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Decays of unstable particles
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Decay rate and lifetime

Sum over all the final states

M(1,2) = %ngqj"dpl(mlSWQ
/M2 — 4m2 (M — 2m)

Lifetime in the rest frame:
1

0T T
Lifetime dilation in a general frame:
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First task: x-space approach

Three scalar fields on a general d-dimensional Minkowski
space (the dimension can be a complex number)

o0, ®1, P> with masses mqo, M1, MO

The fields are independent (uncorrelated):
(€2, ¢;(z) ¢ (y)2) = 61 Wmn,;(z, y)

Fock space: tensor product of the individual Fock spaces

H=FO0gr(l)g r2)



Interaction Lagrangian

Switch on an interaction term
[v9() £(x) da
L(x) = : ¢o(x)p1(x) " po(x)"? :

g(x) is a smooth rapidly decreasing function over the spacetime

(an infrared cutoff). Inthe end g(x) — 1 (adiabatic limit).

Special case L(x)=":¢"(x):

In the following we consider a trilinear interaction term

L(x) = : ¢o(x)p1(z)P2(x) :



Perturbation theory

The transition amplitude between two normalized states y, and
v/, IS given by the scalar product

(¢Oa S(/Yg)/‘vbl)a
Stve) = 3. - [, 9(@1) dey - g(@n) den T(L(21) - L(wn))

n=0

At first order, If the states y, and , are orthogonal

(7100» S(’YQ)’M) — (/QbOa ZTl(’}/g)?vbl)
Ti(v9) = [ 79(2) £(x) da



Quantum states

The subspace of states containing J, k-particles: Hjo 71,70

States of the form g = /fo(x) do(x)Q2dx

generate 1 0.0
(¥0,%0) = [ Fol@) Wino(w, ) foly) dz dy

States of the form

P = /f($1:$2) : 91(x1)P2(22) @ Qdxy dro
generate 10,11



Transition probability

The probability of transition from v, to any state in 7‘(0,1,1
2
> | (o, T1(v9) ¥1(m))]

(Y0, %o)
_ (o, T1(79)Mo,1,171(79)" o)
(Y0, ¥0)
Wick’s theorem gives
T =y ] @) o) 9w g() %

X Wmgol(z, u) [Wmi(u, ©)Wmn,(u, v)]| Wimngy(v, y)dzdudvdy



Graphical interpretation

2
_ Fol@
"= S / fo(@) fo(w) g(w) g(v) x

X Wmo(z, u) Wm(u, v)Wmnsy(u, v)| Wing(v, y)dxdudvdy .

Infinite volume (adiabatic) limit

g(u) -1  g(v) — L.



Kallen-Lehmann decomposition

o= (% o [ To@) fo(w) g(w) g(v) x

X Wmo(z, u) [Wmi(u, v)Wmsy(u, v)] Wig(v, y)dzdudvdy

Wml(u: v)ng(u,. U) — /p(a,2;m1,m2) Wﬂr(u? ﬂ) dﬂ?

- = s [ 7@ fow) 9(w) (@) [ pla®m1,ma)

(vo Yo
X Wmo(z, uv) Walu, v) Wmg(v, y) dz du dv dy da?



Infrared limit: step 1

T = oy ] 0@ fow) () 9(@) [ pla®imi, ma) x

X Wmo(z, v) Wa(u, v) Wing(v, y) dz du dv dy da”

Infinite volume (adiabatic) limit: take one g(u) — 1.
(Cannot take both limits because of the infrared divergence)

T = oy ] @ @) g [ pa?ima,ma) x

X Wmo(z, u) Wa(u, v) Wmng(v, y)drdudvdy da?



