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¨ NOF!K&}&JVK&DGF©WGK����GªMp�K�~«���GN�K&F!F¬�e­z®°¯���±b²
³ C3´µWGNOF!KM}¶JVK&DGFHWGK����GªMp�K�~·²"¸�¹HºS»�²¼®½N+¾"NOK&J

p!CED�J!KMLiDGKrP�Kr¿�À$K&B�JVK&ÁÂIGF!K>ÃTÄEÄE¿ÅW�K&ÆÇUTLqJ©P�K7È�DGF¬�É}MCEÁ�B�CEp!oSWGKÇ~
­�Ê Ë
UTIGN�C��,±¬À$�©ÌSÍ�»�À$± �,F!o&p!NOWGKMLqJ
­�Ê ¨ CEÁ�N�LGNO�iDGK�­z®½±bÍ�Íqº ¯©UTBGB�CEF�J!KMDGF
­�Ê Î;KML�CENOJ ¨ ÌS¹ ³ ÌS� ¯©UTBGB�CEF�J!KMDGF
­zÁ�KTÊ«®�WGKMPON�LGK ³ ¯©ÏÐ�,±b»�¹HÑ
­�Ê ���GN�K&F!F¬�l­z®"¯���±b²
­�Ê ���GN�IGUTD�J½ÒqÌS² ³QÓ�Ô »Ð»Ð¯©» ±µLqÆ�NOJ!o

³ K&LqJVF!KrWGKr�,�q�$p�N��iDGKx���GoMCEF�N��iDGK"´;­ÕUTF�p!K&N�P�POK
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LGCENOp!KT~
JV��KQË4CEDGF�N�KMF�JVF!UTLGp��hCEF!Á
C��
JV�GKH}&DGF!F�KMLqJ�´ }MDGF�F!KMLqJ�}MCTF!F!K&P�UÇJ!N�CEL��hDGLG}&J!N�CEL�NOLÂJVN�Á�KTÊ
	�K�K���UTÁ�NOLGK�p!N�JVD4U3JVN�CTLGp�
H�GK&F!K�JV�GK�L�CEN�p�K
REKML�KMFVU3JVKMW�Iq�ÅU"RTNOÆEK&L�Á�K&p!CEp�}MCEBGNO}Q}MNOF!}&DGNOJÐU
�9K&}&JVp/J!�GK�I�KM�4UjÆ�N�CEF�C�� UTLGCTJ!�GKMF,Á�KMp�CEp!}&CEBGN�};}MN�F�}MDGN�JjÊ
±µL�JV��K��4F�p�JÂBGUTF�JxC��QJ!�GN�pxp�JVD�W�����JV�GK�LGCEN�p�K�p�CEDGF�}MKvNOpxDGL���L�C�
HL��,UTLGW�JV�GK�Á�K&p!CEp�}MCEBGNO} }&N�F!}&DGNOJ

H�GN�} �ÉNOpQ}jUÇB4UT}MN�JVN�ÆEKMP���}MCEDGB�P�KMWvJ!CÅNOJQUT}&J!p�UTp�UÂWGK¶JVK&}&JVCTF�C����GN�RE���hF!KM�iDGK&LG}&�vLGCEN�p�KTÊ$±µLÉCEDGFQ}MUTp!K��
JV�GK©WGK¶JVKM}¶JVCEF�}MCTLGp!NOp�JVp7C��[UrLGCEF�Á UTP�Á�K¶J UTP8´µp!D�B K&F!}MCTLGWGDG}¶JVCEF9È�DGLG}¶JVNOCEL�
H�GK&F!K½KMP�K&}&J!F!CEL�JVF!UTLGp!B�CEF¬J
C$}&}MDGF�p,Æ$N�Ur�iD4UÇp!N�BGUTF�J!N�}MPOKQJVDGL�LGKMPON�LGR��TCEFÐÁ�CEF�K�N�LqJVK&F!K&p�JVNOLGREP����TÆ�N�U�®°L�WGF!K&K&Æ�F!K��4KM}¶JVN�CTL�BGF�C$}&KMp�p!KMp&Ê
���GK,JV�GK&CEF���C���W���L4UÇÁ�NO}jUTP ³ CTDGP�CEÁ>IrI�P�C�}��ÇUÇWGK,N�p�KMÁ�BGPOC
�TKMWrN�L�CEF�WGKMF[JVCH}&CEÁ�B�D�JVK,JV��K7WG}Ð}&DGF!F�KMLqJ

