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Decays of unstable particles



Decay rate and lifetime

Sum over all the final states

Lifetime in the rest frame:

Lifetime dilation in a general frame:



First task: x-space approach

Three scalar fields on a general d-dimensional Minkowski

space  (the dimension can be a complex number)

with masses

Fock space:  tensor product of the individual Fock spaces

The fields are independent (uncorrelated):



Interaction Lagrangian

Switch on an interaction term 

g(x) is a smooth rapidly decreasing function over the spacetime

(an infrared cutoff).  In the end g(x) ! 1 (adiabatic limit).  

In the following we consider a trilinear interaction term

Special case 



Perturbation theory

The transition amplitude between two normalized  states 0 and

1 is given by the scalar product 

At first order, if the states 0 and 1 are orthogonal 



Quantum states

The subspace of states containing  jk k-particles:

generate

generate

States of the form

States of the form



Transition probability

The probability of transition from 0 to any state in

Wick’s theorem gives



Graphical interpretation

Infinite volume (adiabatic) limit



Källen-Lehmann decomposition



Infrared limit: step 1

Infinite volume (adiabatic) limit: take one

(Cannot take both limits because of the infrared divergence) 



Projector identity (completeness)

The convolution can be trivially computed



The formula

This formula also holds for dS processes provided the mass is 

greater than a critical mass

To complete the computation we need to know the two-point 

function



Klein-Gordon field: a crash review.

Spectral Condition



Technical intermezzo 1: 

computing the KL weight 
Fourier (momentum space)  representation of the two-point

function satisfying the positivity of the energy spectrum axiom:



Computing the KL weight 



Equal masses



Infrared limit: II step



Minkowski case: results



de Sitter



The de Sitter Universe (1917)

M(d+1) :  ημν = diag(1,-1,……,-1)



The asymptotic cone

M(d+1) :  ημν = diag(1,-1,……,-1)



The asymptotic cone provides

the causal structure 

X , Y are spacelike separated iff  (X-Y)2 < 0         

(X-Y is outside the cone)



Classical free particles



Geodesics: a geometrical approach



to be compared with

Parametrization: the asymptotic cone 

as de Sitter momentum space



to be compared with

Lightlike geodesics



Conserved quantities  



Classical scattering  



Example 



ξ( )s

What is it, a de Sitter Plane Wave?

·X

X in dS s complex

Ψ(X,ξ) =

ξ in C+

Two types of de Sitter Waves



ξ( )s

However, they are irregular

·X

X in dS, s complex

Ψ(X,ξ) =

ξ in C+

How to glue them? 

Spectral property!



There exists a complete set of nonegative energy states  
(The energy-momentum spectrum is in the closed future cone) 

1) Two-point functions

3) Perturbation theory 4) Renormalization

2) Free fields

Consequences

W(x1,….., xn)  is the boundary value of a function 

W(z1,….., zn)  holomorphic in a “tube” of the complex 

Minkowski spacetime

(tube = {Im (zk+1  - zk) contained  in the closed future cone})

equivalent to

Spectral Property



2) The spectral condition implies that the integral 

representation makes sense in a larger complex domain 

of the complex Minkowski space-time
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One point tubes (dS)
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One point tubes (dS)
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Ψ(Z,ξ) = (ξ·Z)s

are globally well-defined in the tubes.



 = -1 



Physical interpretation:

de Sitter temperature

Time translations:

Maximal analyticity  KMS condition



W(X,X'(t)) =(Ω, φ(X)U(t)φ(X') U(t)-1 Ω)

1) W(X,X'(t))  is analytic in the strip 0 < Im t < 2πR

2) For real t,   W(X,X'(t+2πi))  = W(X'(t),X) 

KMS condition at inverse temperature 2πR



Fourier transforms
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One particle spaces



de Sitter decays



KL weight: nontrivial



KL weight: highly nontrivial



KL weight: properties



Corrections



Unequal masses

Compute the following Mehler-Fock transform

Kallen-Lehmann weight is given by

Previous Mellin method does not work. Need something 

like a vector Fourier transform



Unequal masses

Evaluate the two-point function at purely imaginary events



Unequal masses

First step: a star-triangle identity

Second step: integrate the  star-triangle identity. 

Probability of random triangles on a sphere



Unequal masses



Complementary fields. Inflation



de Sitter lifetime
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