Projector identity (completeness)
2
T = oy ] Fo@ o g(@) [ plaime,ma) x

X Wmg(z, u) Wa(u, v) Wno(v, y)drdudvdy da?
The convolution can be trivially computed

/ng(m, uw) Wa(u, v)du = C(mg, d)&(-m% — az)WmD(:s, v).
C(mg, d) =27

r = ~2C(mg,d)p(m3; mi,mo) X

y | fo(x) Wi (z, v) g(v) Wmg(v, y) fo(y)drdvdy
| fo(z) Wing(z, vy) fo(y)dx dy
[ |Fo(v)[?g(v) dv
[ fo(z) Wmg(z, y) fo(y)dzdy

= v2C(mg,d) p(m3; m1, m>)



The formula

| |Fo(v)|?g(v) dv
| fo(x) Wing(z, y) fo(y)dzdy

M = ~42C(mg,d) p(m3; mi,m>)

C(mo, d) = 2n Fo(v) = [ Wng(v, @) fo()de

This formula also holds for dS processes provided the mass is
greater than a critical mass

To complete the computation we need to know the two-point
function



Klein-Gordon field: a crash review.

(04 m2)é(z) =0 zy +m2W(z,y) =0
£ = Ix (O¢ + mAW(E) =0
A

(p? — m?)W(p) = 0 +
W(p) = A0(p°)5(p* —m?)+ B —m~)

\ Spectral Condition \

1
B (2m)d-1

/ e~ @=)g(p0)5(p?—m?)dp



Technical intermezzo 1:
computing the KL weight

Fourier (momentum space) representation of the two-point
function satisfying the positivity of the energy spectrum axiom:

1 .
(27)d—1 f e P9 (p0)s(p? — m?)dp

pE = pP0 —plel — .. —pT el f=u—v

Wm(u, v) =

Winy (€) - Wina(€) = [ p(a?,m1, m2)Wa(€)da?

1 —" ~
= (2my2d2 f e~ {1289 (p9)6 (p3 — m3) 0(p3)d(p3 — m3) dpy dp>




Computing the KL weight

p(s; m1,m) = 2m)1? [ 6(P—p1-p2) 6(p3—mD)0(p9) 5(p3—m3)0 () d’p1 d”ps

where PO = /s, P=0, s> 0.

@0 [ 5}~ mDowY) 8 (s — 2v/5p] + mF — m3) d'py
(zﬂ-)l_dgd—l OC'E (T2 + m2 (S + mrf B m%)?) T:‘i—? d?"

p(s; mi,mz)

2\/s 0 1 4s
d—3

_ (Qﬂ)l_dﬂd_l (s — m% — m%)2 — 4-m%m% -
4./s 4s
1—-d 2 2 d=3

_ @m) 1 ((s = (mg +m2)9)(s — (m1 —m2)9)\ 2
4./s 4s

2 n/2
n = " Vn>1




Equal masses

p(-m%; my, M) = (m% — 4m%)T H(m% — 4m%)

: . 1 1
d=4 : p(m%, mi, mi) = m(m% — 4-m%)2 H(-m% - 4-m%)



Infrared limit: 11 step

|—(1, 2, g) — 2’?“2 C(mo, d) P(m—%; m1,m1) | g(t)|Fo(t, f)|2dfdf
] fo(x)wme(z, y) fo(y)dzdy

e p(mg, m1,m1) can be computed by Fourier transforming Wi, (z, y)?

p(mﬂa my, 'ml) — G(m{] - 4??11)
(dzl) 41’?10 4

Infrared limit: let g be the characteristic function of a time
interval T'. The transition probability is proportional to T
it diverges when T"'— oo. Apply Fermi's golden rule.

1
T T—o0 T

f (|f0_|(_p]\)/_[|2) dﬁ

2 [ fo(p)|?
\/T

471-'7 p(mOa mi, ml) X




Minkowskl case: results

1 J (|f0_|(_p]\)/_[|2) dp

2 [ |f0(p)|2
Vi’
Let |f(p°, )2 — §(p) (particle at rest):

= = 4y’ p(mg, m1,m1) X =

1 _ 2(2m)2 %2 27 (d-D/2 (m 4m1)(ﬁf 3)/2 o2
T0 Sm% F(d_Tl) 4

2
(d=4) — ngﬂ \/m% — 4?’3'1% O(mg — 2m1)

Use |f(Aup)|? (particle moving vith velocity v):

2
T:’To/\/l—z—z




de Sitter

[ |Fo(v)|%g(v) dv
| fo(z) Wmng(z, y) fo(y)dz dy

[ = ﬁ;*zc(m[], d} _ﬂ(m%: mi, 'mz)

Fo(v) = [Wino(v, @) fo(a)da

Wm(x, y) =7 C(m, d) =7 p(mG; my,mp) =7



The de Sitter Universe (1917)
Xg—X?—...X2=—-R?

