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Hamiltoniansfor a particleon a manifold in amagneticfield areconstructedasBochner
Laplacians.We showfor the caseof atorusandagivenmagneticfield that theyare in oneto
onecorrespondencewiththeconstituentsin theBlochdecompositionoftheuniqueHamilton-
ianon theuniversalcovering.
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1. Introduction

We consideraSchrodingerHamiltonianonaRiemannianmanifoldwith mag-
netic field andits relationto the correspondingHamiltonian on the universal
coveringmanifold. Thisproblemis motivatedby andourresultsmaybe useful
for somequestionsaroundmodelsfor the QuantumHall Effect [TKNN, ASY,
AKPS 1. We reviewfirst the well knowngeometricalconstructionof theHubert
spaceof quantummechanicalstatesandtheHamiltonianof the systemfor mag-
netic fields with integralflux. In this settingthe Hilbert spaceconsistsof L2-sec-
tionsin ahermitianline bundlewith connectionover themanifold of configura-
tions; the curvatureof the connectionis themagneticfield, andthe dynamicsis
generatedby theBochnerLaplacian.The constructionis not uniqueif themani-
fold is not simplyconnected.The family of hermitianline bundleswith connec-
tion (HubertspacesandHamiltonians)is parametrizedby Aharonov—Bohm-
like fluxes throughthe “holes” of the manifold,mathematically:by certainco-
homologygroups.

Thisgeometricdescriptionisknown.It hasbeenusedby physicistssinceit was
pointedout by Wu andYang[WY], whoworkedout thecaseof the sphere(the
Dirac monopole).Our aim hereis to emphasizetheaspectof non-uniqueness,
which is muchlessdiscussedin thephysicsliterature.Weuseexplicitly methods
of differentialandalgebraicgeometryto relatethe non-uniquenessto the Bloch
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decompositionof the correspondingsettingon thecoveringspace.This program
is workedout in detail for thecaseof thetwo dimensionaltorus.In particularwe
showthat the Bloch decompositionof the Hubertspaceof aparticlemoving in
thetwo-planeleadsto a Hilbert bundleover theBrillouin zone (or in moregen-
eralterms:the Jacobitorus),whosefibre operatorsarein oneto onecorrespond-
encewith the family of BochnerLaplaciansarisingin the geometricalconstruc-
tion.Geometricallyspeakingweshowthatthe summationoverall non-equivalent
Hamiltonianson thetorusgivesthe Hamiltonianon its universalcover.

Quantizationof aparticleon aRiemannianmanifoldin thepresenceof amag-
neticfield istechnicallyprequantizationin theterminologyof“GeometricQuan-
tization” [K, Wo]. In this contextit is aknowntechniqueto startthe quantiza-
tion procedureon thecoveringspaceandthento “push it down” to the original
manifold.This methodhasrecentlybeenusedin ref. [AdPW] for quantization
ofChern—SimonsGaugeTheory.It might beusefulto commenton somesimilar-
ities anddifferencesbetweenour article andthe onejust mentioned.Here we
startwith aRiemannianmanifold with integraltwo-form b andclassifyfirst all
possiblehermitianline bundleswith connectionandcurvatureb (theorem2).
After that all compatibleconnectionsfor agiven hermitianline bundlewith cur-
vatureb areclassified(theorem3). In the article of Axelrod et al. the prequan-
tum line bundleis given at the outsetandquantizationis discussedin termsof
all possiblecomplexstructures.Herethe manifoldis configurationspace.There
it is phasespace.

Integralityconditionsfor integratedcurvature(magneticfields) havea long
history.In thephysicsliteratureit startswith Dirac’sarticle [D]; in mathematics
it appearsin ourcontextin ref. [W] andgoesbackto theGauss—Bonnettheorem.
Extensionsof DiracQuantizationto Yang—Mills andWess—Zuminomodelsus-
ing modernconceptsarepresentedin ref. [A]. BochnerLaplacianson manifolds
areof coursetheobjectof manyarticles.Let usjustmentiontherecentpaperby
Kuwabara[Ku], wherethe spectrumis relatedto the closedorbits of the corre-
spondingclassicaldynamics.

