Random Matrix Theory
and applications in cosmology

Sebastien Renaux-Petel
CNRS - Institut d’Astrophysique de Paris

|IESC Cargese, 5th and 6th of September 2018

School Analytics, Inference, and Computation in
Cosmology: Advanced methods



Outline

Introduction
The Gaussian Ensemble(s)
The Coulomb gas approach
The resolvent approach

High-energy landscape

Renaux-Petel, IAP



Outline

[. Introduction

2. The Gaussian Ensemble(s)
3. The Coulomb gas approach
4.  The resolvent approach

5. High-energy landscape

Renaux-Petel, IAP



Random Matrix Theory
and applications

Economy

& finance \

RMT
Mathematics

Biology

Information

theory

« The Oxford handbook of random matrix theory »
Renaux-Petel, IAP



Wigner’s surmise

Heavy nucleus

proton neutron

Hard to compute from first principles!

Q:

1956: possible shape of distribution

of the spacing of energy levels?

(1 DIVISION = 100 COUNTS)

400 700
ENERGY (eV)

Figure 1.1. Slow neutron resonance cross-sections on thorium 232 and uranium 238 nuclei.
Reprinted with permission from The American Physical Society, Rahn et al., Neutron resonance

spectroscopy, X, Phys. Rev. C 6, 18541869 (1972).
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Wigner and Dyson’s idea

Energy levels = eigenvalues of Hamiltonian
Hamiltonian: large complicated Hermitian matrix

Let us model it as a random matrix!

to develop a “new kind of statistical mechanics in which we renounce exact knowledge
not of the state of a system but of the nature of the system itself. We picture a complex
nucleus as a "black box" in which a large number of particles are interacting according
to unknown laws. The problem is then to define in a mathematically precise way an
ensemble of systems in which all possible laws of interaction are equally probable”.

Renaux-Petel, IAP




Wigner’s semicircle law
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Figure 5.1: Numerical check of the semicircle law for GOE. Increasing the value of N, after a suitable
rescaling, the eigenvalue histograms collapse on top of the semicircle curve.

From math-ph:1712.07903
« Introduction to Random Matrices - Theory and Practice »
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Universality

Universal behaviors emerge independently
of details of distributions of entries

ake real symmetric matrix H;; : N x N

- Independent entries H;;,1 <

- entries decay sufficiently fast at infinity

(Hij) =0

N
. 1 o
- Vi, y (H}) = 5 (normalization)
7=1
pn(z) > psc(@ \/2 = (2
N — o0
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Classification

Independent Gaussian Rotational
Entries Ensembles invariance

/

v

plH] o [Ty fi(Hii) TLie; fij (Hij) p[H] = p[UHU ]
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Gaussian ensemble: construction

Simplest starting point:

N r i,

1
plM] = p(Miy,....Myn) = ]] exp (—M;,/2)
i,j=1 - -

L 1
Symmetrization: H = 5(M + M1

exp (—(H)3/2) | rp | e (-(D3) | Independent
H p— 11 i
i 1;[1 - van - 11 VT entries
(H) o ex — 1 Tr(H?) Rotational
" d invariance
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Gaussian ensemble: pdf of eigenvalues

1L 15N oo
Result: p(iUl,...,QZ‘N):EQ 2Zz:1 i H‘x]_xk|ﬁ
J<k

Dysonindex 8 = (1,2,4) (GOE, GUE, GSE)

Sketch of proof:
X = diag(x1,...,zN)

H=0X0" with
00! =1

Change of variables H — {x,0}

plx,0) = p(H(x,0))|J(H — {z,0})|
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Gaussian ensemble: pdf of eigenvalues

Sketch of proof (ctd):

J(H — {z,0}) = | [(z; — =)

1<

For rotationally invariant ensembles
p(H) = o(TrH, ... Tr(HY))

Integrating over O is trivial

——

Vandermonde
determinant

p(xl,...,xN)ocga(in,...,fo;v) H\xj—xk

j<k
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Gaussian ensemble: pdf of eigenvalues