Xo




The asymptotic cone
{¢g—¢&1—...—¢7=0}

Isometry group
SO(1,d)



The asymptotic cone provides
the causal structure

{¢§—¢5—...—€9=0}

X ,Y are spacelike separated iff (X-Y)?<0
(X-Y Is outside the cone)



Classical free particles

Write the action in a coordinate system

S = —me [ \/guita¥dx;

Solve the affine geodesic equations

d2 | d,:L'V da;'p
d\2 Vp d\ d\

rivial but not easy in practice!
Results bury an otherwise simple structure



Geodesics: a geometrical approach




Parametrization: the asymptotic cone
as de Sitter momentum space

R

Xuls) = e

(&Ae% — We_%)

to be compared with

z,(s) = x,(0) 4 (p,u,) S

mec



Lightlike geodesics

Xu(A) =29+ &uA, withé-20=0
to be compared with



Conserved quantities

R
V€

g

Xu(r) = (gue™ — mue™ )

n




Classical scattering

bl—|—52—>cl—|—...—|—cM

X{L(T) == \/% (X“’e% — C“e_%) X}L(T) p— \/% (é“e% _ nﬂe—%)

Solving the collision problem amounts to find the out-
going vectors (£¢,n¢) given the ingoing ones (x;,¢;).

A G A
Kiz-mgchhg 1= 1,2, Kf:ﬁfcgf nf,. f=1,....M
Xi - G Er-ny
2 2 M M
> Ki= ) K| =) Kf =)} Ky
i=1 i=1  |p—z =1 |,z f=1
Xz_Cz_X_‘gf_nf




Example

V2 X 2myp

5 _ 5 ov 55
r = 1 (-m%—u%-l—u% i\/(ml—”l—NQ) —4“1“2 1\ (1)
V2 ; 2mipy 2mq o ’ y

with the restriction mq1 > p1 + po. This condition no more holds true
at the quantum level



What is I1t, a de Sitter Plane Wave?
(z,p) = exp(iz - p)

P(X.8) = (€-X)°

in C* XindS scomplex
veR

V' =i eR |u|<d_Tl

Physical values: s = —‘;‘I—Tl—l—iu {
Two types of de Sitter Waves

. A1
Y(X,€6) = (X&) 2 principal waves

_d_1. .,/
Y(X, &) =(X-&) 2 complementary waves



However, they are irregular
Y(z,p) = exp(iz - p)
P(X,E) =(&-X)?

gin C* XindS, scomplex

How to glue them?
Spectral property!




Spectral Property

There exists a complete set of nonegative energy states
(The energy-momentum spectrum is in the closed future cone)

equivalent to

W(X4,.....s X,) IS the boundary value of a function
W(z,y....., Z,) holomorphic in a “tube” of the complex

Minkowski spacetime
(tube ={lm (z,,, - Z,) contained in the closed future cone})

Conseqguences ‘

-

1) TWO-pOint functions 2) Free fields

3) Perturbation theory 4) Renormalization



2) The spectral condition implies that the integral
representation makes sense in a larger complex domain
of the complex Minkowski space-time

lzeT~ (ImzeV)|

et amzevo) T Y

z'-zeT™
(IIm(z'-2)eV")

W -2y = [P Y502 - m?)