The paperis organizedas follows: in section1 werecallthegeometricdescrip-
tion of quantummechanics;section2 containsthe explicit calculationfor the
torusexample;in section3 the Bloch analysisfor periodicmagneticfields is car-
ried out.

1. Quantummechanicson a manifoldwith magneticfield

We recallthewell knowngeometricmethodfor constructingthe Hilbert space
andtheHamiltonianof asystemunderthe influenceof amagneticfield. Let the
configurationspacebe an orientedRiemannianmanifoldM andthe magnetic
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field begivenby aclosedrealtwo-formb on M.
If b=da the Hamiltonian is formally given by (d_ia)*(d_ia). This always

workslocally. The useof local gaugetransformationsallows oneto globalizethe
constructionif b is not exact:

Takea cover { U~}of M suchthat thereexistreal oneformsa~on U~andfunc-
tionsjkon U~nUk with b=da~on U~,aJ—ak=dJk on U1-~Uk. Wavefunctionsç~,,
(Ok aregaugetransformedin U~~iUk by cfk:=exp(ijk), i.e., (OJ=CJk(Dk. This is sen-
sibleif thecocycleconditionsc~ckl=cii canbesatisfiedon £~,.c~Ukn U1.

The geometricalobject which formalizesthis ideais ahermitian line bundle
with connectionwhosecurvatureis b [WY]. The questionsof existenceand
uniquenesswerestudiedin refs. ES,W, K I andimply quantizationconditionson
the physicalsystem.Let us fix notation.

In the following all mappingsandall manifoldsaresupposedto be infinitely
differentiable.Let M be a manifold andiv: .~J’—i’M avectorbundlewith fibre C;
T~M(T~M)the complexified(dual) tangentbundleof M; S(~) theC°°(M,C)
moduleof sections.

If thereis ahermitianstructure<~>on ~ anda compatibleconnectionV,
(~, V, <v>) is calledahermitian line bundlewith connection(HLBC). Two
HLBsC (.~,~ <~>)~(.~‘, V’, <~~~>‘)with the samebaseMarecalledequiva-
lent if thereexistsadiffeomorphismh : .~— ~‘ with ir’h = iv suchthat for meM
the induced mappings hm:

1(m)—~iv ‘(m) are linear isomorphisms,
ho5=hoJ7~5(XcS(T~M),seS(~))andforbe~:<h(b), h(b)> = <b, b>.

Two connectionsl~’~V’ on aHLB (~,<~~~>)are calledequivalentif (~, V.

<~~~>)is equivalentto (.~J,V’, <v>). The curvatureb of Vis the two-form
b(X, Y)S:_—i(VXPy_VyVX_V[X,y])s,Y,XeS(T~M),seS(~).

b is calledintegralif b/2ir is equivalentto an elementof thecohomologywith
integercoefficients;for compactM thisis the caseif the integralof b/2ivover a
singulartwo-cyclehasan integervalue.Forsuchafield it is possibleto construct
aHLBC overM whosecurvatureis b:

Theorem1. Considera manifoldMandatwo-formb on M. A HLBC withcurva-
tureb existsiffb is real, closed,andintegral.

Proof Thecohomologytheoriesof techanddeRhamandtheirequivalenceare
used;thereadermight consultrefs. [W, G,BT] for thismachinery,[W, K, Wo]
for theproof.

Remark.Moreoverthefollowing result is well known:Thegroupof equivalence
classesof complexline bundlesoveramanifoldM is isomorphicto H2 (M, 7L);
theisomorphismis givenby thefirst Chernclass.If in additionthereis ahermi-
tianstructureandaconnectionon theline bundle(LB), its curvatureis thenat-
ural imageof thisChernclassin H2(M, OR). Note thatthefirst Chernclass(asan
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elementof H2(M, 1)) is determinedby thecurvatureonly up to torsionelements.
With the questionof existenceof a HLBC with curvatureb settled,the first

steptowardstheconstructionof the Hubertspaceof statesfor aquantumme-
chanicalparticleon the manifold M in the magneticfield b hasbeenaccom-
plished.Nowweaddresstwo questionsof uniqueness:

GivenamanifoldM anda real closedintegraltwo-form b; firstly: how many
non-equivalentpossibilitiesdo we haveto constructaHLBC with curvatureb;
secondly:givenahermitianline bundle (HLB) which admitsa connectionwith
curvatureb, whatistheclassificationofthenon-equivalentconnectionswith cur-
vature/i on thisHLB? We shouldlike to stressthat thetwo questionscoincideif
theChernclassis uniquelydeterminedby thecurvatureb.

