independent under
the distributionP∞

N,H,r,K . Hence the random variablesh(S) under bothP∞
N,H,r,K and

P∞
N,H have the local limit behavior with the divergent variances, and these variances are

asymptotically equal.) After these remarks the estimate (3.29) is reduced to (3.24). Of
course, the values ofN for which this reduction is valid, depend on (r, l), but this is
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irrelevant for our purposes. Thus, in the limitN → ∞ we have the following analog of
(3.27):

P∞
N=∞,n(l) ≡

∑
r

P∞
N=∞,n(r, l) < e−βl.

3.3.5. Properties of the variance.Here we will study the properties of the variance of
the random variableh (S) when the trajectoryS is subject to a varying “field”. To be
specific, we suppose that a given fractionλ of the total life-spanN of the trajectory it is
under the influence of the “field”K, while after that time the field has a different value
L. If we denote byhλ(S) the location of the polygonS at the “time” [λN ], then the
probability distribution we are interested in is given by

P∞
N,λ,K,L(S) = e−2β(QK)−[λN ] (QL)−(N−[λN ]) × (3.30)

× exp{−2β|S| + βKhλ(S) + βL(h(S) − hλ(S))}, S ∈ I∞
N .

To simplify the notations we will consider hereafter only the case when the total time
length is 2N , while λ = 1

2. The corresponding measure (3.30) will be denoted by
P∞

2N,K,L(S).
Let 2NM∞

K,L be the mean value of the random variableh(S) according to the
distributionP∞

2N,K,L(S). Clearly,

2NM∞
K,L = NM∞

K + NM∞
L . (3.31)

We are interested in the one-parameter families of the distributionsP∞
2N,K,L(S), for

which

M∞
K,L = const ≡ C. (3.32)

(This restriction is natural, since our main interest is in the canonical ensemble, when
the endpoint of the polygonS is fixed; the restriction (3.32) means that the endpoint is
fixed “in the mean”.) The relation betweenK andL is then the following, according to
(3.17) and (3.31):

sinh(Kβ)
cosh(2β) − cosh(Kβ)

+
sinh(Lβ)

cosh(2β) − cosh(Lβ)
= 2βC. (3.33)

What we are interested in is the behavior of the varianceD∞
K,L, which is defined naturally

by:

2ND∞
K,L = ND∞

K + ND∞
L (3.34)

(see (3.18).

Lemma 3.4. Let C be any real number, and consider the functionD∞
K,L restricted to

the curve (3.33). LetHC be the value of magnetic field such that

M∞
HC ,HC

= C. (3.35)

Then for anyK, L, satisfyingM∞
K,L = C, we have

D∞
K,L ≥ D∞

HC ,HC
. (3.36)
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Proof. The proof of this lemma consists in calculation of the derivative of the function
D∞

K,L along the curveM∞
K,L = C. As we will see, this function has on any such curve

exactly one minimum atHC for everyC.
The gradient of the functionM∞

K,L is clearly equal to(
cosh(2β) cosh(Kβ) − 1
(cosh(2β) − cosh(Kβ))2

,
cosh(2β) cosh(Lβ) − 1
(cosh(2β) − cosh(Lβ))2

)
,

hence the tangent direction (k, l) to the curve (3.33) satisfies the relation:

k
cosh(2β) cosh(Kβ) − 1
(cosh(2β) − cosh(Kβ))2

+ l
cosh(2β) cosh(Lβ) − 1
(cosh(2β) − cosh(Lβ))2

= 0. (3.37)

Suppose thatK > L. Let us show that in this case the derivative ofD∞
K,L along

the vector (k, l), satisfying (3.37) withk > 0 is positive. Let us take (k, l) =(
cosh(2β) cosh(Lβ) − 1
(cosh(2β) − cosh(Lβ))2

,− cosh(2β) cosh(Kβ) − 1
(cosh(2β) − cosh(Kβ))2

)
. The derivative in question is

then equal to

sinh(Kβ)[cosh(2β)(cosh(2β) + cosh(Kβ)) − 1][cosh(2β) cosh(Lβ) − 1]
[cosh(2β) − cosh(Lβ)]2[cosh(2β) − cosh(Kβ)]3

− sinh(Lβ)[cosh(2β)(cosh(2β) + cosh(Lβ)) − 1][cosh(2β) cosh(Kβ) − 1]
[cosh(2β) − cosh(Kβ)]2[cosh(2β) − cosh(Lβ)]3

.

Positivity of this expression is equivalent to the statement that the function

sinh(Hβ)[cosh(2β)(cosh(2β) + cosh(Hβ)) − 1]
[cosh(2β) − cosh(Hβ)][cosh(2β) cosh(Hβ) − 1]

is increasing. But this follows from direct calculation of its derivative, which is the sum
of four manifestly nonnegative terms, one of which is even manifestly positive.�

3.3.6. Wild animals.What should be done next is the same construction for the case of
the real Ising model, which has to take into account the real behavior of the separation
line, which has overhangs, and which thus has to be described by the ensemble of wild
animals (in the terminology of [DKS]). But all the necessary constructions, involving
the cluster expansion in the ensemble of wild animals, are presented in Chapter 4 of
[DKS], and they need not be repeated here.

4. Contour Representation of the Partition Function

Now we recall the main definitions of the contour method in a variant convenient for our
aims and introduce the notation used below. The definition (1.8) implies that the energy

EIsing
W (σW /+) = 2|π(σW )| − |E(W )|, σW ∈ XW , (4.1)

where we let

|π| =
∑
0∈π

|0|, π ∈ H(W ). (4.2)

So recalling the definition (1.7) we find that
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pβ,+
W (σW ) = p̃W (π(σW )), σW ∈ XW , (4.3)

wherethe contour probability distribution

p̃W (π) = (Z̃(W ))−1 exp{−2β|π|} , π ∈ H(W ), (4.4)

andthe contour partition function

Z̃(W ) =
∑

π∈H(W )

exp{−2β|π|} . (4.5)

We can also rewrite in contour terms the quantitiesQβ,+,N
T,D introduced by relation

(2.11) and used in the formulation of the main theorem. It follows from the relations
(3.4) and (4.4) that for any finite setD ⊆ T ∩ WN ,

pβ,+
WN

(σWN
: (σWN

)− = D) = (Z̃(WN ))−1Z̃T (D, WN ), (4.6)

where

Z̃T (D, WN ) =
∑

π∈KT (D,WN )

exp{−2β|π|} , (4.7)

and the setKT (D, WN ) ⊆ H(WN ) of systems of contours is defined by the relation

KT (D, WN ) = {π ∈ H(WN ) : |O(t) ∩ π| is odd, if t ∈ D, (4.8)

|O(t) ∩ π| is even, ift ∈ (T \ D)}.

In a similar way

pβ,+
WN

(σWN
: (σWN

)− = ∅) = (Z̃(WN ))−1Z̃T (∅, WN ). (4.9)

Thus it follows from the definition (2.11)

Qβ,+,N
T,D = − ln

Z̃T (D, WN )

Z̃T (∅, WN )
. (4.10)

This formula is the starting point of the following estimates.

5. Cluster Expansions

The following estimates use the cluster expansion method which exists in many versions.
We choose the general Kotecky-Preiss model ([KP]) with simplifications introduced in
the paper [D 94], though some other variants of the cluster expansion method can be
also applied to the derivation of the same estimates. In this section we formulate the
definitions and the results from [D 94] which will be used below.

Let us describe the Kotecky-Preiss model. Let2 be a finite or a countable set.
Its elements will be calledanimalsand so we call this model theanimal model.(The
ensembles of wild and tame animals of Sect. 3 were particular examples of the animal
models.) Assume that a subsetS ⊆ 2×2 of the set of pairs (θ1, θ2) of animals is fixed,
which is symmetric, i.e. a pair (θ1, θ2) ∈ S if and only if the pair (θ2, θ1) ∈ S, and
reflexive, i.e. the diagonal pairs (θ, θ) ∈ S. If the pair of animals (θ1, θ2) ∈ S, we say
that they arecompatibleand writeθ1 ↔ θ2. If the pair of animals (θ1, θ2) ∈ (2×2)\S,
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we say that they areincompatibleand writeθ1 = θ2. The pair (2,S) is called theanimal
model. Sometimes it is convenient to consider the undirected graph without loops and
multiple edges with the set2 as the set of its vertices, such that the verticesθ1, θ2 ∈ 2

are connected by an edge of this graph if and only ifθ1 = θ2. It is evident that this graph
describes the animal model (2,S) in a unique way.

Fix an animal model (2,S). A finite subsetτ ⊆ 2 is calleda herd, if any two
animalsθ1, θ2 ∈ τ are compatible. For any finite3 ⊆ 2 the set of all herdsτ such
thatτ ⊆ 3 is denoted byH(3) and is called the set of allherds in3. (The setH(3)
includes the empty herd which is denoted by∅.)

Assume that a complex-valued functionw(θ), θ ∈ 2, is given. The numberw(θ) is
calledthe weight of the animalθ. Let a finite set3 ⊆ 2. The number

Zw(3) =
∑

τ∈H(3)

∏
θ∈τ

w(θ) (5.1)

is calledthe partition function in3 defined by the weightsw = (w(θ), τ ∈ 2). (For
τ = ∅ the product in (5.1) equals 1 by definition. So if3 is an empty set, the partition
functionZw(3) = 1.)

A good control over the logarithm of the partition function of the animal models is
possible only if the absolute values|w(θ)| are in some sense small enough. It leads to the
main restrictions on the domain of applicability of the discussed approach. To be more
definite we describe a condition on the weights which is used below and was introduced
by Kotecky and Preiss [KP]. Assume that a positive-valued functionb(θ), θ ∈ 2, is
given. The valueb(θ) will be calledthe might of the animalθ. A choice of the function
b(θ) for a concrete animal model with given weights is determined simply by a wish to
satisfy the needed conditions. Roughly speaking, the mightb(θ) has to be large if the
animalθ is incompatible with many other animals.

Definition 5.1. We say that a weight functionw(θ), θ ∈ 2, satisfies the KP-condition, if
there exists a non-negative weight functionw0(θ) ≥ 0, θ ∈ 2, such that for anyθ ∈ 2,

exp

 ∑
θ̃∈2:θ̃=θ

w0(θ̃)b(θ̃) + w0(θ)b(θ)

 ≤ b(θ) (5.2)

and

|w(θ)| ≤ w0(θ), θ ∈ 2. (5.3)

Proposition 5.2. Fix a positive weight functionw0(θ), θ ∈ 2 and mightsb(θ), θ ∈ 2,
such that the condition (5.2) is satisfied. LetW0 be the set of all (complex-valued) weight
functionsw = w(θ) of θ ∈ 2 such that

|w(θ)| ≤ w0(θ), θ ∈ 2. (5.4)

Consider a weight functionw ∈ W0. Then for any finite set3 ⊆ 2 the partition function
Zw(3) 6= 0 and

| ln |Zw(3)|| ≤
∑
θ∈3

w0(θ)b(θ). (5.5)
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Proposition 5.2 is proved in [D 94] by simple induction in|3|. It follows from
this proposition that the function lnZw(3) is an analytic function of the arguments
w(θ), θ ∈ 2. It turns out (see [D 94]) that the cluster expansion is nothing else but the
Taylor expansion of this function at the pointw(θ) ≡ 0, θ ∈ 2. Its coefficients do not
depend on3, the majority of them vanish and the rest can be estimated by the help of
the usual Cauchy formula.

For any finite3 ⊆ 2 the set of all pairsρ = (ρ̄, α), such that ¯ρ ⊆ 3 is a subset and
α = α(θ) ≥ 1, θ ∈ ρ̄, is an integer-valued function ofθ ∈ ρ̄, will be denoted byD(3) and
will be called agroup of animals in3. The set ¯ρ will be called thesupport of the group
and the valueα(θ) will be interpreted as the multiplicity of animals of the kindθ in the
groupρ. We say that a groupρ = (ρ̄, α) is asum of groupsρi = (ρ̄i, αi), i = 1, 2, . . . , k,
if ρ̄i ⊆ ρ̄, i = 1, 2, . . . , k, and

α(θ) =
∑

i=1,2,... ,k:θ∈ρ̄i

αi(θ), θ ∈ ρ̄. (5.6)

A gang of animals in3 is an non-empty group of animalsρ = (ρ̄, α) ∈ D(3) such that
for any two animalsθ, θ′ ∈ ρ̄ there is a sequenceθ = θ1, θ2, . . . , θn = θ′ of animals in
ρ̄ such that the animalsθi andθi+1 are incompatible for alli = 1, 2 . . . , n − 1, i.e.ρ̄ is
a connected subset of the graph2. The set of all gangs in3 will be denoted byG(3).
The subsets ¯ρ, which are connected subsets of the graph2, will be called thesupports
of gangs. The set of all supports of gangs ¯ρ ⊆ 3 is denoted byG(3).