1l 1 <N 2
p(x1,...,N) = —€e 2 i=1miH|xj—xk\5

Z
/ —
Kills configurations Kills configurations
with ‘large’ xi where any two

eigenvalues are ‘close’

Interplay between confinement
and eigenvalue repulsion
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Spectral density

N
Counting function 1 e
of eigenvalues n(z) = Z 0(x — ;)

N “
1—=1

For random matrix, n becomes a random measure
(n(x)) = /dﬂi‘z dxyp(z,x0,...,zN) = p(x)

Spectral density = marginal density of jpdf of eigenvalues

1
Result: BNpn(v/BNx) > psc(x) = ;\/2 — x?

N — 00

How to prove this”? Coulomb gas and resolvent

Renaux-Petel, IAP
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The Coulomb gas

Rescaling x; = x;+/ BN

with
Vx|

N
4N 3 oc/ dej e AN V(a]
RN 5

1 1
:ﬁsz 2N2ZID‘ZE¢—$]‘

17

/ = Cano

fluid of par:
N equilib

nical partition function of

Wit

and repulsive logarithmic potential

N quadratic potential

icles of positions xi on a line
‘ium at inverse temperature SN2
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The Coulomb gas

2D static fluid of charged particles confined
on a line, with quadratic potential

Large N +—> 0 temperature limit

To find equilibrium position at O temperature

1
Minimize intensive free ener F = In Z

Aim:

2
1) continuum description  Zn,g = /Dn(x) e PN Fln(z)]
Functional integral

2) saddle-point wllE 1~ (Qj) — ,0(:13‘) over counting functions
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Continuum description
1). Coarse-graining

- sSum over micro states compatible with given
ldea: macrostate (counting function)
- then sum over all possible counting functions

L= [ D)5 [n@) - 1 36— 2
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Continuum description

2). From sums to integrals

N

[ n(a)s(@)ds - %Zﬂxi)

1=1

N
1
//R2 dedx'n(x)n(z")g(x,z") = e Z g(xi,x;)

oo fompern [ flan s -3 e

with In[n(z)]

Vn(zx)] = 5 /Rda: °n(z) — %//R2 drdx'n(x)n(x") In |z — 2’|

+ regularization
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Continuum description

3). Compute Iy |[n(x)]

In|n(x)| ~ exp [entropy| ~ exp _—N/dx n(x)In n(x)

summary:

7~ [Dln(w)] [ b ooV S o
R

Stn(z). k] = Vin(z)] — k < / dz n(z) — 1)

Renaux-Petel, IAP



Saddle-point

Z ~ exp(—BN"S[n*(z), k*])

i S(@) k]|, _,. = % = Jpde'n* (@) e —a'| = k* |
k=k*
%S[n(x)vk] I fR dx n*(a;) =1,

ook for n*(x) and support (a,b)!
1) find n*(x;a,b)

2) find optimal (a,b) by minimizing
free energy F = S[n*(x;a,b)]

Renaux-Petel, IAP



Saddle-point
PV/dx’n (:E% =7

L — X

Tricomil's theorem:

@) C - PV [1 4 OO0 o)
PV/a ) = ) =
*(z) = 1 —2° + ~(a+b)x ! —a)?
n(x)_w\/(a}—a)(b > _1 —1—2( + b) +8(b )
1
2) —a=b=+/"2 n*(x)zpsg(x):;\/Q—a?Z

Renaux-Petel, IAP



Outline

. Introduction
2. The Gaussian Ensemble(s)
3. The Coulomb gas approach

4. The resolvent approach

5. High-energy landscape

Renaux-Petel, IAP



Resolvent: generalities

1 <. 1
GN(Z)INZZ—;L};

('I/) — Gggv) (Z)

2 —x!

random complex function
with poles at eigenvalues’s location

Resolvent
Stieltjes transform

Green’s function

p(x) =

1

T e—0t

— lim Im G (z — ie)

