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Very small on cosmological scales

Redshift dz/dt drift gives H(z) (Sandage 1962, Loeb 1998, …)

Position drift d𝜗A/dt (cosmic parallax) probes large scale flows and inhomogeneities 
(Quercellini et al 2009, Fontanini et al 2009, Krasiński, Bolejko 2012 …)

Observations: Gaia (position drift of 105 quasars), E-ELT (redshift drift via Ly-alpha 
forest on distant quasars), SKA …

Quercellini et al “Real-time cosmology” Phys. Rept. 521 (2012) 95
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Propagation through inhomogeneous spacetime

• time-dependent light bending

• redshift change due to propagation (ISW effect etc.)

Peculiar motions of the emitter and observer

• time-dependent lensing dominated by nonlinear scales

dominated by nonlinear scales

FLRW without perturbation (non-rotating frame, cosmic flow observer and 
emitter): 
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Need for a general formalism for optical drift effects in GR 
(applicable to any emitter and observer in any spacetime)

Separate the dependence on the emitter’s and observer’s peculiar motions 
and on the spacetime geometry

Covariant (any coordinate system)

Observer-independent

Exact

Main tool: null GDE

no need to relate to a cosmological flow !

Extension of the Sachs formalism (Sachs 1961, Etherington 1930’s, Ehlers…)
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• Exact (all GR effects, all spacetimes)

General expression for drift effects

• Separate the light propagation effects from motion effects
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Moduli space, perpendicular space

• adding C·pm is pure gauge

• orthogonally displaced null geodesics

Idea: consider the moduli space

identifying vectors differing by C·pm  

define perpendicular space P = p⟘ / p

identifying vectors differing by C·pm  

define TOM / p

P  inherits an observer-independent metric  

P makes the formalism observer-invariant

space of null geodesics displaced orthogonally to pm
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Perpendicular space P

Different observers u and v ⇒ different 

notions of simultaneity

⇒ different screen spaces

vm

⇒ screen spaces punctured by light rays at different points

Yet, the distances measured to a given light rays (+ angles) are the same

P  = identification of screen spaces of all observers

d(x) = gAB xA xB

P P P g0

x1

x2
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Jacobi operator DAB

• given by ODE’s

• gravitational lensing

• area, luminosity distances

• D : PO → PE

• defined by spacetime geometry (observer-
independent)
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Emitter-observer asymmetry operator mAm

• given by ODE’s

• mapping m : TOM / p → PE

• parallax

a

E O

a

O
E

• defined by spacetime geometry (observer-independent)
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• null surface spanned by connecting null geodesics

Geometry

13

Geometric setup

• main tool: observation time vector Xm

• can be solved (up to C·pm) using DAB and mAm

• ∇X  gives the drift effects

∇X pm - position drift

∇X (pm um) - redshift drift

∇X DAB - distances drift
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Drift effects

14

Position drift

• parallel propagation of

Fermi-Walker
 derivative 
(observer)

4-velocity difference

lensing E-O asymmery operator

aberration

• Jacobi operator

• emitter-observer asymmetry operator
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• Exact relation between lensing and drift

• Strong image magnification ⇒ large drift

• Caustics = powerful position drift amplifiers (formally δ𝒪 r
A →∞)

• Lensing of small objects near caustics may be used to probe transversal 
velocities of galaxy clusters [Kelly et al, Nature Astronomy 2 (2018) 334-342, 
“Extreme magnification of an individual star…”]

• Asymmetry between uE and uO due to m

• Boosting of the emitter inequivalent to boosting of the observer
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Redshift drift line-of-sight 
4-acceleration difference

transversal 4-velocity difference, 
Jacobi matrix

integral of Riemann

• parallel propagation of      ,
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Drift effects

18

Jacobi matrix drift

• need to differentiate the GDE

∇X

• 2nd order GDE (= inhomogeneous GDE)

• very cumbersome algebra, complicated 
expressions result

• Dang, Dlum drifts
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Summary
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• Exact expressions for optical drift effects: δ𝒪 
rA  and δ𝒪 

z. Valid in any 

spacetime, for any emitter and observer.

• Automatically takes into account all GR effects

• Combinations of geometrically defined bi-local operators and quantities 
describing peculiar motions

• Operators defined by the geometry in the vicinity of g0 (integrals of the 
Riemann tensor along g0)

⇒ separating the light propagation effects from peculiar motions

• Formalism works also for the parallax, drifts of DAB, angular distance, 
luminosity distance (algebraically complicated)
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• Numerical cosmology: extension of the Sachs formalism to drifts. Gives optical drift effects 
(together with ray tracing)

• Can be used as the starting point for perturbative and approximate methods (standard PT, 
post-Newtonian, Green-Wald approximation, stochastic lensing [Fleury et al, 2013]…)

• Drift effects in exact inhomogeneous cosmological models (LTB, Szekeres, swiss 
cheese etc.)

• Physical consequences: relations between strong lensing and drifts

• Outside cosmology: methods direct measurements of curvature using optical properties 
of the spacetime