Proposition 5.3. Let the conditions of Proposition 5.2 be fulfilled and a finite set3 ⊆ 2

be fixed. Consider a polydiskW0(3) = {w = (w(θ), θ ∈ 3) : |w(θ)| ≤ w0(θ), θ ∈ 3} ⊂
C

3 and the setW in
0 (3) of all inner points of the polydiskW0(3). The partition function

Zw(3) will be treated as a function ofw ∈ C
3. For anyw ∈ W in

0 (3) a convergent
expansion

ln Zw(3) =
∑

ρ∈G(3)

qw(ρ) =
∑

ρ∈G(3)

r(ρ)
∏
θ∈ρ̄

w(θ)α(θ) (5.7)

holds. The coefficientsr(ρ) are real numbers depending only on the restriction of the
graph structure on2 to ρ̄. For any gangρ = (ρ̄, α),

|qw(ρ)| = |r(ρ)
∏
θ∈ρ̄

w(θ)α(θ)| ≤
∑

θ∈ρ̄

w0(θ)b(θ)

∏
θ∈ρ̄

( |w(θ)|
w0(θ)

)α(θ)
 . (5.8)

In the applications of the animal model considered below the animals will be contours
0 or some combinations of contours and their weights will bee−β|0| or something like it.
Since we are interested in the case of largeβ, the following strong hypothesis is painless
for us:

|w(θ)| ≤ 1
2
w0(θ), θ ∈ 2. (5.9)

Then we have the following simplification of the cluster expansion (5.7).

Corollary 5.4. Let

q̄w(ρ̄) =
∑

ρ=(ρ̄′,α)∈G(3):ρ̄′=ρ̄

qw(ρ). (5.10)
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Then for any finite set3 ⊆ 2,

ln Zw(3) =
∑

ρ̄∈G(3)

q̄w(ρ̄). (5.11)

If the condition (5.9) is fulfilled, then

|q̄w(ρ̄)| ≤ 2|ρ̄|

∑
θ∈ρ̄

w0(θ)b(θ)

∏
θ∈ρ̄

( |w(θ)|
w0(θ)

)
, ρ̄ ∈ G(3). (5.12)

Proof. The expansion (5.11) follows immediately from the expansion (5.7). We find
using the condition (5.9) that for any ¯ρ ∈ Ḡ(3),

∑
ρ=(ρ̄′,α)∈G(3):ρ̄′=ρ̄

∏
θ∈ρ̄

( |w(θ)|
w0(θ)

)α(θ)
 =

∏
θ∈ρ̄

( |w(θ)|
w0(θ)

)( ∞∑
a=0

( |w(θ)|
w0(θ)

)a
)

=
∏
θ∈ρ̄

( |w(θ)|
w0(θ)

)( ∞∑
a=0

(
1
2

)a
)

=
∏
θ∈ρ̄

(
2

( |w(θ)|
w0(θ)

))
. (5.13)

The desired estimate (5.12) follows now from the relations (5.8) and (5.13).�

6. A Rough Estimate on the PotentialUβ,+
T,A

In this section we will obtain a rough estimate on the main quantity

Qβ,+,N
T,D = − ln

Z̃T (D, WN )

Z̃T (∅, WN )
, (6.1)

introduced in (4.10). A much more precise estimate will be obtained in the next section,
at the price of restricting the range of the setsD allowed (and with much more labor).
Here we will treat the case of general finite setsD ⊂ T .

We first rewriteQβ,+,N
T,D in the following way:

Qβ,+,N
T,D = − ln

 ∑
π∈KT (D,WN )

EN (π)

 , (6.2)

where

EN (π) =
ẐT (π, WN )

ẐT (∅, WN )
, (6.3)

and

ẐT (π0, WN ) =
∑

π∈R(π0,WN )

exp{−2β|π|}. (6.4)

We use the notationR(π0) (correspondinglyR(π0, WN )) for the collection of all admis-
sible systems of contours (correspondingly inWN ), containingπ0, such that all contours
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except these inπ0 do not intersect the axisT = Z
1. Note, thatZ̃T (D = ∅, WN ) = ẐT (π0 =

∅, WN ).
We will use the following representation for this ratio of the partition functions:

ẐT (π, WN )

ẐT (∅, WN )
= exp

−2β|π| −
∑

M :M⊂WN ,M∩1(π)6=∅,M∩T =∅
8(M )

 , (6.5)

see (3.4). The function8 is defined for all finite subsetsM ⊂ Z
2, vanishes for all subsets

which are disconnected, and satisfies the following estimate:

for someβ0 < ∞ and allβ ≥ β0 one has

|8(M )| ≤ exp{−2(β − β0)d(M )}, (6.6)

with d(M ) denoting the minimal cardinality of connected sets of bonds belonging toM
and containing all boundary bonds of the setM .
Also, the function8 is invariant with respect to shifts:

8(M ) = 8(M + t), t ∈ Z
2. (6.7)

Such a representation follows directly from the cluster expansion of the previous sec-
tion for the partition functionsẐT (π0, WN ) and ẐT (∅, WN ). The animals here are
the contours. Our choice of the weightsw0, w and the mightsb is the following:
w0 (0) = exp{−β0 |0|} , w (0) = exp{−β |0|} with β ≥ 2β0, b (0) = exp{|0|}. The
quantity8(M ) is given by the sum over all herds of contours, “covering” the subsetM :

8(M ) =
∑

ρ:∪0∈ρ̄Int 0=M

q (ρ) .

A connected setM such thatM ∩ 1(π) 6= ∅ will be calleda blob (onπ). For future
use we fix for eachM a connected setδM ⊂ M of d(M ) bonds containing all boundary
bonds of it. We will call it ac-boundaryof M .

It is easy to see from the representation (6.5), that the quantitiesEN (π) approach
their limits E(π), while Qβ,+,N

T,D go to a limit,Qβ,+
T,D, for everyD, asN → ∞ (though

not uniformly inD). The study of the quantitiesEN (π) andE(π), Qβ,+,N
T,D andQβ,+

T,D is
done in the identical manner, so below we will treat only the latter cases of the infinite
volume quantities (to save on notation). Their finite volume analogs will be needed only
for Proposition 8.2 concerning the comparison of the interactionsUN

A andUA.
We start with the following simple estimate.

Lemma 6.1. If β is large enough, then there exists a valueC = C (β) → 0 asβ → ∞,
such that for allπ,

(−2β − C)|π| ≤ ln E(π) ≤ (−2β + C)|π|. (6.8)

Proof. Note that every blobM is defined by its c-boundaryδM . So to sum over all
possible blob assignments – which is what we have to do according to (6.5) – is the
same as to sum over all possible c-boundaries, intersectingπ. This summation is a
standard combinatorics, which is done using the estimate (6.6) and the remark that for
every blobM one hasd(M ) ≥ 4. �
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Now we can estimate the inner sum in (6.2).

Lemma 6.2. For some valueC = C (β), uniformly bounded asβ → ∞,

exp
{

(−2β − C)
(
4 |D|)} ≤

∑
π∈KT (D,WN )

E(π) ≤ exp
{

(−2β + C)
(
2 |D|)} .

(6.9)

Proof. Since all the weightsE(π) are positive, the lower estimate follows by taking the
shortest systemπ, isolatingD. Such a system can have at most 4|D| bonds. It is easy to
see that the number of systems of contoursπ ∈ KT (D, WN ) of the total lengthl does
not exceed 3l. Since for everyπ we have|π| ≥ 2 |D|, the result follows from (6.8). �

Proof of Proposition 2.2.Since the number of summands in the definition (2.14) is 2|A|,
the relation (2.15) follows immediately from (6.9). �

7. The Estimate of the PotentialUβ,+
T,A for Punctured SetsA

In this section we will establish the asymptotic splitting property of the main quantity

Qβ,+,N
T,D = − ln

Z̃T (D, WN )

Z̃T (∅, WN )
,

introduced in (4.10), in the situation when the finite setD is essentially disconnected.
By this we mean the following: LetDi ⊂ D, i ∈ I be a fixed partition ofD into disjoint
subsets, such that eachDi is a union of connected components ofD. Our goal is to show
that under the condition that the elements of the partitionDi ⊂ D, i ∈ I are sufficiently
separated, the main contribution to (6.1) comes from the terms corresponding to subsets
Di:

Qβ,+,N
T,D =

∑
i

Qβ,+,N
T,Di

+ higher order terms. (7.1)

The precise meaning of (7.1) is given by Proposition 7.4 below. Before explaining the
notion of essential disconnectedness, we will introduce the notion of(1 − ε)-connected
sets, which is crucial for the present section.

7.1. (1 − ε)-connected sets.A finite setA ⊂ Z
1 will be calledconnected, iff it is a

segment,A = [a, b] = {n ∈ Z
1, a ≤ n ≤ b}, a, b ∈ Z

1. We are going to define(1 − ε)-
connectedsets, 1> ε ≥ 0. (The connected sets would then coincide with 1-connected
ones.) To do this, we consider all segments [a, b] with a, b ∈ A, inside which the setA
has density above 1− ε, which means that

|[a, b] ∩ A|
|[a, b]| ≥ 1 − ε.

(Here |B| is the number of elements in the subsetB ⊂ Z
1; in particular,|[a, b]| =

b − a + 1.) Consider the union of all such segments [a, b] of A-density above 1− ε.
This is a finite subset ofZ1, and as such is a disjoint union of segmentsI1, I2, . . . Ik,
with dist

(
Ii, Ij

) ≥ 2. If it consists of just one segment, thenA will be called(1 − ε)-
connected. Otherwise it will be called(1 − ε)-disconnected, and the intersectionsAi =
A ∩ Ii will be called(1 − ε)-connected componentsof A.
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For a finite setA ⊂ Z
1 we define the segment[lA, rA] ⊂ Z

1, lA ≤ rA ∈ Z
1,

as the shortest one containing the setA. If the setA is (1 − ε)-disconnected, then
the complement[lA, rA] \ (I1 ∪ I2 ∪ · · · ∪ Ik) is nonempty, and consists of segments
J1, . . . , Jk−1. These(k − 1) segments would be calledlacunas ofA. The quantity

l (A) =
k−1∑
i=1

|Ji| (7.2)

is then the total number of points in the lacunas. We introduce also the densityρ (A) of
a finite setA as

ρ (A) =
|A|

diam(A) + 1
≡ |A|

|[lA, rA]| . (7.3)

The next three statements contain the main properties of(1 − ε)-connected sets.

7.1.1. Properties of(1 − ε)-connected sets.

Lemma 7.1. Each(1 − ε)-connected setA (and, in particular, each(1 − ε)-connected
component of any set) has densityρ (A) ≥ 1 − 2ε.

Proof. To show this suppose that the setA is (1 − ε) -connected, and let [a1, b1],
[a2, b2], . . . , ai, bi ∈ A be the collection of all segments ofA-density above 1− ε,
which are ordered in the lexicographic order. This order will be denoted by≺. The
segments [a1, b1], [a2, b2], . . . form a covering ofA. We want to construct a subcovering
of that covering, which is “minimal”. We define the segments of this minimal cover-
ing inductively. Denoting bylJ (rJ ) the left (right) endpoint of the segmentJ , define
the segmentJ1 as the (≺)-last one among these segments in the collection, for which
lJ = a1. Suppose that the segmentsJk, k = 1, . . . , n − 1 are already defined, and their
union does not yet containA. We defineJn to be the last segmentJ among these from
our collection, which have the following two properties:

i) The intersectionsJ ∩ (∪n−1
k=1 Jk) 6= ∅, J ∩ (A \ ∪n−1

k=1 Jk) 6= ∅. (BecauseA is (1 − ε)-
connected, the set of suchJ-s has to be nonempty.)

ii) rJn
≥ rJ for all J satisfyingi)

This process clearly terminates, and letN be the number of segments in the minimal
covering thus constructed.

We claim now thatlJn
> rJn−2 for all n ≥ 3. Indeed, otherwise the segmentJn

would have been added to the minimal covering at the previous step. So every point of
A belongs to at most two consecutive segments from our minimal covering. Define the
segmentsKi to beJi ∩ Ji+1, i = 1, . . . , N − 1, K0 = KN = ∅, Li = Ji \ ∪j 6=iJj , i =
1, . . . , N . We have now that for everyi = 1, . . . , N ,

|A ∩ Ki−1| + |A ∩ Li| + |A ∩ Ki| ≡ |A ∩ Ji| ≥
≥ (1 − ε) |Ji| ≡ (1 − ε)(|Ki−1| + |Li| + |Ki|),

since all the segmentsJi haveA-density above 1− ε. Adding all theseN inequalities
results in the following one:
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|A ∩ L1| + |A ∩ K1| + |A ∩ L2| + |A ∩ K2| + · · · + |A ∩ KN−1| + |A ∩ LN |
≥ (1 − ε)(|L1| + |K1| + |L2| + |K2| + · · · + |KN−1| + |LN |)

+ (1− ε)(|K1|+|K2|+. . .+|KN−1|)−(|A ∩ K1| + |A ∩ K2| + · · · + |A ∩ KN−1|)
≥ (1 − ε)(|L1| + |K1| + |L2| + |K2| + · · · + |KN−1| + |LN |) −

−ε(|K1| + |K2| + · · · + |KN−1|)
≥ (1 − 2ε)(|L1| + |K1| + |L2| + |K2| + · · · + |KN−1| + |LN |),

which proves our statement. �

Lemma 7.2. Suppose the setA is (1 − ε)-disconnected, and the subsetB ⊂ A has
nonempty intersections with at least two different(1 − ε)-connected components ofA.
ThenB is also(1 − ε)-disconnected.