H�GN�} ���4C�
HprN�LqJVCeJV�GK�WGK¶JVK&}&JVCTFx}&N�F!}&DGNOJ��+BGF�C
Æ�NOWGN�LGReNOL��hCEF!Á�UÇJ!N�CEL`CTL��GNORE���hF!KM�iDGK&LG}&��LGCTN�p!KÇÊ[±µL
JV�GK�p!K&}MCELGW�B4UTF�J>C��QJ!�GN�p�JV�GK&p!NOp���JV�GK�LGCEN�p�K p�CEDGF!}&K NOp��iLGC�
HL+~�NOJx}MCELGp�N�p¬JVp>C��HU Ô UTP�PÐI4UTF 
HNOJ!�
U �iD4UTLqJVD�Á B�CEN�LqJ"}&CELqJ UT}¶J!���hCTF"
H�GNO} ��UTLGCEÁ�UTP�CTDGp½}&DGF!F�KMLqJSÆECTPOJ UÇREKÂUTL�W:LGCEN�p�KÂ} �4UTF!UT}&J!KMF�N�p�J!N�}&p
UTF!KeK&p�J UÇIGP�NOp!�GK&W#
H�GK&L JV�GK Ô UTPOP�I4UTF�N�p�BGP�UT}MK&W5NOL J!�GK$�hF!UT}&J!N�CEL4UÇPQ�iD4UTLqJVDGÁ Ô UTP�P�F�KMRENOÁ�KÇÊ,®
�iD4UTLqJVDGÁ WGCÇJx}&CELGLGK&}&J!KMW�JVClP�KMUTWGp%�&
H��N�} ��NOp�BGP�UT}&KMW�LGK���J>J!ClJ!�GN�prB�CEN�LqJr}MCELqJVUT}&J���UÇ}M�iDGN�F�KMpxU
�4LGN�JVKÅP�NOLGK%
HNOW�JV�'
H��KML�J!�GK�}MDGF�F!KMLqJ(�4DG}¶JVD4UÇJ!KMp%��UÇLGW�UÇ}&JVprUTprUeWGK&J!KM}¶JVCEF�C��;} �4UTF!RTK�L�CEN�p�KTÊ)	�K
}MCEÁ�BGD�J!KlJ!�GKÕW�KMBG�4UÇp!N�L�R�FVU3JVKÕNOL J!�GK$
7KjU�� UTL�W�p�J!F!CELGR�I4UT}��ip!}MUÇJ!J!KMF�N�LGR�F�KMRENOÁ�K��ÐWGKMp�}MF!NOIGN�L�R
I CÇJV�e}jUTp�K�C���DGLGp!}&F!K&KMLGK&W:UTLGWep!}&F!K&KMLGK&W ³ CEDGPOCEÁÂIÉN�LqJ!KMFVUÇ}&JVNOCELÉI�K&J*
7KMKMLlJV�GK Ô UTP�P I4UTFHUTLGWeJV��K
�iD4UTLqJVDGÁ WGCTJjÊ
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P�U�JVF!UTLGp/�hCTF!Á�oMK>W�K

