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Abstract: The driving principle behind this paper is the following thesis: “Every physi-
cally reasonable random field has to be a Gibbs random field”. In this paper the so-called
“non-Gibbsian” random fields are considered. The usual definition of the Gibbs field
is generalized in such a way so as to include some of the discovered “non-Gibbsian”
fields. The new definition is then used to show that the projection of the two-dimensional
Ising model onto the one-dimensional sublatfddalls into the class of the generalized
Gibbs fields.

A foreword by S. Shlosman

| had the sad duty to complete one of the papers by R. L. Dobrushin, on which he was
working during the last several months of his life. He got the idea of this work right
after the paper of Roberto Schonmann [S] appeared in 1989. He discussed the project
of bringing the “non-Gibbsian” fields back to the Gibbsian fold with me several times.

There are two versions of Dobrushin’s manuscript. The first one deals with the
projection of the(+)-phase of the 2D Ising model onto an arbitrary countable subset of
the latticeZ?. Because of the wish to have a preliminary version [D95] of this result in
time for the conference in The Netherlands (the conference in August—-September, 1995,
in Renkum, the last one in which R. L. Dobrushin participated), he started to write down
the special case of projecting onto the sublatfiéec Z?. Both manuscripts were left
unfinished.

The following is the result of my attempt to finish the second manuscript. | had to
change some of the initial statements, and | also added some new ones. | think that,
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if completed by R. L. Dobrushin, the final version would also differ from his original
manuscript, though for sure the changes would be different.

1. Introduction

In the last years a following surprising possibility was discovered and intensively dis-

cussed in the literature (see the excellent review paper of van Enter, Fernandez, and

Sokal [EFS], the recent informative paper of van Enter, Fernandez and Kotecky [EFK]

and the references there). Natural functionals of values of Gibbs random fields of the

type used in the renormalization-group theory can (in some sense) be non-Gibbsian.
More exactly, it means the following. L&t be a countable set ark be a finite set.

For any subsets”’ c V C T and any configurationy, € X" we denote the restriction

ov]y: € XV of oy to V' by oy For any two mutually disjoint subsels, V> C T and

any configurationsy; € X"t andoy, € X "2 the configuration™c X,*”"2, suchthatits

restrictiond]y; onVj coincides withry, and its restrictiowr [y, onV; coincides withoy,,

is denoted byry, U oy,. A Gibbsian potential ¢ = (Ua(ca),A C T,0 < |A| < o0)

is a system of real-valued functiobs, (o 4) of 04 € X4, labelled by the system of alll

finite nonempty subsetd C T'. It is assumed that for any< T the following series

absolutely converges:

> max |Ua(oa)| < o0. (1.1)
ACT:teA,|Al<oco 7a€
For any finiteV’ C T, any configuratiowy € XT\V | called aboundary condition

and anyoy € XV consider theelative energy

Ef(ov/orv)= > Ualoa)

ACVAA (1.2)

+ Z Ua(oanv U danm\v))-
ACT:ANVA,ANT\V)A,| A|<oo

The condition (1.1) guarantees the convergence of the series in (1.2) for all boundary
conditionso v and configurationsy . Let

exp{—E¥ (ov /orv)}

Y or\v) = = 1.3
pV(JV/UT\V) Z%(UT\V) ’ ( )

where thepartition function
ZH(or\v) = Z exp{—Ef (ov/orv)}- (1.4)

Jv€XV

Thetransition functiorpy (o /o) is defined for alby and all boundary conditions
or\v. The systempt = {p(ov /or\v),0v € XV, opy € XT\WV,|[V| < oo} of
transition functions is called th8ibbs specification with the potential.

For any subsetV C T we consider the smallestalgebra of subsets of the space
X T with respect to which all the coordinate functienst € W, are measurable. This
algebra is denoted iy, A probability measur® on the measurable spacg{, B )
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is calledconsistent with the Gibbs specificatigh, if for any finite V' c T, any function
¢(ov) of oy € XV and any subseB € By,

[ dtevpan= [ (30 stevtiov/an) | Protian). @)

oyeXV

wherePry is the restriction of the measuPeto theo-algebra 1 y-. The probability
measur@is called’non-Gibbsian”, if there exists no potenti&d satisfying the condition
(1.1), such that the measures consistent with the Gibbs specificatiph.

To be concrete we restrict ourselves to functionals of the type of decimation, applied
to the two-dimensional ferromagnetic symmetric Ising random field with large values
of the inverse temperature> 0 and(+)-boundary condition. Recall the corresponding
definitions. LetT = Z? and X = {1, —1}. Consider the probability measuf-* on

the measurable spaca’%z,‘BZz) defined by the following usual construction. Let a
subsetl/ ¢ Z2 be finite andP@’*(av), oy € XV, be the restriction of the measure

PA:* to theo -algebra®By . LetWx, N = 1,2, ... be the sequence of the lattice squares
Wy ={t=(t1,t2) € Z?: |t1] < N, |to| < N}.Then

G+ - i G+ Vv
PrMov) = lim_ > Py (owy), ov € XV (L6)
oWy eXWnN oWy lv=ov

Herepﬁf, W C Z?,|W| < oo, are the probability distributions defined by the Ising
specification for the case of the plus-boundary conditions, i.e.

. exp{—BES"Y oy /+
o (o) = SR P B ow 1)} w7
ZW
where (foriwe = 72\ W)
By ow/H)=— > ow— 3 o (18)
(s,t) CW:|s—t|=1 (s,t):seW, teWe |s—t|=1
and
Zyt= > exp{—BES Y ow/+)} (1.9)

O'WeXW

Itis well-known that the limits (1.6) exist. By the Kolmogorov theorem the system of the
probability distributionsP*, V'  Z2, |V| < oo, defines the measuR¥’* in a unique
way.

Let now a countable s@t C Z2. Consider the projectiofl : X%* — X7, defined
by o = (04,t € Z?) — Mo = (0,,t € T), whereo, = o, for all t € T. Via this
projection, the measur@’-* induces a measuﬂ@ff' on the spaceX’,Br), defined
by

P2*(B) = PP*(M;B), B e Br, (1.10)

which is called theprojection onT of the Ising measur®?*. In case of the sublattice
T = bZ? (thenb should be an integer), the transformation described above is called
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decimation with spacing Itis one of the transformations used in renormalization-group
theory. An important result of van Enter, Fernandez, and Sokal [EFS], extending earlier
results of Griffiths and Pearce [GP78, GP79] and Israel [], states that for decimation
with any spacingg > 2 the measuré’léf’* is "non-Gibbsian”. The other important
result is due to Schonmann [S]. He considers the cageofft = (t1,tp) € Z? i tp =

0} and proved that the measuPg:* is "non-Gibbsian” in this case also. The flow

of witty examples of "non-Gibbsian” measures is on the increase. Sometimes these
examples are treated as pathological ones and even as an insult to physical intuition,
since the belief that any reasonable transformation of a Gibbs measure leads to another
Gibbs measure is a foundation-stone of the generally accepted, but mathematically non-
rigorous, renormalization-group theory.

The mathematical results discussed above are very interesting, but the used termi-
nology seems to be misleading in some sense. The property (1.1) of the potential is
very convenient, if it is valid, but is not intrinsic to the notion of Gibbs distribution.
Moreover, it is not strictly necessary to assume that Gibbs transition functions (1.3) are
defined for all boundary conditionsy v; it is enough to assume that they are defined
only almost everywhere with respect to the corresponding random field. This point of
view is evidently unavoidable, if the space of valu€s= R?, and the interaction is
infinite range. For example, Gaussian translation-invariant random fields are described
as Gibbsian ones with the potential= (U4(04), A C Z%, |A| < 00), such that

_fes_tos0p I A={s,t},
Ualox) = { 0 in otherf:asgs, (1.11)

wherec,_; = ¢;_, are some nonnegative constants (see [D80]). Itis clear that if all these
constants do not vanish, the series in the definition (1.2) for the relative energy diverges
for some boundary conditiors, -, and so the Gibbs specification can not be defined in
a reasonable way for all boundary conditions. Of course, in the case ofXirgteilar
possibilities appear exotic, but, if we meet the real difficulties in these cases, we can
try to find a way out by using partly defined specifications. At least, physical intuition
of renormalization-group theory is vague enough to be not in contradiction with such
interpretation of Gibbs measures.

More exactly, let agaifl” be a countable set andl be a finite set. We define the
potentialld = (Ua(ca),A C T,]A| < o0) as above, but we will not introduce the

condition (1.1). Instead, for any finité C 7" we introduce the seYZ(/ € By of
all boundary conditiongr - such that the series (1.2) absolutely converges for all

oy € XV. (This setfl(/ can in principle be empty.) Then fary\, € Y?, we can
still define the probability distributiop%’,(av/ET\V) by the formula (1.3). The system

= (ov/orw),ov € XV, oy € Y?,, V C T,|V] < oo} of transition
functions will be called theartly defined Gibbs specification with the potential A
probability measur® on the measurable spacE{, Br) is calledconsistent with the
partly defined Gibbs specificatigi, if for any finite V' C T the probability

—U
Prv(Xy) =1, (1.12)

and the identity (1.5) holds for any functigifoy ) of o, € XV and any seB ¢ Br\v
such thatB C Y‘Lﬁ
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Now we can formulate the main result of the paper.

Theorem 1.1. There exists a valugy < oo such that for allg > Gy andT = {t =
(t1,t2) € 72 : t; = 0} C Z2 there exists a Gibbs potentiagd; = {U%(c4), A C
T,|A| < 00,04 € X*}, such that the projectiof?s:* of the Ising measur@’* is
consistent with the partly defined Gibbs specifica;i%.

Remark 1.A similar construction can be applied to the case of minus-boundary condi-
tion. As a result we obtain that the projection of the Ising measure with minus-boundary

condition is consistent with the partly defined Gibbs specification with the poté?fti,al

which is obtained from the potentibllff by the change of variableg < —oy,t € T.
For large enoughi these two potentials do not coincide. We believe that there is no

unique potential/?, such that both projectior8’:* andP%:~ are consistent with the
partly defined Gibbs specificaticp‘r‘?.

Remark 2.We consider the two-dimensional Ising model and the subldftieeZ! c

72 only to simplify the following construction. In fact, the only essential feature of our
approach is that in the considered case the contour method and the cluster expansion
for the contour system are applicable. Therefore, similar results can be proved for other
examples of the subsetsC 72, for the Ising model in dimensiod > 2 and for many

other Gibbs models.

Remark 3.There is a hope that the partly defined Gibbs specifications exist also in
other "non-Gibbsian” situations, but the investigation of this problem requires a lot of
additional work.

Remark 4.There is the following doubt, formulated in connection with the approach
developed in this paper: the class of partly defined potentials is too wide and we know
nothing about corresponding “almost Gibbs” fields. One possible response is that we also
know almost nothing about the usual Gibbs fields with potentials of the class (1.1). We
have only a general theorem of existence, a theorem of uniqueness for high temperatures
and some examples of phase transitions for low temperatures. It seems that similar results
can be obtained under some appropriate restrictions for Gibbs fields with partly defined
potentials.

1.1. Some heuristic§Ve finish this section by an informal description of some properties
of the projected low-temperature Ising measure, which is meant to explain the origins of
its “non-Gibbsianity” (in the standard meaning) and also to make the main results of this
paper (see Propositions 2.2 and 2.3) look natural. Consider the segmeni][C Z?.

We want to fix the configuratioa everywhere on{n, n] except at the origin, and we
want to estimate the influence of the rest of the configurati@utside this segment

on the valuerg. For the ordinary Gibbs field this influence vanishesas co. As we

will see soon, this is generally not the case in our example. To be specific, suppose that
the configuratiorv is antisymmetric onfn, n], thatiscs = —o_, for 1 < s < n,

and thatoy ,,) is somewhat neutral, that is for some fixed< n all the averages
Howi+ - +ou| < 3, say, foralls,0 < s < n — k. The reader can consider, for
example, the configuratiom, = (—1)!,0 < t < n. Let us first consider the case when
the configuration outside{n, n] is identically +1. Then the typical configuration of the
(+)-phase of the 2D model under such condition in the vicinity of the origin looks as
follows: the segments of minuses of the configuratiare enclosed by “thin” contours
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which stay very close to these segments, while the rest of the plane is filled by the
(+)-phase. Because of the symmetry of the configuration ,,;\o, its influence on the

spin at the origin vanishes, and the influence left is that of the (+)-phase outside the thin
contours, so the spi#y behaves basically as if being in the (+)-phase.

Let us now add two more<)-segments;t[n + 1,n + N]. If N is moderate, then
nothing new happens, and we have just two more thin contours, surrounding the new
(—)-segments. However, whévi becomes larger than a certain threshiligh, 3), then
the picture becomes qualitatively different: the two new contours prefer to merge into
one big contour, containing the whole segmlentV, N] inside. Energetically this is a
loss, because the length of the new system of contours exceeds the minimal possible one
by ~ 2n. The reason why the system is willing to pay this price is that the arrangement
described gives more possibilities for fluctuations. Roughly speaking, the second picture
corresponds to the pinning of the external contour of the third one to the segmeni]|
However, the probability of the event that this contour is located at some given height
h above the origin, is of the order 6f for h ~ v/N. So whenv/'N > exp{20n},
the entropy considerations win over the energy considerations, and the system prefers
the freedom of fluctuations to the energy gain. When the unifying external contour is
formed (which happens with probability close to one/iV > exp{24n}), the picture
in the vicinity of the origin is reversed: inside the big contour we see thin contours
surrounding (+)-segments of the configuratiarOutside them what we see is basically
the (—)-phase, and so the spitg behaves basically as if being in the)tphase.

This is how the “non-Gibbsian” nature of the projected field is manifested: no matter
how large the segments-f, —1],[1, n] are, where the configuration is fixed, we still
can influence the behavior at the origin — by choosing the segmdnts 1,n + N]
even bigger. That is a clear indication that if we still want to describe the field by a
Gibbs potential, we have to be prepared to allow extremely long-range interactions,
which might not even decay. Another, more quantitative information, we can get from
this example is that the total energy of two strings -ej-particles,H (gLt lez-bal),
wherea; < by < az < by, can be (approximately) equal to the sum of the energies of
the two stringsH (ol*-011) + H (glo2:%2]) only if the strings are well separated. Here and
in the following for A c C Z! we denote by the configuration

A,y | —1lforse A,
7 (8)'{+1 fors ¢ A. (1.13)

The reason for that is that the approximate additivity of the energy is equivalent to the
approximate independence. But when the distance between the segment$; | is
o(min(|by — a1, |b2 — azl)), then we have to expect the two contours to coalesce, which
rules out any hope for independence.

1.2. Organization of the papem the next section we write down the expression for the
potential we are looking for, and formulate its main decay properties.

In Sect. 3 we study one of the main important objects we need: the meniscus. By
this we mean the following. Suppose a box contains a system which is a mixture of two
phases, with a phase separation surface between them. In case both phases are touching
the walls of the box, the separation surface has its boundary on the wall. What we need
is the information on how the phase separation surface approaches the wall of the box
in question. We find in particular that the number of pure states of the Ising model in the
half space equals the continuum!

In Sects. 4 and 5 we remind the reader about the cluster expansion technique.
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Sections 6 and 7 contain the main technical results of the paper. There we are ob-
taining the estimates on the interaction, which are enough to prove the Gibbsianity of
the projected field. This is done in Sect. 8.

A preliminary formulation of the results of the present paper appeared in [DS].

2. Construction of the Potential

The proof of Theorem 1.1 is based on an explicit construction of the poté/ﬁiah
this section we explain this construction.

In the case of the two-point spaéé= {1, —1} we will use the following notations
for the configurationsy € XV inavolumeV. Foranyoy = (o, t € V) € XV we let

ov={teV:io =1}, oy ={teV: o, =-1}. 2.1)

As it is well-known (see [G] or [EFS]), distinct Gibbs potentials can define the
same Gibbs specification, but there is a subclass of potentials, which are defined by the
specification in a unique and even, in some sense, constructive way. It is the subclass of
the so-called lattice gas potentials. These potentials are especially natural for the fields
with two valuest1, when a typical configuration takes mainly one of these two values.

