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Motivations

It has been long know that certain quantum field theories in an expanding
background that involve massless minimally coupled scalar fields, e.g. a simple
scalar theory with a quartic interaction or scalar electrodynamics, have infrared
divergences in the loop-corrections to their Green's functions.

Infrared divergences that we encounter in theories that are set in the expanding
background signal the breakdown of the perturbation theory past a certain point in
time.

Starobinsky (Starobinsky, et al) had argued that the dynamics of the long-
wavelength modes can be described by the classical stochastic field, whose
probability distribution satisfies a Fokker-Planck type equation. He showed that
this equation has a late-time static solution, that can be used to calculate
correlation functions in the late-time limit.



Motivations

Despite the compelling simplicity of the stochastic picture, it would appear to be
very difficult to see how it could emerge by following the full quantum evolution
of the theory. A recent approach (Burgess, et al) to this problem has been to
consider the quantum evolution of the theory from a different perspective by
working in the Schrodinger picture. Stochastic picture was derived for a non-
interacting Gaussian theory.

In our work we use the Schrodinger picture to derive the stochastic picture for a
genuinely interacting field theory. In particular, we consider here a massless
scalar field with a quartic interaction in de Sitter space, and solve for the full time
dependence of its density matrix perturbatively in the self-coupling of the field.



Scalar field 1n the de Sitter background

Expectation values of the n N\ n .
product of n fields <(I) (t’ x)> — <Q|(I) (t’ x)]Q}

1©2) denotes the state that we have chosen for our quantum field, which we shall take to be
the Bunch-Davies state — the de Sitter invariant state matching the standard Minkowski

space vacuum at very short distances.

We are only interested in the behavior of the long-wavelength part of the field

(P7 (1, 7))

The metric of the de Sitter space ds? = dt* — a?(t) 6;; da'dx?, a(t) = e
long wavelength (L): kppys = k/a(t) < eH <l

short wavelength (S): kppys = k/a(t) > eH
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Classical Fokker-Planck equation

Suppose we knew all of (®7(t, X))

We could then introduce a classical variable ¢, together with a probability distribution
function p(t, ¢), such that together they reproduce all the information contained in the
functions (@7 (¢,Z)). The weighted average of a power of this variable is defined by the

following integral,
0.9}

(")(t) = / do " p(t, 9).
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(") (t) = (PL(L, 7))

The stochastic theory of inflation (Starobinsky:1986, Starobinsky:1994) argues that the
probability function for this classical variable should satisfy a Fokker-Planck equation of

Op 0%p 0 [0V
o _NOP  p 9 (W |
ot Vot 8@(8@ (t’“)))

The coefficients N and D are called the ‘noise’ and the ‘drift’ of this stochastic theory.

the form

Assumption about the potential V: V(®(¢, 7)) 2Tz, V(p)
. . . 1 H3
For the massless theory with quartic interaction D = — N=_—
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Classical Fokker-Planck equation

Any solution to the Fokker-Planck 5

. . . Op 0“p o [0V
equation approaches time-independent i N 352 T Da— 9% p(t, )
(static) solution at the late-time limit. ? PAOE

As t — oo p(p,t) = p(yp),0p/0t =0

The static solution for the theory with quartic interaction V() = 4 Ay
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The static solution can be used to determine (" )(t) = (P} (¢, X)) at the
late-time limit



Quantum description in the Schrodinger picture

The closest analogue of the probability function in the stochastic description is the density

matrix — or rather, its diagonal components — associated with the state that we have
chosen

Pl¢] = Plor, ¢s] = Vo]V [¢].

The dynamics of the long-wavelength part of the field can be described by the coarse-grained
version of the density matrix

Palir] = [ Doz Plos.ds]
The expectation values of the products of fields can be found as follows

(@7 (t, 7)) = /beL ¢r - orPalor].

Note: in the Schrédinger picture fields are time-independent, so P[¢] and Po[¢] are time-
dependent.