Ë4CEDGF!NOKMF�WGK`P�U0�hDGL�}&JVNOCEL W�K`}MCEF�F!K&P�UÇJ!N�CEL2JVK&Á�B�CEF!K&P�POKl}&CEDGF!UTLqJ�´µ}&CEDGF!UTLqJjÊ7²½CEDGp K���UTÁ�N�LGCEL�p�WGK&p
p!N�JVD4UÇJ!N�CEL�p�WGUTLGp POKMp���D�KMP�POKMp�P�KlIGF!D�NOJ�REoMLGo&F!ozB4UTF�DGL�}MNOF!}&DGNOJ�Á�oMp!CTp!}MCTBGN��iDGK`W�CELGLGoÕU��9K&}&J!KÕP�K
}MCEÁ�B�CEF�J!KMÁ�KMLqJrW)1 D�L UTD�J!F!K }&N�F�}MDGN�JxÁ�oMp�CEp!}&CEBGNO��D�KTÊ ¨ UTLGpxDGLGK B�F!KMÁ�N�ª&F!K�B4UTF¬JVN�K���P�Uep!CEDGF�}MKvW�K
IGF!D�NOJ©KMp¬J"N�L�}MCELGLiDGK�� K¶J"POKr}&N�F�}MDGN�J°Á�oMp�CEp!}&CEBGN��iDGKx�iDGN�PODGN[KMp¬J"}&CEDGBGPOoxWGKxÁ UÇLGN�ª&F!K�}jUTBGUT}MN�JVNOÆTKxp�K
}MCEÁ�B�CEF�J!K;}MCTÁ�Á�KQDGL�WGo¶JVKM}¶JVK&DGF7W�K�IGF!DGN�J32"�4UTD$JVK4�hF!o&�iDGKMLG}&KTÊ ¨ UTL�p�L�CTJVF�K�}jUTp%�EP�KQW�o&JVK&}&J!KMDGFÐKMp¬J
}MCEL�p�JVN�JVDGorW)1 DGLGK©È�CTLG}&J!N�CELzÁ�o¶J UTP�LGCEF�Á UÇP�´µp�DGBGF!UT}MCEL�WGDG}&J!KMDGF%�65ED`P�K�JVF!UTLGp�B CEF¬J"o&P�KM}¶JVF�CELGN��iDGKrKMp¬J
WGDzUTDzJ!FVUTLGp��hKMF¬J½W�Kx�iD4UTp�N�B4UÇF�JVNO}MDGPOKMp%�4CED)�
WGKrÁ UTL�N�ªMF�KSBGP�D�p©NOLqJVoMF�KMp�pVUTLqJVK�� K&p�J°WGD,2�P�U�F!o��4K��$NOCEL
W)1 ®°LGWGF�KMK¶Æ Ê;Í�U�J!�GoMCEF�N�KlWGD I�P�C�}jUTREKeWGK ³ CEDGPOCEÁÂI W���L4UTÁ�N��iDGKlKMp�J D�JVNOP�NOp!oMKeB�CEDGF�}jUÇP�}MD�P�KMF�P�K
}MCED�FVUTLqJÂ}&CELqJVNOL�D��iDGN;B4UÇp!p!K�W4UTLGp>P�K�}MN�F�}MDGN�JrWGK WGo¶JVK&}&JVNOCEL)��BGF!C�}MD�FVUTLqJÅUÇN�LGp�N�D�LGK NOL��hCEF!Á�UÇJ!N�CEL
p!DGFlP�K:I�F!DGN�J,22�4UTD$JVK��hF!oM�iDGK&LG}MKÇÊ ¨ UTLGpÕP�U WGKMD7�$NOªMÁ�K�BGUTF�J!N�K�WGK�}MK&J�JVK�JV�Gª&p!K��½P�U2p�CEDGF�}MK�W�K
IGF!D�NOJÂK&p�JÅ}&CELGLiDGK:~�KMP�POK BGF�C1Æ$NOKMLqJÅW)1 DGLGKÉIGUTF!F�KvWGK Ô UTP�P7UjÆEKM}ÉD�L }MCELqJ UÇ}&JÅB�CELG}¶JVDGK&P8��W�CELqJÅP�K&p
}jUTF!UT}&J!oMF�N�p�J!N��iDGK&p�WGK�}MCEDGF!UTLqJ�´ JVKML�p!N�CTLlK¶JHWGK�IGF!D�NOJ�p�CELqJ½I�N�KMLÉo¶J UTI�P�N�K&p�W4UTLGp�POKSF!o&REN�Á�K"WGKSP91 K��9K¶J
Ô UTPOP[�iD4UTLqJVNO��D�K:�hFVUT}¶JVNOCELGL4UTNOF!KÇÊ
¹½L:B�CEN�LqJ½��DGUTLqJVN��iDGKx}MCEL�LGKM}¶JVo;2�W�KMp"I�CEF!L�KMp"p�CEDGF!}&KÂK&J°WGFVUÇN�L)�
�iDGN�KMp�J°BGP�UÇ}MoxUTDzÆTCEN�p�N�L4UTRTKrW�DÕ}MCTLiJVUT}&J°B CTLG}&J!DGKMP9�
UT}M�iDGNOªMF!KxDGLGKxP�UTF�REKMDGF�W�K>FVUÇN�K<�4LGNOKxPOCEF!p���D�K
P�KH}MCTDGFVUTLqJ=�4DG}¶JVDGK��$K¶J;p�K½}&CEÁ�B�CEF¬JVKH}MCEÁ�Á�K©D�L WGo¶JVKM}¶JVK&DGFQWGK©IGF!D�NOJ�WGK©} �4UTF!RTKTÊ$²½CEDGp�}jUÇP�}MD�P�CELGp
P�K�J UÇD7��WGK©WGoMBG�GUTpVUTRTK½WGD�B CTN�LqJ���DGUTLqJVN��iDGK½W4UTLGp�P�KHF�oMRENOÁ�K�WGK>� UTN�I�P�KQK¶J;WGK?�hCEF¬J;F�o&JVF�C$W�N@� DGp!NOCEL)�
JVCED$J½K&L`WGo&}MF!N�ÆÇUTLqJ°P91 K��9K¶J½W�K>P81 oM}&FVUTLqJVUTREK<� UTN�I�P�K�CEDA�hCEF�J½WGKrP81 N�LqJVK&FVUT}¶JVN�CTL ³ CTDGP�CEÁ>IGN�K&LGLGK�KMLqJVF�K
P�UÂI4UÇF!F!K�WGK Ô UTP�P K&J©P�KSB�CEN�LqJH�iD4UTLqJ!N��iDGKTÊ

À$B K&}MN�UTP�N�Jµ� ~$���GKMCTF!K&J!N�}MUTP[L4UTLGC3´µBG�q��p!NO}MpMÊ
Ó K¶�B
;CEF�WGpM~[�iD4UÇLiJ!DGÁ LGCTN�p!K��+LGCENOp!KÂÁ�KjUÇp!DGF�KMÁ�KMLqJ!�[W���L4UÇÁ�NO}jUTP ³ CEDGPOCEÁÂI:IGPOC$}��3UTWGKxJV�GK&CEF����

®°LGW�F!KMK¶Æ:F!K��4KM}¶JVNOCEL)���hF!UT}&J!N�CEL4UÇP��iD4UTLqJ!DGÁ Ô UÇP�P�K��9K&}&J���Í�D$J!JVNOLGREK&F"P�NO��D�N�W)� Ó KMP�W$�$p��0�hCTF!Á�UTP�NOp!ÁC�
WGKM}&CE�GK&F!KML�}MK��
WGK&BG�4UTp�N�LGR�FVU3JVKTÊ