Theanswermaybestatedin thelanguageof cohomologytheory [Wo]. Denote
by H”~(M,G) the singularcohomologywith coefficientsin G [G]. Thenthe fol-
lowing holds:

Theorem2. Given a manifoldM anda real closedintegraltwo-formb. Thesetof
equivalenceclassesofhermitianline bundleswithconnectionandcurvatureb is in
bijection withH’ (M, S’).

Theorem3. Givena HLB overM anda real closedintegraltwo-formb. Thesetof
equivalenceclassesofconnectionswithcurvatureb is in bijectionwithH’ (M, OR) /
H’(M, 7).

Remarks.
— From the Aharonov—Bohm effect [AB] one knows for a particle in
1R’ \ (cylinder): if oneaddsavectorpotentialto d— ia, the physicsremainsun-
changediff thederivativeof theaddedpotentialis zeroin theconfigurationspace
andits flux throughthecylinder is an integralmultiple of 2iv. In this sensewe
mayregardtheorem3 as adescriptionof a generalizedAharonov—Bohmeffect.
—H’(M, S’) andH’(M, P)/H’(M, 7) arenot isomorphicin general as one
learnsfrom theexampleM= PP3:theexactnessof

exp(i) c~1

~

entailstheexactnessof

O~H’(M, 7L)-*H’ (M, tR)~H’(M,S’)

~H2(M, 7L)~H2(M,OR)-~....

As an examplewe considerPP3 (which is not simply connected).It is known
[BT] that H2(PP3,7) =~2 and H2(PP3,OR) =0. It follows that
H’(IRP3, OR)—~H’(PP3,S1) is not surjective.
— If M is a closedsurfacein P3 the integrality conditionimplies quantizationof
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themagneticflux throughM. For the specialcaseM= S2, and b= const.this is

Dirac’s famousresulton thequantizationof the magneticmonopole[D].

Givenanintegralmagneticfield b onM theHamiltonianHof thesystemisby
definitionthe covariantLaplacianon a HLBC (~,V, <•~•>)with curvatureb.
This is constructedas follows:

If Mis oriented,the Riemannianmetric (.,.) andthe volumeform w induce
theHilbertspaces(L2(~),< , >~)and (L2(T~M®.~),< , >®). V,itsformal
adjoint V” andthe BochnerLaplacianV~V aredefinedon the smoothsections
with compactsupport.V” Vis thensymmetricandpositive.

ForanorientedRiemannianmanifoldM, aclosedrealintegraltwo-formb, and
aHLBC (~,V, (~~~>)with curvaturebwemakethe

Definition. The Hamiltonian of aparticleon the configurationspaceM in an
integral magneticfield b is the Friedrichsextensionof the BochnerLaplacian
V”V.

Remarks.
— If Mis complete,V* V is essentiallyself-adjointby generalizationof aresultof
ref. [Ch] for theflat Laplacian.CompactRiemannianmanifoldsarecomplete.
- An equivalenceof HLBsC definesaunitary mappingU: L2 ( ~1) -~L2( ~‘) with
UHU~=H’. If H1(M, S’) is non-trivial,aHLBC is not uniquely(up to equiv-
alence)determinedby the magneticfield b. Thereforethe HamiltonianH (and
the physics) is not unique (up to unitary equivalence).Note that this non-
uniquenesshasnothingto do with domainquestionsof H (as an operatoron
sectionsof ~).
— If M= P~‘ everyclosed b is integralandfor a with da= b, H is representedby
(d — ia) * (d — ia).