Scalar field 1n the de Sitter background
S[®] = / dt L[®] = / d'z /=g {1g"0,08,0 — L1}

The metric of the de Sitter space  ds* = dt* — a*(t) §;; dz'dx’ = a*(n) [an — 0y dxida;j}

‘cosmological’ time coordinate t € (—o0, 00) alt) = et
‘conformal’ one 7 € (—o0, 0)
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The canonical momenta I(t, %) = ——— = a’®(¢, %)
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Schrodinger picture

0

The canonical momenta W(f) — Z5gb(f)

Fourier components of the field ¢z = / 37 e TP (T)

Hamiltonian in the momentum space
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The wave-functional

Vg = Nem@' T

=1 [ d3 Bk, . , . .
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N is a normalization fixed by the condition/beE Up|U* (o] =1

Symmetry under permutations of momenta

Fn(t;/gl,...,Ei,...,Ej,...,En):Fn(t;El,...,Ej,...,]gi,...,];n>

Vacuum state should have the same symmetry as the potential

¢ <> —@ symmetry =——— I, (% ki,....kn) =0 for n € odd
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Schrodinger equation i = HU
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Matching terms with two fields
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Matching terms with four fields
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Perturbation theory

Each function in the wave-functional can be expanded in the powers of A
ar(t) = > o (1)
n=0

Dy(t; by, ko, ks, ka) =) T\ (t; k1, ko, ks, o)

n=1
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n=2
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Quadratic part starts at zero-th order in A
ap(t) = ag(t) + B(t) + O(N%)

Quartic part starts at first order in A
F4(t7 'Igla ]227 E?)a ’Igﬁl) — Fz(Ll)(ta 'Igla ]227 E?)a Eﬁl) + O()\2>



Leading part of ax(t) (Gaussian theory)
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The general solution vx(n) =/ —kn (ClH(/Q( kn) + C2H(/)2( k??))



Leading part of ax(t) (Gaussian theory)

vk(n) = /= (CLHS o (—kn) + CoH) (—kn) )

1 . 2 . —i 2 . 2 . i
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How do we choose C, and C,?

F h I h mod fphys _ K > 1
or very short-wavelength modes  —7~ = — n

>  u(n) — (C’le_ik" + Cgeik”)

For very short-wavelength modes the theory should behave as in flat space-time
—> a— (k/a) ——a C1=0

k2n2
1 —kn
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x (1—ikn)e™ and ax(n) =iH
a(n)



Leading part of T'y(¢; k1, ko, ks, k4)
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At first orderin A

The general solution

a3 () Uy () Uy () Uy (1)U, (1)

Recall that for very short modes  a(n)ug, (1) x etkin
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Leading part of T'y(¢; k1, ko, ks, k4)
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For modes longer than the Hubble scale
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Density matrix Ple] = Plor, ¢s] = ¥[¢]¥*[4]

Up to the linear orderin A
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P() [Qb] is associated with the non-interacting part of the theory. It can be factorized into the
short and long parts.
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Coarse-grained density matrix Po[¢L]
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Integrating out short modes from the above expression we arrive at the coarse
grained density matrix
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p>ea

1 Ak
_ 2 3 *
Palos] = NaPep ~50* [ 55 o+ i )nsos

1 4 d3E1 d3IZ4 3¢3/1 > (1) (1)=
— 544 /L(QW)?’ o) (2m)°0° (k1 + -+ ka) &g -+ o7, (F4 + I )

(1)

The quadratic part of the density matrix receives a contribution from 1°;
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Evolution of the coarse-grained density matrix

Hitting the coarse grained density matrix with the time-derivative we get
0Pq 1 ) i 43k .
gt = {37 [, oy r0-sloha i)~ 50 [ G 00l + i
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Terms containing two and zero fields can be rewritten in terms of the second
functional derivative of the coarse-grained density matrix
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Evolution of the coarse-grained density matrix
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Notice the presence of the surface term
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Evolution of the coarse-grained density matrix

Replacing with its long wavelength asymptotic value
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we arrive at
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Coarsely grained potential

d3k1 d3k2 d3k3 d3k4
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Consider the following expression for arbitrary D,
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Quantum Fokker-Planck equation

If we identify Dy =1/3H
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Recursion relations

For classical Fokker-Planck equation
0 H3

1 A
—> ) =nn -5 - (" *?)
For quantum Fokker-Planck equation

.
—> %@g(t, 7)) = n(n — 1) ( /L (gﬂl; Nk) (®73(L, 7)) — nD%@Z“(t, 7))

For these to match we need to have




The noise at the leading order in A
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Conclusions and further applications

 We saw that the leading form of the quantum version of the
Fokker-Planck equation for the effective theory of the long
wavelength fluctuations exactly generates the standard
Fokker-Planck equation for the stochastic theory.

 Now that we can completely follow the derivation between
these two pictures, we can refine the basic picture further by
evaluating the higher order corrections to noise and drift.

 We can use our approach to treat real curvature
perturbations of the inflationary theories.
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