­zCTJVpz}MPOoMpM~½IGF!D�NOJz��DGUTLqJVN��iDGK��°Á�KMp�DGF!K�W�D¼IGF!D�NOJ!��J!�GoMCEF�N�K�WGD¼IGPOC$}MUTREK�WGK ³ CEDGPOCEÁÂI�W��q´
L4UTÁ�N��iDGK��7F�o%�4K���NOCEL W)1 ®°LGW�F!KMK¶Æ.�QK%� K&J Ô UTP�P©�iD4UTLqJVNO�iDGK'�hFVUT}¶JVNOCELGL4UTNOF!K��,P�N��iDGNOWGKÕW�K:Í[D�J!J!N�LGREK&F��
�hCEF!Á�UTPON�p!Á�K Ó K&P�W���p��)�4WGoM}&CE�Go&F!KML�}MK��
J UÇD7�eWGK�WGo&BG�4UTp!UTREKTÊ

³ KMLqJVF�K°WGK©BG�q��p!N��iDGK½���GoMCTF!N��iDGK���¹½LGN�ÆEKMF�p!N�JVoHWGK©P�Ur­zoMW�NOJVK&F!F!UTLGoMK���Í[DGÁ�N�Lq�>}jUTp�KEDEÄq¿F��G�HqÃ�I�I
­ÕUTF�p!KMNOP�POK"}MK&WGK��zÄ�D

N�NON





� �������	� 
���
������ �������

Ë�N�F�p�J½C���UTPOP8�
± 
;CED�P�W`PON �TKrJVCvJ!�4UTL��eJV�GK>Á�K&ÁÂI K&F!p½C��,JV�GKHÈ�DGF���~+�,F�C��bÊ ¨ CTÁ�NOLGN��iDGK>­ÕUTNOP�PO�lUÇLGW
�,F!C��bÊ Î;KML�CENOJ ¨ CEDG}&CTJ �hCEF°UT}M}&KMB�J!N�LGR�JVCvI�K>JV��KÂF!K��hKMF!K&KMpSC��ÐÁx�lJ!�GKMp�N�p%�+UTp>
;K&P�P/UÇp"�,F!C��bÊ9Ë
UTIGN�C
�,N�p�J!CEP�K&p!NHUTL�W��,F!C��bÊÐ®�WGK&P�NOLGK ³ F!oMB�N�KMDF�#�hCTF�UÇ}M}MK&B�JVNOLGR�J!CÉÈ�CTN�L2JV�GKÂÈ�DGF��5UTL�W��,F!C��bÊ,����N�I4UTD$J
ÒTCEL��i�GK&KMF!K �hCEFHUT}&}MK&B�JVNOLGRÅJVC�I KSJ!�GK�N�LqÆ�NOJVK&KTÊ

���GK0
7CEF/��C��>J!�GN�pvJ!�GKMp�N�pe�4UTplI�KMKML F!KMUTP�N��MK&W NOL }MCEPOP�UTI�CEFVU3JVN�CTL I�K&J*
7KMKML�JV�GK ³ KMLqJ!F!K�W�K
�,�i��p�N��iDGK©���GoMCEF�N��iDGK��$¹©LGNOÆTKMF�p!NOJ!o½W�K©P�Ur­zoMWGN�JVK&F!FVUÇLGoMK���­zUTF!p�KMN�POP�KHUTL�W�J!�GKH±µLGp�J!NOJVD$JVK©C��+�,�q��p!NO}Mp
UTLGW�»,P�K&}&JVF�CELGNO}Mp��+¾°N�K¶JVL4UTÁ ®�}jUTW�KMÁ>�:C���À$}&N�K&LG}MK�UTLGW���KM} �GLGCTP�CERT�`DGLGWGK&F�J!�GK�p!DGB�KMF¬Æ�N�p!NOCEL�C��
�,F!C��bÊG����N�KMF�F��l­zUTF�J!N�LeUTLGWz�,F!C��bÊG²½RED��TKMLz®°N+¾"NOK&JMÊG±=
7CEDGPOWC�GF!p�J©PON �TK½JVCÅJV�4UÇL��É�,F!C��bÊ�­zUTF�J!N�L+Ê
���GK<�4F!p¬JHJVN�Á�KS±;D�LGWGKMF�p�J!C$C�WzIGUTp!NO}<��L�C�
HPOKMWGRTK>UTI�CED�JHLGUTLGCÇ´ BG�q�$p�N�}&p½p�DG} �`UTpHLGCTN�p!K<
;UTpHN�Le�GNOp
P�K&}&JVD�F!KMp�U3JSJV�GKÅK&N�RE�qJV�:¾°N�K&J!L4UTÁ À$} �GC�CEP/C��7�,�q�$p�N�}&pMÊ ¨ DGF�N�LGReÁ>�`�Ð�9Ê ¨ Ê[B�F!CEREF!UTÁC�9DGLGW�KMFS�GNOp
REDGNOW4UTLG}&K��i±,�4UjÆEK½P�KjUÇF!LGK&WvÁÂDG} �vL�CTJ;CTLGPO��NOLv�,�q�$p�N�}&pQIGD�JQUTP�p�CxNOL�JV��K"
;U1��JVCxp�J!DGW�� �Ð�q��p!NO}Mp&Ê�±
I K&LGK%��JVKMW UrPOCTJ �hF!CTÁ¦�GN�pÐK&LiJ!�iDGp!N�UTp!Á¤UTLGW��GN�pÐK���B�KMF¬JVNOp!KTÊi±�UTÁ¡WGKMK&BGPO�>JV�4UTL��B�hD�P6�hCTF�K¶ÆEK&F��iJV�GNOLGR
±QP�KMUTF!L�KMW$�hF�CEÁ �GNOÁzÊ4± 
7CEDGPOW:UTPOp!C�P�N �ÇKSJVC�J!�4UTL��l�,F!C��bÊ
¾°N�K¶J!�
Á>�l}MCÇ´µUTW�Æ�N�p�CEFHN�Ll¾"N�K¶JVL4UÇÁzÊ Ô K
�4UTp�p��4UTF!K&W 
HNOJV�ÉÁ�K"DGL�p!KMP �4p!��PO�É�GNOp4�iLGC�
HP�K&WGREK�N�LÉ�,�q��p!NO}Mp½UTLGWÉBGF�C��hKMp�p!N�CTL4UTP+p/��NOP�P WGDGF!NOLGRÂJV��K
JVNOÁ�K"±3
;UTp>
7CEF/��NOLGR�N�LÉ¾"NOK&J!L4UTÁlÊ