2. Schrödingerparticleon the torus in amagneticfield

From now on we specifyM as the two-torus (a manifold with non-trivial
H1 (M, 5’)). LetFc P2 be the latticegivenby integralcombinationsof linearly
independentvectorse,, e

2.We consideraparticleon thetorusM:= P
2/F; M is a

compact,thereforecomplete,orientedmanifold with the natural inducedRie-
mannianstructure.Let furthermoreamagneticfield begivenby aclosedintegral
two-formb on M.

Next we shall showthat anyHamiltonianarising as aBochnerLaplacianis
unitarily equivalentto aself-adjointrealizationof — (ô~,— ia~,) 2 (8 — ia~

2)2

in L
2 (unit cell) with appropriateboundaryconditions.This representationis

widelyusedbutwearenot awareof areference.
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E:

Fig. 1.ThemapE.

U1 U2 U3 U4
Fig. 2. A contractiblecover.

M maybe representedas a rectanglewith oppositesidesidentified; this we
representfor the sakeof notationas the imageof the unit square(with opposite
sidesidentified)underamapE (fig. 1).

Let { V~:=EU~}JE{,4) bethe contractiblecoverofM definedin fig. 2. Herethe
drawnlinesrepresentthepointsin M\ V1.

Let { ( J’~.,~, a~)} be atrivialization of (~,V, <v>) with transitionfunctions
c~andthe~be chosennormalized,e.g., <~,ct’3> ml in ~•. A sectionaeS(PJ)is
determinedby afunction(O,EC°°(V,) via a(x) = ~ti,(x, ço,(x)) (xc V,); thefol-
lowing holds:

Proposition4. Given (,~V <~~~>)overM.

(i) Theoperation

a—~ç9, (aeS(~))

hasa uniquecontinuationto a unitary

U:L
2(~)—~L2(V,).

(ii) Definethe euclideancomponentsofa, asa~
1,a~2,and h the closureofthe

essentiallyseif-adjointoperator

— (
8~~—ia~

1)2_ (

8x2 —ia~
2)

2

definedonfunctionsin C°”(V,) n C2(V,) whichsatisfytheboundaryconditions

(o~~~ia(n))cx(O(E(l,q))

=cl
2(E(l,q))c21(E(0,q))(8~—ia(n))°~ço(E(0,q))

(8~_ia(n))aço(E(p, 1))

=c,3(E(p, l))c31(E(p,0))(ô~_ia(n))°~ço(E(p,0))

for ae{0, l},p,qe[0, 1],

wheren denotesthe normal vectorfield on the boundaryof V, 8,, the normal
derivative.
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Thenit holdsfor theHamiltonianH (theBochnerLaplacian) that

UHU~=h.

Proof Theboundaryconditionsfollow from

a(x)=~2(x,ço2(x))=~,(x,ço1(x))(xeV,r’V2)

c21ço~(E(1, q) ) =(O2(E( 1, q) ) =(O2(E(0, q) ) =c21qi1(E(0,q))

andtheperiodicityof a2 in thep-variable.

Remark.Changingthe gaugeof (~,~ (~~~>)(which means:changingW~and
a~)leadsto anoperatoronL

2 ( V,) whichis unitarily equivalentto h. Thepassage
to an equivalent(.~1’,V’, <v>’) hasthe sameeffect.

3. Bloch analysis;summationoverall connections

Considerasmoothreal-valuedfunctionBon P2whichisperiodiconthe lattice
1’, the two-form b B dx

1 A dx2 which is inducedby the naturalvolumeanda
vectorpotentialawith da= b. Thenthe BochnerLaplacianon thetrivial bundle
p

2 XC with connectionandcurvatureb is equivalentto theclosureHof theessen-
tially self-adjointoperator~ (Dx, — a~

3)2 on C~(OR
2) (D~~— i8~~).

We nowpresentourmain result.We shallshowthatHmayberepresentedasa
summationof BochnerLaplaciansover the family of inequivalentHLBsC and
curvatureb overthe torus P2/I’; or, equivalently,overall connectionswith cur-
vatureb on afixed HLB.