In the considered case of the Ising meagkité with 3 large, this dominant value is +1.
We can treat the sitese oy, as the sites where interacting particles are situated, and
the sites € o7, as empty (vacuum) sites.

We will use the following definitions. In the casé = {1, —1} a Gibbs potential
U=Ua(oa),ACT,0<|A| < oc0)is called dattice gas potentiaif

_JUa,ifo, = A,

Ualo4) = {0 forgll othero4 € X4, (2.2)
where{U4,A C T,0 < |A|] < oo} is a system of real numbers. We can tr&at as
the energy of mutual interaction between particles which occupy thd.sék show
below that the potentiald, the existence of which is stated in Theorem 1.1, can be
constructed as lattice gas potentials.

There is a constructive way to recover the valligdrom the probability distribution
of a Gibbs field with a lattice gas potential. i&t be a finite volumeX = {1, -1}, and
pw be a probability distribution on the s&t"™ . Assume thapy is a Gibbs distribution
with a lattice gas potentidl = {U4, A C W}. It means that

exp{—>_sacoy, Ual

pW(UW) = ZU , Ow € XW7 (23)
w
where the partition function
Ziy= Y expe— > Uay. (2.4)
oweXW A:ACo

w
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Leta setD C W, andof, is the configuration defined by (1.13), ifxf),) = D. It
follows from (2.3) that
exp{—>_4.acp Ua}

77 (2.5)

pW(UIIJ?/) =

In particular, for the case of the “vacuum” configuratio@@, onW (i.e. (a%’v)+ =W)
we have

pw(oty) = (Zy) " (2.6)
It follows from the relations (2.5) and (2.6) that
S Ua=-In pW(UgDV). 2.7)
A:ACD pW(UW)

Recall now a well-known (and checked in an elementary way) Mobius inversion
formula. Let®(:), ¥(-) be a pair of functions defined on the set of all finite subsets
A C R,whereR is a finite or countable set. Then

w(A)= Y o(D), ACR,IA|< o0, (2.8)
DCA
if and only if
(A)= Y (-)*\PIy(D), ACR,[A| < oo (2.9)
DCA

It follows from the Mobius formula and the relation (2.7) that for any finlt& 1,

Ua=— (-)*Pln pWE“VDV)

we, (2.10)
DgA pW UW)

Of course, we do not know yet thatthe meaﬁi?ﬁ:é’ is consistent with a partly defined
Gibbs specification with a lattice gas potentialBut the previous discussion suggests
the following definitions, which will be justified below. We will treat the meaﬁB@é'
as the limit, agV — oo, of the projections of the Ising distributiom@}jV (recall (1.7))
to the setd” N Wy and write the analog of the formula (2.10) for these projections. For
any N andD C (T N Wy) we let

B+ N _ | pﬁ}j—v (UWN : (O’WN‘TPIWN)7 = D) (2 11)
T,D - ; . — _ . .
pe[/j\, (UWN . (UWN|T0WN) - ®>
For any finiteD C T we let
B+ T B,+,N
QT7D Nlmnoo QT7D ) (2-12)
if, of course, this limit exists. Let
Uy = 3T (~yAPIQRyY (2.13)
DCA
+ o 4N _ A :
Upy = Jim Uit =y (0N Per,. (2.14)

DCA
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Theorem 2.1. In the situation of Theorem 1.1 all the limits (2.12), (2.14) exist. The
measurdP’é’f is consistent with the partly defined Gibbs specification with the lattice
gas potential/{fx+ which is defined by the relation (2.2), where the valligs= U:,@:;.

Itis clear that the main Theorem 1.1 follows from Theorem 2.1. The main difficulty
of its proof is a derivation of the appropriate estimates on the absolute values of the

potentialslj]f:;. Once obtained, they would imply easily the consistency of the measure
P2 with the potential/’™.

2.1. Bounds oi;"*. Here we formulate these estimates, the derivation of which is the
main content of the paper.

Proposition 2.2. A rough estimatelet A C T be any finite set. Then
U4l <428+ C)|A] 2141, (2.15)

The estimate (2.15) does not look very promising, and, what is worse, it seems
that for some sets it cannot be improved significantly. These sets include segments and
other sets of high density. Fortunately, the probability of the event that the segiment
is occupied by thé—)-particles decays as eXp-403|A|}, and so such a weak estimate
as (2.15) by itself does not destroy our argument. The next statement supplements the
estimate (2.15) with the bound needed to enable the proof of our main result.

Proposition 2.3. A refined estimatelLete > 0 be fixed. Then there exists a value
8 = B (), such that for allg > 3 (=) and for all finite setsd C T with densityp (A)
belowl — ¢ :

7 p—

we have
|Ua| < exp{—p'diam(A)},

whereg’ = 3’ (5) — oo as3 — oo.

3. The Meniscus

As the reader will see in the following, the case of projecting a two-dimensional field
onto the one-dimensional sublattice has the best chances to be non-Gibbsian. The reason,
roughly speaking, is this: the question about weak dependence of the spatially separated
boxesBi, B, of the sublatticéZ? c Z? according to the projection of the random field
‘P boils down to the following question:

Consider two closed contours, I'> C Z?, enclosing the boxeB, B,, respectively.
Let the contours be distributed independently, each one governed by th@figlk
guestion is about the behavior of the probability of the event that their intersection
is nonempty, as a function of dif(, B,). It is more or less clear that the lower the
dimension of the contour is the bigger are its fluctuations. In other words, the lower
the dimension of the contout the higher are chances to observe it at some distance
from the enclosed sdk. That is the reason why we think that the 2D case might be the
most difficult one. To obtain our result we have therefore to control the fluctuations of
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the contour surrounding a given sBt which is a segment, or punctured segment, in
our case. We will do it by using the following meniscus theorem, which seems to be
interesting on its own.

The meniscus theorem describes the phases of the semiinfinite Ising model, which
correspond to various possible slopes of the interface as it approaches the wall. Namely,
we consider the 2D Ising model on the half-infinite lattiéé) = {(x,y) € Z? : y > 0},
and we are interested in the set of Gibbs states corresponding to the following boundary
condition on thec-axis:

— _ | +1 forz >0,
T = {—lforx <0.

To remind the reader of the definition of the Gibbs field @R){, corresponding to the
Ising model with a given boundary condition, we need some notationALet (Z2)*
be a finite subset. BYA we denote the usual boundarysfc Z?, and byo*A C OA
—the intersectio® A N (Z?)*. A random field on the set of all configurations &?)" is
called the Gibbs field with Ising interaction and boundary conditiqrifé its conditional
distribution in any finiteA given the configuration® outsideA is given by the usual
Gibbs formula for the Ising interaction in the ca®eA = A, while in the remaining
case)A\J"A ¥ ) we also use the same formula where we supplement the configuration
o¢|a+a by the restrictionr]ya\ o+ -

To formulate the meniscus theorem we introduce the following configurations, which
will be used as boundary conditions. Let= (n,n,) be any unit vector irR? with
ng > 0. We define the configuration by

n(x) = +1 forn-x>0,
oW =Y -1 forn-x < 0.

Denote byVy the box
VN={(J;,y)€ZZ:—N<x<N,O<y<N}, (3.1)

and Iet<~>]ﬁan be the Gibbs state iy, corresponding to the Ising model at inverse
temperatures with boundary conditior". We also introduce the notatidn(:V, n) for
the integer point on the ling = N closest to the lina - x = 0.

Theorem 3.1 (The meniscus theorem)If 3 is large enough, then

1. The thermodynamic limit)y = lim ()%, exists for every.

2. The state$);, are mutually different Gibbs states of the Ising model on the half-lattice
(Z3)*, corresponding to the boundary conditien

For applications of this result to the problem of Gibbsianity we need a certain property

ofthe phase$)ﬁ. This property is formulated in terms of the contours of configurations.
So in the next subsection we remind the reader of the relevant definitions.

3.1. Peierls contoursLet Z? be the two-dimensional integer lattice. Assume fat
R?. Let Z?* be theconjugate latticevith vertices (1 + 1/2,ny +1/2), n1,no € 71, Let

[E be the set obdges of the conjugate latticee. the set of all closed intervals of the
length 1 connecting the adjacent points of this lattice. For each edg& there are
two vertices of the original lattic&? with the distance A2 frome. We say that they are
vertices adjacent to the edgelLet 1V C Z2 be a finite set. The set of edges E such
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that at least one of two points to which the edds adjacent belongs @ is called the
set ofedges in the volum@” and is denoted bE(17).

Return now to the Ising distribution with the plus-boundary condition. The boundary
B(ow) of the configurationry, = (0, € W) € X, whereX = {1, -1}, is defined
as the set of all edges € E(W) such that either both pointst’ € Z? adjacent toe
belong toW ando; # o, or one of these two pointse W, the other on¢’ ¢ W and
oy = —1. As usual, we represent the bound&y /) as a sum of contours, but to do it
in a unique way it is necessary to be careful in the definition of contours,lLet € E
be two distinct edges containing a common vettex(t1, t,) € Z?*. We say that these
edges make &egitimate turn if either one of these edges connects the vetteith
the vertex {1 + 1, ¢,) and the other vertex connects it with the vertex 4, + 1) or if
one of these edges connects the vetteith the vertex {; — 1, t,) and the other vertex
connects it with the vertex{, t, — 1). A contour is defined as a sequeRrgeey, . . . , ek
of mutually distinct edges such that the edges;+1,7i = 1,2,... ,k (herek +1 = 1)
have a common vertex and in case there is another pair of egdges.; of this contour
having the same common vertex, the edges;.1 make a legitimate turn. The set of
all contours is denoted b§. We say that a contodr € G is acontour in the volume
W, if all its edges belong t&(1W). The set of all such contours is denoted@®gV’).
The number of edges in a contddre G is denotedI"| and is called théengthof this
contour. The set of all pointse Z? such that there is no continuous curveRifiwhich
does not intersect a contolirand connect the poirtt € Z2? C R2 to "infinity” will
be called theanterior of the contourl” and will be denoted by Irt. We say that the
contoursl'; andI", arecompatibleif they have no common edges and if at any vertex
which is contained in both of contours these contours make legitimate turns.

We say that a finite system of contours_ G is acompatible system of contours
if any two different contours inr are compatible. LeH{ be the set of all systems of
compatible contours anH (W) C H be the set of all compatible systems of contours
m C G(W) of contours in a voluméV ( the setd (W) includes the empty system of
contours). It is easy to understand that for any finite voldin@nd any configuration
ow € X" there exists a unique system of contom(sy,) € H (W) such that

B(ow) = Uren(on)T- (3.2)

Further, for any system of contourse H (W) there is a unique configuratieny (r) €
XW such that

w(ow (7)) = 7. (3.3)
For any pointt € Z? denote byO(t) the set of all contour§ € G such that < IntT.
The configuratioroy = (o4, € W) € X" can be reconstructed from the contour
systemr(ow) by the help of the relation

_ [ +1, if |O(t) N w(ow)| is even
6T =1, if |O@t) N w(ow)]| is odd

Let I' be a fixed contour. Define the subge(I") C Z? by the relation:

A (T) = Z2\ U Intvy | . (3.4)

~: is compatible with"
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Itis a subset of all sites of the lattice which are at the distance not greateé%dm)m
. The setA () is defined in the obvious way.

3.2. Localization of the meniscudVe return now to the meniscus. Note first thagif

is large enough, then With>ﬁ-probability 1 every configuration on (Z?)* contains
exactly one infinite contour, and it has an endpoint at the peiét 0). Let us denote
this contour byl = I'(¢), and let f1(c), 72(c)] € R be the (random) segment of the
x-axis, obtained by projecting the contdilontoR? (the cases of the projection to be
semiinfinite or infinite are not excluded, of course).

Theorem 3.2 (The theorem on the localization of the meniscusBuppose addition-
ally to the conditions of the Meniscus Theorem that > 0. (That means that the

contoursI" go typically to the north-west.) Then tf(e)ﬁ-probability of the event
{o :72(0) > 1,1 > 0} is bounded from above by

exp{—cn L} with ¢y > 0. (3.5)
(The positivity of, is not uniform inn, of course).

The above theorem estimates the probability of the event that the cdhtwasses
the vertical line and deviates from it into the positive quadrant by the distaAcimilar
result holds for the probabilities of crossing and deviating by a distaficen other
straight lines, passing through the origin. However, if the line has equatiokz with
the slopek < 0, k # —Z—:, then the corresponding estimate is of the form{exp.!},
and the positive exponen}, does not diverge a8 — oo, unlike (3.5). The reason is
that such deviations are not suppressed even at zero temperature.

The following corollary of the above result is crucial for our purposes. Consider
again the boX/y (see (3.1)) and endow it with the boundary conditigrwhich is +1
on the left, top and right border, as well as on the segmen¥Pand is different from
being identically +1 on the remaining part of the boundary. Then every configuration
o in Vy has a certain amount of open contoilt$5) attached to the boundary &y .
Denote by §1(5), 72(5)] the smallest segment of theaxis, containing the projections
of all the contourd™;(5). Let (-)?)N be the corresponding Gibbs statelig. Then the
following statement holds:

Corollary 3.3. The(-)?_N- probability of the even{s : 5,(5) > [,1 > 0} is bounded
from above by ’

exp{—cpl} (3.6)
with ¢ > 0, uniformly inc, N.

Proof. The state<->§ ~ €an be coupled with any of the statek: in such a way that

the former is higher than the latter in the FKG sense. (That means that with probability
one, according to the coupling measur&,) % o(t) for everyt € Vy.) In particular, the
region between the contolli(c) and the ray(—oco, —3) of thez-axis contains all the
contoursl';(¢), and soyz(o) > 72(5). So the corollary holds with = ¢, for arbitraryn

with positive coordinates,,n,. 0O
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3.3. Properties of the phase separation linkhe reader who is familiar with the book
[DKS] would note that the above statements are quite close to those in its Chapter 4,
where the question about large deviations of the phase separation line is discussed. There
the deviations were studied for two ensembles: one was the canonical ensemble of the
phase separation lings € Iy, connecting two pointsy ) and ¢ (V,n), N — 1),

while the other was the grand canonical ensemble of the phase separation lines, which
were starting atj, 1), butwhich were terminating onthe lige= N —1, with the position

h (S) of the endpoint on this line randomly distributed in such a way that its mean value
wash (N, n), and the distribution was asymptotically normal with the variance of the
order of\/N. Before discussing these results further, we recall some notions introduced
in [DKS].

3.3.1. The ensemble of tame animal¥e start by considering the canonical ensemble
of tame animals, which is defined as a measure on the set

Ijo\fo,n:{SEIN,n . |Sﬂ{(x7y):y:m}| =1

3.7
foralm=0,1,...,N} (3.7)

of all SOS-trajectoriess, starting at §, 3) and terminating at/((V,n), N — 1). We
denote byk(r, S) the abscissa of the trajectasyat the level-:

k(r,S)=Sn{(z,y) :y=r}. (3.8)
We introduce the distribution
PRn(S) = (B(NV,n,00)) texp{—28|S|}, S €I, (3.9)

with the partition function

E(N,n,00)= Y exp{—23|5[}. (3.10)

SeIF,

The main tool in investigating this ensemble is the passage to the grand canonical en-
semble, which is defined as a family of measures on the union

v = Jz%n, (3.11)
n

indexed by the real parametér.
PRy (S) = (B(V, H,00)) " exp(—20|S| + BHA(S)}, S eIy, (3.12)
with the partition function

B(N,H,00) = Y exp{—23|S|+BH(S)}. (3.13)

SeTg

It is not difficult to calculate explicitly the partition function (3.13) of the ensemble
of tame animals. Supposing tha? < H < 2 we have

E(N, H,00) = *(Qpu)" (3.14)
with
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) +00 o sinh(25)
Qi = > exp(=20(kl+ 1) +BHk} = e ¥ o

k=—o0

(3.15)

The positionk(.S) of the endpoint of the polygof on the liney = N — % is a random

variable in the ensemble (3.12). It equals the sunVdtlentically distributed random
variables with the probability distribution

Pir(k) = Qi exp{—20( k| + 1) + BHE}, (3.16)
the mean value

6_18|09QH _ sinh(H 3)

Mi = dH  cosh(Z) — cosh{ )’

(3.17)

and the variance
,0%10gQx _ cosh(B)coshEB) — 1
OH? ~ (cosh(2)) — cosh(3))*

According to the standard local limit theorem for sums of independent random variables
(see for example [Gn]), a¥ — oo one has

D =4~ (3.18)

Py a({S 1 h(S) =bn}) ~

(b — NM;?)Z},

1 ex{ 1
J2iNDy P\ 2ND

whenever a sequence of integégsis chosen in such a way that the quantity

(3.19)

by — Mg N
N1/2
is bounded uniformly inV.