¨ DGF!NOLGR`Á>��J!�GKMp�N�p�
7CEF/�.��JV�GK UÇJVÁ�CEp�BG�GKMF�KvC���� JV�GK ²°UTL�CEBG�q��p!N�}&p>JVKMUTÁ«C��QJV��K ³ �,���v�4UÇp
WGKMK&BGPO��N�L��4D�KMLG}&KMW Á>��F�KMp!KMUTF!} �5N�L �,�q�$p�N�}&pMÊÐ±ÂUTPOp!C:�GNORE�GP�� UTBGB�F!KM}&N�UÇJ!KvJV�GKe}&CEP�P�UTI CTFVUÇJ!N�CEL�C��
®�WGKMPON�LGK�UÇLGW����GN�I4UÇD�JjÊ+±½�4UjÆEK�P�KMUTF!LGK&W�ÁÂDG} ���hF!CEÁ JV�GK�DGp�K%�hDGP,WGNOp!}&DGp!p�N�CELGp<
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²½CTJ!N�}MKrJV�4U3J°NOLÕJV�GNOp½J!�GKMp�N�p���±�CEÁ�NOJ©JV�GK>�,P�UTLG}��l}MCTLGp�JVUTLqJ �

~ = 1 �©NOLÕJV��K>}jUÇP�}MD�P�UÇJ!N�CEL)�4I�D�JNOJ�NOp�F!K&p�JVCTF!KMWzN�LvJ!�GK�L�D�Á�K&F!N�}MUTP+F�KMp!D�POJVp&Ê
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±µL WG}z}MDGF�F!K&LiJ p!K¶JVDGBGp%� 
H�GK&L U�}&CELGp¬J UTLqJ ÆTCEPOJVUTREKlN�p�UTBGB�P�N�K&W J!C�U�}MCELGW�DG}&J!CEF��7U�p¬J UÇJ!N�CEL4UÇF��
}MDGF�F!K&LiJvN�p Jµ��BGNO}jUTPOPO�2KMp¬J UTI�P�N�p��GKMW9Ê Ô C�
7K&ÆTKMF��4
HN�JV� U�Á�CEF�KÕp!CTBG�GN�p¬JVNO}jUÇJ!KMW Á�KjUTp�DGF!K&Á�K&LiJ�� 
7K
WGN�p�}MC1ÆEK&F;JV�GUÇJQN�J �4D�}&JVDGUÇJVK&pQN�L�JVN�Á�K½UTF!CED�LGW JV��K"UjÆEK&FVUTREK½ÆTUÇP�DGK �|Ë�NOREDGF!K½Ã$Ê G � ÊGÌ"LGK½C��[JV�GK>
QUj��p
JVC�} �4UTF!UT}&J!KMF!N��MKlJV�GKA�4DG}¶JVD4UÇJ!N�CEL�p�C��°JV�GNOp�p¬J UÇJ!N�CEL4UÇF�� }&DGF!F�KMLqJvNOp�J!C�}MCTÁ�BGD$JVKeJV�GKl}MDGF�F!K&LiJ#*
}MDGF�F!K&LiJ�}&CEF!F�KMP�U3JVN�CTL �hDGLG}&J!N�CEL UTL�W2J!C�}jUTPO}MDGP�UÇJVKÉN�JVp�Ë4CEDGF�N�KMFxJVFVUÇLGp/�hCEF�Á$� 
H�GN�} � N�pÅ}MUTP�POKMW JV��K
LGCENOp!KTÊ