To do this, we employ ideasfrom Bloch analysisandthe theorydevelopedin
sections 1, 2. By Bloch analysiswemeanthereductionof H to the eigenspacesof
the abeliangroupof magnetictranslationswhich commuteswith H. This group
was introduced by Zak [Z] (for the case B=const.). It is defined as follows:

Denote the fundamental cell of F by

C:={xeP2x=<x,,x
2>=pe,+qe2(p,qe[0,l))}

=E([0, 1)2),

divide the functionBin its constantandoscillatingpartsB= B~+ ~ where

B~ vo~c J b,

split b= b~+ b0,~in the obviousway, and choosethe gaugea a~+ a0,~with
a~(x,,x2) (B~/2)(x,dx2—x2dx,), a0,~(x+m)=a0,~(x),da0~~=b0~~.Then
T(m) isdefinedfor mel’asanoperatoronL

2(P2) by
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T(m)W(x):__e1~~m)yi(x~~m),WEC0°°(P
2)

[wheremasusualis identifiedwith theconstantvectorfield m(x) = m].
These magnetic translations fulfill the Weyl relations:

T(m)T(l)=e~/2(m.~T(m+l)(m, leT’)
of course: b~(m,1) =B~(m,l

2—m21,).
For meT’, WeC~(P

2)it holdsthat

[T(m), (ô~
1—ia~1)]yi(x)

=ie_1~~~m)W(x_m) [a~1(x)—a~1(x—m)+8~1a~(x)(m)]

=ie_1~~x~m)W(x_m)[a~~1(x) —a~~1(x—m)+0~,a~(x)(m)]

=0,

[T(m), (8~2—ia~2)]=0.

It follows that

[T(m),H]=0 onC~(P
2).

Remark. T(m)= ~ ~ is the magnetic translation generated by D+ a~.The
oscillatingpartof aplaysno role.

Fromnow on weshallassumethatthe magneticflux is quantized:

~J~B~X vol Ce2m2;

the groupis thenabelianandit is naturalto split L2(P2) into the eigenspacesof
{T(m)}: ForWeC~°(P2),keP2,xeP2wedefine (with km=k,m,+k

2m2)

Uyi(k,x):= ~ e_~me_1m1m2~~
2T(m)w(x);

mET

it holdsfor meT’,keP2that

T(m)U~(k,x) =e±1mIm2~2e1kmUW(k,x).

So Uy.i is determined by its values on P2/T~*X C (T’~denotes the 2ir dual lattice
off’). Wewill regardU~asa functionon this domain.

Wethen have

Theorem5. Uextendsto an isomorphism,

U:L2(P2)~ J L2(C)
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Proof For weC~(OR2) the function

~ m) :=e~(m)e1mLm2~2W(x_m)

is in Q2(F) for xeC,andso by Plancherel’stheorem:

J PT’~ IUw(k,x)I2=II~(x,~)II~2(r).

ep2/r.

Now

II U~~= J &~i~(x, ) = ~ J I w(x—m) 12=11w112
mET

C C

this proves injectivity.
Nowwe give explicitly theadjoint U*: For çoef® L2(C) dk2 define

~(x, m) := J e1kme_~(m)e1m1m2~2(O(k,x)

(xeC, meT’)

and

U*ço(x) :=~(X_ [x], — [x]) (xeP2)

([x] denotesthe integral part of x with respectto the basis {e,, e
2}). Then

U*(OeL
2(P2)and (U*ço, W)L2=((O, UW)e.

In orderto describethe correspondingdecompositionof H we introduce for
keP2/T’* the operator

H(k):= ~ (D~~—a~~)2

definedon thecore

B(H(k)) = {coeC°°(C) ‘m C~( C)
[(—i0~—a(n))]°~ço(x—m)

=e1kme~(m)e1m1m2~2[(__iô,, —a(n))]aç(X)

~[ (—iô,, —a(n))]aT(m)(O

=eh/~~meim1m2~2[(_iô~—a(n))]’~(O

form=<m
1,m2>eT’,ae{O, l}, xeôCs.t.x+meôC}
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Then thefollowing holds:

Theorem6.

UHU~= $ H(k) i~’r~i.
~R2/F*

Proof It is sufficient to show the equality

dk2
UH= $H(k) 1P2/r*I U

on the core C~°(P2) of H. First we remarkthat for weC6°(P2) it holdsthat

Uyie JB(H(k))dk2.