One point tubes (dS)

dS¢ =25 —Z% —...Z2 = —R?  z=x+ivy

——

|x2-y2=—R2 [ [X-Y=0]

T+ =T*NdSO =

;z cdS® 5 Y?2>0, l

Y, >0 (orY,<0)




One point tubes (dS)

Z=X+iY |x2 - y2=—R2 X-Y=0 |

T+*=T*NdSO = T~ =T~ dSO =
1Y?2>0,Y, >0 {Y?2>0,Y, <0




Y(Z,8)=(E2)

are globally well-defined in the tubes.

For Zc7 and Z' ¢ T+

W(z,2') = [y (Z-€)~2 T(e. 2y~ " dp(e)

To be compared with (z €1 7

W(z—2") = /e_ip'zeip'zlf ﬁﬁﬁﬁﬁﬁﬁ«/[




For ZeT and Z' e TT, szégf

Wi (2,2 = [f (Z-€)~ 2 (. 2)" 2T du(e)

I_(dE—l-I-z'V) (dE—l—w) ( )__ —d2

d 1 ¢
2(27)2 RI—2 “+ (©):

a) W(Z,Z") is de Sitter invariant

b) W(Z,Z") is maximally analytic c=-1

c) W(X,X")istheb.v. of W(Z,Z) from T xT T
d) W(X’,X)istheb.v. of W(Z,Z") from T+xT~



Physical interpretation:
de Sitter temperature

2

Rsinh /B2 —|f2 s
r;  (|7]? < R?) R

>
o
1l

X(t,’F) = { X?,

t D_5ﬁ..E
It cosh T{\/RQ o |F|2><~:~ 0.

>
u
[

Dah .............

-1 1H ............. o

A

Time translations: ARSY

D i e - Diag ..t

2 1 a -1

a(s)) X, 7) = X(t+s,7) = X(s)

‘ Maximal analyticity = KMS condition ‘




‘W(X,X'(t)) :(Q, e(X)U()e(X") U(t)1 Q) ‘

Imt*
{= (Z'Z')z 29
@ ‘
0 Ret

1) W(X,X'(t)) is analytic in the strip 0 <Im t < 2aR
2) Forrealt, WX X'(t+2m1)) = W(X'(t),X)

KMS condition at inverse temperature 2nR



Fouriler transforms

x-i0eT (ImZeV") ¢
x+i0eT " (ImZ'eV')




One particle spaces
D = smooth complex functions on dS

‘H, = completion of D w.r.t. the scalar product

(£,9) = | F@Wo(2,1)g(y)dady
=cf [ - €7 T (gyy) "7 ¥g(y)dadydu(€)
= /7 F_(&, —1)Gy (&, v)du(E)

(£9) = [ T4 (61546 v)du(©)

H, = L?(v,du(€)), veR mﬁﬁ/




de Sitter decays

K — U+ v

2)2 C(r)p(k2,v) [g(z) |F(z)|?dz
[ fo(z)Wk(z, y) fo(y) dzdy

A(1,2,9) =

e Projector identity: nontrivial; holds only for
the principal series

]wy(z: x) wy,(z, y)der = 2w coth (V2= wu (2, y)



KL weight: nontrivial
4)\2 coth(wr) p(k2,v) [g(z) |F(x)|?dx

A(1,2,9) =
[ fo(x)Wg(z, y) fo(y) dzdy
Mt +a0) (5L + v i_p _d=2
Wy (z,2') = e )d 5 )rx: (-7 % P2 ()
2(2m)2R1-2 2T
Mehler-Fock transform of the 2-point function squared:
I:EFE-%-I-EHE]F{LEI—EU-” sinhwk oo _d-2 _d—2 _d-2
2 —_ \ \ J \ s 2 2 q T.
P ) = 2(2x) 12 RI-2 fl F—%-EHH(I] [P—;H”[I]] (== —1) ¢

ila 10 N E2E ~f Dritdnilrve ar al” /Al TIT-
Form:

(K2 T'hree dimensions: easy
3k ( /‘00 sin kv sin? L-"L‘d Siﬂh(?—l”)z tanh(%) — bl ik
\ 1 = = —
Xy 0 sinh v (cosh(wk) + cosh(2wv)) 2)