3.3.2. The ensemble of wild animalkhe “true” phase separation line of the Ising model

is a small perturbation of the ensemble, introduced above, see [DKS]. The corresponding
ensembleZy , of the separation lines is again formed by the polygsnsf the dual
lattice, starting at{, ) and terminating at((V,n), N — 1), but this time it is not
required that the intersectiossN {(x, y) : y = r} are singletons. Therefore, instead of

the random variabl&(r, S) (see (3.8)) we introduce two new variables:

k(r,S) =min{z : SN {(z,y) 1y =r} 70},
E(T7S):max{x SN {(x,y)iy=r}Z0}.

The probability distributiorPy »(S) (compare with (3.9)) is the one induced on the
setZy , of separation lines by the Ising model random fi@}(ﬁ{,)n, while the probability

distribution Py, z(S) on Zy = |J, Znn is obtained as a normalized mixture of the
distributionsPy »(S) with the weights expGHR(S)}, compare with (3.12).

Turning back to the meniscus problem, the evént(r, c;) we are interested in, is
the following one: the random line deviates at the levélom the ray of its expected
values by an amount linear in the distance from the starting point, i.eyhyin the
ensembl&y its probability is given by
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Py m(dev (r,c)) = Py u(r,cr) = Z Px.u(S). (3.20)

SEIN:E(T,S)—TMH >cpror
rMpg—k(r,S)>cir

The result of [DKS] is that this probability is exponentially smallin

,P]\IJLI(’I’7 Ck) < Aexp{—r\I/(ck)}, (321)

with W(-) a positive function, defined on a positive semiaxis. This statement is almost
what we need, though the estimator does not include the dependeritgTmhave

such dependence one has to put restrictions on the stpeesl M;;.) However when

one looks at the situation in the canonical ensembile, it is much less satisfactory; the
corresponding estimate of [DKS] reads:

Pyn(r,cr) = > Py n(S) < AVN exp{—r¥(ci)}.(3.22)

SEIN,n:];(T,S)fT]VIHZCkT or
rMp—k(r,S)>ckr

This estimate was enough for the purposes of [DKS] of studying the surface tension. To
obtain (3.22) from (3.21) is very easy:

Pr (1, ci) > P g (r, ci; R(S) = h (IV,n))
= PN,H (’/‘, Ck|h(S) = h(]\/v7 n)) PN,H (h(S) = h(N, n))
= PN,FI(T’ ck)PN,H (h(S) = h(Na n))a

and we get the desired bound by using the statement that the random vaxisple

has the standard local limit behavior with the variance of the ordé¥ oft is clear
however that the true estimate in (3.22) should be of the same order as in (3.21), and
the probability Py, 1 (r, ¢) should in fact be asymptotically equal to the conditional
probability Py, ;7 (7, cx|h(S) = h (I, n)), since the conditioning is done by fixing the
random variablé:(.S) to be equal to its mean value (which belongs to the region of its
typical values). As we will see in the following, the corresponding improvement can
indeed be done.

In this paper we will not prove the Meniscus Theorem, relegating it to the forthcom-
ing publication. What we will establish is the Meniscus Localization Theorem for the
particular choice of the vectar = (%, %). Since the only thing we need for the pur-
poses of the present paper is the above mentioned Corollary 3.3, it will be enough. The
relevant events we should study are that the observaiples) reach some threshold
values! > 0. Note however, that the probability of the evélit, S) > [ only increases
when the sizeV of the boxVy increases. So for any fixedwe can choosév as large
as itis convenient for us.

3.3.3. Calculations in the grand canonical ensemble of tame anim@le. start by
estimating the probability of the deviation we are interested in, in the grand canonical
ensemblePy’,, of tame animals. In accordance with our choice of the direatiaihe

field H has to satisfy the equation

_10109Qp _ sinh(H 8) _
b OH  cosh(®) — coshl B) -1 (3.23)

My =
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The functionM 7’ is analytic and increasing, so the inverse functiéff (M) is also
analytic and increasing. The solution to Eq. (3.23)is H>*(-1) = -2+ % + 0(%).
The event we are occupied with is that the observéfteS) reaches some threshold
[ >0,0<r < N.Denoting this probability by’3 ;; (r, [), we have for every choice of
the auxiliary fieldK that

3 exp{—26|5| + BHA(S)}

PR ) = 2(N, H, )

SET:k(r,S)=l
_ ooy SP20IS| BHNS) Ak )
(N, H, )

SeL k(r,S)=1
_ﬁKl._‘(N H,r, K, o0)
E(N,H,00) '’
where  E(N,H,r,K,o0)= > exp{—23|S|+BHA(S) + BKk(r, S)}.
Sezy

(The estimate (3.24) is the standard Cramer tilt.) The straightforward calculations (3.14),
(3.15) imply that

(3.24)

cosh(?) —cosh@3) 1"

cosh(3) — cosh(H + K) 3) (3.25)

ez

(Note that this estimate does not dependér) The choice ofK is up to us. The

approximate optimization in (3.25) suggests the following choicédsfor
_1 47 r 8

K+H:{21l 2ﬁln(l l)fori< 2"

57 for 7 > &-.

The choice which we will use and which is simpler to handle is the following:

-H forr <1,
K+H={2-3In@+5)forl <r< <L, (3.26)
%%625 forr > %ﬁl

Hence we have the estimate

PRu)=> PRglrl)

< (2BH! Z 1 +(BH Z <12+TT>T+ Z <12+:>r+ Z (%)r

T<52!31 I<r<20 2A<r< eZZBl 7,>522ﬂz

2ﬁHl2ﬁ+,8Hl Z+Z(>+Z()r

r>2l 251
<e Pl (3.27)

providedg is large enough.
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3.3.4. Calculations in the canonical ensemble of tame animiscomplete analogy
with (3.24) we obtain that in the canonical ensemble

—BKl E(N7 n,r, K7 OO)

Pya(r 1) <
WD = e

(3.28)

where
E(N,n, 00) = > exp{—26|5},

S€Zge h(S)=h(N,n)
E(N,n,r, K, 00) = > exp(—20|S| + BKk(r, S)}.
SEZ5e h(S)=h(N,n)
To proceed, we use the following relations between the canonical and grand canonical
partition functions: for everyd:
E(N,n,OO) = PK/'O,H{S : h’(S) = h(Na n)}
x B(N, H,o00)exp{—FHhI(N,n)},
E(N,n, 7, K,00) = Py g xS - M(S) = h(N,n)}

x B(N, H,r, K, o) exp{—BHh(N,n)}.

Of course, the distributiof’s?; ,. x is defined o3 by

28|S8 Hh(S Kk(r, S
P15 = SRS BHS) PR, 5)

The substitution to (3.28) of the last two relations (with different valHe$! ) gives
PRoa(r 1) < e PR x (3.29)

Py k15 T hS) = (N, M} 5(N, H, r, K, c0) exp{—BHI(N, n)}
PEg{S:h(S)=h(N,n)}  E(N,H,oc) exp{—BHK(N,n)}’

(Here, in contrast with (3.25), we have thedependence.) We obtain the best possible
bound by choosing the magnetic fields H in such a way that the expectations of
the random variablé(S) are equal to the same valég¢V, n) under bothPz?,, and

P]f,OH K Under that choice the first ratio in (3.29) is less than 1, provitieid large

enough To see this we note first that the distribution#(df) under bothP3;; and

P]‘\}OH K are asymptotically normal, and that the standard local limit theorem holds

for them. Lemma 3.4, proven below, tells us that the variance of the random variable
h(S) under P§7; is not bigger than the one undE’POH , SO that we can use the

knowledge of the limit behavior df(S) and apply the relatlon (3 19). Also, the difference
|H H| — 0, asN — oo, while the productd — H)h(N, n) tends to the derivative
dM H(—1). This derivative is finite, and that takes care of the last factor. (In the
present situation also a different choice is possiblds chosen in the way prescribed,
while H is taken to be equal té/. In such a case the first ratio in (3.29) goes to 1 as
N — o, since the random variablé$r, S) andh(S) — k(r, S) are independent under
the dlstr|but|onPN m.x- Hence the random variablé$S) under bothPgey; | ;- and

P’y have the local limit behavior with the divergent variances, and these variances are
asymptotically equal.) After these remarks the estimate (3.29) is reduced to (3.24). Of
course, the values a¥ for which this reduction is valid, depend on, {), but this is
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irrelevant for our purposes. Thus, in the limit — oo we have the following analog of
(3.27):

P]?/(j:oo,n(l) = Z P]%o:oo,n(r, ) < e P,

3.3.5. Properties of the variancedere we will study the properties of the variance of
the random variablé (S) when the trajectonf is subject to a varying “field”. To be
specific, we suppose that a given fractioaof the total life-spanV of the trajectory it is
under the influence of the “fieldX’, while after that time the field has a different value
L. If we denote byh,(S) the location of the polygot at the “time” [AN], then the
probability distribution we are interested in is given by

PRy k. (S) = e 2 (Qr) PN(Q) "M (3.30)
x exp{—28[S| + BKhA(S) + BL(A(S) — ha(S))}, S € IF¥.

To simplify the notations we will consider hereafter only the case when the total time
length is 2V, while A = % The corresponding measure (3.30) will be denoted by

Ps ,1.(5): . _
Let 2VMz?, be the mean value of the random variablgs) according to the
distribution P55, 1. 1 (S). Clearly,

2NMg2, = NM§E + NM§e. (3.31)

We are interested in the one-parameter families of the distributigRs; 1 (S), for
which

Mg, =const =C. (3.32)

(This restriction is natural, since our main interest is in the canonical ensemble, when
the endpoint of the polygoA is fixed; the restriction (3.32) means that the endpoint is
fixed “in the mean”.) The relation betwedfiand L is then the following, according to
(3.17) and (3.31):

sinh(K'5) sinh(LB) B
cosh(23) — cosh(K 3) " cosh(23) — cosh3) 25C. (3.33)

Whatwe are interested in is the behavior of the variange; , which is defined naturally
by:

2NDg = ND¥ + NDy (3.34)
(see (3.18).

Lemma 3.4. Let C be any real number, and consider the functibff ; restricted to
the curve (3.33). Lel - be the value of magnetic field such that

Mg, n. =C. (3.35)
Then for anyK, L, satisfyingM £, = C', we have

D¥ 1> Dy, ne- (3.36)
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Proof. The proof of this lemma consists in calculation of the derivative of the function
D, along the curvel/Z, = C. As we will see, this function has on any such curve
exactly one minimum afl - for everyC.

The gradient of the function/?; is clearly equal to

cosh(2) cosh(K3) —1 cosh(23) coshg) — 1
((Cosh(iﬁ) — cosh(x 3))?’ (cosh(23) — Cosh(Lﬂ)V) ’

hence the tangent directioh, () to the curve (3.33) satisfies the relation:

i cosh(23) coshK 5) — o cosh(23) cosh(.pB) —
(cosh(23) — cosh ﬂ))2 (cosh() — Cosh(Lﬁ))2

Suppose that{ > L. Let us show that in this case the derivative Ioff ; along
the vector £, 1), sat|sfy|ng (3.37) witht > 0 is positive. Let us takek(l) =

cosh(23) cosh(L3) — cosh(23) coshE 5) —
((COSh(ZB) - Cosh(llﬁ))2 ’ (cosh() — cosh( 3))2
then equal to
sinh(K B)[cosh(23)(cosh(Z) + cosh 3)) — 1][cosh(23) cosh 3) — 1]
[cosh(23) — cosh3)]?[cosh(23) — cosh( 5)]*
sinh(LB3)[cosh(23)(cosh(23) + cosh(L3)) — 1][cosh(23) coshE ) — 1]
a [cosh(23) — coshE 3)]2[cosh(23) — cosh({3)]3 '

Positivity of this expression is equivalent to the statement that the function
sinh(H B)[cosh(23)(cosh(Z3) + coshH 5)) — 1]
[cosh(23) — coshH B)][cosh(23) coshH 5) — 1]

is increasing. But this follows from direct calculation of its derivative, which is the sum
of four manifestly nonnegative terms, one of which is even manifestly positivel

= 0. (3.37)

) . The derivative in question is

3.3.6. Wild animalsWhat should be done next is the same construction for the case of

the real Ising model, which has to take into account the real behavior of the separation
line, which has overhangs, and which thus has to be described by the ensemble of wild
animals (in the terminology of [DKS]). But all the necessary constructions, involving
the cluster expansion in the ensemble of wild animals, are presented in Chapter 4 of
[DKS], and they need not be repeated here.

4. Contour Representation of the Partition Function

Now we recall the main definitions of the contour method in a variant convenient for our
aims and introduce the notation used below. The definition (1.8) implies that the energy

Eyow/+) = 2m(ow)| — [EW)|, ow € XV, (4.1)
where we let
[ => |0, we HW). (4.2)
rem

So recalling the definition (1.7) we find that
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oy (ow) = Pw (xlow)). ow € XW, (4.3)
wherethe contour probability distribution
Bw(m) = (Z(W)) texp{~26|x|}, «e HW), (4.4)

andthe contour partition function

Zwy= Y exp{-28|r}. (4.5)

TeH(W)

We can also rewrite in contour terms the quantiﬁ}a%BN introduced by relation
(2.11) and used in the formulation of the main theorem. It follows from the relations
(3.4) and (4.4) that for any finite sét C T'N Wy,

Pun(owy  (owy)™ = D) = (Z(Wn)) " Z0(D, W), (4.6)
where
Zr(D,Wy)= Y exp{—=20x[}, 4.7)
T€K7(D,Wn)

and the sef{r(D, W) C H(Wy) of systems of contours is defined by the relation

Kp(D,Wy)={m € HWy) : |O@F) N7l isodd, ift € D, (4.8)
|O@) N | iseven,ift € (T'\ D)}.

In a similar way
Py (owy)™ = 0) = (ZWN) " Zr(0, Wy). (4.9)
Thus it follows from the definition (2.11)

BN — | Zr(D,Wy)
.o =~ IN—e———.
’ ZT(wa WN)

This formula is the starting point of the following estimates.

(4.10)

5. Cluster Expansions

The following estimates use the cluster expansion method which exists in many versions.
We choose the general Kotecky-Preiss model ([KP]) with simplifications introduced in
the paper [D 94], though some other variants of the cluster expansion method can be
also applied to the derivation of the same estimates. In this section we formulate the
definitions and the results from [D 94] which will be used below.

Let us describe the Kotecky-Preiss model. Bethe a finite or a countable set.
Its elements will be callednimalsand so we call this model thenimal model(The
ensembles of wild and tame animals of Sect. 3 were particular examples of the animal
models.) Assume that a subsetC ® x ® of the set of pairsf, 6,) of animals is fixed,
which is symmetric, i.e. a pai{, 6,) € S if and only if the pair ¢»,6,) € S, and
reflexive, i.e. the diagonal pairg,) € S. If the pair of animals{y, 62) € S, we say
that they areompatibleand writef; « ;. If the pair of animalsf, 62) € (® x ®)\ S,
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we say that they aiecompatibleand writed; <~ 6,. The pair @, S) is called theanimal
model Sometimes it is convenient to consider the undirected graph without loops and
multiple edges with the s& as the set of its vertices, such that the vertite$, € ©

are connected by an edge of this graph if and oy ¥~ 0,. Itis evident that this graph
describes the animal mode&d(S) in a unique way.

Fix an animal model®, S). A finite subsetr C ® is calleda herd if any two
animalséy, 6, € T are compatible. For any finita C ® the set of all herds such
thatr C A is denoted byH (A) and is called the set of dflerds inA. (The setld (A)
includes the empty herd which is denotedfhy

Assume that a complex-valued functiofid), 0 € ©, is given. The numbew(0) is
calledthe weight of the animdl. Let a finite setA C ®. The number

Zu(A)= Y [Jw® (5.1)

TEH(A) OeT

is calledthe partition function inA defined by the weights = (w(f),T € ®). (For
7 = () the product in (5.1) equals 1 by definition. Saiifis an empty set, the partition
functionZ,,(A) = 1.)