We havealreadyverified that Uyj(k, ~)is an eigenfunction of the group{T(m)]’
so the requiredboundaryconditionshold for Uw; the fact that {T(m)} com-
muteswith (—id—a) implies their validity for the covariantderivatives.Sec-
ondly, asH(k) commuteswith {T(m)} wehave

$ H(k)

= $ ( ~ (D~—a
1)~~ e1kme1~m1m2/2T(m)W) dk

2
j m

= $ ( ~ e~me1~m1m2/2T(m) ~ (D
1_aj)2W)dk

2
m I

=UH~.

The Bloch analysismay beregardedfrom a geometricalpoint of view; this is
basedon the observationthat for keP2/T’* there exists a HLBC over the torus
P2/T’ such that H(k) is unitarily equivalent to its BochnerLaplacian.We shall
construct such a HLBCfor k=0; after that we shallprovethe assertionfor all k.

Choosea HLBC whichis definedby the following datain thep, q coordinates
(wegiveonly thepartswhicharerelevantfor ourpurpose):

a
1 :=a~+a,~

E*a2 (p, q) — cliq dp+E*aosc , E*a3 (p, q) := ~p ~q~E*a05~,
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with

E*a,(p,q):=_(i1/2)(pdq_qdp)

c,2(E(p,q)) :~i(~/

2)P~ , c,
3(E(p,q)) :=~_1(ø/

2)P~

By proposition4 the BochnerLaplacianon thisHLBC is unitarily equivalentto
the closureof ~ (D~~—a~,)2definedon the C°°(V,)nC2(V

1)functionswhich
satisfytheboundaryconditions

(8~_ia(n))a(O(E((0,q)+(l, 0)))

=c,2(E( 1, q) )c2,(E(0, q)) (8~—ia(n))a(O(E(0,q))

=exp(i(~/2)q)(8~_ia(n))a9(E(0,q))

(ô,,—ia(n))”qi(E((p,O)+(O, 1)))

=exp(_i(~/2)p)(o~~ia(n))a(O(E(p,0))

for ae{0, l},p,qe[0, 1]

But this operator is H(0)! So for the connectionon thisbundleit holdsthat

V*V~H(0).

Forgeneralkwe have

Theorem7. For keP
2/T’* there exists oneandonly one (equivalenceclass of)

HLBsCsuchthat

V*V~H(k).

Proof By theorem2 thesetof all (equivalenceclassesof) HLBsCis isomorphic
to H1(P2/T’,S’). We now constructan explicit bijectionof this spaceto p2/T’*,
whichmakestherole of theboundaryconditionstransparent.

Denoteby H”( { ~}, G) the kth techcohomologygrouprelativeto { L~,.}with
coefficientsin the locallyconstantfunctionswith valuesin the abeliangroupG.
We makeuseof the fact thatHk({U~},G) is isomorphicto H”(M, G), the singu-
lar cohomologywith coefficientsin G [G]. For themachinerythe readermight
referto refs. [W, G, BT].

An elementfeH°(OR2/T’,S1) ~H°({L~,}, S’) ischaracterizedbyf= (j,f~,f
3,f~),

whereJ areconstantfunctionson LJ~.
An elementfeW(P

2/T’, S1)~H’ ({U
3}, 5’) is characterizedbyf= (fj2,f13,f14,

f23, f24,f34),whereJkarelocallyconstantfunctionson U~n Uk with£kfkifi.i = 1 on
L~,.n Ukn U1. They aredetermined by their values on the connected components
of ~n Uk.

