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Ghost Free Bigravity Theory



Two big mysteries in cosmology

B Dark Energy =——)>  cosmological constant A < 10_12077733[/

E Dark Matter =——>  unknown particles

After Planck

Bigravity theory with twin matter ?



General Relativity ———) graviton: massless spin 2

I ﬁ 2 modes (x and +)

massive ?

m <7 x 10723 eV
(solid constraint

NG from a solar system test)
massive gravity theory

5 modes (massive spin 2)

Fierz-Paull
M. Fierz and W. Pauli,Proc.Roy.Soc.Lond.A173, 211 (1939)  ghost-free linear theory

de Rham-Gabadadze-Tolley
C. de Rham, G. Gabadadze, A.J. Tolley, PRL 106, 231101 (2011) non-linear extension



Introduction of four Stockelberg scalar fields ¢* (a = 0 — 3)
Juv — NMuv + h,uv — nabauqbaayqbb - H;u/

70 : helicity-0 mode of the graviton ¢* =z —nto,m
H,,, covariant description of metric perturbation

H,, =hy, + 20, —9°0,,00,, O, =0,0,r
KH =6t — /8", — HY,

Fierz-Pauli mass term +m72([}q2 — [K?))

4

Non-linear ghost free term U = > cxUx(KC),  {¢;,} coupling constants
k=2
1

1
Z/IQ(]C) — _i Eﬂvpaﬁaﬁpalcﬂa}cvﬁ — E(UC]Q — [}CQ])ﬂ

Us(K) = —% eﬂ,,pgeaﬁwzc# K, KP, = i([zq?’ ~ 3[K]IK2] + 2K3)),

3!
i, = 1([)C]4—6[1C]2[i€2]+8[}€] [KC3]+3[KC?)2—6[KY))

Ua(K) = 4!

1)



cosmology:

There exists no flat Friedmann universe

|:> Fictitious metric Nab : de Sitter (or FLRW metric)

There exists three types of Friedmann universe

Question:
Which spacetime we should adopt for the fictitious metric ?

|:> bigravity

S.F. Hassan and R.A. Rosen, JHEP 1202, 126 (2012)

Dynamics for both metrics !



ghost-free bigravity theory
Slg, f, matter] = S— [d‘l:p —gR(g) + — /d%\ﬁn

— [ d'z\/—g%lg, f] + [g g-matter| + S[ |f, f-matter]
K
-, Twin Matter Fluids
Interaction term ™= g + Ry
4
U = Z b U (), Y =\ g* fou A4 : eigenvalues of ~#

k=0

1 1 avpo
%0(’7) — _E E[,LI/pO'GMU'OO- =1 02/1(7) — _g Cuvpo€ P ’Y’ua — EA: AA

%2(7) — _2' EﬂVPO'EQBprY”a’YV — Z )\A)\B
A< B
1 174
Us(v) = BT upr €PN Y = D AadBAo
A<B<C



m : graviton mass bo = 4c3 +c4 — 6, by =3 — 3c3 — ¢4,

a flat space is a solution E> by =2c3+cy— 1, b3 =—(c3+cq), by=cy.

Basic equations  Two Einstein equations

2
K
G =r2 [T+ G =m [T T mE=gwd
T T m2 _ K_?'mg
Energy-momentum tensor from interactions g2
2 — m? 2 _ 2 V9
I{gT["/]MV =m_(1h — U o) lﬁlfTM”V — —m? — _

’T'u;/ — {bl %0 -+ b2 %1 —+ b3 %2 + b4 %3}’7'”’1/ — {bg %0 —+ b3 %1 -+ b4 %2}(’}/2)‘%
+{bs % + bs 2} (V)" — bs U (v*)",

vV, Tmer =0, v, 7T =0 Conservation equations
| 4 (%)u Thle — . %)#TH]MV — 0

Bianchi id.