Proof. The proof follows immediately from the fact that, by definition, the union of two
intersecting(1 − ε)-connected sets is again(1 − ε)-connected. �

As we know from Lemma 7.1, every finite setB with densityρ (B) < (1 − 2ε) is
(1 − ε)-disconnected, and so has lacunas. We will show that if the density ofB is even
smaller, then the total length of lacunas ofB is comparable to its size.

Lemma 7.3. Supposeε is small enough and the finite setB has densityρ (B) ≤
(1 − 3ε). Then

l (B) ≥ ε

2
diam(B) .

Proof. Let B = B1 ∪ · · · ∪ Bk be the decomposition ofB into its (1 − ε)-connected
components. Since eachBi is (1 − ε)-connected,

ρ (Bi) =
|Bi|

diam(Bi) + 1
≥ (1 − 2ε) .

On the other hand,

ρ (B) =

∑k
i=1 |Bi|∑k

i=1 (diam(Bi) + 1) + l (B)
.

Hence
l (B)∑k
i=1 |Bi|

≥ 1
1 − 3ε

− 1
1 − 2ε

> ε,

providedε is small enough. Therefore

l (B) > ε

k∑
i=1

|Bi| ≥ ε (1 − 2ε)
k∑

i=1

(diam(Bi) + 1) ,

hence

l (B) [1 + ε (1 − 2ε)] >

> ε (1 − 2ε)

[
k∑

i=1

(diam(Bi) + 1) + l (B)

]
≡ ε (1 − 2ε) [diam(B) + 1] ,

and the statement follows. �
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We now are in the position to formulate the condition of sufficient separation of the
subsetsDi.

• Condition of sufficient separation.We suppose that the partitionDi ⊂ D, i ∈
{1, . . . , n} ≡ I is obtained in the following way: for some finite set̃D and its
(1 − ε)-connected components̃Di ⊂ D̃, i ∈ I we haveD ⊂ D̃ andDi = D̃i ∩ D
for all i ∈ I.

In particular, the partition ofD into (1 − ε)-connected components will go. To save
on notation we will present below the proofs only for this specific case; the generalization
to the general case will be obvious. For a finite setD endowed with its partition into
sufficiently separated subsetsDi, i ∈ I we define, similarly to (7.2),

l (D) = l
(
D, {Di, i ∈ I}) =

n−1∑
i=1

(
lDi+1 − rDi

− 1
)
. (7.4)

(We suppose here and in the following that the enumeration is such thatlD1 < lD2 <
· · · < lDn .)

Proposition 7.4. Suppose that the finite setD ⊂ T ∩WN together with its partition into
sufficiently separated subsetsDi, i ∈ I is fixed. Then ifβ is large enough, the following
expansion holds:

Qβ,+,N
T,D =

∑
i

Qβ,+,N
T,Di

+
∑

i<j∈I
Gβ(D[i,j] ), (7.5)

where
D[i,j] =

⋃
k∈[i,j]

Dk,

while the functionGβ(D[i,j] ) depends only on the setsDk, k ∈ [i, j], and does not
depend on the setD otherwise. We have also the following estimate:

|Gβ(D[i,j] )| ≤ exp
{−β′l

(
D[i,j] , {Dk, k ∈ [i, j]})} , (7.6)

with β′ → ∞ asβ → ∞.

The expansion (7.5) is somewhat similar to the standard cluster expansion of the
logarithm of the partition function. The difference here lies in the fact that the usual
low temperature expansion is made around a single ground state configuration, which
has no contours at all. So in the usual case the leading term of the partition function
corresponds to the vacuum and is 1, while here the situation is more complicated and is
different from the standard one.

The next three subsections contain the proof of the above proposition.

7.2. Dressed system representation.As we have seen above, one of the main object we
have to study is the following ratio of the partition functions:

E(π) =
ẐT (π, WN )

ẐT (∅, WN )
, (7.7)

while



“Non-Gibbsian” States and their Gibbs Description 153

Qβ,+,N
T,D = − ln

 ∑
π∈KT (D,WN )

E(π)

 .

Recall that (see (6.4))

ẐT (π0, WN ) =
∑

π∈R(π0)

exp{−2β|π|},

whereR(π0) is the collection of all admissible systemsπ of contours containingπ0,
such that all contours inπ except those inπ0 do not intersect the axisT = Z

1.
We will use again the representation (6.5), but this time we want to modify the

weights8, in such a way that the new weights8′ will be nonpositive. This can be
achieved, but for the price that these new weights are not translation invariant anymore,
and moreover, depend not only onM , but also on the setM ∩ π. This is the price we
can afford. The construction is the following:

Let b be an arbitrary bond ofZ2∗, andτ (β) > 0 be the sum

τ (β) =
∑

M⊂Z2,b∈M

exp{−2(β − β0)d(M )}.

For every bondb ∈ Z
2∗ \ Z

1∗ define

τ (β, b) =
∑

M⊂Z2,b∈M,M∩T 6=∅
exp{−2(β − β0)d(M )}.

For the setM we put

8′(M, π) =

8(M ) − |M ∩ π| exp{−2(β − β0)d(M )} for |M | > 1,
8(M ) − |M ∩ π| exp{−2(β − β0)d(M )}−
−∑b∈M∩π n(b)τ (β, b) for |M | = 1,

(7.8)

wheren(b) =
1

number of sites of (Z2)+, adjacent tob
. The idea behind the last defini-

tion is simple: we add a small fraction – namely,τ (β) – to the contribution of every
bondb of the familyπ into the total weight 2β|π|, and distribute the negative of it over
all M ’s, adjacent tob, according to (7.8). EachM gets as many contributions as there
are bonds inπ to which it is adjacent, while even one contribution is enough to make
it negative. The only exceptions are the one-pointM ’s; we put all the addition which is
not claimed by otherM ’s to these; this is the source of the non-translation invariance.
(Note, however, that the translation invariance with respect to the horizontal shifts is
retained.) The analog of (6.6) holds evidently.

We therefore have the following representation forE(π):

E(π) = exp

−(2β + τ (β))|π| −
∑

M :M∩1(π)6=∅,M∩T =∅
8′(M, π)

 . (7.9)

Next come the usual trick of the theory of cluster expansions, which starts by defining
the function

9(M, π) = e−8′(M,π) − 1, (7.10)
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which in our case satisfies

0 ≤ 9(M, π) ≤ exp{−2(β − β0)d(M )}. (7.11)

Next, by a slight abuse of notation, we define adressed system̂π (or a system
π with a dressing) to be the following object: ˆπ = {π, M1, . . . , Mk} consists of
the systemπ itself plus a finite collection of blobs sitting on it, i.e. a finite col-
lection of distinct finite connected setsM1, . . . , Mk ⊂ Z

2, Mi ∩ T = ∅, such that
mi ≡ Mi ∩ 1(π) 6= ∅, i = 1, . . . , k; k = 0, 1, . . . . A full notation for a dressed sys-
tem should include also the setsmi, i.e. it is π̂ = {π, M1, . . . , Mk; m1, . . . , mk}. The
reason for this inclusion lies in the fact that the natural weight of the dressed systems
we are going to define next, depends on these intersections. In particular, the union,
π̂′ ∪ π̂′′ = {π′ ∪ π′′, M ′

1, . . . , M
′
k′ , M ′′

1 , . . . , M ′′
k′′ ; m′

1, . . . , m
′
k′ , m′′

1 , . . . , m′′
k′′} of two

systems ˆπ′ = {π′, M ′
1, . . . , M

′
k′ ; m′

1, . . . , m
′
k′} andπ̂′′ = {π′′, M ′′

1 , . . . , M ′′
k′′ ; m′′

1 , . . . ,
m′′

k′′} would be a dressed system only if, first, the systemsπ′ andπ′′ are compatible,
and, second, all the intersectionsM ′

i ∩ 1(π′′) andM ′′
j ∩ 1(π′) are empty.

The expression (7.9) may be rewritten now in the form

E(π) = exp{−(2β + τ (β))|π|}
∏

M :M∩1(π)6=∅,M∩T =∅
(9(M, π) + 1)

=
∞∑
k=1

exp{−(2β + τ (β))|π|}
k∏

i=1

9(Mi, π) ≡
∑

π̂

E(π̂), (7.12)

where the weightE(π̂) is, of course, nothing else but

E(π̂) = exp{−(2β + τ (β))|π|}
k∏

i=1

9(Mi, π). (7.13)

The advantage of the positivity in (7.11) is that it allows us to interpret the last expression
as the statistical weight and introduce the corresponding probability distributions on
various ensembles of dressed systems of contours.

7.3. Structures.Fix now a finite setD ⊆ T ∩ WN . Let Di ⊂ D, i ∈ I be a fixed
partition ofD into sufficiently separated components. It is convenient for us to suppose
that the index setI is a segment of integers,I = [1, n] ⊂ N. We denote byG(I) the
set of all possible graph structures on the set of verticesI without loops and multiple
edges; in other words,G(I) is the set of all subsets of pairs of distinct elements ofI.

Let π ∈ KT (D, WN ) be a system of compatible contours, isolatingD, and π̂ =
{π, M1, . . . , Mk} be some dressing of it. (It might be an empty dressing, that is, it might
contain noM ’s at all.) Define a graphg(π̂) ∈ G(I) in the following manner: a bond
{i, j}, i, j ∈ I belongs tog(π̂) provided that either

i) there is a contour0 in π such that both subsetsDi, Dj belong to Int(0), or
ii) there are two contours0′,0′′ in π and an elementM of the dressing ˆπ, such thatDi

belongs to Int
(
0′), Dj belongs to Int

(
0′′), while 1(0′) ∩ M 6= ∅ 6= 1(0′′) ∩ M .

We call two dressed systemsπ andπ′ of compatible contours, isolating the setD,
equivalent,iff g(π̂) = g(π̂′) = g ∈ G(I). We denote byL ≡ L(D, I, {Di, i ∈ I}, g)
such a class of equivalence, and will call ita structure (onD). If a system ˆπ belongs
to the structureL, then we callL ≡ L(π̂) the structure of the dressed system̂π. In
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the case when|I| = 1 and the partition{Di, i ∈ I} containing just one element, the
corresponding structure is unique and contains all systems of contours, isolatingD. Such
a structure will be called sometimean elementary structure, and will be denoted simply
by L(D).

We would like to compare differentD’s. So we equip everyD with some partition
{Di} into sufficiently separated components, and we define the setLT (WN ) to be the
union of allL(D, ID, {Di, i ∈ ID}, g) over all variousD ∈ T , all g ∈ G(ID).

For anyβ > 0, any finiteD ⊂ T , endowed with its partition{Di}, and any structure
L = L(D, {Di}, g) on it we let

Sβ(L) =
∑
π̂∈L

E(π̂). (7.14)

Let now the systemπ ∈ KT (D, WN ) of compatible essential contours isolateD, andπ̂
is its dressing. Clearly, if a dressed system ˆπ′ has the structureL(π̂), thenπ′ also belongs
to KT (D, WN ). Let LT (D, {Di}, WN ) be the set of all structuresL onD;

LT (D, {Di}, WN ) =
⋃

g∈G(I)

L(D, {Di}, g).

Then for anyD ⊆ T ∩ WN ,

∑
π∈KT (D,WN )

ẐT (π, WN )

ẐT (∅, WN )
=

∑
L∈LT (D,{Di},WN )

Sβ(L) ≡
∑

g∈G(I)

Sβ(L(D, {Di}, g)).
(7.15)

We now rewrite (7.1) and reformulate our goal. We want to show that under the
condition that the elements of the partitionDi ⊂ D, i ∈ I are sufficiently separated,
the main contribution to (7.15) comes from the term corresponding to just one graph
g∅ ∈ G(I), where byg∅ we denote the graph withI as its set of vertices, which has no
bonds. Moreover, under the same condition the term in question equals in leading order
the product of the contributions of the vertices ofg∅, which means that∑

g∈G(I)

Sβ(L(D, I, {Di}, g)) =
∏
j∈I

Sβ(L(Dj)) + higher order terms. (7.16)

According to our conventions the full notation for the structureL(Dj) should be
L(Dj , {j}, {Dj}, (gj)∅); it corresponds to the only structure onDj , with the partition
{Dj} containing the setDj itself as its only element; the graph (gj)∅ is the only element
of the setG({j}). The rest of this subsection and the next one is devoted to the proof of
(7.16).

We say that a pair of systems of compatible contoursπ, π′ ∈ H(WN ) is mutually
compatible, if these systems are disjoint and their sumπ∪π′ is again a compatible system
of contours. Likewise, we say that a pair of dressed systems ˆπ = {π, M1, . . . , Mk} and
π̂′ = {π′, M ′

1, . . . , M
′
k′} ismutually compatible, if the pairπ, π′ is mutually compatible,

while all the intersectionsM i ∩ π′, M
′
i ∩ π are empty. (The intersections ofM ’s and

M ′’s are allowed.) LetL1, L2 ∈ LT (WN ) be two different structures of contours, and
R(L1, L2) ⊆ L1 × L2 be the set of all pairs of dressed systems of contours ( ˆπ1, π̂2) ∈
L1 × L2 which are not mutually compatible.