Theseregionscanbe visualizedas shownin fig. 3 (cf. fig. 2). For example,f,4
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u ulur u 1 r

1 r d dldr , d

U12 U13 U14=U23 U24 U34
Fig. 3. Intersectionsof thecover.

is determinedby thetuple (ur, ul, dl, dr),4e (S
1 )4• The coboundary operator

c5:H°(~U,.},S’)—*H’({U
1}, S’)

is defined by

.~((c c c I\\ çç—1

~~‘J1,J2,J3,J4J)~k~JjJk
We claim thatfmaybe representedin the followingway:

f= ((1, r),2, (u, d),3, (ur, ul, dl, dr),4 ,

=((a, 1), (/3, 1), (/3,f3a,a, 1), (fl,fla’,a’, 1), (/3, 1),

(a, l))5((l,y,,j,~)) , (1)

with

f3:=u,3d31 , y.=r~1, ip=d3,, ~:=dr4,

(where,for example,dr4, is the inverse of the valueoff,4 in the lower right com-
ponentof U,4).

In order to indicate how this is derived, we check this identity onj3,

ô( (1,y, ~,0)23 =y7~
1(1, 1, 1, 1) =dr

23( 1, 1, 1, 1).

Usingthecocycleconditionsonegets

(fl,fla’, a’, l)ö((l, y, ‘1~ ~))23

=(u13d3,dr23,u,3d3,121r,2dr23,121r,2dr23,dr23)

=(u,3r2,,u,3d3112,d,3,12,d,3,dr23)

= (ur23, u123, d123, dr23)_—f23

Definefor a,fleS’theH’(P
2/I’, 5’) element

f(a,/3):= ((a, 1), (/3, 1), (/3,/ia, a, 1), (fl,fla~,a’, 1), (/1, 1), (a, 1)).

Using (1) oneobtainsthatthe map
p2/r*..~Hl(P2/T’, S’) , k—~f(e’’,e1~2)

is bijective.
Fromthedescriptionof thenon-equivalentHLBsC givenby theorem2 we can

now conclude:For everykeP2/T’* thereexistsa unique(equivalenceclassof)
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HLBsCdetermined by the data

I (7...\ \ ._ If I —ikei ike2\ \~ as,.—u~~e , e ,c~,~,•,

where(c,3, a3.) arethedatachosenabove.
Fix now kin p

2/f*~ From the structure off(a, /3) andanargumentationanal-
ogousto the one madeabovefor the k=0 case,oneseesthat V*Von theHLBC
determinedby k is unitarily equivalentto ~ (D~~— a~

3)
2with the jump condi-

tions: ~ike1~i(~/2)q in the e
1 directionandei~eh(~//

2~0in thee
2 direction.This

operatorisH(k).
We nowgiveaninterpretationof Bloch analysisin geometriclanguage:

Corollary 8. Given a real closedtwo-formb on P
2 which projects to an integral

two-formfi on P2/F. Thenthe direct integral ofthe BochnerLaplaciansoverall
non-equivalentHLBsCoverthetoruswithcurvatureSisunitarily equivalentto the
uniqueBochnerLaplacianon theHLBC withcurvatureb on its universalcover.

Forthetorusonemayadoptaslightly differentpointof view:
Fix aHLB so that a connection with curvaturebexists (i.e.,theChernclassof

the bundle equalsthe (cohomologyclassof) b). By theorem3 the set of all
(equivalenceclassesof) connectionsis W (OR2/T P)/H’ (P2/T’, Z). By consid-
erationsanalogousto thosewhich ledto theorem7 oneobtains

p2/f*~Hl(p2/[’ P)/H’(R2/T’, 7L)~H’(P2/T’,S’)

and for every kin p2/f~*thereisexactlyoneconnection(upto equivalence)with
V*V~H(k).

So we have:

Given a real closedtwo-formb on P2 whichprojectsto an integral two-form fi on
P2/J”. Thenthe direct integral oftheBochnerLaplaciansoverall non-equivalent
connectionson a suitableHLB overthe toruswith curvaturefi is unitarily equiva-
lent to theuniqueBochnerLaplacianon theHLBC with curvatureb on its univer-
salcover.

Againwe remarkthatfor manifoldswith torsionlike PP3 thesetwo pointsof
view arenot equivalent.

To summarizethe contentof section3: We carriedout a Bloch analysisfor
particles in aperiodicmagneticfield andgaveageometricreinterpretationin
terms of asumoverall connections.

We shouldlike to thankA. KnaufandT. Friedrich for severalusefulremarks,
D. Fernsfor pointingout anerrorin apreliminaryversion.
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