A good control over the logarithm of the partition function of the animal models is
possible only if the absolute valugs(d)| are in some sense small enough. It leads to the
main restrictions on the domain of applicability of the discussed approach. To be more
definite we describe a condition on the weights which is used below and was introduced
by Kotecky and Preiss [KP]. Assume that a positive-valued fundi{@h 0 € ©, is
given. The valué() will be calledthe might of the animal. A choice of the function
b(0) for a concrete animal model with given weights is determined simply by a wish to
satisfy the needed conditions. Roughly speaking, the niighthas to be large if the
animalé is incompatible with many other animals.

Definition 5.1. We say that a weight functian(9), ¢ € ©, satisfies the KP-condition, if
there exists a non-negative weight functiog(#) > 0,0 € ©, such that for any € ©,

exp{ > wo(é)b(é)wo(e)b(e)} < b(0) (5.2)
6€®:60
and

[w(®)] < wo(), 6 €o. (5.3)

Proposition 5.2. Fix a positive weight functiomg(), 6 € ® and mights(0),0 € ©,
such that the condition (5.2) is satisfied. & be the set of all (complex-valued) weight
functionsw = w(#) of # € ® such that

[w()] < wo(f), 6 € O. (5.4)

Consider aweight functiom € Wy. Then for any finite set C © the partition function
Zw(A) #0and

I Zu(A)]| < 3 wo(®)h(0). (5.5)

0cA
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Proposition 5.2 is proved in [D 94] by simple induction |in|. It follows from
this proposition that the function I,,(A) is an analytic function of the arguments
w(f),0 € O. It turns out (see [D 94]) that the cluster expansion is nothing else but the
Taylor expansion of this function at the pointd) = 0,0 € ©. Its coefficients do not
depend om\, the majority of them vanish and the rest can be estimated by the help of
the usual Cauchy formula.

For any finiteA C © the set of all pairg = (p, ), such thap C A is a subset and
a=a(f) > 1,0 € p,isaninteger-valued function éfc p, will be denoted byD(A) and
will be called agroup of animals inA. The sefp will be called thesupport of the group
and the valuex(6) will be interpreted as the multiplicity of animals of the kifidh the
groupp. We say that a group = (p, ) is asum of group®; = (p;, o;),1 =1,2,... , k,
if p; Cp,i=12,... k and

a)= > al0), 0€p (5.6)

i=1,2,... ,k:0€p;

A gang of animals im\ is an non-empty group of animads= (p, o) € D(A) such that
for any two animal®, 6’ € p there is a sequende= 6,6, ... ,6, = ¢ of animals in
p such that the animal and@,., are incompatible forall = 1,2... .n—1,i.e.pis
a connected subset of the graPhThe set of all gangs in. will be denoted byG(A).
The subsetp, which are connected subsets of the gréphwill be called thesupports
of gangs The set of all supports of gangsC A is denoted byG(A).

Proposition 5.3. Let the conditions of Proposition 5.2 be fulfilled and a finite/set ©
be fixed. Consider apolydi3ko(A) = {w = (w(d),0 € A) : [w()| < wo(h),0 € A} C
C* and the seW§'(A) of all inner points of the polydiskVo(A). The partition function
Z.,(A) will be treated as a function ab € C». For anyw € WJ'(A) a convergent
expansion

InZ,(A)= > qup)= Y (o) [[w®)*® (5.7)
pEG(A) pPEG(A) 0ep

holds. The coefficientqp) are real numbers depending only on the restriction of the
graph structure or® to p. For any gango = (p, «),

a(f)
4| = 1) [T w®°©) < (Zwoww(e)) (H (%) ) (5.9)

ocp ocp 0ep

Inthe applications of the animal model considered below the animals will be contours
I" or some combinations of contours and their weights wikb&"'| or something like it.
Since we are interested in the case of laggthe following strong hypothesis is painless
for us:

|MW§%%@,HGQ (5.9)

Then we have the following simplification of the cluster expansion (5.7).

Corollary 5.4. Let

w®= Y ) (5.10)

p=(p",)EG(A):p"=p
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Then for any finite sex C ©,

INZ,(A)= > qulp) (5.11)
pEG(A)

If the condition (5.9) is fulfilled, then

Oep bcp wo(?)

7@ < 27 (Zwo(e)b(e)) [1(%%). 7ecw. G2

Proof. The expansion (5.11) follows immediately from the expansion (5.7). We find
using the condition (5.9) that for anyc G(A),

@\ _ 1 (O (= [ [wE)\*

TS EQ)-HCER) o

The desired estimate (5.12) follows now from the relations (5.8) and (5.13).

6. A Rough Estimate on the PotentiaUq"?”:‘

In this section we will obtain a rough estimate on the main quantity

s -y 2D, W)
D ZT(®7 WN) ’
introduced in (4.10). A much more precise estimate will be obtained in the next section,

at the price of restricting the range of the setallowed (and with much more labor).
Here we will treat the case of general finite sBts” 7.

We first rewriteQ%BN in the following way:

(6.1)

neKr(D,Wy)

Q?«’,BN:—M( > EN(w)), (6.2)

where
En(m) = M, (6.3)
ZT(Q)7WN)
and
Zr(ro,Wn)= > exp{—28|x|}. (6.4)
TER(mo, Wn)

We use the notatioR (7o) (correspondinglyR (mo, Wi)) for the collection of all admis-
sible systems of contours (correspondingl¥iiiy ), containingrg, such that all contours
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exceptthese ing do notintersectthe axi€ = Z*. Note, thaTZT(D =0, Wy) = Z\T(ﬂ'o =
0, Wn).
We will use the following representation for this ratio of the partition functions:

M =expq —20|x| — Z (M) ¢, (6.5)

Zr(0, W) M:MCWy ,MNA()A), MOT=0

see (3.4). The functio® is defined for all finite subsefs/ C Z2, vanishes for all subsets
which are disconnected, and satisfies the following estimate:

for somesy < oo and all 3 > 3o one has

| @(M)] < exp{—2(8 — fo)d(M)}, (6.6)

with d(M) denoting the minimal cardinality of connected sets of bonds belongifg to
and containing all boundary bonds of the get
Also, the function® is invariant with respect to shifts:

O(M) = (M +1t), teZ2 (6.7)

Such a representation follows directly from the cluster expansion of the previous sec-
tion for the partition functionsZy (o, W) and Z,(0, Wy). The animals here are

the contours. Our choice of the weightg,w and the mights) is the following:

wo (T) = exp{—5o|T|},w () = exp{—03 ||} with 8 > 2065, b(T") = exp{|T|}. The
quantity® (M) is given by the sum over all herds of contours, “covering” the subget

oM = D q(p).

p:UreIntP=M

A connected set/ such that\ N A(r) # @ will be calleda blob (onr). For future
use we fix for eactd/ a connected sét\/ c M of d(M) bonds containing all boundary
bonds of it. We will call it ac-boundaryof M.

It is easy to see from the representation (6.5), that the quantfitigs) approach

their limits £(r), while Q7" go to a limit, Q7. 7,, for everyD, asN — oo (though

not uniformly in D). The study of the quantitieB v (r) and E(r), Q73" and@7}, is
done in the identical manner, so below we will treat only the latter cases of the infinite
volume quantities (to save on notation). Their finite volume analogs will be needed only
for Proposition 8.2 concerning the comparison of the interactiofisandU 4.

We start with the following simple estimate.

Lemma 6.1. If 3 is large enough, then there exists a valiies C (8) — 0as( — oo,
such that for allr,

(=28 - O] < In B(x) < (~28+O)|x]. (6.8)

Proof. Note that every blob\/ is defined by its c-boundary)/. So to sum over all
possible blob assignments — which is what we have to do according to (6.5) — is the
same as to sum over all possible c-boundaries, intersegtifighis summation is a
standard combinatorics, which is done using the estimate (6.6) and the remark that for
every blobM one hasi(M) > 4. O
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Now we can estimate the inner sum in (6.2).

Lemma 6.2. For some valu€® = C (), uniformly bounded ag — oo,

exp{(-23-C)(4ID))} < Y  E(r) <exp{(-23+C)(2|D|)}.

reKr(D,Wy) (6.9)

Proof. Since all the weight&'(w) are positive, the lower estimate follows by taking the
shortest system, isolatingD. Such a system can have at mosb4 bonds. Itis easy to
see that the number of systems of contatrs Kr(D, W) of the total lengthl does
not exceed 3 Since for everyr we haver| > 2| D], the result follows from (6.8). O

Proof of Proposition 2.2Since the number of summands in the definition (2.14)4$,2
the relation (2.15) follows immediately from (6.9). O

7. The Estimate of the PotentialU%:‘ for Punctured Sets A

In this section we will establish the asymptotic splitting property of the main quantity

BN — | Zr(D, Wy)
.o =N —Z——",
’ ZT((Z)a WN)

introduced in (4.10), in the situation when the finite Beis essentially disconnected

By this we mean the following: LeD; C D, i € Z be afixed partition oD into disjoint
subsets, such that eafh is a union of connected componentdafOur goal is to show

that under the condition that the elements of the partifiprC D, i € 7 are sufficiently
separated, the main contribution to (6.1) comes from the terms corresponding to subsets
D;:

FY =" QY + higher order terms (7.1)

The precise meaning of (7.1) is given by Proposition 7.4 below. Before explaining the
notion of essential disconnectedness, we will introduce the noti¢h-efs)-connected
sets, which is crucial for the present section.

7.1. (1 — ¢)-connected setsA finite setA c 7! will be called connectediff it is a
segmentA = [a,b] = {n € Z',a < n < b}, a,b € Z'. We are going to definel — ¢)-
connectedsets, 1> ¢ > 0. (The connected sets would then coincide with 1-connected
ones.) To do this, we consider all segmemt3] with a,b € A, inside which the sefl

has density above 4 ¢, which means that

labln4] _,
] —1F

(Here|B| is the number of elements in the subgetC Z!; in particular, |[a,b]| =
b — a + 1.) Consider the union of all such segmentsb] of A-density above 1 e.
This is a finite subset df, and as such is a disjoint union of segmentsly, .. . I,
with dist (1;, I;) > 2. If it consists of just one segment, thenwill be called(1 — ¢)-
connectedOtherwise it will be calleql — ¢)-disconnectedand the intersectiond; =
AN I; will be called(1 — £)-connected component$ A.
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For a finite setA C Z! we define the segmefity,r4] C Z, 14 < ry € 71,
as the shortest one containing the getlf the set A is (1 — ¢)-disconnected, then
the complementls,r4] \ (I1 U L U---U ;) is nonempty, and consists of segments
J1,. .., Jx_1. Theseg(k — 1) segments would be callédcunas ofA. The quantity

k—1
[(A) =) |Ji] (7.2)
=1

is then the total number of points in the lacunas. We introduce also the dgfidi}of
a finite setd as

AL 4]

P A= Gam(A)+1 = [l rall

(7.3)

The next three statements contain the main properti€s-efc)-connected sets.

7.1.1. Properties ofl — ¢)-connected sets.

Lemma 7.1. Each(1 — ¢)-connected sed (and, in particular, eact{l — ¢)-connected
component of any set) has dengitfd) > 1 — 2=.

Proof. To show this suppose that the sétis (1 — ¢) -connected, and letaf, b1],
[az,b2], ..., a;,b; € A be the collection of all segments af-density above 1- ¢,
which are ordered in the lexicographic order. This order will be denoteé.byhe
segmentsds, b1], [az, b2], . . . form a covering ofd. We want to construct a subcovering
of that covering, which is “minimal”. We define the segments of this minimal cover-
ing inductively. Denoting by ; () the left (right) endpoint of the segmetit define

the segment/; as the )-last one among these segments in the collection, for which
ly = ap. Suppose that the segmetis £k = 1,...,n — 1 are already defined, and their
union does not yet contaid. We define/,, to be the last segmerdtamong these from
our collection, which have the following two properties:

i) The intersectiond N (Uy5tJ,) 70, J N (A\ UM x) 7 0. (Becaused is (1 — ¢)-
connected, the set of sudhs has to be nonempty.)
iy vz, > r;forall J satisfyingi)

This process clearly terminates, and Mtbe the number of segments in the minimal
covering thus constructed.

We claim now that;, > r; , forall n > 3. Indeed, otherwise the segmeht
would have been added to the minimal covering at the previous step. So every point of
A belongs to at most two consecutive segments from our minimal covering. Define the
segmentd{; tobeJ; N Jy1,i = 1,...,N =1L Ko =Ky =0, L; = J; \ Uj%Jj,i =
1,...,N.We have now that for every=1,..., N,

2 (1=9) )il = Q= )(IKiaf + |La| +[K),

since all the segmentg have A-density above 1- . Adding all thesaV inequalities
results in the following one:
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|AﬂL1|+|AﬂK1|+|AﬂL2|+‘AQK2|+~~‘+|AQKN_1|+|AQLN|
> (L= e)(|La| + [Ka| +|Lo| + [Ka|[ + -+ +[Kn_a| +|Ln])

+ (1= e)(| K|+ K|+ .+ Kn_a) = (AN Ky | +[AN K[+ +[AN Kn-_1)
> (L= e)(|La| + [Ka| +[Lo| + | Ko + - + |[Ky_a| +[Ln|) —

—e([Ka| + K|+ +[Ky_1])
= (1= 2e)(|La| + [Ky| + |Lo| + | K2 + -+ + [Ky | +[Ln]),

which proves our statement. [

Lemma 7.2. Suppose the set is (1 — ¢)-disconnected, and the subsetc A has
nonempty intersections with at least two differéht- €)-connected components 4f
ThenB is also(1 — ¢)-disconnected.

Proof. The proof follows immediately from the fact that, by definition, the union of two
intersecting1 — ¢)-connected sets is agdih — ¢)-connected. O

As we know from Lemma 7.1, every finite sBtwith densityp (B) < (1 — 2¢) is
(1 — e)-disconnected, and so has lacunas. We will show that if the densi®yi®even
smaller, then the total length of lacunasi®is comparable to its size.

Lemma 7.3. Suppose: is small enough and the finite sé has densityp (B) <
(1 —3¢). Then
1(B) > %diam(B).

Proof. Let B = B, U --- U By, be the decomposition aB into its (1 — ¢)-connected
components. Since eadh is (1 — ¢)-connected,

| B

P(Bi):W >(1-2).

On the other hand,
k
Zi:l |B1|

pB) = Ef:l (diam(B;) + 1) + 1 (B)

Hence
1(B) 1 1
>

- > _
> i=1|Bil 1-3 1-2

> ¢,

providede is small enough. Therefore

k k
1(B)>eY |Bi| >e(1-20) ) (diam(B;) +1),

=1 =1
hence
I(B)[L+e(1— 29)] >
k

>e(1—2) Z (diam(B;)+ 1) +1(B)| = (1 — 2¢) [diam(B) + 1],
i=1

and the statement follows. OJ
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We now are in the position to formulate the condition of sufficient separation of the
subsetd);.

e Condition of sufficient separatioe suppose that the partitioP; c D,i €
{1,...,n} = T is obtained in the following way: for some finite sét and its

a- s) -connected componenB c D,i € ZwehaveD c DandD; = D; N D
foralli € 7.

In particular, the partition ob into (1 — ¢)-connected components will go. To save
on notation we will present below the proofs only for this specific case; the generalization
to the general case will be obvious. For a finite Beendowed with its partition into
sufficiently separated subséls, i € Z we define, similarly to (7.2),

n—1
1(D)=1(D.ADs;i €T})=> (Ip, —rp, — 1) (7.4)
=1
(We suppose here and in the following that the enumeration is suchghat ip, <

'<an)

Proposition 7.4. Suppose that the finite sBtC T'NWy together with its partition into
sufficiently separated subsdis, i € 7 is fixed. Then iff is large enough, the following
expansion holds:

QrpY = ZQ““ > Gs(Dpig), (7.5)
i<jeEL
where
Diy= |J Dx
keli,j)

while the functionGg(Dy;,57) depends only on the selsy, k < [, j], and does not
depend on the sdd otherwise. We have also the following estimate:

|Gs(Dpin)| < exp{=pB'l (Dy 1, {Dr, k € [i,41}) } , (7.6)
with 8 — oo asf3 — oo.