Sketch of proof of the formula for p

mw = [P @ @RE - ) = [ YD e TR OR = [T 6060 %,
y d i 0 g

o 2V1+¢
with
PR(V1+Q)

Tt i GV

a=—k+in, f=-i+w p=1l--. Gi({)=

Compute the Mellin transforms

Gi(s) = fﬂ TG0 dC

= 2;:-! s_u1 l+ﬂ—_q1 I—n_s
Gi(s) = L am— 3-s 132 ]
P+ T (552) [1- s
“ —L ;S [ - T [ ' SN - L
Gols) = 1 1 +8, f-4-8 —f-1-%-5 -3 -5
#40(1+ 8 — p)l(- 3“;#) ——‘——s —&_g

We now use the Mellin-Plancherel formula

Fting .
f Gi c}Gg{c} g | GieG(-9ds.

211‘ —inc

combined with Barnes’ Second Lemma:

Lemma 1 (Barnes)

1 iea oy +u, ag+u, ag+u, 1=050 —u, —u
— r du =
27 J_ine B+ u

-r ay, g, g, 1= G o, 1= 5 +az, 1 -0 +a;
fa—ay. Ba—ag B —ay

provided
oy toazdag+l—=>50=G=0,

and that the contour of integration separates the inereasing and decreasing series of poles.

As a function of s, (3‘1[3]5'-3{—3}, is, up to a factor, of the form of the integrand in Barnes lemma if we take

r:f—4+ d—4 d—4 b 3 b= 3w 3d -6
= —— +il la= —— — i, a3 = ——, — ———,¢=—_
' 4 T A I o 2 1
This choice satisfies the conditions. Therefore
H,(x) ! x
R) = — — -
: 28l [4Hl 4 ix) bl _ix Aol g gy, 4ol gy
ad=1 ix 2 d=1 =1 i =1 i 3 =1 I : d=1 i
T T'i'%-i-ﬂi, 1 -i-——IL". 1 +%,T—%+1H.T—%—IMT—%
d=1 d—]

. rf—'l
T o Tt

(1)

(2)

(3)

(4)

(3)

(6)

(7)

(8)

(9)

(10)



KL weight: properties
4)\2 coth(wr) p(k2,v) [g(z) |F(x)|?dx
| fo(x)Wk(z, y) fo(y) dzdy
R?~4sinh 7k r(dTTl—l—%")l_(dZ—l—%)
(am) F T (YT (4 3) T (-5

d—1 ' d—1 ' d—1 ' d—1 '
Xr( 4 +iy+%)r( 4 _iH—%)r( +¢y—§>r( 4 _iy_%)

A(1,2,9) =

p(k2,v) =

he weight p never vanishes. For m > m. decays
iInto heavier particles are always possible.

The Minkowskian result is recovered in the limit
of zero curvature: k = MR and v = mR:

lim p(k2;v) ds? = p(M?;m) dM?. (1)

R—o0



Corrections

Lowest order corrections to the flat case give:

d—3

|Am| 2 (ﬁff + Qm)T
2d —r(d 1)M 4

A _

X (1 R2> [9(&??1) e |&m|R9(—&m)l
Am = M — 2m. The lack of particle stability
(Am < 0) is exponentially small in R. If Am >0
there is a correction of the order of the cosmo-

Rzp ~

logical constant A = (d—%g—z). In the four di-
mensional case
17 107 17
A= — : (1)

64 (m —+ %)2 24 M2 64 (% — m)2



Unequal masses

Compute the following Mehler-Fock transform

o0 d—2 d—2 d—2

hy(k,v,A) = . P—j-l—m(u) P_i‘l‘ (H)P—§+ (w)(u? — 1)__ du

Kallen-Lehmann weight is given by

-l ) (S — ) (5 4 a1 _
.O(ﬁl2, V?A) = r( - —I- ) ( : ) 1( —l_ /\) ( : /\) Sinh(ﬂ-ﬁ) hd(.‘ﬁ],v, )\):
2(27) 113