���GK �hDGL�W4UTÁ�KMLqJ UTP�F!KMUTp!CTL:�hCEF&�4DG}&J!D4UÇJ!N�CELGp�JVC½C$}&}MDGF�N�p�JV�GK=� UT}&J�JV�4UÇJ�KMPOKM}¶JVF!CTLGN�}ÐJVF!UTLGp!B�CEF¬J/N�p
Urp¬JVC�} �4UTp¬JVN�}©BGF�C$}&KMp!p&~�NOLG}MCEÁ�N�L�R � CED�J!RECENOLGR"p�JVUÇJVK&p7C��[KMPOKM}&J!F!CEL�p;UTF�K½p�B K&}MN �4KMWvIq��UTL�C$}&}MDGB4U3JVN�CTL
BGF!CTI4UTIGNOP�NOJµ����UÇLGWlJ!�GKSJVF!UTLGp!Á�N�p�p!NOCELvJVF�CEDGRE�ÉJV��Krp!UTÁ�BGP�KSNOpHUTP�p�CÅBGF!CEIGUTIGN�PON�p¬JVN�}ÇÊ

��� ����� 	 ��!,� ��� � �:�����1��!"� �
��� ���,�)��
.#�!,�

���GKÅ}MD�F!F!K&LqJ I(t) �4C�
HNOLGRvJV�GF�CEDGRE��UvW�K&Æ�N�}&KÅK��$�GN�I�NOJVp"�4DG}&J!D4UÇJ!N�CELGp ∆I = I(t) − 〈I〉 NOLÕJVNOÁ�KUTF!CTDGLGW`JV��K�UjÆTKMFVUÇREK 〈I〉 Ê+����K�L�CEN�p�KÂN�pSWGK��4LGK&W�UTp"J!�GKÅÁ�KjUTL�p!�iD4UÇF!K �4DG}¶JVD4UÇJ!N�CEL�pSC�� ∆I B K&FDGLGN�J �hF!K&��D�KMLG}¶�5IGUTLGW�
HNOW�JV�)�,N|Ê KÇÊ�JV��Klp�B K&}&J!FVUTP�WGK&LGp!N�Jµ�2C��©JV�GK �4DG}¶JVD4U3JVN�CTLGpMÊÐ»��$B K&F!NOÁ�K&LiJVUTP�P��
JV�GK �4D�}&JVDGUÇJVNOCELGp7UTF!KHÁ�KjUTp�DGF!K&W�
HNOJ!�GN�L�U �4LGNOJ!K �hF!KM�iDGK&LG}&��I4UÇLGW�
HN�W$JV� W�K&JVK&F!Á�N�LGK&W�Iq��U�I4UTLGW�´
B4UTp�p(�4P�JVK&FrF�KMp¬JVF!NO}&J!N�LGR �hF!K&�iDGKMLG}&N�K&pxJVCzUTL�N�LqJVK&F�ÆÇUTP [ω − ∆ω/2, ω + ∆ω/2] Ê�­ÕUÇJ!�GKMÁ�UÇJVNO}jUTPOPO���

;K�K���B�F!KMp�p½J!�GK<�4DG}&J!D4UÇJ!N�CELGp�NOLÉJV�GNOp�N�LqJVK&F�ÆÇUTP[UTp �hCEPOP�C�
Hp ' HG� (|~

∆Iband(t) =
1

2π

∫ ω+∆ω/2

ω−∆ω/2

dω[∆I(ω)e−iωt + ∆I?(ω)eiωt] , � Ã�Ê@G �


H�GKMF�K ∆I(ω) N�p+J!�GK�Ë
CTDGF!NOKMF9J!FVUTLGp��hCEF!Á�C�� ∆I(t) Ê
Ë4CEF ∆ω � ω JV��K,Á�KMUTL�p!�iD4UTF�KMW��GDG}&J!D4UÇJVNOCELGp
〈(∆I)2〉 UTF!KSBGF�CEB�CEF�J!N�CEL4UÇP JVCÂJ!�GKE
HN�W$JV�eC���JV�GKE�hF�KM�iDGKML�}&�eN�LqJ!KMF�ÆÇUTP ∆f = ∆ω/2π Ê$���GKMF�K%�hCEF�K��

;K�CEI$J UTNOLA�hCTFQJV�GK�p!B�KM}¶JVF!UTP[WGKML�p!NOJµ�

SI(ω) =
〈

(∆Iband)
2
〉

/∆f . �|Ã$Ê Ã �
��ClWGK&F!NOÆTK�J!�GK��hF�KM�iDGK&LG}&�q´µW�KMB�KMLGWGK&LG}MKÉC���»,�
Ê��|Ã$Ê Ã ���)
7K LGK&KMW�J!C$�iLGC�
 CEL0
H�GN�} ��JVNOÁ�KÅp�}jUTPOK
JV�GK �4DG}¶JVD4UÇJ!N�CEL�pxJ U��TKvBGP�UT}MKÇÊ�����N�pÂNOp>WGK&p!}MF�N�I�KMW Iq��JV�GK�}MCEF�F!KMP�UÇJVNOCEL �hD�LG}&J!N�CEL�J!�4UÇJ>}MCELGL�KM}&J!p
JV�GK �4D�}&JVDGUÇJVNOCELGprUÇJ�J*
;ClWGN �9K&F!KMLqJrN�L�p�J UÇLiJ!p t UTLGW t + t′ ~ C(t) = 〈∆I(t + t′)∆I(t′)〉 Ê�Ë4F!CEÁJV�GK(	�K&N�LGK&F©´ Ó ��N�LqJV} �GNOLGKxJ!�GKMCTF!KMÁ 
7K �iLGC�
 J!�4UÇJ½JV�GKÂp�B K&}&J!FVUTP�WGKMLGp�NOJµ�zN�p½K���UT}&J!PO�eJ*
HN�}&K>JV��K
Ë4CEDGF!NOKMF;J!FVUTL�p/�hCEF�Á C���JV�GK�}&CEF!F�KMP�U3JVN�CTL��hDGLG}&J!N�CEL ' H ? (

SI(ω) = 2

∫ ∞

−∞
dt〈∆I(t+ t′)∆I(t′)〉eiωt . � Ã�Ê H �

¿
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¹½p�D4UTP�P���BG�q��p!N�}MUTP�p���p�J!KMÁ�p��4UjÆEKSUr}MKMF¬J UTNOLvF!K&P�U
��UÇJ!N�CEL�JVNOÁ�K τ �GU��#J!KMF3
H�GN�} �eUTPOP
}MCEF�F!KMP�UÇJVNOCELGp�UTF�KP�CEp¬JjÊ
���GK&F!K%�hCTF!K���JV�GK>}MCEF�F!KMP�UÇJVNOCELA�hDGLG}&J!N�CELzJVKML�WGp°JVC �MKMF�C �hCEF t � τ Ê9²½CEF�Á UÇP�PO� N�L:UÇL`KMPOKM}&J!F!NO}JVF!UTLGp!B�CEF¬J;K���B�KMF�N�Á�KMLqJQJ!�GK°p!UTÁ�B�P�N�L�RxF!UÇJVK½N�p;Á>DG} �vp!POC�
;K&F;JV�4UÇLÉUTLq� } �GUTFVUT}¶JVK&F!N�p¬JVNO}°F!K&P�U
��UÇJ!N�CEL
JVNOÁ�KÇÊÇ���GNOpÐWGC$K&p,LGCTJÐÁ�KjUTLÅJ!�4UÇJ,JV��K4�4DG}&J!D4UÇJ!N�CELGp/ÆÇUTL�N�p!��CEF,}MUTLG}&KMP4CED�JMÊE���GK¶��UTF!K�p¬JVN�POP$B�F!KMp�KMLqJ
UTpHU 
H�GNOJ!KSI4UT}��iREF!CTDGLGWÕL�CEN�p�KTÊ

±µL�JV��K©}&P�UTp�p!NO}jUTP4PON�Á�NOJ!�
JV��K½}&DGF!F�KMLqJ *Å}MDGF�F!K&LiJ7}MCTF!F!K&P�UÇJ!N�CEL�NOp,F!KjUÇP UÇLGW�p¬��Á�Á�K&J!F!N�}Ç~ C(−t) =
C(t) �iJV��KMLvJV��K"LGCENOp!K°p�B K&}&J!FVUTP WGKMLGp�NOJµ��N�p7p���Á�Á�K&J!F!NO}T~ SI(−ω) = SI(ω) ÊGÀ�C:
;K°}jUTLÉWGK��4LGK"J!�GKp���Á�Á�K¶JVF!N��MK&W�p�B K&}&J!F!DGÁ Ssym

I (ω) = (SI(ω)+SI(−ω))/2 �hCTF,B CEp�NOJ!NOÆEK �hF�KM�iDGKML�}MN�K&p ω ��
H�GN�} ��N�pWGK&J!KM}¶JVKMWeNOLvp�JVUTLGW4UTF�W)��POC�
 �hF!KM�iDGK&LG}&�vLGCEN�p�K°Á�KjUTp�DGF!K&Á�K&LqJVpMÊ Ô C�
;K¶ÆEK&F��4N�L�JV�GK"�iD4UÇLiJ!DGÁ PON�Á�NOJ��
JV�GK½p!B�KM}¶JVF!D�Á N�p�LGCÂPOCELGREK&F7p¬��Á�Á�K&J!F!N�} SI(−ω) 6= SI(ω) UTL�W JV�GNOp7}&P�UTp�p!NO}jUTP�WGKMp�}MF�N�B�J!N�CELvNOp7L�CTJÆÇUTP�NOWÉUTLq��Á�CEF�KTÊ