The expansion (7.5) is somewhat similar to the standard cluster expansion of the
logarithm of the partition function. The difference here lies in the fact that the usual
low temperature expansion is made around a single ground state configuration, which
has no contours at all. So in the usual case the leading term of the partition function
corresponds to the vacuum and is 1, while here the situation is more complicated and is
different from the standard one.

The next three subsections contain the proof of the above proposition.

7.2. Dressed system representatids we have seen above, one of the main object we
have to study is the following ratio of the partition functions:

/Z\T(Tra WN)

B = Zr(0,Wy)’

(7.7)

while
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25N =—In > E)

TFGKT(D,WN)
Recall that (see (6.4))

Zp(mo, W) = > exp{—28nl},

TER(mo)

whereR(m) is the collection of all admissible systemsof contours containingrg,
such that all contours in except those img do not intersect the axig = Z*.

We will use again the representation (6.5), but this time we want to modify the
weights ®, in such a way that the new weighd® will be nonpositive. This can be
achieved, but for the price that these new weights are not translation invariant anymore,
and moreover, depend not only @, but also on the se¥/ N . This is the price we
can afford. The construction is the following:

Let b be an arbitrary bond d?*, and7(5) > 0 be the sum

TB) = Y exp{—2(3 — fo)d(M)}.
MCZ2,beM
For every bond € Z2* \ Z'* define
7(8,b) = > exp{—2(3 — Bo)d(M)}.
MCZ2,beM,MNTH)

For the setM we put

(M) — |M N | exp{—2(3 — Bo)d(M)} for |M|> 1,

O'(M,m) =< &(M) — |M N r|exp{—2(3 — Bo)d(M)}— (7.8)
=2 vering MB)T(3,b) for |[M| =1,
wheren(b) = 1 . The idea behind the last defini-

number of sites of4?)*, adjacent td
tion is simple: we add a small fraction — namety3) — to the contribution of every
bondb of the family 7 into the total weight 2|=|, and distribute the negative of it over
all M'’s, adjacent ta, according to (7.8). Eachf gets as many contributions as there
are bonds inr to which it is adjacent, while even one contribution is enough to make
it negative. The only exceptions are the one-pdifis; we put all the addition which is
not claimed by othef/’s to these; this is the source of the non-translation invariance.
(Note, however, that the translation invariance with respect to the horizontal shifts is
retained.) The analog of (6.6) holds evidently.

We therefore have the following representation Efrr):

E(r) = exp{ —(28 + 7(3))|x| — > o' (M,7)p.  (7.9)

M:MNA(m)FAD), MOT=(

Next come the usual trick of the theory of cluster expansions, which starts by defining
the function

WM, 7r)=e ¥ M) _ g (7.10)



154 R. L. Dobrushin, S. B. Shlosman

which in our case satisfies
0 < W(M, ) < exp{—2(8 — fo)d(M)}. (7.11)

Next, by a slight abuse of notation, we definal@ssed systerfi (or a system
7w with a dressiny to be the following objectr~= {r, Mj,..., M} consists of
the systemnr itself plus a finite collection of blobs sitting on it, i.e. a finite col-
lection of distinct finite connected seldy,..., M, C Z2 M; Nn'T = §, such that
m; = M;NA(@@) Z0,i=1,...,k k=0,1,....Afull notation for a dressed sys-
tem should include also the sets, i.e. itis® = {m, My,..., Mg;mq,...,my}. The
reason for this inclusion lies in the fact that the natural weight of the dressed systems
we are going to define next, depends on these intersections. In particular, the union,
rur’={r"unr’, M{,..., M}, ,M{,....M;m},...,my,,m{,....,m},} of two
systemsr” = {n', Mj,..., M,;mi,...,m}, yands”’ ={x" , M{,....M],,,m{ ,...,
mj.,, } would be a dressed system only if, first, the systemisind=z” are compatible,
and, second, all the intersectioh§ N A(7") and M}’ N A(x") are empty.

The expression (7.9) may be rewritten now in the form

E(r) = exp{—(26 +7(8))||} 11 (W(M, ) +1)

M:MNOA(m)FD, MNT=0

[e'S) k
=Y exp{—@3+7(B)|x|} [[ Wi, ) =) ER), (7.12)
k=1 =1 T
where the weight’(7) is, of course, nothing else but
k
E(#) = exp{—(28 + 7(8))|x[} [ [ W(M;, 7). (7.13)
i=1

The advantage of the positivity in (7.11) is that it allows us to interpret the last expression
as the statistical weight and introduce the corresponding probability distributions on
various ensembles of dressed systems of contours.

7.3. Structures.Fix now a finite setD C T'N Wy. Let D, € D,i € T be a fixed
partition of D into sufficiently separated components. It is convenient for us to suppose
that the index sef is a segment of integerg, = [1,n] C N. We denote byG(Z) the
set of all possible graph structures on the set of verticesthout loops and multiple
edges; in other wordg7(Z7) is the set of all subsets of pairs of distinct elements.of

Letm € K¢ (D,Wy) be a system of compatible contours, isolatilgand« =
{m, My, ..., My} be some dressing of it. (It might be an empty dressing, that is, it might
contain noM'’s at all.) Define a graplg(7) € G(Z) in the following manner: a bond
{i,j},1,7 € Z belongs tgy(7) provided that either

i) thereis acontour in 7 such that both subsets;, D; belong to In{(T"), or
i) there are two contours’, T in = and an element/ of the dressingr,"such thatD;
belongs to In{T”), D; belongs to In{I"”), while A(I") N M Z0 Z A(T")N M.

We call two dressed systemsandz’ of compatible contours, isolating the gt
equivalentff g(7) = g(7') = g € G(Z). We denote byL. = L.(D,Z,{D;,i € Z},9)
such a class of equivalence, and will calhistructure (onD). If a systemr"belongs
to the structurél, then we callL. = IL(7) the structure of the dressed systémin
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the case whellZ| = 1 and the partitio D;,i € Z} containing just one element, the
corresponding structure is unique and contains all systems of contours, is@latugh

a structure will be called sometinaa elementary structurand will be denoted simply
by L(D).

We would like to compare differerd’s. So we equip every) with some partition
{D;} into sufficiently separated components, and we define thés8Vy) to be the
union of alll(D, Zp, {D;,i € Ip}, g) over all variousD € T, all g € G(Zp).

Foranys > 0, any finiteD C T', endowed with its partitioq D, }, and any structure
L =0L(D,{D;},g)onitwe let

Sp(L) =Y E(®). (7.14)
weL

Let now the system € K1 (D, Wy) of compatible essential contours isoldeandn
is its dressing. Clearly, if a dressed systethds the structurke(s), thenn’ also belongs
to Kr(D,Wy). Let L+(D, {D;}, W) be the set of all structurdson D;

£T(D7 {Di}’WN) = U L(D’ {Di}’g)-

9€G(D)
Then for anyD C T'N Wy,
Zr(m, W,
ZimW) s gy = Y SeUD, {Di} o)),
rekr@wy) ZTOWN) e 0 D) 9EG(T) (7.15)

We now rewrite (7.1) and reformulate our goal. We want to show that under the
condition that the elements of the partitidh C D,i € Z are sufficiently separated,
the main contribution to (7.15) comes from the term corresponding to just one graph
gp € G(Z), where bygy we denote the graph with as its set of vertices, which has no
bonds. Moreover, under the same condition the term in question equals in leading order
the product of the contributions of the verticesygf which means that

> Ss((D,Z,{D;}, g)) = [ | Ss((D;)) + higher order terms  (7.16)
9eG(T) JET

According to our conventions the full notation for the structlivgD;) should be
L(D;,{j},{D;},(g5)9); it corresponds to the only structure @}, with the partition
{D,} containing the seb; itself as its only element; the grapy ]y is the only element
of the setG({;j}). The rest of this subsection and the next one is devoted to the proof of
(7.16).

We say that a pair of systems of compatible contours’ € H(Wy) is mutually
compatibleif these systems are disjoint and their s’ is again a compatible system
of contours. Likewise, we say that a pair of dressed systemg+, M, ..., M} and
' ={n',Mj, ..., Mj,}ismutually compatiblgif the pairr, 7’ is mutually compatible,
while all the intersectiond/; N 7/, M; N 7 are empty. (The intersections &f’s and
M"s are allowed.) LefL;, L, € L7(Wy) be two different structures of contours, and
R(LL1,1Lp) C Iy x Ly be the set of all pairs of dressed systems of contatirst,) €
L1 x L, which are not mutually compatible.

Later we will need the following construction, which associates with every graph
g € G(Z) the partitionI1(g) of Z. It is defined in the following manner: we consider
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the setZ to be a subset of the segméftn] C R*, and we associate with every bond
b ={i1,ip} of g the segment;, = [i1, i2] C [1,n]. The union of all these segments is a
closed subset @&, which is a collection of disjoint segments C R*. The intersections
v; N T are by definition all the non-trivial elements of the partitifitg). The trivial
elements of it are the singletons, corresponding to single poifitsdfich do not belong
to the above union of segments. For a given strudturelL(D,Z, {D,}, g) we define
the partition1(IL) to be the partitiod1(g). In case a dressed systarhdsg for its graph
g(7), we likewise defind1(7) to be the partitioTI(g(7)). Note thatl1(g) is a partition
of Z into consecutive segments, some of which might be degeneratg (9tbe the
index set for these segments.

LetIT = Iz = (A1, A2,...,Aj,..., A7), J € J be a partition of the index set
7 into consecutive segments. (The finest such partitioh A5, ..., A7, ..., A}) of T
into singletons, A = {j} € Z, will be denoted by17.) We then define the subsets
D(A;) = Uiea,; D; C D, equipped with partitions into correspondiny, i € A;; let
us also fix graphg; € G(4;),j € J. Consider the product

P(Hv{gjvjej}):lesz"'XL‘j‘,

wherell; = L(D(A;), Aj,{D;,i € A,}, g]) This product consists of all collections
of dressed systemB = (71, 72, ... , w|J|) 7; € Lj,j =1,...,|J|, which, however,
need not be compatible. So we Con5|der the set of all p053|ble unoriented gf@phs
on vertices7, and for any grapt € G(J) we let

R(, {g;}, k)= (| {PeP(,{g;jeI}): (wjl,mz)eR(Lﬂ,Lﬂ)},
{jr.g2}€h (7.17)

whereji, j» € J, and the intersection is taken over all bonds of the gragh words,
R(I1,{g;}, h) is the set of all collection® such that all the pairst(;, 7,,), {1, j2} € h
of dressed system of contours are not mutually compatible. For a system of contours
P € P(I1,{g;,j € Z}) we define the graph(P) € G(J) to be the maximal one
among thesé’s, for which the inclusion? € R(I1, {g; }, h) holds. For any» € G(J)
leth C J be the set of all vertices of the graphwhich are adjacent to at least one bond
of h.

Let

R(Mz, {g;}) = |J {P € P(,{g;}) : (i, 7x) € R(Ls, L)} (7.18)
i,keTJ

be the set of all collectiond such that some pairr{;7;) of systems of con-
tours is not compatible. It is clear that for any collection of systems of contours
P = (@1, 72,... 7)) € P(I1, {g;}) the system of contours

(7.19)

1
1Cs
b'\ﬁh

belongs to some structufie on D if and only if P ¢ R(IT). On the other hand, if

7 € LandIl(7) = (A1, Ao, ..., Ag), then there exists a unique collection of graphs
g; € G(A),7=1,..., kwith TI(g;) = A; and a unique collection éfdressed systems
7; € L(D(A;), Aj,{D;,i € Aj},g;) such that (7.19) holds.
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So we have:

> Sp(LD.Z.{Di}.g)) = (7.20)
9eG(T)

n
k=1 T=A1,....Ax  g1€G(A1),...,gx €G(A):TI(g;)=A;

k
IS5, A, {Diie A} g - > [[ BEG)

J=1 PER(M,{g;}) Ti€P

Since always 6< S3(L) < oo, we can rewrite (7.20) as

In| > Ss(L(D,Z,{D:},9)) | =D In(SsD;, {j}, {D;}, (9,)0))

9eG(T) j=1
+F3(D), (7.22)
where
Fs(D)=1InZg (D),
while
Zg(D)=1+
n—1 k
k=1 TI=Az1,...,Ar g1€G(A1),...,9k €G(A): j=1
95)=A;
n ‘ .
< | [T Ss@(D;, {3}.{D;}, (g;)0)) (7.22)
J=1
- ) > > I 8@ |~
k=1TI=Aq,..., Ak gleG(Al),...,gkgG(Ak): PG@(H,{QJ}) T;EP

M(g;)=A;
n

X SB(L(Djv{j}v{Dj}’(gj)(D)) -1
=1

(The only term from (7.20) which is not present in (7.22) is the leading one, which
equals the denominators in (7.22), and its absence is reflected in the fact that the first
summation is up ta — 1.)

7.4. A polymer representation f&fg (D). We will study now various terms in (7.22),

and we will show that many cancellations happen and that the terms are in fact small
enough due either to the fact that the contours in the struci{i@gA ;)) with nontrivial

A j's are much longer than the contours from the structiu@s;), or because we have
incompatibility condition entering into the last term of (7.22), which again forces the
presence of extra long terms.
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Our immediate goal is to represent the sgm(D) in (7.22) as a partition function
of an animal model. The animals turn out to be just segmenfshe setz.

Proposition 7.5. There exists a functiow defined for all finite(1 — ¢)-disconnected
subsets of.!, such that the following holds. Ldd c Z! be a finite subset, which is
(1 — ¢)-disconnected, and I, beits(1 — ¢)-connected componeniss {1,...,n} =
7. LetD c D be a subset, such that all the componebts= D N D; are nonempty.
Then

Zg(D)=1+> ] w(Da). (7.23)

I Aell

Here the summation goes over all partitions of theZseto (disjoint) segmentd except
the partitionIT* into singletons,

Hz{alyﬁLaZ?ﬁZw‘wakaﬁk:1§k<n> Oé]_:l
SP<ar< << Pp=n},

the product is taken over all segmeumtsc IT of positive length (i.e. alA’s which are
singletons, are excluded from (7.23)), and

Dp =UieaD;.
The functionw satisfies the estimate:
lw(Dy)| < exp{—B'l (Da,{Di,i € A})}, (7.24)
(see (7.4)), wherg’ = 3’ (8) — oo as 3 — oo.

Once this proposition is proven, Proposition 7.4 follows from the estimates (7.23),
(7.24) and the relations (7.20), (7.21) by applying the cluster expansion (5.11) to the
logarithm of the partition functio& s (D). The animals here are the sélg; they can be
identified with the corresponding nontrivial segments- Z. Our choice of the weights
w is obvious; the weightag (D, ) are given by the rhs of (7.24), and the migh{®,)
can be taken to be equal to e}a\ | }. (Here|A| is the number of points in the index set
A.)

As the reader of this hard technical section sees, the generic term in the representation
(7.22) corresponds to a pair of graphs. One is a ggaph(Z) (which is not necessar-
ily connected), while another is a graphe G (7 (g)), where the set of indice§ (g)
enumerates the elements of the partitidy). The first graph describes the connections
between different componenis;, : € Z, which occur due to the corresponding struc-
tureslL, while the second graph describes the incompatibility pattern between different
LL’s. In the next subsection we will treat the case when the ggaighrivial (= has no
bonds), then we will treat the case of trivigk, and finally we will treat the general
case.