Previous Mellin method does not work. Need something
like a vector Fourier transform



Unequal masses

Evaluate the two-point function at purely imaginary events

o 4zt +a)r@st —aw)
VVp(—ﬂyuiyf)== < zdﬁ-lﬁdz ]g(y

T (ey) T 2 Vduy(e) =
d

_r(d;—l-mu)r(d—Tl iu) N2 —%2 _a’-—TE ,
B 2(21)? ((yy) _1) Pyt (v )

v=n~pand yy =(1,0,...,0) sothat y-y/ =40 =u > 1,

d—2 —2 1

(=) P = [, 07 dun(©)




Unequal masses

d—2 d—2 d—2

hg(k,v,\) = . P_§+ (H)P_§+ (H)P_§+ }h(u}(u —1}__ du =

1

g [ o[, 08T )T (&) Py (60) i (62) dina (65)
(27) Zwy_q

First step: a star-triangle identity

Farapas(€1:62,63) = [ (y-&)"2T02(y- &) (y - g5)1H2ay =
= c(ay,a2,a3)(81-82)"3(62 - €3) (€3 - €1)?

Second step: integrate the star-triangle identity.

Probability of random triangles on a sphere

J(a1,a2,a3) = | (£1-62)"3(€263)"1(€3-61)"2 du(é1) du(€2) dp(€a),

70



Unequal masses

d—2 d—2 d—2

hg(k,v,\) = . P_§+ (H)P_§+ (H)P_§+ }h(u}{u —1)__ du =

(27)3 JllrJl|rJ|r Hﬂ,{y €)7F ()T (y-Ea) T P dydpsy (61) diss (€2) diss (€3)
T 2*‘-':;[ 1

E% HEE F i1 r l:d;l 4 EEF:—I—i-E'Ev—i—i-E"'ﬁLjI
(an)ir (453)1 Te—s1 T (552 +ien) | [Momsr T (%552 +ie'v)| [Mresr T (252 +i€"A)




Complementary fields. Inflation
Wf(z,z’) = /OO kdr p(k2, V)Wi(z,2)

— O
p(k2,v) = Rz_dsinh m (d_l ™ m) (dT B TKJ)
@) P ar@Hr (HE )T (HE - )

(e ) () () (1)
N-—1

NS

4

WV2 — L K dK PI/(H?)WH, ‘I‘ Z A’n(’/) i(u+2iv+2n)
Ap(v) = 8r(—1)" r(u—l—Qw—I—n)l_(—QiV—n)

n\vV) = 1+d (p+2iv4+2n)IN (—pu—2iv—2n)

n!2d7r™ 2 RA=2[ (u)
I_(;,L—I—n)l_(—w n)l_(u—l—w—l—n)

p=(d-1)/2 I_(—fw n—l—z)l_(/,b-l—w—l—n-l— )

The number of discrete terms is the largest N satisfying N < 14 |Sw| — u/2, or 0 if this is negative.

A particle of the complementary series with parameter k = 13 can only decay into two particles
with parameter v = 5(|3| + p + 2n), where n is any integer such that 0 < 2n < p — |4], and the

decay is instantaneous.
A particle with mass M < m. can only decay into two particles of mass m ~ M/+/2.



de Sitter lifetime

g(x) — 1

xo = R sinh(t/R)

2)\271 coth(mk)?

m 222 CWp(r?v) [9(@) [F@Pde _ o
T—oo T [ fo(x)Wk(z, y) fo(y) dzdy : ||



These works were done with

Lifetime of a de Sitter Particle

» Jacques Bros, Vincent Pasquier, Michel
Gaudin (SPhT-Cea-Saclay)

« Henri Epstein (IHES-Bures sur Yvette)

Symmtries and conservation laws on the de
Sitter universe

« Vittorio Gorinli, Sergio Cacciatori (Insubria)
 Alexander Kamenshchik (Bologna)