Homothetic metrics: fow = K2gm B 4% =(/g )" = K"

w2l — —A (K)o*,, ,{?T['}/]u = —As(K)oH,

g v

Ag(K) =m? (bo + 3by K + 3by K? 4 b3 K°)
Ap(K) =m3 (b /K> + 3b2/K2 +3b3/K +bs)
%)M T —o. LTI =0 K: constant

> ‘ cosmological constants

‘GR" with a cosmological constant
Guv + DGy = ’ng[Eﬂ
Ay(K) = K*A;(K) : quartic equation for K
Tlm) = ge2im)

Qv

This does not give GR theory !



B perturbations around a homothetic solution (vacuum)
(0) ~ (0)
Juv = g‘ur/—l_eh,ullv f,uv ::KQfﬂV:K2(guy+€k,uv>

0) (1) (0) mé ) )
g" R, (h) — Rp(“h,,)p — —T(blK + 2bo K + b3 K°) [2(h", — k') + (h — k)o" ]

(0) (1) (0) ( m?c ) 5
g “’pRp,,(k) — R? “k,,)p — +@(61K + 200 K* 4+ b3 K*) [Q(h”y — k') + (h - k)5“,,]

linear combinations
Yy 1= m?chw + szgkuv

Cuv = hyy — Kk

G" Ry () — RP W, , = massless mode
) (1) (0) 1 .
g Ry () = Ry, = —omie 20", + 00", Massive mode

2
mgﬂr - (m?] + ) (blK -+ 2b2K2 + bgKS)



Minkowski (or de Sitter, AdS) background (OR) = Ag(g) w (gwaﬁ =0

massless mode

- 1
w,u,z/ -= w,ul/ — 5¢Q£3)

i vHp(TT) =
(TT) ) pv
v, transverse traceless{ g

0) — 2 —
(EP (TT) _ 2 A 5(TT) —
A S 2 degrees of freedom

usual graviton



massive mode ¢,

e (0) (1) (0) (0)
perturbed Bianchiid v G () =0 —) V0, — Vg =0

4 constraints

0) [(0) (0)
—_ v p— 2 2
frace —> 0 =2V (V“cp,w - VVSO) = =3 (mg — 2H,) ¢ H; =Ag/3

f

» =0 1constraint (noBD ghost)  degrees of freedom
—> <
o, - @Ag T mgﬁ) o = 0 10-4—1=5
c;r massive spin 2

Higuchi bound mZ2g = 2H,
Ag(K) = K?*Ay(K) trivial

new gauge symmetry ——> degrees of freedom 5-1=4
partially massless



Cosmology in Bigravity Theory



Homothetic metrics: f.. = K*g..

GR with a cosmological constant
i G +0MNygu = /—f,gT[Eﬂ
Ag(K) =m? (bo + 3by K + 3by K? 4 b3 K°)
Ap(K) =m3 (by/K® + 3by/K* + 3b3/K +bs)
Ay(K) = K*?A;(K) : quartic equation for K
7im] _ pe2plm]

|13 % Qv

N

dS spacetime is a solution

It could be the present acceleration of the universe if m ~ 10733 eV



Question:

+ de Sitter : attractor ? —> cosmic no hair conjecture

In GR, if a cosmological constant exists,
it was proved by Wald for Bianchi models

B Homothetic solution (de Sitter) is an attractor
4 FLRW universe Aoki, KM ('14)

# Bianchi universe KM, Volkov ('13)

B The shear density drops as a”? (nGR ¢ 6 )

B Chaotic behaviour in Type IX



# FLRW universe
ds? — - N2(0de + a2(n) [
Sg__ g() _I_ag() 1-]6?"2

dr?
ds? = —N7(t)dt” + a}(t) (1 —=t r2d92>

— T2dQ2)