Later we will need the following construction, which associates with every graph
g ∈ G(I) the partition5(g) of I. It is defined in the following manner: we consider
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the setI to be a subset of the segment[1, n] ⊂ R
1, and we associate with every bond

b = {i1, i2} of g the segmentub = [i1, i2] ⊂ [1, n]. The union of all these segments is a
closed subset ofR1, which is a collection of disjoint segmentsvj ⊂ R

1. The intersections
vj ∩ I are by definition all the non-trivial elements of the partition5(g). The trivial
elements of it are the singletons, corresponding to single points ofI, which do not belong
to the above union of segments. For a given structureL = L(D, I, {Di}, g) we define
the partition5(L) to be the partition5(g). In case a dressed system ˆπ hasg for its graph
g(π̂), we likewise define5(π̂) to be the partition5(g(π̂)). Note that5(g) is a partition
of I into consecutive segments, some of which might be degenerate. LetJ (g) be the
index set for these segments.

Let 5 ≡ 5I = (31,32, . . . ,3j , . . . ,3|J |), j ∈ J be a partition of the index set
I into consecutive segments. (The finest such partition (3∗

1,3
∗
2, . . . ,3

∗
j , . . . ,3

∗
n) of I

into singletons,3∗
j = {j} ∈ I, will be denoted by5∗

I .) We then define the subsets
D(3j) = ∪i∈3j

Di ⊂ D, equipped with partitions into correspondingDi, i ∈ 3j ; let
us also fix graphsgj ∈ G(3j), j ∈ J . Consider the product

P(5, {gj , j ∈ J }) = L1 × L2 × · · · × L|J |,

whereLj ≡ L(D(3j),3j , {Di, i ∈ 3j}, gj). This product consists of all collections
of dressed systemsP = (π̂1, π̂2, . . . , π̂|J |), π̂j ∈ Lj , j = 1, . . . , |J |, which, however,
need not be compatible. So we consider the set of all possible unoriented graphsG(J )
on verticesJ , and for any graphh ∈ G(J ) we let

R(5, {gj}, h) =
⋂

{j1,j2}∈h

{P ∈ P(5, {gj , j ∈ I}) : (π̂j1, π̂j2) ∈ R(Lj1, Lj2)},
(7.17)

wherej1, j2 ∈ J , and the intersection is taken over all bonds of the graphh. In words,
R(5, {gj}, h) is the set of all collectionsP such that all the pairs ( ˆπj1, π̂j2), {j1, j2} ∈ h
of dressed system of contours are not mutually compatible. For a system of contours
P ∈ P(5, {gj , j ∈ I}) we define the graphh(P ) ∈ G(J ) to be the maximal one
among theseh’s, for which the inclusionP ∈ R(5, {gj}, h) holds. For anyh ∈ G(J )
let h ⊆ J be the set of all vertices of the graphh which are adjacent to at least one bond
of h.

Let

R(5I , {gj}) =
⋃

i,k∈J
{P ∈ P(5, {gj}) : (π̂i, π̂k) ∈ R(Li, Lk)} (7.18)

be the set of all collectionsP such that some pair ( ˆπi, π̂k) of systems of con-
tours is not compatible. It is clear that for any collection of systems of contours
P = (π̂1, π̂2, . . . , π̂|J|) ∈ P(5, {gj}) the system of contours

π̂ =
|J |⋃
j=1

π̂j (7.19)

belongs to some structureL on D if and only if P /∈ R(5). On the other hand, if
π̂ ∈ L and5(π̂) = (31,32, . . . ,3k), then there exists a unique collection of graphs
gj ∈ G(3j), j = 1, . . . , k with 5(gj) = 3j and a unique collection ofk dressed systems
π̂j ∈ L(D(3j),3j , {Di, i ∈ 3j}, gj) such that (7.19) holds.
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So we have:∑
g∈G(I)

Sβ(L(D, I, {Di}, g)) = (7.20)

=
n∑

k=1

∑
5=31,...,3k

∑
g1∈G(31),...,gk∈G(3k):5(gj )=3j k∏

j=1

Sβ(L(D(3j),3j , {Di, i ∈ 3j}, gj)) −
∑

P∈R(5,{gj})

∏
π̂j∈P

E(π̂j)

 .

Since always 0< Sβ(L) < ∞, we can rewrite (7.20) as

ln

 ∑
g∈G(I)

Sβ(L(D, I, {Di}, g))

 =
n∑

j=1

ln
(
Sβ(L(Dj , {j}, {Dj}, (gj)∅))

)
+Fβ(D), (7.21)

where
Fβ(D) = ln Zβ (D) ,

while

Zβ (D) = 1 +

+

n−1∑
k=1

∑
5=31,...,3k

∑
g1∈G(31),...,gk∈G(3k):

5(gj )=3j

k∏
j=1

Sβ(L(D(3j),3j , {Di, i ∈ 3j}, gj))

×

×
 n∏

j=1

Sβ(L(Dj , {j}, {Dj}, (gj)∅))

−1 (7.22)

−

 n∑
k=1

∑
5=31,...,3k

∑
g1∈G(31),...,gk∈G(3k):

5(gj )=3j

∑
P∈R(5,{gj})

∏
π̂j∈P

E(π̂j)

×

×
 n∏

j=1

Sβ(L(Dj , {j}, {Dj}, (gj)∅))

−1.

(The only term from (7.20) which is not present in (7.22) is the leading one, which
equals the denominators in (7.22), and its absence is reflected in the fact that the first
summation is up ton − 1.)

7.4. A polymer representation forZβ (D). We will study now various terms in (7.22),
and we will show that many cancellations happen and that the terms are in fact small
enough due either to the fact that the contours in the structuresL(D(3j)) with nontrivial
3j ’s are much longer than the contours from the structuresL(Di), or because we have
incompatibility condition entering into the last term of (7.22), which again forces the
presence of extra long terms.
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Our immediate goal is to represent the sumZβ (D) in (7.22) as a partition function
of an animal model. The animals turn out to be just segmentss of the setI.

Proposition 7.5. There exists a functionw defined for all finite(1 − ε)-disconnected
subsets ofZ1, such that the following holds. Let̃D ⊂ Z

1 be a finite subset, which is
(1 − ε)-disconnected, and let̃Di be its(1 − ε)-connected components,i ∈ {1, . . . , n} ≡
I. LetD ⊂ D̃ be a subset, such that all the componentsDi = D ∩ D̃i are nonempty.
Then

Zβ (D) = 1 +
∑
5

∏
3∈5

w (D3) . (7.23)

Here the summation goes over all partitions of the setI into (disjoint) segments5 except
the partition5∗ into singletons,

5 ={α1, β1, α2, β2, . . . , αk, βk : 1 ≤ k < n, α1 = 1

≤ β1 < α2 ≤ β2 < · · · ≤ βk = n} ,

the product is taken over all segments3 ∈ 5 of positive length (i.e. all3’s which are
singletons, are excluded from (7.23)), and

D3 = ∪i∈3Di.

The functionw satisfies the estimate:

|w (D3)| ≤ exp
{−β′l

(
D3, {Di, i ∈ 3})} , (7.24)

(see (7.4)), whereβ′ = β′ (β) → ∞ asβ → ∞.

Once this proposition is proven, Proposition 7.4 follows from the estimates (7.23),
(7.24) and the relations (7.20), (7.21) by applying the cluster expansion (5.11) to the
logarithm of the partition functionZβ (D). The animals here are the setsD3; they can be
identified with the corresponding nontrivial segments3 ⊂ I. Our choice of the weights
w is obvious; the weightsw0 (D3) are given by the rhs of (7.24), and the mightsb (D3)
can be taken to be equal to exp{|3|}. (Here|3| is the number of points in the index set
3.)

As the reader of this hard technical section sees, the generic term in the representation
(7.22) corresponds to a pair of graphs. One is a graphg ∈ G(I) (which is not necessar-
ily connected), while another is a graphh ∈ G (J (g)), where the set of indicesJ (g)
enumerates the elements of the partition5(g). The first graph describes the connections
between different componentsDi, i ∈ I, which occur due to the corresponding struc-
turesL, while the second graph describes the incompatibility pattern between different
L’s. In the next subsection we will treat the case when the graphg is trivial (≡ has no
bonds), then we will treat the case of trivialh’s, and finally we will treat the general
case.

7.4.1. A simple term:R1. As a warm-up, we begin the necessary estimates with the term
R1 of (7.22), corresponding to the casek = n in the last term of (7.22). In that case the
partition5 is the partition into singletons,5 = 5∗

I , all the graphsgj are trivial, so we will
omit sometimes5’s and/orgj ’s from our notations. So we have to consider the product
P(5∗

I) = L1 × L2 × · · · × Ln of elementary structuresLj ≡ L(Dj , {j}, {Dj}, (gj)∅),
consisting of all collections of dressed systemsP = (π̂1, π̂2, . . . , π̂n), π̂j ∈ Lj , j =
1, . . . , n. The ratio which we are going to estimate is
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R1 (D) = −
∑

P∈R(5∗
I )

∏
π̂j∈P E(π̂j)∏n

j=1 Sβ(Lj)
.

Proposition 7.6. In the notation of Proposition 7.5 there exists a functionw1 defined
for all finite (1 − ε)-disconnected subsets ofZ

1, such that the following holds:

R1 (D) =
∑
5

∏
3∈5

w1 (D3) . (7.25)

The functionw1 satisfies the estimate:∣∣w1 (D3)
∣∣ ≤ exp{−β′l (D3)} ,

whereβ′ = β′ (β) → ∞ asβ → ∞.

Proof. We first rewrite the functionR1. Using a well-known formula for the union of
events via their intersections, we find that

R1 = −
∑
P∈R

∏
π̂j∈P E(π̂j)∏n
j=1 Sβ(Lj)

=
∑

h∈G(I),|h|>0

(−1)|h| ∑
P∈R(h)

∏
π̂j∈P E(π̂j)∏n
j=1 Sβ(Lj)

(7.26)

(recall (7.17)), where we denote by|h| the number of bonds of the graphh. We now
rewrite the inner sums in the rhs of (7.26) by singling out the factors corresponding to
sitesj ∈ I \ h. We find that

∑
P∈R(h)

∏
π̂j∈P

E(π̂j) =

 ∏
j∈I\h

Sβ(Lj)

 ∑
P ={π̂j :j∈h}∈R(5∗

h̄
,h)

∏
π̂j∈P

E(π̂j). (7.27)

Here 5∗̄
h = {3j , j ∈ h}, and we use a slight abuse of notation in the expression

R(5∗̄
h, h) by treating the graphh ∈ G(I) as a graph on the verticesh, i.e. as an element

of G(h) ⊂ G(I). The key observation now is that the last sum factors. Namely, if we
introduce the setC(h) of all maximal connected subgraphs ofh, excluding isolated
vertices, then∑

P ={π̂j :j∈h}∈R(5∗
h̄
,h)

∏
π̂j∈P

E(π̂j) =
∏

k∈C(h)

∑
P ={π̂j :j∈k}∈R(5∗

k̄
,k)

∏
π̂j∈P

E(π̂j). (7.28)

So if we define the weightQ1
β(k) of a connected graphk with vertices among the points

of the index setI by

Q1
β(k) = (−1)|k|

∑
P ={π̂j :j∈k}∈R(5∗

k̄
,k)

∏
π̂j∈P E(π̂j)∏

j∈k Sβ(Lj)
, (7.29)
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then it follows from the relations (7.22), (7.26), (7.27) and (7.28) that

R1 =
∑

h∈G(I),|h|>0

∏
k∈C(h)

Q1
β(k). (7.30)

One can estimate from above the weights of each graphk, contributing to (7.30),
directly. However, the estimate, in general, would not be better than exp{−cβl(k)},
where

l(k) =
∑

r

dist
(
Dir

, Dir+1

)
(7.31)

and where the summation goes over all componentsDi ∈k, ordered by the natural linear
order inherited fromZ

1. The more optimistic estimate with

L(k) =
∑

{i,j}∈k

dist(Di, Dj)

instead ofl(k) does not hold in general. The estimate available is not enough for our
purposes, since the number of connected graphs on verticesk is of the order 2(|k|2), while
l(k) can well be of order|k|. So we have too many animals with a given weight, and the
straightforward application of the cluster expansion machinery would fail.

To cope with this problem we will introduce the partition of the set of all graphs
h ∈ G(I) into families, according to what the partition5(h) is. Namely, for every
nondegenerate segments ⊂ I denote byH(s) ⊂ G(I) the subset of all graphs which
have the segments as the only nontrivial element of the partition5(h). Introduce now
the weightQ1

β(s) by

Q1
β(s) =

∑
h∈H(s)

∏
k∈C(h)

Q1
β(k). (7.32)

That definition clearly allows us to rewrite (7.30) as

R1 =
∑

S∈S(I)

∏
s∈S

Q1
β(s), (7.33)

where the summation goes over all collectionsS ∈ S(I) of disjoint segments ofI of
positive lengths.