7.4.1. Asimple termR!. As awarm-up, we begin the necessary estimates with the term
R of (7.22), corresponding to the cake n in the last term of (7.22). In that case the
partitionIT is the partition into singleton§] = I17, all the graphg; are trivial, so we will

omit sometimegT’s and/orgj s from our notations. So we have to consider the product
P(I17) =Ly x Ly x - - - x L,, of elementary structurds; = L(D;,{;}, {D;}, (9,)0).

con5|st|ng of all coIIectlons of dressed systefis= (71, 72,... ,@y),T; € Lj,j =
1,...,n. The ratio which we are going to estimate is
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ZPER(I‘I )H‘rr ep E(7;)

RY(D) = —
D) Hj:lsﬁ(L])

Proposition 7.6. In the notation of Proposition 7.5 there exists a functichdefined
for all finite (1 — £)-disconnected subsets®t, such that the following holds:

RYD) =D ] w(Da)- (7.25)

I Aell
The functionw! satisfies the estimate:
|wh (Da)| < exp{—B'1(D4)},
whereg’ = 3 (8) — oo asf — oo.

Proof. We first rewrite the functiorR®. Using a well-known formula for the union of
events via their intersections, we find that

( )
|h| TFJEP Ty
Z (-1) Z HJ 156(1[ ) (7.26)

REG(T),|h|>0 PER(h)

7r cP E(’/TJ)
Z HJ 1Sﬁ(LJ)

(recall (7.17)), where we denote by| the number of bonds of the gragh We now
rewrite the inner sums in the rhs of (7.26) by singling out the factors corresponding to
sitesj € 7\ h. We find that

oI EGy = ( 1T Sﬁ(Lj)) > 11 EG). (7.27)

PeR(h) w;€P JET\h P={#;:jER}ER(TIE,h) TiEP

HereIl; = {A;,j € h}, and we use a slight abuse of notation in the expression
R(TT;, h) by treating the graph € G(Z) as a graph on the verticési.e. as an element

of G(h) C G(Z). The key observation now is that the last sum factors. Namely, if we
introduce the se€(h) of all maximal connected subgraphs fof excluding isolated
vertices then

> II 5GH= ]] 3y 1 EGy). (7.28)

P={#;:jER}ER(TIE,h) TiEP k€C(h) p=(#;:jek}eR(E k) Ti€P

So if we define the weigh® B(k) of a connected graphwith vertices among the points
of the index sef by

ZP:{%j:jGE}ER(H’é,k) 1z, ep E(;)
ITjer So(Ly) ’

Qh(k) = (1) (7.29)
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then it follows from the relations (7.22), (7.26), (7.27) and (7.28) that
R'= > I @k (7.30)

heG(T),|h|>0  keC(h)

One can estimate from above the weights of each gkamontributing to (7.30),
directly. However, the estimate, in general, would not be better thafi-exgi(k)},
where

I(k) = dist(D;,, D;,.,) (7.31)

and where the summation goes over all componBntsk, ordered by the natural linear
order inherited fronZ'. The more optimistic estimate with

L(ky= Y dist(D;, D))

{i,j}ek
instead ofl(k) does not hold in general. The estimate available is not enough for our

purposes, since the number of connected graphs on vekrtise§the order 81" while
I(k) can well be of ordefk|. So we have too many animals with a given weight, and the
straightforward application of the cluster expansion machinery would fail.

To cope with this problem we will introduce the partition of the set of all graphs
h € G(Z) into families, according to what the partitidr(r) is. Namely, for every
nondegenerate segment_ Z denote byH (s) C G(Z) the subset of all graphs which
have the segmentas the only nontrivial element of the partitidh(). Introduce now
the weightQ7(s) by

Q)= > ] @b (7.32)
heH(s) keC(h)
That definition clearly allows us to rewrite (7.30) as
R= ) [T@se. (7.33)
SeS(T) seS

where the summation goes over all collectighg S(Z) of disjoint segments aof of
positive lengths.

To estimate;)}a(s), we first rewrite this weightin terms of the famili&s contributing
to it. Clearly,

Q%,(s) - Z (_1)|h\ Z:P:{f(7 JESYER(TIE,R) H%jeP E(%j)

heH(s) H]‘ES SB(LJ)
- ¥ OIS R L
P={f;jesteR(TL): \hC9(P)heH(s) H-jes So(Lg)
g(P)EH(s)

We need an estimate on the coeffici&f(tP) = (Zhgg(P):heH(s)(—l)W) ; being large,

it can destroy our strategy. Happily, as we will show at the end of this subsection (see
Lemma 7.8),
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K@= > <y, (7.34)
hCg(P):heH(s)

SO

Z H%jeP E(%])

1 -
Qs(s)] < .50

(7.35)

P={#;:j€s}ER(IT?):
g(P)EH(s)

The rhs of (7.35) can be interpreted as a probability of an event in a certain ensemble.
Namely, introduce the following product distribution &{IT7):

[1s,ep B())
[Tjes S(lg)
This is just the ensemble of independent dressed families of contours, each family
belonging to the corresponding structilixg and being distributed according to

B(y)
Sp(Ly;)

QS(P) = QS({%jaj € 3}) =

q;(7;) = (7.36)

Then we can rewrite (7.35) as

Q5()| < as({P € P(ITY) : g(P) € H(s)}). (7.37)

To estimate the last probability, we first define for every graph g(P)), contribut-
ing to (7.37), aspanning subgraphlp(g) C g. The definition is inductive. Suppose the
set of all verticegj is enumerated in increasing ordgr= {iy < i < --- <ig} C s.
The firstbond{ ¢y, d1 } of sp(g) is the longest one gf among those incident to the vertex
1. Suppose inductively that the bonfls., d,.} are already constructed=1,2, ... k,
andey(= i) < c2 < -+ < ¢, dy < dp < -+ < dy. If di, = i), the process ter-
minates. Otherwise the set of bonfls d} € ¢, such that < d; < d, is nonempty
(sinceS(g) = s), and we take for the bonfty.1, di+1} the one from this set with the
rightmost endpointl. Let K be the total number of bonds &p(g). By construction,
g <d <ecz<dz<..., cp < dy < ¢g < dgy < ...,and so every vertex of
the graphsp(g) belongs to at most two bonds of it. Hen&eé < |s|. Moreover, every
vertex ofg belongs to at most one “even” bond and to at most one “odd” borg(g].
Denote bysp,(g) C sp(g) (resp-sp.(g) C sp(g)) the subgraph composed by only “odd”
(resp. “even”) bonds, and ldt, (K.) be their number. Sincgj,{(zl(d;c —cx) > U(g)
(see (7.31)), we have that at least one of the estimates holds:

S () < I(g)
Z(defl — Co-1) = - or Z(de —cak) = -
k=1 k=1
That implies the inclusion
{P € P(TT}) : g(P) € H(s)} (7.38)
(]
- U R (H:, h(Cl, d]_; Cc2, dz; ey Cly dk)) R

k=1 {c1,d1,c2,dz,...,ck,di €5:
c<di<cr<da< - <cp<dp }
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where the second union is taken over all collections of disjoint segments],
[c2,d2], ..., [ck,dk] in s Of total length at Ieasi(zi), and the graplh(ci, di; c2,do; . . .;
¢k, di) hask bonds{cy, d1}, {2, dz}, . .., {ck, di }. The crucial point for us here is that
the number of such collections is bounded from above by only

2l*I=}(= the number of subsets of the setlgf— 1 elements) (7.39)

(while the number of all graphswith vertices ins is of the order of sonstlsi® \which is
the reason why we have to pass to segmeifitsm graphsh).
By definition of the measurg, we have that

k
s (R (T, h(cr, da; o, da; - . . g, di))) = HQCi,di (R(ci, di, h(ci, d3))) , (7.40)

i=1

where the measurg, 4, = ¢, g4, (See (7.36)), and the famili (c;, d;, h(c;, d;)) corre-
sponds to the graph with two vertices and one bond joining them, i.e., in accordance with
the definition (7.17), it is the collection of systerf’s= (71, 72), 1 € Le,, T2 € Lg,,

which are not mutually compatible (i.er(,72) € R(L.,,Lq,)). To estimate the prob-
ability g. .4 (R (c, d, h(c, d))) consider the vertical liné.; = {(zcq4,y)} C R?, with the
abscissa:., positioned halfway between the séds andD,. Then

> Ge(Fe)qa(Fa) < qe{fte Nl 70} + qa{fa Nl 7 0.
P={#.,7a}€R(c,d,h(c,d)) (7.412)

The event{7. Ni.q #Z 0} can be written as a sum:

{FeNlea Z0} ={mcNlca 7O} U (7.42)
U U {b € ., for ablobM of 7, we haveh € M, M Ny 7 0}| .
bEZA\Ioq
Now,
q.{b € m., for M € 7s,b € M, M Nlq 70} (7.43)

=g bentg{for M ez, be M, MNl.qa70|be r.}.
Next, we need the following simple

Lemma 7.7. Consider an elementary structul€ D), and letp(7) be the natural prob-
ability distribution on it:
p(ﬁ-) = ﬂ
Sp(L(D))’

Let M be afixed blob. Then the probability of the event that the dressed systamains
this blob M in its dressing can be estimated as follows:

plf:@={m M M,...}] <exp{~2(6 — Fo)d(M)}.
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Proof. The proof is almost immediate. Indeed,

_ Z%:{w,AJ,Ml,Mz,..~ } E(7)

plr:i7={m, M, My, My,...}]|

Sp(l(D))
- Z%:{W’Ml,szw bA(mNMAD,M; M, "IJ(M’ 7T)E/‘(ﬁ-)
Sp(D))
Zﬁz{W7M17M2,... V:A(m)NM A, M; 7M, E(7)
< exp{—2(3 — Bo)d(M)} 5,0L(D))

< exp{—2(8 — fo)d(M)}. O
According to this lemma the last factor in (7.43) can be estimated as follows:

q{forM ez, be M, MnNlg7Z0|ben.} <exp{—4(B8 — Bo) dist, l.q)}-
(7.44)

Hence

QC{ﬁ—c N lcd 7@} S Z eXp{—4(ﬁ - ﬂO)T}QC{T(C N (lcd - T) 7 (Z)}

reZtir>0

Here {.q — r) is the linel.4 shifted to the left by units, and of course the probabilities
ge{me N (leq — 1) #0} equal to 1 once > % dist(D., D,). For the remaining values of
r these probabilities are estimated in (3.6), according to which we have

1.
ge{me N(leg — 1) Z0} < eXp{fcﬂ(E dist(D., Dg) — 1)}
Together with (7.44) it shows that

~ ~ & .
Z QC(WC)Qd(ﬂ'd) <2 exp{_Zﬂ dlSt(Dw Dd)}-
P={#¢,7qa}E€R(c,d,h(c,d))

Combining the last estimate, the estimates (7.41) and (7.39), the relations (7.40) and
(7.38) and the estimate (7.37) we get:

[@b()| < 2% exp{~ 2 8U(s)} < exp{—Bl(s)},

wherel(s) =}, ., dist(D;,, D, .,). Together with the formula (7.33) the last estimate
shows that the ter®* has the form needed for the machinery of the cluster expansion
to be applicable. [

We finish this subsection by proving the estimate (7.34), together with another state-
ment from graph theory.

7.4.2. Two statements about graphgt g € G(Z) be a graph on the vertic&s(with no
multiple bonds). We will call it aspanninggraph, if for everyk € Z, k > 1 there is at
least one bondi, j} of g, such that < k — 1 < k < j. In other words, the graphis
spanning, if every segmefit — 1, k] is covered by at least one bondofAn equivalent
definition is that the partitiofl (¢) of Z consists of one element, which is the Eétself.
Note that a spanning graph is not necessarily connected.
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Letg € G(Z) be a spanning graph. Consider the quantity
N(g) = (-1",

hCg

where the summation goes over all subgraphgwhich are themselves spanning, and
where|h| is the number of bonds ih. Then we have

Lemma 7.8.
N(g)=-1,00r 1

Proof. The proof goes by induction on the number of pointgir-or |Z| = 2 we have
N(g) = —1 for the only spanning graph € G(Z). Each bigger sef is also treated by
induction — this time in the number of bondsgnlf |g| = 1 then againV(g) = —1.
Consider the general spanning grapfe call a bond %, [} a subordinate to a bond
{i,j},if i < k < 1 < j. Suppose first that the graghhas a bond(s, j} with a
subordinate(k, 1}. We claim then that the subsupi,, -, r; ¢, (—1)"! = 0. Indeed,

the maph — hA{k, !} is a one-to-one map on the set of all spanning subgraphs of
containing the bonds, j}. Hence to evaluaté/(g) we can delete the bond, j} from

g. If the resulting graph is not spanning, thaf(g) = 0. Otherwise it has less bonds
thang, which permits the induction step in our case. Suppose next that no bond has a
subordinate. That implies in particular that the graggtas exactly one bond incident to

the siten. Let that bond bk, n}. Consider the factor graph = g/{k,...,n}. Note

that there is a natural one-to-one correspondence between the bghdsathe bonds

of g excluding one bondk, n}, which disappears after the factorization. Itis immediate

to see that this correspondence gives rise to a one-to-one correspondence between the
spanning subgraphs gfand ofg, soN(f) = —N(g). Hence the proof is complete, since

f haslesssitesthan [

Let A be afinite set, and = UA;, i € 7 be its partition into disjoint subsets, which
are calledconnected components df For every subset’ C A we define connected
components”; of C' as those intersections; = C' N A;, which are nonempty. These
components are indexed bye Z(C) C Z. Denote byG(C) the set of all connected
graph structures with some of the sétsas their vertices. (For example, a single set
C; is an element of5(C).) Forg € G(C) we denote byZ(g) C Z(C) the subset of
indices corresponding to the verticesgoiLet G = UcG(C). (The elemeny of G can
be thought of as a collection of nonempty subsétsC A;, i € J C Z, together with
a structure of a connected graph on the gedf vertices.)

Suppose the functiofi is defined onz. Consider the sum

S =DM 3 f(g). (7.45)

CCcA geG(C)

Note that in general the terif{(g) would appear more than once$(f). Indeed, if for
example the sef’ consists from two connected componeiiiss C;, U C;,, while the
graphg € G(C) has one vertex’;, and no bonds, then for anye C;, we also have

g € G(C\e). Hence, some cancellations in (7.45) should be expected. Let the (integer)
coefficientse(g), g € G be the result of these cancellations; in other words, define them
to be the coefficients of the formal expansion of the stf):

e f@) =) DM f(g). (7.46)

geG CCcA geG(C)
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Lemma 7.9. If Z(g) # Z, thenc(g) = 0. Otherwisec(g) = +1.

Proof. Let g € G be an arbitrary element, and suppose a subgset A is such that
g € G(Cp), and moreoveZ(g) = Z(Co) # Z. Then the complemeti.(Cp) = Z \ Z(Cy)
is nonempty. Suppose now thatc A is a subset, for which the inclusigne G(C)
also holds. This is equivalent to the statement that thé'setCy U B, whereB is any
subset of the unior. (C) = U;ez,(cy)Ai- SO

o=+ Y (F=o

BCA(C)

On the other hand, i(¢) = Z, then clearly the graphappears in the sum (7.46) exactly
once. [

7.4.3. Interlaced structures: The tefRY. We start with the following statement, which
will be used in this and the next subsection. DetC Z! be a finite set, which is supposed
to be (1— ¢)-disconnected. We consider again the smallest segrhent;j] ¢ Z! such
thatD C [Ip,rp], and so diamD) = Ip — rp. Let D; C D,i € T be a partition
of D into (1 — ¢)-connected components &f. Consider the ensembl€r (D) of all
compatible dressed systemsisolating the seD. Let us assign to each systermthe
weight E (7), introduced in (7.29). We are interested in a certain evi{ii?, {) in this
ensemble, which we describe next. Roughly speakitid, /) happens when the system
7 “covers” the segmeriip, rp +1]. More precisely it means the following. We say that
T e A(D,]I) iff

o the partitionlT (g (7)) of Z contains precisely one element;
o the geometric projection of the set of borid$) = m U (Uns,exM;) C R? on thex
axis contains the segmefip, rp +1].