A= N¢/N,, B=ay/a, N, = 1 (gauge choice)
Friedmann equations
k K2 m? ~ ~ ~
HZ+— =2 7 4 pg] Ah) = Db+ 3618 + 30,52 + by BY)
g
H? + LA 5 [p?] +pf} W _m”(, 3bs 3ba b
af 3 Pf—? 4+B+B+§
a. a
Hy=-2 Hy=-—1
7" ay” T Nyay

conservation equations

(a—f—A> (b1+2b2B—|-bgB2 _0:> = A Hg:BHf

% 9



dust

radiation

ko 1 5 -
_ _ V(B

(CA + BC}'\) af; + (QCg,mB — €Cfm

B(4CACL3 -+ Cm)




vacuum solution Cx(B)=0 —— Homothetic solution (B=A=K)

quadratic eq. dS. M. AdS
Parameter region for dS

B=1 A,1)=0
M (stable)
B#1
1 dS (stable)
Ay(Bas) >0

2 AdS
Ag(BAdS) < 0




The evolution of the universe

: : . Cg, C
Twin matter fluids: dust fluid ~ pg = 2= pp = L2
as CLS
2 g| :
dB - Cf,m
_ — :‘/F\ T
( dt ) tVe(B) =0 " Cgm
potential for B = ay/a,
0.01 1 s ™ s
0.00 o~
>°’ —002 o ) "._:-
e Tm =038
004t . SPRI IN.
00 01 02 03 04 05 06
B



dS: de Sitter

There are two attractor solutions . .
M : matter dominant universe

rr

The fate depends on the ratio of two matter fluids "m = P

2.0

Cqg — —10



ModelB ¢35 = 4, c4 = —10

T,(dS) ((:;18) Tr(nAdsg) TmM)

matter dominant
(homothetic sol)

de Sitter
(homothetic sol)

00 02 04 06 08 10 12 14
e=1

'm



The universe evolves into a singularity

ModelB ¢c35=4, ¢4 =—10

m = 0.08 : ,
singularity
o
3 0mM8m8m8m8m ————m—mm——————————— 1.0; L
2.5t -
2.0
1.5} a,(t) _ 0.0
1.0 : —05!
0.5} ap(t)
/ T ———— ~1.0L . : A A . .
1 | o e 00 05 10 15 20 25 3.0
8 1 2 3 4 5 & s
mi

A:Nf/Ng, B:af/ag



The conditions for
de Sitter accelerating universe
or
the matter dominant universe

region || € Tm B
de Sitter accelerating universe

(1) 1 I B > ri?

(2) 1 P < e B <r (Adsz)

(3a) ||—1 o > i) B>r (Adsl)

(3b) ||-1 rm <TG B < 13 =2
(3c) ||—1 no condition no condltlon

matter dominant universe

(1) 1 Tm < T'((;IM) B<r (Adsg)

@ |11 P > T B>r (AdSQ)

(3a) 1 Tm < 7"91) B<r (Adsz)

(3b) || 1 rm > oD B>r (Ads2)

(30) [ 1 |70 < o pAdS2) [T o (AdS2)

dS is an attractor and reached from reasonable initial conditions




4 Bianchi universe

Bianchi Spacetimes
€a, ] = CF 1 ¢, : Killing vectors

C¢ = nYeqap + a(0155 — 6;6°) = diag[nV, n® n®)]
a=0 |:'> Class A I 11 | VI, | VI, | VIII | IX
nd | 0 1 1 1 1 1
n® | 0 0 —1 1 1 1
n® | 0 0 0 0 ~1 1
dsg — —?dt* + 629625“%% ds% = —A%dt* + eQWeQBijwiwj
By + V38- 0 0
(Bij) = 0 B+ — /38— 0
0 0 —28.
By + V3B_ 0 0
(Bij) = 0 By —/3B_ 0

0 0 —2B,



Bianchi |
Lop 1 (62 +[32) +
2 2\t -

. 2 2,2
Q — gQ + 3Q2 — %048_39 [a (3Vg + %) + %] + ﬂ (pém) — Pém))
«

: 2
B:i: — g/B:I: + 395;}; = —%ae (a— + _)
@ 6 0P+ 0B+

1. 1/, : A%k%

W= (B 4+ B2) + fA2 Yy L

o A avie T, aw [ OV, Wi\, AT () pm)
W-ZW+3W? = —Lem a4 A 3V + 1) [+ (o = Pf™)
. A . . m; oV, OV;