Easy to deduce the spectral density from the resolvent

Renaux-Petel, IAP



Resolvent for Gaussian Ensemble

1 1 L _ —~ 1
j#ixi—xjtﬁ;z—xi_ >Z J>Z jN(Z—JCi)

1 I
— 14+ 2Gn(z) = §G?\z(2) - o (2)
o \negligible in

large N limit

vzl 1

1 Cvesot [ V2 —22 for 22 < 2
—1 (av) _ — T
mG (z —le) — { 0 otherwise
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Another classical ensemble:
Wishart-Laguerre

W =HH' with H: N x M matrix

positive eigenvalues

Entries:

o(W) o e~ 3TW (det W)z (M—N+1)-1

Eigenvalues:

(M > N)

p(z1,. ..

,CEN):—p 225’321_[ 5/2(1\[ N+41) H

Jsike

; — 5y [P
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Wishart-Laguerre through the resolvent
Large N,M withec = N/M <1 kept fixed

w N
With rescaling =: — ANz, sl Z x / T de; e NV
0 =1

4
AR, o [2EeD 1 1 g N
Vx| = ; ZL::EZ _,5N > " 2% Z;lnxz N ;ln\zz B
—
1 1 1\ K+ G () 1
_G(a’v) (1= _ _G(a’v)Q
0 + 5 (1-3) =8 Satengy
where 1 1 p(x)
_ N el 6 g e
N Z B / v T
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Wishart-Laguerre through the resolvent

> =

G(av)(z):l 1_1__ \/22_272—'_72_4’7[(2
K 2 2
where vy=(1—-c¢)/c>0

——

pMP(T) = 5 (z—z_)(z4 — x)

r € (r_,xy) T4 = (\}E + 1)2

lim ANp(BNz) = pup(z)

N — o0
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Marcenko-Pastur density

c=1/8
c=1/2 _
10 15
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Marcenko-Pastur density

1.0
0.8:' c=1
< 0.6} c=1/8
T
Q0.4 c=1/2
0.2
0.0 0 5 10 15
X

Particular case c=1. Accumulation of eigenvalues near O
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High-energy landscape

High-energy physics: large number of fields, complex interactions
Statistical predictions? Universal behavior in large N limit?
With landscape modeled as

multi-dimensional scalar potential
(say Gaussian random field)

Vacua = local minima of potential =
critical points+ all Hessian eigenvalues positive

Dependence of dynamics of inflation on
smallest eigenvalues of the Hessian

——

Key Q: Hessian eigenvalue distribution of Gaussian random fields

Renaux-Petel, IAP



Gaussian Random Fields (GRF)

Gaussian random field, static, statistically homogeneous
and isotropic V(¢) with (V(p)) =V

All information in 2 pt correlation function:

72 L N ik-(¢1—¢;
V@)V (gpy)) — V2 = (QW)N/CZ k P(k) el (01 —2)

1
Define (7,,%: (2N /deanP(k)

For amplitude Vo and correlation length A

N n

Renaux-Petel, IAP



Correlators of Taylor coefficients

(V=V)?) = a5
Straightforward <V;’> - <V > <VV> <VV7k> -
computations: 52
(VVij) = —(ViV}) = —Wl%’
52
(Vii Vi) = N(N2—|— 3 (055061 + 0ik051 + 0101 )

With the large N limit in mind, we take

2

2
_ 09

— 52

b

~ N(N +2)

(A, B, FE)=0(1)

01

B =
N
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Pdf of Taylor coefficients

Multivariate Gaussian distribution

- V=V 1 [, AFE — B? ]
2F i | VO -y ryas e |
B _
(Vts)w — Vjij + E(V o V)dLJ
B Global shift of the spectrum

Vig) v = _E(V —V)di; depending on the value of the
potential (expected!)