To estimateQ1
β(s), we first rewrite this weight in terms of the familiesP , contributing

to it. Clearly,

Q1
β(s) =

∑
h∈H(s)

(−1)|h|
∑

P ={π̂j :j∈s}∈R(5∗
s ,h)

∏
π̂j∈P E(π̂j)∏

j∈s Sβ(Lj)

=
∑

P ={π̂j :j∈s}∈R(5∗
s ):

g(P )∈H(s)

 ∑
h⊆g(P ):h∈H(s)

(−1)|h|

 ∏π̂j∈P E(π̂j)∏
j∈s Sβ(Lj)

.

We need an estimate on the coefficientK(P ) ≡
(∑

h⊆g(P ):h∈H(s)(−1)|h|
)

; being large,

it can destroy our strategy. Happily, as we will show at the end of this subsection (see
Lemma 7.8),
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|K(P )| =

∣∣∣∣∣∣
∑

h⊆g(P ):h∈H(s)

(−1)|h|

∣∣∣∣∣∣ ≤ 1, (7.34)

so

|Q1
β(s)| ≤

∑
P ={π̂j :j∈s}∈R(5∗

s ):
g(P )∈H(s)

∏
π̂j∈P E(π̂j)∏
j∈s Sβ(Lj)

. (7.35)

The rhs of (7.35) can be interpreted as a probability of an event in a certain ensemble.
Namely, introduce the following product distribution onP(5∗

s):

qs(P ) ≡ qs({π̂j , j ∈ s}) =

∏
π̂j∈P E(π̂j)∏
j∈s Sβ(Lj)

.

This is just the ensemble of independent dressed families of contours, each family
belonging to the corresponding structureLj , and being distributed according to

qj(π̂j) =
E(π̂j)
Sβ(Lj)

. (7.36)

Then we can rewrite (7.35) as

|Q1
β(s)| ≤ qs({P ∈ P(5∗

s) : g(P ) ∈ H(s)}). (7.37)

To estimate the last probability, we first define for every graphg (= g(P )), contribut-
ing to (7.37), aspanning subgraphsp(g) ⊆ g. The definition is inductive. Suppose the
set of all verticesg is enumerated in increasing order:g = {i1 < i2 < · · · < i|g|} ⊂ s.
The first bond{c1, d1} of sp(g) is the longest one ofg among those incident to the vertex
i1. Suppose inductively that the bonds{cr, dr} are already constructed,r = 1, 2, . . . , k,
andc1(= i1) < c2 < · · · < ck, d1 < d2 < · · · < dk. If dk = i|g|, the process ter-
minates. Otherwise the set of bonds{c, d} ∈ g, such thatc ≤ dk < d, is nonempty
(sinceS(g) = s), and we take for the bond{ck+1, dk+1} the one from this set with the
rightmost endpointd. Let K be the total number of bonds insp(g). By construction,
c1 < d1 < c3 < d3 < . . . , c2 < d2 < c4 < d4 < . . . , and so every vertex of
the graphsp(g) belongs to at most two bonds of it. HenceK ≤ |s|. Moreover, every
vertex ofg belongs to at most one “even” bond and to at most one “odd” bond ofsp(g).
Denote byspo(g) ⊂ sp(g) (resp.spe(g) ⊂ sp(g)) the subgraph composed by only “odd”
(resp. “even”) bonds, and letKo (Ke) be their number. Since

∑K
k=1(dk − ck) ≥ l(g)

(see (7.31)), we have that at least one of the estimates holds:

Ko∑
k=1

(d2k−1 − c2k−1) ≥ l(g)
2

, or
KT∑
k=1

(d2k − c2k) ≥ l(g)
2

.

That implies the inclusion

{P ∈ P(5∗
s) : g(P ) ∈ H(s)} (7.38)

⊂

[ |s|
2

]
+1⋃

k=1

⋃
{c1,d1,c2,d2,...,ck,dk∈s:

c1<d1<c2<d2<···<ck<dk}

R
(
5∗

s, h(c1, d1; c2, d2; . . . ; ck, dk)
)
,
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where the second union is taken over all collections of disjoint segments [c1, d1],
[c2, d2], . . . , [ck, dk] in s of total length at leastl(g)

2 , and the graphh(c1, d1; c2, d2; . . . ;
ck, dk) hask bonds{c1, d1}, {c2, d2}, . . . , {ck, dk}. The crucial point for us here is that
the number of such collections is bounded from above by only

2|s|−1(≡ the number of subsets of the set of|s| − 1 elements) (7.39)

(while the number of all graphsh with vertices ins is of the order of 2const|s|2
, which is

the reason why we have to pass to segmentss from graphsh).
By definition of the measureqs we have that

qs

(
R
(
5∗

s, h(c1, d1; c2, d2; . . . ; ck, dk)
))

=
k∏

i=1

qci,di
(R (ci, di, h(ci, di))) , (7.40)

where the measureqci,di
= qci

qdi
(see (7.36)), and the familyR (ci, di, h(ci, di)) corre-

sponds to the graph with two vertices and one bond joining them, i.e., in accordance with
the definition (7.17), it is the collection of systemsP = (π̂1, π̂2), π̂1 ∈ Lci , π̂2 ∈ Ldi ,
which are not mutually compatible (i.e. ( ˆπ1, π̂2) ∈ R(Lci , Ldi)). To estimate the prob-
ability qc,d (R (c, d, h(c, d))) consider the vertical linelcd = {(xcd, y)} ⊂ R

2, with the
abscissaxcd positioned halfway between the setsDc andDd. Then∑

P ={π̂c,π̂d}∈R(c,d,h(c,d))

qc(π̂c)qd(π̂d) ≤ qc{π̂c ∩ lcd 6= ∅} + qd{π̂d ∩ lcd 6= ∅}.
(7.41)

The event{π̂c ∩ lcd 6= ∅} can be written as a sum:

{π̂c ∩ lcd 6= ∅} = {πc ∩ lcd 6= ∅} ∪ (7.42)

∪
 ⋃

b∈Z2\lcd

{b ∈ πc, for a blobM of π̂c we haveb ∈ M, M ∩ lcd 6= ∅}
 .

Now,

qc{b ∈ πc, for M ∈ π̂c, b ∈ M, M ∩ lcd 6= ∅} (7.43)

= qc{b ∈ πc}qc{ for M ∈ π̂c, b ∈ M, M ∩ lcd 6= ∅ | b ∈ πc}.

Next, we need the following simple

Lemma 7.7. Consider an elementary structureL(D), and letp(π̂) be the natural prob-
ability distribution on it:

p(π̂) =
E(π̂)

Sβ(L(D))
.

LetM be a fixed blob. Then the probability of the event that the dressed systemπ̂ contains
this blobM in its dressing can be estimated as follows:

p
[
π̂ : π̂ = {π, M, M1, . . . }

] ≤ exp{−2(β − β0)d(M )}.



“Non-Gibbsian” States and their Gibbs Description 163

Proof. The proof is almost immediate. Indeed,

p
[
π̂ : π̂ = {π, M, M1, M2, . . . }

]
=

∑
π̂={π,M,M1,M2,... } E(π̂)

Sβ(L(D))

=

∑
π̂={π,M1,M2,... }:1(π)∩M 6=∅,Mi 6=M, 9(M, π)E(π̂)

Sβ(L(D))

≤ exp{−2(β − β0)d(M )}
∑

π̂={π,M1,M2,... }:1(π)∩M 6=∅,Mi 6=M, E(π̂)

Sβ(L(D))

≤ exp{−2(β − β0)d(M )}. �

According to this lemma the last factor in (7.43) can be estimated as follows:

qc{ for M ∈ π̂c, b ∈ M, M ∩ lcd 6= ∅|b ∈ πc} ≤ exp{−4(β − β0) dist(b, lcd)}.
(7.44)

Hence

qc{π̂c ∩ lcd 6= ∅} ≤
∑

r∈Z1:r≥0

exp{−4(β − β0)r}qc{πc ∩ (lcd − r) 6= ∅}.

Here (lcd − r) is the linelcd shifted to the left byr units, and of course the probabilities
qc{πc ∩ (lcd − r) 6= ∅} equal to 1 oncer ≥ 1

2 dist(Dc, Dd). For the remaining values of
r these probabilities are estimated in (3.6), according to which we have

qc{πc ∩ (lcd − r) 6= ∅} ≤ exp{−cβ(
1
2

dist(Dc, Dd) − r)}.

Together with (7.44) it shows that∑
P ={π̂c,π̂d}∈R(c,d,h(c,d))

qc(π̂c)qd(π̂d) ≤ 2 exp{− c

4
β dist(Dc, Dd)}.

Combining the last estimate, the estimates (7.41) and (7.39), the relations (7.40) and
(7.38) and the estimate (7.37) we get:

|Q1
β(s)| ≤ 2|2s| exp{− c

4
βl(s)} ≤ exp{−c′βl(s)},

wherel(s) =
∑

k∈s dist(Dik
, Dik+1). Together with the formula (7.33) the last estimate

shows that the termR1 has the form needed for the machinery of the cluster expansion
to be applicable. �

We finish this subsection by proving the estimate (7.34), together with another state-
ment from graph theory.

7.4.2. Two statements about graphs.Let g ∈ G(I) be a graph on the verticesI (with no
multiple bonds). We will call it aspanninggraph, if for everyk ∈ I, k > 1 there is at
least one bond{i, j} of g, such thati ≤ k − 1 < k ≤ j. In other words, the graphg is
spanning, if every segment[k − 1, k] is covered by at least one bond ofg. An equivalent
definition is that the partition5 (g) of I consists of one element, which is the setI itself.
Note that a spanning graph is not necessarily connected.
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Let g ∈ G(I) be a spanning graph. Consider the quantity

N (g) =
∑
h⊂g

(−1)|h|,

where the summation goes over all subgraphs ofg which are themselves spanning, and
where|h| is the number of bonds inh. Then we have

Lemma 7.8.

N (g) = −1, 0 or 1.

Proof. The proof goes by induction on the number of points inI. For |I| = 2 we have
N (g) = −1 for the only spanning graphg ∈ G(I). Each bigger setI is also treated by
induction – this time in the number of bonds ing. If |g| = 1 then againN (g) = −1.
Consider the general spanning graphg. We call a bond{k, l} a subordinate to a bond
{i, j}, if i ≤ k < l ≤ j. Suppose first that the graphg has a bond{i, j} with a
subordinate{k, l}. We claim then that the subsum

∑
h⊂g,{i,j}∈h(−1)|h| = 0. Indeed,

the maph → h4{k, l} is a one-to-one map on the set of all spanning subgraphs ofg,
containing the bond{i, j}. Hence to evaluateN (g) we can delete the bond{i, j} from
g. If the resulting graph is not spanning, thenN (g) = 0. Otherwise it has less bonds
thang, which permits the induction step in our case. Suppose next that no bond has a
subordinate. That implies in particular that the graphg has exactly one bond incident to
the siten. Let that bond be{k, n}. Consider the factor graphf = g/{k, . . . , n}. Note
that there is a natural one-to-one correspondence between the bonds off and the bonds
of g excluding one bond{k, n}, which disappears after the factorization. It is immediate
to see that this correspondence gives rise to a one-to-one correspondence between the
spanning subgraphs off and ofg, soN (f ) = −N (g). Hence the proof is complete, since
f has less sites thang. �

Let A be a finite set, andA = ∪Ai, i ∈ I be its partition into disjoint subsets, which
are calledconnected components ofA. For every subsetC ⊂ A we define connected
componentsCi of C as those intersectionsCi = C ∩ Ai, which are nonempty. These
components are indexed byi ∈ I(C) ⊆ I. Denote byG(C) the set of all connected
graph structures with some of the setsCi as their vertices. (For example, a single set
Ci is an element ofG(C).) For g ∈ G(C) we denote byI(g) ⊆ I(C) the subset of
indices corresponding to the vertices ofg. Let G = ∪CG(C). (The elementg of G can
be thought of as a collection of nonempty subsetsCi ⊆ Ai, i ∈ J ⊆ I, together with
a structure of a connected graph on the setJ of vertices.)

Suppose the functionf is defined onG. Consider the sum

S (f ) =
∑
C⊂A

(−1)|A\C| ∑
g∈G(C)

f (g). (7.45)

Note that in general the termf (g) would appear more than once inS (f ). Indeed, if for
example the setC consists from two connected components,C = Ci1 ∪ Ci2, while the
graphg ∈ G(C) has one vertexCi1 and no bonds, then for anye ∈ Ci2 we also have
g ∈ G(C\e). Hence, some cancellations in (7.45) should be expected. Let the (integer)
coefficientsc(g), g ∈ G be the result of these cancellations; in other words, define them
to be the coefficients of the formal expansion of the sumS (f ):∑

g∈G

c(g)f (g) =
∑
C⊂A

(−1)|A\C| ∑
g∈G(C)

f (g). (7.46)
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Lemma 7.9. If I(g) 6= I, thenc(g) = 0. Otherwisec(g) = ±1.