By — =By +3WBy = ——L Ae W —L

+ = P T - g € ( 9B, + azsi)

o _ m?k?2 a m*k}
9 k2 P g2






homothetic solution=vacuum Bianchi | with a cosmological constant A in GR
analytic solution

A>0 1 o2 1/3
eQ — e:l:Ho(t—t()) 1 — _Oe:FGH(J(t—to)
21/3 H? Hy=+/A/3
+(0) 2 _ 2 2
1 _ ﬂe:FSH() (t—to) + ?);I:O 0-0 o O-_|_(0) —|_ O-_(O)
B+ — oP+(0) Ho o2
1 + IG_'I_?)GZF?)H()(t—t()) 22 — ﬁ X €—6Q

Homothetic solution is an attractor in Bianchi |
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More General Bianchi Types

Numerical Results cg=1, ¢4 =03, myz=0.54m, my =0.84m

002 —
L]
S 2”2 i ' LN Bianchi IX
it ~\
\‘I\\
— 001 F U B
1.3 ~ 1 L~
Vi T T — E—
] \“*\ ﬁ AN —
~ + N e
- b -
1 S -
o4 b -_— - ot e
e — R——— - “
g /// - //’ \\'\.
7 T - _ I
LvI, B e
1.4 - 4 o
-~ E k g 7
p ) % =
- -
p 1X 7B Type IX
1.76 / ~
/ -
L L0 == I | L !
f 05 1 15 > 0 05 1 13 2 25

0.00

0.04

0oz -

H,t

I:> Approach to homothetic metrics



homothetic solution —>  GR with a cosmological constant

Shear drops fastas o2 ~ 81 + 32 ~ e

However, it does not drop so fast:
o2 NB—%"'ﬁ% ~ o302

This is the same as matter fluid

Any Observational Effect ?



Initial Stage (near singularity)
Bianchi | Bianchi IX

T R F‘i‘/v:\:-: T

Ht - Hgt
Three spatial components of metrics

vacuum Bianchi IX

GQ | In Al /I,[Tf')’”\“‘\-\\y\/,ff/c;?‘?j
-0 :‘;-A:_\\\ o /’,,/’ 7\ L 1
bounce -> de Sitter hey
ol Ve I(13)
»'small anisotropy /
~— I‘."‘ wor //’/
o isot /
i arge anisotropy .. .
: T 0

Ht initial singularity chaotic behaviour near singularity



"T'win Matter as Dark Matter



Effective Friedmann Equation

Near an attractor point (Bas),

g [P?’](B) + pg(ag)} — vy’ B [pg?/](ff) +py

~ ~ Q
—> B—BdSO(—S-F%—FO
dg Ay
A K2
g ag 3 3 [pg pD]
1
2
Ko = Ko |1 — =
eff g (1_2A_g)(1_|_~ﬁ"f )
i 3z Bisky ) _
_ K} B
PD = N > Pf
2 _ f _
| (12 (1 375) —1

twin matter



Effective Gravitational Constant
Model Kig /Ko | Mem/m
A —0.0880972| 6.43151 (X
B 0.97681310.938869 |O
C —0.108741| 3.30578|x
D 0.920396 [0.885782 |O
E 0.0283764 | 3.99107|A




Dark Matter

twin matter is dark matter ?

Model PD/ Py

B 0.16261 rp,

1D 44.9613 rm

Model H

63:—4, Cq — —10

= 1000, 74, = 3000

Sl

pPD/Pg ~ 5

:|, X attractor condition
G rm < rle)
O —

102 102

Twin matter can be “dark matter” in Friedmann eq.