Lemma 7.10. There exist$’ = 3/(8,¢), 8’ — oo as3 — oo, such that

2reamyy E(7)
[1j=1 Ss((D;, {5}, {D;}. (9;)0))

Proof. Letthe dressed systere” A(D, ), 7 = {m, My, ..., My}, andr = {~y1,...,v}.
The proof will be an adaptation of the Peierls argument to our setting. To implement
it we will define first the(—)-sets N, of w. For that let us consider the configura-
tion o, which is defined by the property that its contours are precisely the contours
~,-...,7. The setsaV,, are defined as the maximal connected components of the set
{t € Z?: 0, (t) = -1} \ D. So they are either in the upper or in the lower halfplane.
We think about them as composed from unit closed plaguettes centered at the sites of the
lattice Z2. In the extreme case the collectidn, is empty, and that corresponds to the
shortest possible collectiofy, . .., Yip)} of contours, isolating). The set of bonds
belonging to the contours in this minimal collection will be denoted by

Consider the connected componéeftef the union(U, N, )U (u’fMZ-) . The elemen-
tary (Peierls) surgery of the systentérresponds to the removal of one such component
T = (UaeamNa) U (UsesMp) and results in a systend = {x’, M{,..., M],},
which is obtained fromr in the following way. The collectiof M7, ..., M], } is just
the initial collection{ M, . .., M}, }, from which the subcollectiofiMs, 3 € B(T)} is
removed. The family” = {~1,...,~, } is defined to be the collection of all the contours
of the configuratiorr .-, which is given by the relation

< exp{—4'(diam(D) +1)}. (7.47)
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) = +1 fort € Uaea(mNa,
= =9 o, () otherwise.

(So indeed it is just flipping some spins inside some contours.) The natural thing to
do is to perform such a surgery only on théss, which contain extra long contours.
Such7’'s will be calledbridges and we define them as follows: the comporéris a
bridge, iff it is adjacent to at least two differeftt — ) -connected component3; of
D. Let us denote the corresponding set of these indidBsZ (7) C Z. The second
(and the last) case when a component (Wiil(7)| > 1) is called a bridge is when it is
responsible for the overhang over the segnfiept rp + []. (The component then picks
up its surplus length from the overhang.) These bridges will be cAllaghon bridges,
or A-bridges, though in such cases the gef7") might be one-elementNpte.We will
not perform surgeries on A-bridgeg having single element sef(7).) We denote
by B (7) the collection of all bridges of."For every bridge]” we define the segment
S(Z(T)) C T as the smallest one, containing the 5¢7"). For every7 we introduce
the subseDr = U;cz(rD; C D, thebaseof the bridge. Leflp,, rp, | be the smallest
segment, containing the baggr. It follows from the conditiont”e A(D, ) that the
collection of segment§S (Z (7)), T € B (@)} is a covering ofZ.

We begin the proof by considering the case of dressed systems which have no A-
bridgesT with single element seB(7). So we introduce the subsét(D, 1) c A(D, 1)
as the set of all dressed systems “A(D, [) with no A-bridgesT with |Z (T)| = 1. By
A"(D,l) c A(D,I) we denote its complement.

Let 7 € B(7) be some bridge of € A'(D, 1), and7 be the result of the surgery.
We are going to compare the two weights(z) and £ (7'). To do it, we will introduce
the boundary)T of T to be the set

OT =9 (VacamNa) U (UsenmdMs) .
We split it into two subsets:
T =Tpnad (UaeA(T)Na) ,

07T = (9 (VacanNa) \ 8°T) U (UsenndMp) -

We are using these notation since the result of a surgery is the remo®atjofand
replacing it byd* 7. Therefore if we introduce the quantity

(7= |8‘7’| —10"T],
then we have:
E(R@)<E (fr’) exp{—261(T)} .

For a familyB of bridges we also define

1B)=>I(T).

TeB

Likewise we define
L(T)=10T|, L(B)=>_ L(T).

TeB
Note that
L(T) < (T)+2|Dr|.
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Let us apply repeatedly the above estimates to the seq@ere® (7) of all bridges of
7, and denote by = 7 (7) the final system. Then we likewise have

E(7) < E (7) exp{—201(B (7))} . (7.48)

We need to have a lower estimate &f7") and! (B). Since|Z (T)| > 1, the base
D+ of the bridgeT is (1 — ¢)-disconnected, and its subsdig, i € Z(7), are its
(1 — ¢)-connected components. We claim that

0~T|—0"T| > 2 (diam(DT) - > Di|> ,
i€Z(T)
and
i€Z(T)
if the bridgeT is an A-bridge. It is most easily seen in the case when thé*sEts the
maximal possible; i.€)*T = I'p N {(z,y) € R? : y = 1/2}. Then the sefT contains

a double connection between poiits. andrp.. (and an additional overhang of the
length> 2 in the case of an A-bridge), while alway8" 7| < 3=, 71 [Di. In the
general case the s@t7 is less thar"p N {(x,y) ER?:y= 1/2} by a subsen\, say,
but then thisA can be added both t@*7 and 9~ 7, which reduces this case to the
previous special one. Hence,

|0~ T| = [0"T| > 2¢ diam(D7)

and
{8‘T| — 0" T| > 2e diam(Dy) + 2
for an A-bridge, since the sdb+ is (1 — ¢)-disconnected. So, because the collection
S (Z (7;)) of segments is a covering @f we have
1 (B) > 2 diam(D) + 2I. (7.49)

Let us sum the estimates (7.48) over all configurationgth B (7) = B, wherel5
is a fixed collection of bridges. We have:

> E@) <exp{-281(B)} Y K E(#). (7.50)
7. B(7)=B 7:B(7)=B

But the systems have no bridges. So every such system is an element of the product
[T (D, {3}, {D;}, (g5)0)- Also, if 7ty 7 72, B(71) = B(#2) = B, thenw (1) 7
T (77?2). Hence

2rgy=s B (T (7))
[T S5y, 1 D51 @) = (7.51)

So we arrive at an estimate:

ey EG) )
T 5D, (1 (D )~ 2, P2 B
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The estimate of the last sum is a standard combinatorics. Note first that a bridge
T is completely defined by the two sets of bonds{uaeAmNa) andUge g0 M;
together they form the connected 86t. Let us call the bonds of the formerasonds,
and the bonds of the latter A$-bonds. Consider the set of dlls, such that they contain
a given bond, while L (7) = L. Then the number of such bridges is bounded from
above by &; the extra factor 2 comes from the option for a bond to betend or an
M-bond. Each bridge is attached to the getilong several bonds; let us choose the
leftmost one for each. The number of different sets of bonds we can obtain in that way, is
clearly less than'?!. If that collection is fixed, then the number of different collections
BB of bridges withL (B) = L is bounded from above by the same quantity 8o by
using (7.49) we arrive at an estimate

Z‘GA’(D 1) E(7)
_ x : < 2o ~lo gArp =)tk exnf 23k}
Hj:l Sﬁ(]L(Djv {7t {Dj}a (gj)(l])) N k>2€(rDZlD)+2l Pt '

This estimate proves our lemma for the case of configurations which have no A-bridges
T with |Z(T)| = 1.

The argument for the remainings; which form the setd”(D, ), is essentially
the same, apart from one modification. L}, . .., 7;, be all the A-bridges of the
systemr”with |Z (7)| = 1. The base of each of them is just a sindle- £)-connected
componentoD. LetT be the one for which its bade=is the leftmost such component.
The rest of the A-bridges can be ignored, so for the sake of simplicity of the exposition
we will suppose thal is the only A-bridge ofr” If we denote byi the only element the
setT (7') has, then, according to our notatidny- = D;. We introduce also the segment
[lp;,7p;| as the smallest one containing the Begt

Let now B (7) be the collection of theemainingbridges ofx. We again do the
surgeries over all of them, denote hy="r (7) the final system, and have

E(7) < E(r)exp{—26L (B(7))} .

Note that the resulting dressed systestill contains the A-bridgé™ (as its only bridge).
Let 7; = 7;(7) C 7 be the dressed subsystem, attachedie (which subsystem
develops the bridgd’). Clearly, 7; € LL(Dj, {i}, {D;}, (g7)0)- Let us writer as the
disjoint union,r = 7 U ;. Note thatE (7 U ;) = E (%) E (7;), and that the system
has no bridges. So the analog of (7.50) looks as follows:

>  E@<exp{-281(B)} > EME(#).

FB(F)=BUT #B(F)=BUT

Instead of (7.51) we write:

o D ieL(Dr i1, (D (a0 B (77)
> rnwysr E (R E (77) < B(#;)=T w

I1)-1 Ss(L(Dy, {5}, {D;},(9,)0)) ~  Sg (L(D7, {i}, {D7}, (92)))

The rhs of the last estimate (in contrast with the lhs of (7.47) !) can be interpreted as
a probability of a certain event in the ensembl@;, {i}, { D;}, (g7)p) : namely, it is

the event of observing the dressed system livinglgnhaving theT -shaped overhang
covering the segmeljt'D;, rp+ l} . As in the relation (7.42), we conclude that
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DD () (D} (a0 B (77)

77 hangs oveirD{,rDH]
Sﬁ (]L(Dz_v {7’}7 {Dz_}v (gz_)@))

On the other hand,

<exp{—-dB(rp+i—rp;)}.

Z(E) > 2¢ diam(D1U~~~UD;),

providedi > 1, inwhich casediam(Dy U ... U D;)+(rp +1 — rp.) > ediam(D)+
. Wheni = 1 we likewise havep +1 —rp, > ediam(D) +1, becausé is not(1 — ¢)-
connected. The rest of the argument for #hiécase is the same. O

We now can formulate and prove the statement about the structure of th&ferm
similar to the one abouR? .

Proposition 7.11. In the notation of Proposition 7.5 there exists a functichdefined
for all finite (1 — &) -disconnected subsets®f, such that for

R? = R?(D)

n—1 k
=1 > > [195@(D(A;), Aj, {Dii € A}, g5)

k=1 TI=A1,...,Ar, g1€G(A1),..., gLEG(AR): j=1

(9;)=A;
-1

< | TT Ss@(D;, {5}, {D;}, (9;)0))

j=1
(7.52)

the following representation holds:

RZD)=> JI w*Dn.

I A€ell: |A|>1
The functionw? satisfies the estimate:
w? (D) < exp{—p'diam(D,)}.
Proof. We remind the reader that each term in the expressioRfarorresponds to a
collection of graphg). € G(A4), ..., gr € G(A) with TI(g;) = A;, such that not all

of the setsA; are one-point sets. Note that all one-point sefscancel out, and the
remainder factors into the product of terms of the type

> geciyn)=r L jex Ss(L(D(A), A, {D;,i € A}, g))
[jex Ss@UD;, {5}, {D;}, (95)0)) ’

Q% (A) =

whereA CZisanontrivial segment. But this is exactly the situation we were considering
in the preceding lemma (with= 0), and the result follows. [
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7.4.4. The general terR3. Now we are in the position to consider the generic term in
(7.22). The idea is to combine the methods of the two previous subsections. This term
corresponds to a partitiol = Mz = (A1, Az,..., Aj,..., A 7)),j € J of the index

setZ into consecutive segments, and is given by

R¥=R3 =— Z Z H E(7)) (7.53)

91€G(A1),.. .9k €EG(AR): PER(IT,{g;}) TIEP

M(g;)=A;

X (H Sﬁ(]L(Dja {J}v {Dj}v (gj)(b))) 71~
j=1

Now we treat the inner sum of (7.53) in the same way we treated the sum (7.26). Namely,

Z HfrjeP E(%J) _
[[=1 Ss(L(D;, {5}, {D;}, (97)0))

- Z (_1)\h| Z HfrjeP E(%])

ni.
REG(T),|h|>0 PER(I,{g;},h) [Tj=1 95 (L)

Peﬁ(ﬂ,{gj bo]

Here we are dealing with the caBk; # IT} (the latter being the partition into single
points), and that is why the cafe = 0 is included, in contrast with (7.26). Now we
introduce the se€(h) of all maximal connected subgraphs fof excluding isolated
vertices corresponding to trivial graphg;. Then

(—1)nl > 11 EG) (7.54)

P={#;:;j€h}E€R(M,{g;},h) Ti€P

= [[ ™ > 11 EG.

keC(h) P={#;:jek}ER(M,{g;},k) Ti€P

Herek is a subset of7. So we define the weigt@%(k) of a connected graph with
vertices among the points of the index seby

2 p=tageR) R (g, ) 0 L e p E(T))

3(k) = (1)
Q5(k) = (=1) [T So(0Ly)

(7.55)

We then pass to the weight

Q=Y [ @®. (7.56)

heH(s) keC(h)

whereH(s) C G(J) is the subset of all graphs which have the segnent.7 as the
only nontrivial element of the partitiof(2) of 7. Using (7.34), we have the estimate

H%jeP E(ﬁj)

[Toes 5oL (7.57)

1Q3(s)] < >

P={#;:j€s}€R(T,{g;}):
g(P)EH(s)
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wheres C 7 is the full preimage of C 7 under the natural projection of the index set
Z onto 7, of course|s| > |s|.

Here comes the difference between the general case and the cas®bténen: the
ratios in (7.57) can not be interpreted as probabilities, uniigss|s|, in which case all
the graphg are trivial. So we use the lemma of the previous section instead. As in the
R! case, instead of estimating the individual terms in (7.57), we will estimate the sums

1, p EG))
2. Teos S’

P={#;:j€s}ER(,{g; }):
sp(g(P))=y€H(s)

corresponding to different spanning graphshe familiesP might have. The rest of
the proof follows literally the one for th&* case and will be omitted. The result is the
following

Proposition 7.12. Consider the set of pairsD’, "), whereD' is a finite subset d£*,
split into its sufficiently separated components i € Z’, while IT" is a partition ofZ’
into consecutive segments. In the notation of Proposition 7.5 there exists a fumétion
defined for all pairs(D’, 1'[’), such that the following representation holds:

Here the summation is taken over all partitiofisof the sefZ into segments, such that
IT is a strict refinement ofl, D3 = U,z D;, while the partitionA N IT is the partition
of A into subsets, which are elementsibfThe functions® satisfies the estimate:

w? (D', ') < exp{-4'd(D', 1)}, (7.58)

with 3’ = 8 (8, €) — oo asf — oo and with the function (D', IT’) defined as follows.
Let

IT'=A UAN U....UA]

r+s)

s>0 (7.59)

be our partitionIT’ of the sefZ’ into consecutive segments. Then

a(D’,l'I’)=SZldist( N j\,mﬂ)+i*diam( A) (7.60)
i=0 7=0

where the last suh_ " is taken only over thes&’ which are not one-element subsets of
7. In the special case whdi’ is a partition into singletons, the second term in (7.60)
disappears, and we have® (D’,11") = w! (D’). In the special case whefi’ has just
one element (i.e. = 0in (7.59)), whileD’ consists of more than one component, we have
the first term in (7.60) disappearing, and® (D', 11") = w? (D’). In the special case
whenI’ has just one element, bl consists of one component, we hax?e(D’, l‘I’) =1
(which is in line with (7.58), since in that cade D', ') = 0).
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7.4.5. Proof of the polymer representatioblow we have all the ingredients needed
to finish the proof of the representation for the partition functipn(D). We just have
to put together the results of Propositions 7.6, 7.11 and 7.12. We need to define for all
segmentsA with |A] > 1 the weightsw (D,), whereD, C D is equipped with the
partition D, = U;c 5 D; into the sufficiently separated componentdofThe definition
is the following:

w(Dy) = ng (Da,14),

29N

where the summation goes over all partitidihg of the index setA. As was mentioned
in Proposition 7.12, for extreme choices of the partitibg we get either the functional
wt (Dy) or w?(D,). Note that the number of summands in the last expression is at
most 2211, On the other hand, the distances between the consecutive sibhsaes
not smaller than 2, hence the entropy teriti 2! is beaten for large. So the estimate
(7.24) follows from (7.58), (7.60), the definition (7.4) and the fact that the starting set
D and hence alD,'s are(1 — ¢)-disconnected. [

7.5. Final estimateNow we can obtain the desired estimate on the interaétidRecall
that

UL =Y ()Pl (7.61)
DCA

Suppose now that the sétis (1 — ¢) -disconnected, and; C A, i € Z, are its(1 — ¢)-
connected components. Then we can write the formula (7.5@?@% for every subset

D C A, with D; = D N A;. Let us substitute all these formulas into (7.61). To do the
cancellations we are going to use Lemma 7.9, which we apply for the following choice
of the functionf (¢), g € G (D):

¢ in case the grapl has for its vertices the components,, ..., D;, of D, which
are consecutiveeomponents ofD, while the bonds ofy are the following pairs of
components oD:  {D;,, D;,},{Di,, Di} ..., {D;,_,,D;, } —we put

f(9) = Ga(Driy,in));
in the special case whén= 1 andg has just one verte®,, we put
1(9)=Q1p,-
o for all other graphg we putf (¢) = 0.