Proof. Let g ∈ G be an arbitrary element, and suppose a subsetC0 ⊂ A is such that
g ∈ G(C0), and moreoverI(g) = I(C0) 6= I. Then the complementIc(C0) = I \ I(C0)
is nonempty. Suppose now thatC ⊂ A is a subset, for which the inclusiong ∈ G(C)
also holds. This is equivalent to the statement that the setC = C0 ∪ B, whereB is any
subset of the unionAc (C) = ∪i∈Ic(C0)Ai. So

c(g) = ±
∑

B⊆Ac(C)

(−1)|B| = 0.

On the other hand, ifI(g) = I, then clearly the graphg appears in the sum (7.46) exactly
once. �

7.4.3. Interlaced structures: The termR2. We start with the following statement, which
will be used in this and the next subsection. LetD ⊂ Z

1 be a finite set, which is supposed
to be (1− ε)-disconnected. We consider again the smallest segment [lD, rD] ⊂ Z

1 such
that D ⊂ [lD, rD], and so diam(D) = lD − rD. Let Di ⊂ D, i ∈ I be a partition
of D into (1− ε)-connected components ofD. Consider the ensemblêKT (D) of all
compatible dressed systems ˆπ, isolating the setD. Let us assign to each system ˆπ the
weightE (π̂), introduced in (7.29). We are interested in a certain eventA(D, l) in this
ensemble, which we describe next. Roughly speaking,A(D, l) happens when the system
π̂ “covers” the segment[lD, rD + l]. More precisely it means the following. We say that
π̂ ∈ A(D, l) iff

• the partition5 (g (π̂)) of I contains precisely one element;
• the geometric projection of the set of bondsb (π̂) = π ∪ (∪Mi∈π̂M i

) ⊂ R
2 on thex

axis contains the segment[lD, rD + l].

Lemma 7.10. There existsβ′ = β′(β, ε), β′ → ∞ asβ → ∞, such that∑
π̂∈A(D,l) E (π̂)∏n

j=1 Sβ(L(Dj , {j}, {Dj}, (gj)∅))
≤ exp{−β′(diam(D) + l)}. (7.47)

Proof. Let the dressed system ˆπ ∈ A(D, l), π̂ = {π, M1, . . . , Mk}, andπ = {γ1, . . . , γl}.
The proof will be an adaptation of the Peierls argument to our setting. To implement
it we will define first the(−)-setsNα of π. For that let us consider the configura-
tion σπ, which is defined by the property that its contours are precisely the contours
γ1, . . . , γl. The setsNα are defined as the maximal connected components of the set{
t ∈ Z

2 : σπ (t) = −1
} \ D. So they are either in the upper or in the lower halfplane.

We think about them as composed from unit closed plaquettes centered at the sites of the
latticeZ

2. In the extreme case the collectionNα is empty, and that corresponds to the
shortest possible collection{γ̇1, . . . , γ̇l(D)} of contours, isolatingD. The set of bonds
belonging to the contours in this minimal collection will be denoted by0D.

Consider the connected componentsTi of the union(∪αNα)∪(∪k
1Mi

)
. The elemen-

tary (Peierls) surgery of the system ˆπ corresponds to the removal of one such component
T =

(∪α∈A(T )Nα

) ∪ (∪β∈B(T )Mβ

)
and results in a system ˆπ′ = {π′, M ′

1, . . . , M
′
k′},

which is obtained from ˆπ in the following way. The collection{M ′
1, . . . , M

′
k′} is just

the initial collection{M1, . . . , Mk}, from which the subcollection{Mβ , β ∈ B (T )} is
removed. The familyπ′ = {γ′

1, . . . , γ
′
l′} is defined to be the collection of all the contours

of the configurationσπ′ , which is given by the relation
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σπ′ (t) =

{
+1 for t ∈ ∪α∈A(T )Nα,
σπ (t) otherwise.

(So indeed it is just flipping some spins inside some contours.) The natural thing to
do is to perform such a surgery only on theseT ’s, which contain extra long contours.
SuchT ’s will be calledbridges, and we define them as follows: the componentT is a
bridge, iff it is adjacent to at least two different(1 − ε) -connected componentsDi of
D. Let us denote the corresponding set of these indicesi by I (T ) ⊂ I. The second
(and the last) case when a component (with|I (T )| ≥ 1) is called a bridge is when it is
responsible for the overhang over the segment[rD, rD + l]. (The component then picks
up its surplus length from the overhang.) These bridges will be calledAvignon bridges,
or A-bridges, though in such cases the setI (T ) might be one-element. (Note.We will
not perform surgeries on A-bridgesT having single element setsI (T ) .) We denote
by B (π̂) the collection of all bridges of ˆπ. For every bridgeT we define the segment
S (I (T )) ⊆ I as the smallest one, containing the setI (T ). For everyT we introduce
the subsetDT = ∪i∈I(T )Di ⊂ D, thebaseof the bridge. Let

[
lDT , rDT

]
be the smallest

segment, containing the baseDT . It follows from the condition ˆπ ∈ A(D, l) that the
collection of segments{S (I (T )) , T ∈ B (π̂)} is a covering ofI.

We begin the proof by considering the case of dressed systems which have no A-
bridgesT with single element setsI (T ). So we introduce the subsetA′(D, l) ⊂ A(D, l)
as the set of all dressed systems ˆπ ∈ A(D, l) with no A-bridgesT with |I (T )| = 1. By
A′′(D, l) ⊂ A(D, l) we denote its complement.

Let T ∈ B (π̂) be some bridge of ˆπ ∈ A′(D, l), andπ̂′ be the result of the surgery.
We are going to compare the two weights,E (π̂) andE

(
π̂′). To do it, we will introduce

the boundary∂T of T to be the set

∂T = ∂
(∪α∈A(T )Nα

) ∪ (∪β∈B(T )δMβ

)
.

We split it into two subsets:

∂+T = 0D ∩ ∂
(∪α∈A(T )Nα

)
,

∂−T =
(
∂
(∪α∈A(T )Nα

) \ ∂+T ) ∪ (∪β∈B(T )δMβ

)
.

We are using these notation since the result of a surgery is the removal of∂−T and
replacing it by∂+T . Therefore if we introduce the quantity

l (T ) =
∣∣∂−T ∣∣− |∂+T | ,

then we have:
E (π̂) ≤ E

(
π̂′) exp{−2βl (T )} .

For a familyB of bridges we also define

l (B) =
∑
T ∈B

l (T ) .

Likewise we define
L (T ) = |∂T | , L (B) =

∑
T ∈B

L (T ) .

Note that
L (T ) ≤ l (T ) + 2 |DT | .
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Let us apply repeatedly the above estimates to the sequenceTi ∈ B (π̂) of all bridges of
π̂, and denote by ˙π = π̇ (π̂) the final system. Then we likewise have

E (π̂) ≤ E (π̇) exp{−2βl (B (π̂))} . (7.48)

We need to have a lower estimate onl (T ) and l (B). Since|I (T )| > 1, the base
DT of the bridgeT is (1 − ε)-disconnected, and its subsetsDi, i ∈ I (T ), are its
(1 − ε)-connected components. We claim that

∣∣∂−T ∣∣− |∂+T | ≥ 2

(
diam(DT ) −

∑
i∈I(T )

|Di|
)

,

and ∣∣∂−T ∣∣− |∂+T | ≥ 2

(
diam(DT ) + l −

∑
i∈I(T )

|Di|
)

,

if the bridgeT is an A-bridge. It is most easily seen in the case when the set∂+T is the
maximal possible; i.e.∂+T = 0D ∩ {(x, y) ∈ R

2 : y = 1/2
}

. Then the set∂T contains
a double connection between pointslDT andrDT (and an additional overhang of the
length≥ 2l in the case of an A-bridge), while always|∂+T | ≤ ∑

i∈I(T ) |Di|. In the
general case the set∂+T is less than0D ∩ {(x, y) ∈ R

2 : y = 1/2
}

by a subset1, say,
but then this1 can be added both to∂+T and∂−T , which reduces this case to the
previous special one. Hence,∣∣∂−T ∣∣− |∂+T | ≥ 2ε diam(DT ) ,

and ∣∣∂−T ∣∣− |∂+T | ≥ 2ε diam(DT ) + 2l

for an A-bridge, since the setDT is (1 − ε)-disconnected. So, because the collection
S (I (Ti)) of segments is a covering ofI, we have

l (B) ≥ 2ε diam(D) + 2l. (7.49)

Let us sum the estimates (7.48) over all configurations ˆπ with B (π̂) = B, whereB
is a fixed collection of bridges. We have:∑

π̂:B(π̂)=B
E (π̂) ≤ exp{−2βl (B)}

∑
π̂:B(π̂)=B

E (π̇ (π̂)) . (7.50)

But the systems ˙π have no bridges. So every such system is an element of the product∏n
j=1 L(Dj , {j}, {Dj}, (gj)∅). Also, if π̂1 6= π̂2,B (π̂1) = B (π̂2) = B, then π̇ (π̂1) 6=

π̇ (π̂2). Hence ∑
π̂:B(π̂)=B E (π̇ (π̂))∏n

j=1 Sβ(L(Dj , {j}, {Dj}, (gj)∅))
≤ 1. (7.51)

So we arrive at an estimate:∑
π̂∈A′(D,l) E (π̂)∏n

j=1 Sβ(L(Dj , {j}, {Dj}, (gj)∅))
≤

∑
π̂:B(π̂)=B

exp{−2βl (B)} .
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The estimate of the last sum is a standard combinatorics. Note first that a bridge
T is completely defined by the two sets of bonds:∂

(∪α∈A(T )Nα

)
and∪β∈B(T )δMβ ;

together they form the connected set∂T . Let us call the bonds of the former asγ-bonds,
and the bonds of the latter asM -bonds. Consider the set of allT ’s, such that they contain
a given bondb, while L (T ) = L. Then the number of such bridges is bounded from
above by 8L; the extra factor 2 comes from the option for a bond to be aγ-bond or an
M -bond. Each bridge is attached to the setD along several bonds; let us choose the
leftmost one for each. The number of different sets of bonds we can obtain in that way, is
clearly less than 2|D|. If that collection is fixed, then the number of different collections
B of bridges withL (B) = L is bounded from above by the same quantity 8L. So by
using (7.49) we arrive at an estimate∑

π̂∈A′(D,l) E (π̂)∏n
j=1 Sβ(L(Dj , {j}, {Dj}, (gj)∅))

≤
∑

k≥2ε(rD−lD)+2l

2rD−lD 82(rD−lD)+k exp{−2βk} .

This estimate proves our lemma for the case of configurations which have no A-bridges
T with |I (T )| = 1.

The argument for the remaining ˆπ’s, which form the setA′′(D, l), is essentially
the same, apart from one modification. LetTi1, . . . , Tik

be all the A-bridgesT of the
system ˆπ with |I (T )| = 1. The base of each of them is just a single(1 − ε)-connected
component ofD. LetT be the one for which its baseDT is the leftmost such component.
The rest of the A-bridges can be ignored, so for the sake of simplicity of the exposition
we will suppose thatT is the only A-bridge of ˆπ. If we denote bȳi the only element the
setI (T ) has, then, according to our notation,DT = Dī. We introduce also the segment[
lDī

, rDī

]
as the smallest one containing the setDī.

Let now B (π̂) be the collection of theremainingbridges ofπ̂. We again do the
surgeries over all of them, denote by ˙π = π̇ (π̂) the final system, and have

E (π̂) ≤ E (π̇) exp
{−2βl

(B (π̂)
)}

.

Note that the resulting dressed system ˙π still contains theA-bridgeT (as its only bridge).
Let π̂ī = π̂ī (π̂) ⊂ π̇ be the dressed subsystem, attached toDT (which subsystem
develops the bridgeT ). Clearly, π̂ī ∈ L(Dī, {ī}, {Dī}, (gī)∅). Let us writeπ̇ as the
disjoint union,π̇ = π̃ ∪ π̂ī. Note thatE

(
π̃ ∪ π̂ī

)
= E (π̃) E

(
π̂ī

)
, and that the system ˜π

has no bridges. So the analog of (7.50) looks as follows:∑
π̂:B(π̂)=B∪T

E (π̂) ≤ exp
{−2βl

(B)} ∑
π̂:B(π̂)=B∪T

E (π̃) E
(
π̂ī

)
.

Instead of (7.51) we write:

∑
π̂:B(π̂)=B∪T E (π̃) E

(
π̂ī

)∏n
j=1 Sβ(L(Dj , {j}, {Dj}, (gj)∅))

≤

∑
π̂ī∈L(Dī,{ī},{Dī},(gī)∅):

B(π̂ī)=T
E
(
π̂ī

)
Sβ

(
L(Dī, {ī}, {Dī}, (gī)∅)

) .