B Twin matter can really be dark matter ?
Dark matter is required in three situations:

# “Dark matter” in Friedmann equation ()

# Dark matter at a galaxy scale

rotation curve

# Dark matter in structure formation



# Dark matter at a galaxy scale /\
2 2
_ My 2 My
AP, =4rG—5-py +4TGK*"——py
Mo U

4 .
(A —m2)®_ = g(émgpg _ 47TgK2pf) massive mode

massless mode

Newton potential

2 2 2
meff Smeff meff r 3

positive definite posit%finite
1

scale > m _g

2 2 2
_ GM, (mf L Amg emeff,r) - m2 K’GM; ( . ge_mefﬂ



(Mg + KMy)  Twin matter can be dark matter

T?‘?,(:flf = 15kpc

fine tuning

0 10 20 30 40 50 60 kpc



& Dark matter for structure formation ~ /\

Numerical simulation for linear perturbations

. |10 10
10 - 1075 e
10'15
10°
1072 = |5-| 189
10'11]
BB | e
-2 19 -1.8 -1.7 -1.8 2 22 24 26 28 3
Log[mes,H| Log[mes/H| Log[m.g / H]
— —1 —1 _ —1 _
a/k < H' < m a/k <m_gz < H! mg <a/k< H!
(a) (b) (c)

unstable
Vainshtein mechanism

oscillations: damping
—> adiabatic potential approx



evolution of density perturbations

GR phase ; Bigravity phase

“(a) ﬂ tdec ] Fesent
N/

Vainshtein
mechanism

repulsive attractive

(a)
a/k < H-' < m_

(b)
a/k <myg < H™1

(c)
Mg < a/k < H™!



evolution equation for density perturbations adiabatic potential approx
Og + 2H0, — 4G ot (pgdy + ppdp) = 0

GR (5Dr-’2i—5f 5D%5f

1074

1079 10 107! 1 10 107# 107! 1

1 ec a oc a o
. k~! = 10Mpc ta k—' = 100kpc

Density fluctuations can evolve into non-linear stage.




Conclusion and Remarks



Conclusion

B We discuss cosmology in ghost-free bigravity theory

+ The homothetic solution (de Sitter spacetime) is an attractor

—=> “cosmic no hair’

+ “Dark matter” could be explained by twin matter

But fine-tuning is indispensable



Large graviton mass and small cosmological constant ?

/{3/&% 2¢5 +3cy  Kgs Ag/mgle mfj/m?
1 1 5.08 0.0815 25.8
10— 12 1 8.85 |[5.11 x 10~ | 7.84 x 10~ 11
1 10— 12 4.00 [9.34 x 10~ 16.0

100 109 4.00 |8.10 x 10711 | 1.60 x 107°

Either small ratio of Iig / ﬁ:?: or fine-tuning of 2(:% + 3¢y



T. Damour and I.I. Kogan, PRD 66, 104024 (2002)
Remarks

T. Damour, I.I. Koganans A. Papazoglou,

B From more fundamental theory ? PRD 66,104025 (2002); PRD 67, 064009 (2003)

# brane world

\/‘ complicated coupling

Yamashita, Tanaka (2014)
DGP two-brane model with a bulk scalar field

—> dRGT bigravity ?



# Higher-dimensional theory

B Kaluza-Klein theories
T T I KK modes

B 6D Einstein-Maxwell-A Kan, Maki, Shiraishi (‘14)

M, x S* compactification
Interaction of two gauge fields

Q
S, , =2 [ g6y MNRSTL
96

A B C D EJ FL
Xegnefrnegrers Fgyrotpsxeq " ef

€CABCDEF

—y U(7)



# Effective Riemann geometry

B Non-comutative type theories
Connes’ non-comutative geometry

4L macroscopic

Riemann geometry

X =Y x Z, —> bigravity theory

Y : continuous space



B Two types of strings

g-string & f-string ==

# similar interactions

@ KKLT compactification

Not need to introduce anti-branes

107

3.x 10718

2.x 10713

bigravity theory in 10-dim

200

400

500



Thank you for your attention