depend on assumptions about VvV = { fixed

orows with NV
Renaux-Petel, IAP

Discussion about potential minima { 0




Pdf of Taylor coefficients

Irrespective of the value of the potential

1
N +2

: _Tr(V2)

P(Vij) o exp | =~

(TrV)2_ |

Up to rescaling and possibly shift, we
can consider the general model

P(H) x exp —% [Tr(Hz) ]C\LI(TrH)Q}:

| B 1
with a—1+O(N>
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Constrained Coulomb gas

Z (Aer)

P(xz 2)\07“) — 7

Z(Acagdwexp{; (Zw%; >, Zlnmxj))}

( () 1%

With rescaled variables x; = u; v .N

Coulomb gas machinery:

Z(Aer) ~ / Din(p)] [R Al ¢— NS,k

counting function with (i) = 0 for f < fer = Aer/ VN

Renaux-Petel, IAP



Constrained Coulomb gas

1 1 / / /
= / dp wn(p) — // dpdpn(pyn (i) In | — 1|
R R2

—k (/Rdﬂ n(p) —1> — g (/Rdu un(u)>2

~

a=0 <+ GOFE

a=1 <> degeneracy u — u—+ cst

degeneracy broken by inclusion of 1/N effects
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Spectral density, GOE

Saddle-point + Tricomi's theorem + Minimization of free energy

2.0,
15‘ Mcr=—00
X 1.0 er=0
Q L
0.5
TN
—2 -1 0 1 2
X
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Spectral density, GRF and GOE

Saddle-point + Tricomi's theorem + Minimization of free energy

20— _
1 5‘ GOE, =0

3 1.0 GRF, u.,=0,N=100

@ |
0.5 ~. |
00 ) \ e

-05 00 05 10 15 20 25 3.0

X
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Spectral density, GRF and GOE

20—
1.5‘ GOE, ,Ucr=0
GRF, u=0,N=100
3 1.0/ ———  Shifted Wigner
Q|
0.5
00 (. | \ -

-05 00 05 10 15 20 25 3.0
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Probability of rare fluctuations
to positivity

P(Mmzn 2 /LC?“) p— 6_N2(S(Hcr)_s(_\/§))

For 1 —a <1 P(tmin = fher) = e~ 5 (Her+V2)"(1=a)

Porr (fomin > 0) ~ e 2V

Contrast
__In3 A2

Pcor(ftmin > 0) >~ e 4

1
N P, H) xexp —= o7 -
Intuitive re (1D { 2 (ZL: )}

reason (1
Pcor(H) o exp 4 —3 (Z O ’
\ (2 /
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From generic to stationary points

Conditioning on stationary points, and up to
rescaling and possibly shift

1

-
Sln()] — Sln(u)] — / dpn(u) lnjp

Evaluating this NLO effect on the LO
- solution (shifted Wigner)

Simply a +a+1/N

Pcrr(stationary points are minima) ~ eV

Renaux-Petel, IAP



Typical smallest eigenvalue at
potential minimum

P> (ptmin) = P(smallest eigenvalue at local minimum > pip,i,)

P> (lumin) — e_Nz(S(“min)_S(O))

—
dP> (:umin)
and P\Mmin) = -
( ) d,umin
- 1
Hmin ™ N
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Single or multi field inflation?

Small-field landscape + Inflection-point inflation

Mass spectrum in directions orthogonal to inflationary one”

- -2
1 a
P(xy,...,xN) X exp —5 fo—ﬁ Zazz — Z In (Jz; — x4]|) —QZln\azi\
i>2 i>2 i£j>2 / i>2

conditioning on first derivatives vanishing for

N orthogonal directions

eigenvalue repulsion with 1 =0
1
* /’1‘2 ~Y N

Renaux-Petel, IAP



Single or multi field inflation?

Rescaling m2 = V2ANpu, + amplitude A ~ Vi /A*

m Yo 2
~ Versus ~N ——
27 A2UN H M2,

Single-field
iNnflation

v
e
7
\
A

< m
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