The rhs of the last estimate (in contrast with the lhs of (7.47) !) can be interpreted as
a probability of a certain event in the ensembleL(Dī, {ī}, {Dī}, (gī)∅) : namely, it is
the event of observing the dressed system living onDī, having theT -shaped overhang
covering the segment

[
rDī

, rD + l
]
. As in the relation (7.42), we conclude that
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∑
π̂ī∈L(Dī,{ī},{Dī},(gī)∅):

π̂ī hangs over
[
rDī

,rD+l
] E

(
π̂ī

)
Sβ

(
L(Dī, {ī}, {Dī}, (gī)∅)

) ≤ exp
{−c′β

(
rD + l − rDī

)}
.

On the other hand,

l
(B) ≥ 2ε diam

(
D1 ∪ · · · ∪ Dī

)
,

provided̄i > 1, in which caseεdiam
(
D1 ∪ . . . . ∪ Dī

)
+
(
rD + l − rDī

) ≥ εdiam(D)+
l. Whenī = 1 we likewise haverD + l − rD1 ≥ εdiam(D) + l, becauseD is not(1 − ε)-
connected. The rest of the argument for theA′′ case is the same. �

We now can formulate and prove the statement about the structure of the termR2,
similar to the one aboutR1 .

Proposition 7.11. In the notation of Proposition 7.5 there exists a functionw2 defined
for all finite (1 − ε) -disconnected subsets ofZ

1, such that for

R2 = R2 (D)

=

n−1∑
k=1

∑
5=31,...,3k

∑
g1∈G(31),...,gk∈G(3k):

5(gj )=3j

k∏
j=1

Sβ(L(D(3j),3j , {Di, i ∈ 3j}, gj))


×
 n∏

j=1

Sβ(L(Dj , {j}, {Dj}, (gj)∅))

−1

(7.52)

the following representation holds:

R2 (D) =
∑
5

∏
3∈5 : |3|>1

w2 (D3) .

The functionw2 satisfies the estimate:

w2 (D3) ≤ exp{−β′diam(D3)} .

Proof. We remind the reader that each term in the expression forR2 corresponds to a
collection of graphsg1 ∈ G(31), . . . , gk ∈ G(3k) with 5(gj) = 3j , such that not all
of the sets3j are one-point sets. Note that all one-point sets3j cancel out, and the
remainder factors into the product of terms of the type

Q2
(
3̄
)

=

∑
g∈G(3̄):5(g)=3̄

∏
j∈3̄ Sβ(L(D(3̄), 3̄, {Di, i ∈ 3̄}, g))∏

j∈3̄ Sβ(L(Dj , {j}, {Dj}, (gj)∅))
,

where3̄ ⊂I is a nontrivial segment. But this is exactly the situation we were considering
in the preceding lemma (withl = 0), and the result follows. �
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7.4.4. The general termR3. Now we are in the position to consider the generic term in
(7.22). The idea is to combine the methods of the two previous subsections. This term
corresponds to a partition5 ≡ 5I = (31,32, . . . ,3j , . . . ,3|J |), j ∈ J of the index
setI into consecutive segments, and is given by

R3 = R3
5 = −

∑
g1∈G(31),...,gk∈G(3k):

5(gj )=3j

∑
P∈R(5,{gj})

∏
π̂j∈P

E(π̂j) (7.53)

×
 n∏

j=1

Sβ(L(Dj , {j}, {Dj}, (gj)∅))

−1.

Now we treat the inner sum of (7.53) in the same way we treated the sum (7.26). Namely,

−
∑

P∈R(5,{gj})

∏
π̂j∈P E(π̂j)∏n

j=1 Sβ(L(Dj , {j}, {Dj}, (gj)∅))
=

=
∑

h∈G(J ),|h|≥0

(−1)|h| ∑
P∈R(5,{gj},h)

∏
π̂j∈P E(π̂j)∏n
j=1 Sβ(Lj)

.

Here we are dealing with the case5I 6= 5∗
I (the latter being the partition into single

points), and that is why the case|h| = 0 is included, in contrast with (7.26). Now we
introduce the setC(h) of all maximal connected subgraphs ofh, excluding isolated
vertices, corresponding to trivial graphsgj . Then

(−1)|h| ∑
P ={π̂j :j∈h}∈R(5,{gj},h)

∏
π̂j∈P

E(π̂j) (7.54)

=
∏

k∈C(h)

(−1)|k| ∑
P ={π̂j :j∈k}∈R(5,{gj},k)

∏
π̂j∈P

E(π̂j).

Here k̄ is a subset ofJ . So we define the weightQ3
β(k) of a connected graphk with

vertices among the points of the index setJ by

Q3
β(k) = (−1)|k|

∑
P ={π̂j :j∈k}∈R(5,{gj},k)

∏
π̂j∈P E(π̂j)∏

j∈k Sβ(Lj)
. (7.55)

We then pass to the weight

Q3
β(s) =

∑
h∈H(s)

∏
k∈C(h)

Q3
β(k), (7.56)

whereH(s) ⊂ G(J ) is the subset of all graphs which have the segments ⊂ J as the
only nontrivial element of the partition5(h) of J . Using (7.34), we have the estimate

|Q3
β(s)| ≤

∑
P ={π̂j :j∈s}∈R(5,{gj}):

g(P )∈H(s)

∏
π̂j∈P E(π̂j)∏
i∈š Sβ(Li)

, (7.57)
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whereš ⊂ I is the full preimage ofs ⊂ J under the natural projection of the index set
I ontoJ ; of course,|š| ≥ |s|.

Here comes the difference between the general case and the case of theR1 term: the
ratios in (7.57) can not be interpreted as probabilities, unless|š| = |s|, in which case all
the graphsg are trivial. So we use the lemma of the previous section instead. As in the
R1 case, instead of estimating the individual terms in (7.57), we will estimate the sums

∑
P ={π̂j :j∈s}∈R(5,{gj}):

sp(g(P ))=γ∈H(s)

∏
π̂j∈P E(π̂j)∏
i∈s−1 Sβ(Li)

,

corresponding to different spanning graphsγ the familiesP might have. The rest of
the proof follows literally the one for theR1 case and will be omitted. The result is the
following

Proposition 7.12. Consider the set of pairs
(
D′,5′), whereD′ is a finite subset ofZ1,

split into its sufficiently separated componentsD′
i, i ∈ I ′, while5′ is a partition ofI ′

into consecutive segments. In the notation of Proposition 7.5 there exists a functionw3

defined for all pairs
(
D′,5′), such that the following representation holds:

R3
5 (D) =

∑
5̃

∏
3̃∈5̃

w3
(
D3̃, 3̃ ∩ 5

)
.

Here the summation is taken over all partitions5̃ of the setI into segments, such that
5 is a strict refinement of̃5, D3̃ = ∪i∈3̃Di, while the partition3̃ ∩ 5 is the partition
of 3̃ into subsets, which are elements of5. The functionw3 satisfies the estimate:

w3
(
D′,5′) ≤ exp

{−β′d̃
(
D′,5′)} , (7.58)

withβ′ = β′ (β, ε) → ∞ asβ → ∞ and with the functioñd
(
D′,5′) defined as follows.

Let

I ′ = 3′
r ∪ 3′

r+1 ∪ . . . . ∪ 3′
r+s, s ≥ 0 (7.59)

be our partition5′ of the setI ′ into consecutive segments. Then

d̃
(
D′,5′) =

s−1∑
i=0

dist
(
D′

3′
r+i

, D′
3′

r+i+1

)
+

s∑
i=0

∗
diam

(
D′

3′
r+i

)
, (7.60)

where the last sum
∑∗ is taken only over these3′

· which are not one-element subsets of
I ′. In the special case when5′ is a partition into singletons, the second term in (7.60)
disappears, and we havew3

(
D′,5′) = w1

(
D′). In the special case when5′ has just

one element (i.e.s = 0 in (7.59)), whileD′ consists of more than one component, we have
the first term in (7.60) disappearing, andw3

(
D′,5′) = w2

(
D′). In the special case

when5′ has just one element, butD′ consists of one component, we havew3
(
D′,5′)= 1

(which is in line with (7.58), since in that cased̃
(
D′,5′) = 0).
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7.4.5. Proof of the polymer representation.Now we have all the ingredients needed
to finish the proof of the representation for the partition functionZβ (D). We just have
to put together the results of Propositions 7.6, 7.11 and 7.12. We need to define for all
segments3 with |3| > 1 the weightsw (D3), whereD3 ⊂ D is equipped with the
partitionD3 = ∪i∈3Di into the sufficiently separated components ofD. The definition
is the following:

w (D3) =
∑
53

w3 (D3,53) ,

where the summation goes over all partitions53 of the index set3. As was mentioned
in Proposition 7.12, for extreme choices of the partition53 we get either the functional
w1 (D3) or w2 (D3). Note that the number of summands in the last expression is at
most 2|3|−1. On the other hand, the distances between the consecutive subsetsDi are
not smaller than 2, hence the entropy term 2|3|−1 is beaten for largeβ. So the estimate
(7.24) follows from (7.58), (7.60), the definition (7.4) and the fact that the starting set
D̃ and hence allD3’s are(1 − ε)-disconnected. �

7.5. Final estimate.Now we can obtain the desired estimate on the interactionU . Recall
that

Uβ,+
T,A =

∑
D⊆A

(−1)|A\D| Qβ,+
T,D. (7.61)

Suppose now that the setA is (1 − ε) -disconnected, andAi ⊂ A, i ∈ I, are its(1 − ε)-
connected components. Then we can write the formula (7.5) forQβ,+

T,D for every subset
D ⊆ A, with Di = D ∩ Ai. Let us substitute all these formulas into (7.61). To do the
cancellations we are going to use Lemma 7.9, which we apply for the following choice
of the functionf (g) , g ∈ G (D):

• in case the graphg has for its vertices the componentsDi1, . . . , Dik
of D, which

areconsecutivecomponents ofD, while the bonds ofg are the following pairs of
components ofD: {Di1, Di2} , {Di2, Di3} , . . . ,

{
Dik−1, Dik

}
– we put

f (g) = Gβ(D[i1,ik] );

in the special case whenk = 1 andg has just one vertexDi, we put

f (g) = Qβ,+
T,Di

.

• for all other graphsg we putf (g) = 0.

Lemma 7.9 then tells us that the only surviving terms are those which have points
in every component ofA :

Uβ,+
T,A =

∑
D⊆A:

D∩Ai 6=∅ for all i=1,...,n

(−1)|A\D| Gβ

(
D; {Dk, k ∈ [1, n]}) .

The estimate (7.6) implies the following bound:∣∣∣Uβ,+
T,A

∣∣∣ ≤ 2|A| exp{−β′l (A)} .

So, if the densityρ (A) < 1 − 3ε, then by Lemma 7.3 we have∣∣∣Uβ,+
T,A

∣∣∣ ≤ exp{−β′′diam(A)} . �
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8. Proof of the Almost Gibbsianity

What is left now is the check of the DLR equation (1.5). More precisely, we have to define

the setsX
U
V of boundary conditions, for which the series (1.2) converges absolutely, and

then to check the relation (1.5) for corresponding boundary conditions. Our choice of

X
U
V is the following: letδ > 0 be any real, and define

� (δ) = {σ : ∃n = n (σ) ∀ k > n

m[0.k] (σ) > −1 + δ, m[−k,0] (σ) > −1 + δ} ,

X
U
V = X

U
V (δ) = {σ : ∃n = n (σ) ∀ k > n

m[0.k]\V (σ) > −1 + δ, m[−k,0]\V (σ) > −1 + δ
}

,

where for every finite setY , everyσ we denote bymY (σ) the average magnetization
of σ onY :

mY (σ) =

∑
t∈Y σt

|Y | .

Let us introduce also the subsets� (δ, n) ⊂ � (δ), X
U
V (δ, n) ⊂ X

U
V (δ) by

� (δ, n) = {σ : ∀ k > n m[0.k] (σ) > −1 + δ, m[−k,0] (σ) > −1 + δ} ,

X
U
V (δ, n) =

{
σ : ∀ k > n m[0.k]\V (σ) > −1 + δ, m[−k,0]\V (σ) > −1 + δ

}
.

Clearly,� (δ) = ∪n� (δ, n), X
U
V (δ) = ∪nX

U
V (δ, n). In what follows, the arguments for

the sets� (δ) andX
U
V (δ) would be identical, and so we will present them only for the

former case.

Proposition 8.1. For everyδ < 2 there exists a valueβ (δ), such that for allβ > β (δ),
all V finite we have:

P
β,+
T (� (δ, n)) ↑ P

β,+
T (� (δ)) = 1,

P
β,+
T

(
X

U
V (δ, n)

)
↑ P

β,+
T

(
X

U
V (δ)

)
= 1.

The same statements hold for the finite volume Gibbs measurespβ,+
WN

(σWN
)dσWN

with
(+)-boundary conditions, uniformly inN .