Th—19

Lemma 7.9 then tells us that the only surviving terms are those which have points
in every component ofl :

Up = 3 (—D)A\PI Gy (D; {Dy. k € [1,n]}) .
DCA:
DNA;# forall i=1,...,n

The estimate (7.6) implies the following bound:

[U5:4] < 24T exp{~5'1 ()}

So, if the density (4) < 1 — 3¢, then by Lemma 7.3 we have

‘Uﬁ;; < exp{—f"diam(4)}. O
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8. Proof of the Almost Gibbsianity

Whatis left now is the check of the DLR equation (1.5). More precisely, we have to define

the setsﬁ((, of boundary conditions, for which the series (1.2) converges absolutely, and
then to check the relation (1.5) for corresponding boundary conditions. Our choice of

Y@{ is the following: leto > 0 be any real, and define

Q@) ={c:In=n(0)Vk>n
mM[0.k] (J) > -1 +(5, M[—k,0] (O’) > -1 ‘|‘(5}7

7@=7@(é): {e:3In=n(@)Vk>n
mp.pv (@) > —=1+6, m_go\v (0) > —1+5},

where for every finite set’, everyo we denote byny (o) the average magnetization

ofconY:
ZteY Ot
Y]

Let us introduce also the subsét{s, n) C 2 (6), Ylé (0,n) C Y@{ () by

my (o) =

Q(0,n) = {(T Vk>n m[0.k] (o) > =1+, M[—k,0] (0) > -1 +(5},

—U
Xy (6,n) = {0 CVE>n mpgwv (@) > —1+0, m_go\v (0) > -1 +§} .

Clearly,Q (6) = U, (6,n), Y‘Lﬁ (0 = U"YZé (6, n). In what follows, the arguments for

the sets2 (6) andﬂ () would be identical, and so we will present them only for the
former case.

Proposition 8.1. For everyd < 2 there exists a valug (6), such that for all > 5 (6),
all V finite we have:

PO (Q(8,n)) T PR (R2(6) = 1,
pa* (Y@ 6, n)) TP (YLV’ (5)) =1

The same statements hold for the finite volume Gibbs meaysi‘;fve(srwN)daWN with
(+)-boundary conditions, uniformly ifv.

Proof. We will show that the measures of the complem@@té‘; [(SZ (, n))ﬂ goto zero
asn — oo, provideds > [3(9) is large enough. Let € (2 (0, n))°. By definition it
means that the subséﬁ[,nyn})* C [—n,n] has at least (2 — §) elements. Note that

the number of all possible subsets[efn, n] is bounded by 2*. We are left with the
estimate of thé®*-probability in the usual 2D Ising model of the event

NA:{O':(O't,tGZZ):O'A :—1,0'[,,”’”]\14:"'1},

where A is a subset of—n,n] C Z!. If the eventV4 takes place, then the sdtis
isolated from infinity by contours, surrounding it. Let us consider the famibf all
external contours among these. (Note that these exist with probability one with respect
to the measur®’®*.) They are also separating from infinity. There are two cases to
consider:
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1. each of the contours mintersects the segmeptn, n] ;
2. there exist a contour i which does not interse¢t-n, n].

In the second case the family consists in fact from just one contolly, which
surrounds the whole segmdnin, n]. If L is the rightmost point wherE intersects the
x axis, then thé”-*-probability to observe such a contour is bounded from above by

> > 3exp{—281} < exp{—p'n}

L>n 1>2(L+n)

for some’ diverging with 3. In the first case let us fix an intersection point inside
[—n,n] for every contour iny. Note that the number of different collections of such
intersection points again does not exce&d @nce such a collection is fixed, the number
of different contours of the total lengthpassing through each point of this collection,
is bounded from above by 3Sincey surrounds4, the total length has to be bigger
than 2| A|. Putting all these estimates together we get the following bound:

PRt @@ )] <2 > Fexp{-28l} <exp{-fn(@2-0)}. O
1>2n(2—96)

We proceed by checking that the functigii(oy /o7 1) can indeed be defined by
the formula (1.3), provided .y € YQ/{ (6, n). For this we need to check the absolute
convergence of the series (1.2) for amyanyop\y € 7‘% (6,n). But it is easy to see
that for everyl” andn one can find am’ (V, ), such that for every .y € YZ(/ (6,n)
and everyoy € X" we have for any subset € (o Uop\y)  with the properties
ANV 70, AN ((—oo,—n'] U [+n/,+00)) # 0 thatp(4) < 1 — g (see (2.16)). So
by Proposition 2.3 we obtain that the terms of the series (1.2) are exponentially small in
the diam(A), with the exponeng’, diverging as? — oo. Since the number of different

A’s intersectingl’ and having diameter diaa) = [ is bounded by(|V| +1) 2!, the
absolute convergence follows.

Next let us consider the question of measurability. Note that the furp’ﬁ(mv/c?;p\v)
is not yet defined everywhere thus far; let us oy /or\v/) = 0forallop v ¢ Y‘Li.
Since due to Proposition 8.]12’,[1{7+ (Yﬁ,{ (5)) = 1, we can put instead of 0 any other
constant. The argument of the last paragraph shows that the fup@t(@m/c?;p\v) is
continuous on every subspaféﬁ (4, n) inthe topology induced by the product topology
on © (though not uniformly im). Hence it is a measurable functionEyM (6, n) with
respecttothe-algebra of subsets &Z (6, n) obtained from the-algebrad3 - by taking

the intersections of the subsets fré&y- with YZ(, (6, n). Since the subset??’/ (6,n)
are themselves elements®f, theB--measurability ofy@(av/ET\V) follows. (Note
that this function is1ot continuous ors2.)
The last thing we need to show in order to complete our argument is the state-
ment that the two probability distributionsf(ov /o1 v nj\v U 07y ;) @nd

p%}N (ov /o—n,n\v), @re close enough, provided that the configuratipny yj\v U

U;\[—N,N] belongs to the family??/ (6, n), while the numbetV, which may depend on
n, is large enough.
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Proposition 8.2. Letthe integera, N be fixed, withV > 8n, N > diam(V'). Consider
the setS (n, N) of all configurationso_ x n1\v such thato|_y xj\v U o7y €

YZ(/ (6, n). Then the ratio of the two probability distributions satisfy the following esti-
mate:

P (ov/or-n v Yoy

sup a
o[- n,N)\V ES(n,N) pz\/{/N(JV/U[fN,N]\V)

< exp{_ﬁlN} ) (81)
with 3’ diverging asf — co.
Proof. Denote byA the set(o_y n\v/) - Then the ratio

P ov /o v v Yo o)

P (ov /o— N av)

is a function of the quantities, Uy ;™ whereA C AUV, ANV # 0. We would
be done once we show that for evaByC V', B # (),

,+ N
S oUpi— > UELN| <exp{-p'N}.
A:ACAUYV, A:ACAUYV,
ANV=B ANV=B

Note, however, that for every sét entering the last sums, and such that[—%, %] “
0, we havep (4) < 1 — g and therefor%Uﬁ:; < exp{—3'diam(4)}, ‘Uﬁ:z’N‘ <

exp{—'diam(A)}, according to Proposition 2.3. Hence the contribution of the corre-
sponding sums is less than e{«pﬂ’%}. What is left now is the treatment of the sets

AcC [ N N] , which would be possible due to the fact that in such a case the distance

88
dist (A, W§) > .
Recall that
Ut = 30 ORI (8.2)
DCA
ZpY=—In > Extm|, (8.3)
m€K(D,Wn)
En(r) = expq —2|r| — > o(M)p,  (8.4)
M:MCWn,MNOA(7)#), MNT=0
while
Urh= Y DMPIQED, (8.5)
DCA
Zo=-ln| Y E@]|, (8.6)

e K1 (D)
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E(r) = exp{ —28|7| — > cb(M)} . (8.7)

M:MANA(m)F0, MOT=0

So the difference between (8.2) and (8.5) comes from the following facts:

e the sum (8.6) contains extra terms over the sum (8.3);
o the familiesr, entering both sums, have different weights (8.4) and (8.7).

Note, however, that the difference

Y BEnm- > En(r)=0(exp{-28N}),

7€KT(D,WN) TEKT(D,Wi/2)

while each of the above sums is of the order not smaller than{-edp |D|} >
exp{—/SN}. Hence

> En(r)=(1+0 (exp{-SN})) > Ex(m).

T€EK1(D,Wn) mEKT(D,Wy2)

Likewise,

> E(m)=(1+0 (exp{-BN})) > E(m).

meKr (D) TEKT(D,Wn/2)

Finally, for a given familyr € Kr(D, Wy ,2) we have the representation

B(m) _
Bl exp{ > 4>(M)} :

M:MNA(m)A), MNW N 7D, MNT=0

and since the last sumd3 (N2 exp{—28N}) uniformly in 7, we have

> E(r) = > En(m) (1+0 (N?exp{—26N})).

meKT(D,Wy2) meKT(D,Wn 2)

Hence
2N = QFL =0 (N?exp{—28N}) + O (exp{—AN}),

and

B+ } : B,+, N
E UT,A - UT,A
A:ACAUY, A:ACAUY,
ANV=B ANV=B

< 21510 (exp{-p'N}) +exp{5/i\g} -
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Now we are in a position to check (1.5) for the meaﬁﬁ:é. We first rewrite the integral
I oy exv oo (ov /omv)) P?«’\*V(dET\v) as asum:

/B S dontilov/an) | PR o) =

O’vEXV

= [ i | X dlovuhtiov /) | By )
Vv y

O'VeXV

+ ooV (ov /ary) | PR (dam ),
/B\Xz(&n) Z VIPv V/ T\V T\V T\V

O'VeXV

and observe that the second integral goes to zenoas>o, due to Proposition 8.1 and
because the integrand is bounded. Because the fur;afﬁ(mv/ET\v) is continuous

(=quasilocal) onYZ{{, (6,n), we can find a valu&v = N (¢) big enough, such that

/Bmxlé(a.n) 2, dlovilov/ory) Pg"fv(dET\V) -

oy EXV

/ﬂ Y dov¥ov /TNy Yoy ) |
BNXy,(6,n) oy EXV

X P v TN NNV N v | < €

(Herepﬁ;:'V is just the finite volume Ising distribution witf+)-boundary conditions,
whilep@;7[_N7N]\V is its projection on the subspt N, N]\ V' C T.) Due to Proposi-
tion 8.2 we know that ifV is large enough, then we can approximate arbitrarily close the
probability distributionp’t (-/-) by M (-/+), provided that the conditioning belongs
to the clasﬁzé (8, n):

/—u > dov)ilov/anany Uor iy | %
BﬂXV(5,n) Uv€XV

B+ - -
XDy = NNV (T =N NV N N\ v —

N —
/Bmx“(a ) E ooV (ov/o—nnv) | ¥
vio,n

oyeXV

XDy (v v T NNV N v | < €.
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Again by Proposition 8.1 we know that

N —
/Bmx“(s ) Z ooy (ov/o—nanv) | X
vion

oyeXV

B+ ~ =
X Py = N =N N VAo N N —

N p— — —
Z (V)P (ov/o—n np\v) pel}:,7[_N’N]\V(U[7N,N]\V)dU[fN,N]\V
O’VeXV
<eg,

if n is large. But for the last integral we have the identity

N — — —
/ Z oov)f (ov/omv) pef/j\,’[,N’N]\V(U[—N,N]\V)dU[—N,N]\V
oyeXV

= /B Plowy |v)p€1};, (owy)dowy,

which is just the partial case of the DLR equation for the Ising model Gibbs measure
(see (2.7), (2.10)). Since

/ Do [P (owa )dow — / o(0v B2 (do)
B B

asN — oo, that proves our statement.

9. Concluding Remarks

The prediction of Remark 2 turned out to be true. Recently in the paper by Bricmont,
Kupiainen and Lefevre the corresponding result was proven for the case of the projection
of the d-dimensional Ising model to the sublattic&®.

In the paper [MV] of Ch. Maes and Van de Velde a result close to the results
of the present paper is obtained. The difference between [MV] and the present pa-
per is that in [MV] the authors use the one-dimensionality of the problem considered
in a more essential way. Namely, they use the observation that any one-dimensional
potentialld = (Ua(ca),A C Z*,0 < |A| < oo) can be reduced to the potential
u* = (U[>;7b](0'[a,b])7 [a,b] C Z', —c0 < a < b < +00). The reduction is given by the
formula

Ula,5(01a,b) = Z Ua(01a,p1]4)-
AC[a,b]:
acAbeA
The potential/*, constructed in [MV], is related to the potential of the present paper
by the above summation. Unfortunately, the paper [MV] contains several erroneous
statements; it seems, though, that they can be corrected.
The subject of the almost Gibbsian fields is also treated in [ES, MS].



“Non-Gibbsian” States and their Gibbs Description 179

References

[BKL] Bricmont, J., Kupiainen, A. and Lefevre, R.: Renormalization group pathologies and the definition
of Gibbs states. Preprint, UC Louvain, 1997

[D80] Dobrushin, R.L.: Gaussian random fields — Gibbsian point of viewMultticomponent Random
Systemsed. by R.L. Dobrushin and Ya. G. Sinai, New York: Marcel Dekker, 1980, pp. 119-152

[D95] Dobrushin, R.L.A Gibbsian representation for non-Gibbsian fieldscture given at the workshop
‘Probability and Physics'September 1995, Renkum (the Netherlands)

[D96] Dobrushin, R.L.: Estimates of semi-invariants for the Ising model at low temperatureBehazin
memorial volumgAMS Translations177(2), 59-81 (1996)

[DKS] Dobrushin, R.L., Kotecky, R. and Shlosman, S.Blulff construction: a global shape from local
interaction AMS translations series, Providence, RI: American Mathematical Society, 1992

[DS]  Dobrushin, R.L. and Shlosman, S.B.: Gibbsian description of ‘non-Gibbsian’ fields. Russ. Math.
Surv.52, 285-297 (1997)

[EFK] van Enter, A.C.D., Fernandez, R., and Kotecky, R.: Pathological behavior of renormalization-group
maps at high fields and above the transition temperature. J. Stat. P9)869-992, (1995)

[EFS] van Enter,A.C.D., Fernandez, R. and Sokal, A.D.: Regularity properties and pathologies of position-
space renormalization transformations: Scope and limitations of Gibbsian theory. J. Sta#2hys.
879-1167, (1993)

[ES] vanEnter,A.C.D.and Shlosman, S.B.: (Almost) Gibbsian description of the sign-fields of SOS-fields.
To appear in J. Stat. Phys.

[G] Georgii, H.-O.:Gibbs Measures and Phase TransitioBgrlin: Walter de Gruyger, 1988

[Gn]  Gnedenko, B.V.The theory of probabilityNew York: Chelsea, 1962

[GP78] Griffiths, R.B. and Pearce, P.A.: Position-space renormalization-group transformations: Some proofs
and some problems. Phys. Rev. Ldtt, 917-920 (1978)

[GP79] Griffiths, R.B. and Pearce, P.A.: Mathematical problems of position-space renormalization-group
transformations. J. Stat. Phy2Q, 499-545 (1979)

m Israel, R.B.: Banach algebras and Kadanoff transformation®Rémdom Fields (Esztergom, 1979)

J. Fritz, J. L. Lebowitz, D. Szasz eds, Amsterdam: North-Holl@&nd981, pp. 593-608

[KP]  Kotecky, R. and Preiss, D.: Cluster expansion for abstract polymer models. Commun. Math. Phys.,
103 491-498 (1986)

[MV] Maes, Ch. and Vande Velde, K.: Relative energies for non-Gibbsian states. Commun. Math. Phys.,
189 277-286 (1997)

[MS] Maes, C. and Shlosman, S.B.: Freezing Transition in the Ising Model without Internal Contours.
Preprint 1997

[S] Schonmann, R.H.: Projections of Gibbs measures can be non-Gibbsian. Commun. Math2Bhys.,
1-7 (1989)

Communicated by Ya. G. Sinai