Proof. We will show that the measures of the complementsP
β,+
T

[
(� (δ, n))c

]
go to zero

asn → ∞, providedβ > β (δ) is large enough. Letσ ∈ (� (δ, n))c. By definition it
means that the subset

(
σ[−n,n]

)− ⊂ [−n, n] has at leastn (2 − δ) elements. Note that
the number of all possible subsets of[−n, n] is bounded by 22n. We are left with the
estimate of thePβ,+-probability in the usual 2D Ising model of the event

NA =
{
σ = (σt, t ∈ Z

2) : σA = −1, σ[−n,n]\A = +1
}

,

whereA is a subset of[−n, n] ⊂ Z
1. If the eventNA takes place, then the setA is

isolated from infinity by contours, surrounding it. Let us consider the familyγ of all
external contours among these. (Note that these exist with probability one with respect
to the measurePβ,+.) They are also separatingA from infinity. There are two cases to
consider:
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1. each of the contours inγ intersects the segment[−n, n] ;
2. there exist a contour inγ which does not intersect[−n, n].

In the second case the familyγ consists in fact from just one contour0, which
surrounds the whole segment[−n, n]. If L is the rightmost point where0 intersects the
x axis, then thePβ,+-probability to observe such a contour is bounded from above by∑

L≥n

∑
l>2(L+n)

3l exp{−2βl} ≤ exp{−β′n}

for someβ′ diverging withβ. In the first case let us fix an intersection point inside
[−n, n] for every contour inγ. Note that the number of different collections of such
intersection points again does not exceed 22n. Once such a collection is fixed, the number
of different contours of the total lengthl, passing through each point of this collection,
is bounded from above by 3l. Sinceγ surroundsA, the total lengthl has to be bigger
than 2|A|. Putting all these estimates together we get the following bound:

P
β,+
T

[
(� (δ, n))c

] ≤ 24n
∑

l>2n(2−δ)

3l exp{−2βl} ≤ exp{−β′n (2 − δ)} . �

We proceed by checking that the functionpU
V (σV /σ̄T\V ) can indeed be defined by

the formula (1.3), provided ¯σT\V ∈ X
U
V (δ, n). For this we need to check the absolute

convergence of the series (1.2) for anyn, any σ̄T\V ∈ X
U
V (δ, n). But it is easy to see

that for everyV andn one can find ann′ (V, n), such that for every ¯σT\V ∈ X
U
V (δ, n)

and everyσV ∈ XV we have for any subsetA ∈ (σV ∪ σ̄T\V

)−
with the properties

A ∩ V 6= ∅, A ∩ ((−∞,−n′] ∪ [+n′, +∞)) 6= ∅ thatρ (A) < 1 − δ

2
(see (2.16)). So

by Proposition 2.3 we obtain that the terms of the series (1.2) are exponentially small in
the diam(A), with the exponentβ′, diverging asβ → ∞. Since the number of different
A’s intersectingV and having diameter diam(A) = l is bounded by

(|V | + l
)

2l, the
absolute convergence follows.

Next let us consider the question of measurability. Note that the functionpU
V (σV /σ̄T\V )

is not yet defined everywhere thus far; let us putpU
V (σV /σ̄T\V ) = 0 for all σ̄T\V /∈ X

U
V .

Since due to Proposition 8.1,P
β,+
T

(
X

U
V (δ)

)
= 1, we can put instead of 0 any other

constant. The argument of the last paragraph shows that the functionpU
V (σV /σ̄T\V ) is

continuous on every subspaceX
U
V (δ, n) in the topology induced by the product topology

on� (though not uniformly inn). Hence it is a measurable function onX
U
V (δ, n) with

respect to theσ-algebra of subsets ofX
U
V (δ, n) obtained from theσ-algebraBT by taking

the intersections of the subsets fromBT with X
U
V (δ, n). Since the subsetsX

U
V (δ, n)

are themselves elements ofBT , theBT -measurability ofpU
V (σV /σ̄T\V ) follows. (Note

that this function isnotcontinuous on�.)
The last thing we need to show in order to complete our argument is the state-

ment that the two probability distributions,pU
V (σV /σ̄[−N,N ]\V ∪ σ+

T\[−N,N ] ) and

pUN

V (σV /σ̄[−N,N ]\V ), are close enough, provided that the configuration ¯σ[−N,N ]\V ∪
σ+

T\[−N,N ] belongs to the familyX
U
V (δ, n), while the numberN , which may depend on

n, is large enough.
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Proposition 8.2. Let the integersn, N be fixed, withN ≥ 8n,N � diam(V ). Consider
the setS (n, N ) of all configurationsσ̄[−N,N ]\V such thatσ̄[−N,N ]\V ∪ σ+

T\[−N,N ] ∈
X

U
V (δ, n). Then the ratio of the two probability distributions satisfy the following esti-

mate:

sup
σ̄[−N,N ]\V ∈S(n,N )

pU
V (σV /σ̄[−N,N ]\V ∪ σ+

T\[−N,N ] )

pUN

V (σV /σ̄[−N,N ]\V )
≤ exp{−β′N} , (8.1)

with β′ diverging asβ → ∞.

Proof. Denote by1 the set
(
σ̄[−N,N ]\V

)−
. Then the ratio

pU
V (σV /σ̄[−N,N ]\V ∪ σ+

T\[−N,N ] )

pUN

V (σV /σ̄[−N,N ]\V )

is a function of the quantitiesUβ,+
T,A, Uβ,+,N

T,A , whereA ⊆ 1 ∪ V , A ∩ V 6= ∅. We would
be done once we show that for everyB ⊆ V , B 6= ∅,∣∣∣∣∣∣∣

∑
A:A⊆1∪V,

A∩V =B

Uβ,+
T,A −

∑
A:A⊆1∪V,

A∩V =B

Uβ,+,N
T,A

∣∣∣∣∣∣∣ ≤ exp{−β′N} .

Note, however, that for every setA, entering the last sums, and such thatA∩[−N
8 , N

8

]c 6=
∅, we haveρ (A) ≤ 1 − δ

2
, and therefore

∣∣∣Uβ,+
T,A

∣∣∣ ≤ exp{−β′diam(A)},
∣∣∣Uβ,+,N

T,A

∣∣∣ ≤
exp{−β′diam(A)}, according to Proposition 2.3. Hence the contribution of the corre-
sponding sums is less than exp

{−β′ N
10

}
. What is left now is the treatment of the sets

A ⊂ [−N
8 , N

8

]
, which would be possible due to the fact that in such a case the distance

dist
(
A, W c

N

) ≥ 7N
8 .

Recall that

Uβ,+,N
T,A =

∑
D⊆A

(−1)|A\D|Qβ,+,N
T,D , (8.2)

Qβ,+,N
T,D = − ln

 ∑
π∈KT (D,WN )

EN (π)

 , (8.3)

EN (π) = exp

−2β|π| −
∑

M :M⊂WN ,M∩1(π)6=∅,M∩T =∅
8(M )

 , (8.4)

while

Uβ,+
T,A =

∑
D⊆A

(−1)|A\D|Qβ,+
T,D, (8.5)

Qβ,+
T,D = − ln

 ∑
π∈KT (D)

E(π)

 , (8.6)
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E(π) = exp

−2β|π| −
∑

M :M∩1(π)6=∅,M∩T =∅
8(M )

 . (8.7)

So the difference between (8.2) and (8.5) comes from the following facts:

• the sum (8.6) contains extra terms over the sum (8.3);
• the familiesπ, entering both sums, have different weights (8.4) and (8.7).

Note, however, that the difference∑
π∈KT (D,WN )

EN (π) −
∑

π∈KT (D,WN/2)

EN (π) = O
(
exp{−2βN}) ,

while each of the above sums is of the order not smaller than exp{−4β |D|} ≥
exp{−βN}. Hence∑

π∈KT (D,WN )

EN (π) =
(
1 +O

(
exp{−βN})) ∑

π∈KT (D,WN/2)

EN (π).

Likewise, ∑
π∈KT (D)

E(π) =
(
1 +O

(
exp{−βN})) ∑

π∈KT (D,WN/2)

E(π).

Finally, for a given familyπ ∈ KT (D, WN/2) we have the representation

E(π)
EN (π)

= exp

−
∑

M :M∩1(π)6=∅,M∩WN 6=∅,M∩T =∅
8(M )

 ,

and since the last sum isO
(
N2 exp{−2βN}) uniformly in π, we have∑

π∈KT (D,WN/2)

E(π) =
∑

π∈KT (D,WN/2)

EN (π)
(
1 +O

(
N2 exp{−2βN})) .

Hence

Qβ,+,N
T,D − Qβ,+

T,D = O
(
N2 exp{−2βN}) + O

(
exp{−βN}) ,

and ∣∣∣∣∣∣∣
∑

A:A⊆1∪V,
A∩V =B

Uβ,+
T,A −

∑
A:A⊆1∪V,

A∩V =B

Uβ,+,N
T,A

∣∣∣∣∣∣∣
≤ 2|N

4 |O (exp{−β′N}) + exp

{
−β′ N

10

}
. �
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Now we are in a position to check (1.5) for the measureP
β,+
T . We first rewrite the integral∫

B

(∑
σV ∈XV φ(σV )pU

V (σV /σ̄T\V )
)

P
β,+
T\V (dσ̄T\V ) as a sum:

∫
B

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄T\V )

P
β,+
T\V (dσ̄T\V ) =

=
∫

B∩X
U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄T\V )

P
β,+
T\V (dσ̄T\V )

+
∫

B\X
U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄T\V )

P
β,+
T\V (dσ̄T\V ),

and observe that the second integral goes to zero asn → ∞, due to Proposition 8.1 and
because the integrand is bounded. Because the functionpU

V (σV /σ̄T\V ) is continuous

(=quasilocal) onX
U
V (δ, n), we can find a valueN = N (ε) big enough, such that∣∣∣∣∣∣

∫
B∩X

U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄T\V )

P
β,+
T\V (dσ̄T\V ) −

∫
B∩X

U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄[−N,N ]\V ∪ σ+

T\[−N,N ] )

×

× pβ,+
WN ,[−N,N ]\V (σ̄[−N,N ]\V )dσ̄[−N,N ]\V

∣∣∣ < ε.

(Herepβ,+
WN

is just the finite volume Ising distribution with(+)-boundary conditions,

while pβ,+
WN ,[−N,N ]\V is its projection on the subset[−N, N ] \V ⊂ T.) Due to Proposi-

tion 8.2 we know that ifN is large enough, then we can approximate arbitrarily close the
probability distributionpU

V

(·/·) by pUN

V

(·/·), provided that the conditioning belongs

to the classX
U
V (δ, n):

∣∣∣∣∫
B∩X

U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pU
V (σV /σ̄[−N,N ]\V ∪ σ+

T\[−N,N ] )

×

×pβ,+
WN ,[−N,N ]\V (σ̄[−N,N ]\V )dσ̄[−N,N ]\V −∫

B∩X
U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pUN

V (σV /σ̄[−N,N ]\V )

×

×pβ,+
WN ,[−N,N ]\V (σ̄[−N,N ]\V )dσ̄[−N,N ]\V

∣∣∣∣ < ε.
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Again by Proposition 8.1 we know that∣∣∣∣∣∣
∫

B∩X
U
V (δ,n)

 ∑
σV ∈XV

φ(σV )pUN

V (σV /σ̄[−N,N ]\V )

 ×

× pβ,+
WN ,[−N,N ]\V (σ̄[−N,N ]\V )dσ̄[−N,N ]\V −∫

B

 ∑
σV ∈XV

φ(σV )pUN

V (σV /σ̄[−N,N ]\V )

 pβ,+
WN ,[−N,N ]\V (σ̄[−N,N ]\V )dσ̄[−N,N ]\V

∣∣∣∣∣∣
< ε,

if n is large. But for the last integral we have the identity

∫
B

 ∑
σV ∈XV

φ(σV )pUN

V (σV /σ̄T\V )

 pβ,+
WN ,[−N,N ]\V (σ̄[−N,N ]\V )dσ̄[−N,N ]\V

=
∫

B

φ(σWN
|V )pβ,+

WN
(σWN

)dσWN
,

which is just the partial case of the DLR equation for the Ising model Gibbs measure
(see (2.7), (2.10)). Since∫

B

φ(σWN
|V )pβ,+

WN
(σWN

)dσWN
→
∫

B

φ(σV )Pβ,+
T (dσ)

asN → ∞, that proves our statement.

9. Concluding Remarks

The prediction of Remark 2 turned out to be true. Recently in the paper by Bricmont,
Kupiainen and Lefevre the corresponding result was proven for the case of the projection
of thed-dimensional Ising model to the sublatticebZd.

In the paper [MV] of Ch. Maes and Van de Velde a result close to the results
of the present paper is obtained. The difference between [MV] and the present pa-
per is that in [MV] the authors use the one-dimensionality of the problem considered
in a more essential way. Namely, they use the observation that any one-dimensional
potentialU = (UA(σA), A ⊂ Z

1, 0 < |A| < ∞) can be reduced to the potential
U∗ = (U∗

[a,b] (σ[a,b] ), [a, b] ⊂ Z
1,−∞ < a ≤ b < +∞). The reduction is given by the

formula
U∗

[a,b] (σ[a,b] ) =
∑

A⊂[a,b]:
a∈A,b∈A

UA(σ[a,b] |A).

The potentialU∗, constructed in [MV], is related to the potential of the present paper
by the above summation. Unfortunately, the paper [MV] contains several erroneous
statements; it seems, though, that they can be corrected.

The subject of the almost Gibbsian fields is also treated in [ES, MS].
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