���GK:�hDGLGWGUTÁ�K&LqJ UTP�p!CEDGF�}MK&pSC��ÐLGCENOp!K �#JV�GK&F!Á�UTP�LGCEN�p�K���p!�GCÇJSLGCENOp!K�� UTLGW�U�Á�N �$J!DGF!KrC��ÐI�CTJV� �
WGKMB�KML�WÉCEL�J!�GK"F!K&P�UÇJ!N�CEL�I�K&J*
7KMKMLvJ!�GF!K&K"KML�KMF!RÇ� p�}jUTPOKMpM~iJV��K°JV�GK&F!Á�UTP
KMLGK&F!RT� kBθ J �iJV�GK½KMLGK&F!RT�UTp!p�C$}&N�UÇJ!KMW0
HNOJV��JV�GK �hF�KM�iDGK&LG}&��C���N�LqJ!KMF!K&p�J ω ��UTLGW�JV�GK�KMLGK&F!RT� eV BGF�C1Æ$NOWGKMW Iq��JV�GK�WGK&Æ�NO}MK
ÆECEP�J UTRTKTÊq���GF�KMK°PON�Á�NOJ,}MUTp!K&p;C��9LGCENOp!K½UTF!K©WGN�p�}MDGp�p!K&WÉN�Á�Á�K&WGN�UÇJ!KMP��>NOL�J!�GN�pÐp!K&}&J!N�CEL+Ê�Ì"L�J!�GK½CÇJV�GK&F
�4UTLGW��$JV��KMF!KSK��$N�p�J!pEG � ��LGCTN�p!K��F
H��N�} �eN�p7}jUTDGp�KMWlIq�vp!POC�
�} �GUTLGREK&p�N�L J!�GK"WGK¶Æ$NO}MKSF�KMp!NOp�JVUTLG}MK�UÇLGW
JV�GK¶�vUÇF!K �hCED�LGWÉN�LvÁ�CEp¬JQ}MCTLGWGDG}¶JVN�L�RÂÁ U3JVKMF�N�UTPOpMÊ6G � ��L�CEN�p�K°WGCEÁ�N�LGUÇJVK&pQUÇJ7ÆEKMF¬�vPOC�
 �hF�KM�iDGKML�}MN�K&p
�&K G1Ä�*#G1ÄTÄ'� Ô ���ÂUTL�W N�pÂp¬JVF!CTLGREPO��p�DGBGBGF�KMp!p�KMW UTp �hF!K&��D�KMLG}¶� N�pÂNOLG}MF�KjUTp�KMW)��p!C`JV�GUÇJÅN�L�JV�GNOp
JV�GK&p!NOp���NOJxN�prLGCTJ>UTWGWGF�KMp�p!KMW p�N�LG}&K�L�CEN�p�K Á�KjUTp�DGF!K&Á�K&LiJ!pÂUTF�K�}&CELGp�N�WGK&F!KMW�UÇJ>��N�RE���hF!K&��D�KMLG}&N�KMp&Ê
	 �GKML��hF!KM�iDGK&LG}&��N�L�JV�GK½FVUTL�REK>�hF�CEÁ G1ÄEÄ(� Ô �½J!C GH´4G1Ä>­ Ô ���$J!�GK>
H��NOJVK½LGCENOp!K©K��$N�p¬JVp �hp!DG} �eUÇp
JV�GK&F!Á�UTPGLGCTN�p!K��qp!�GCÇJ7L�CEN�p�K����iUÇLGWvUÇJ �hF�KM�iDGK&LG}MNOKMpQUÇI C1ÆEK(G½¸ Ô ����
7K>�4L�W �4L�NOJVK �hF�KM�iDGKML�}&��LGCENOp!KTÊ

��� ��� � L *�� � ��� � !,#�
.���

®QJ�LGCEL�´ �MK&F!CÅJVK&Á�B�KMF!UÇJVD�F!K���JV�GK&F!Á�UTP �GDG}&J!D4UÇJVNOCELGpQ}&CELqJVF�N�IGD�J!K"}MCTLGp!NOWGKMF!UTIGPO��JVCÂJ!�GKSLGCENOp!K���K&ÆTKML
N�L�J!�GKeUTIGp�KMLG}&KzC��HJ!�GKeIGN�UTp>}MDGF�F!KMLqJ � N|Ê KÇÊ/N�L K&�iDGN�PON�IGF�N�DGÁ��¶Ê����GK&p!KeJV�GK&F!Á�UTP �4D�}&JVDGUÇJVNOCELGp�UTF�K
}jUTPOP�K&W�JV�GK&F!Á�UTP;LGCTN�p!KeUÇLGW UÇP�p!C �iLGC�
HL UTp�ÒTCE�GLGp�CEL$´µ²©���iDGN�p¬J�L�CEN�p�KÉI K&}jUTDGp�KlJ!�GK&� 
;K&F!KA�4F!p¬J
F!K&B CEF¬JVK&W`K��$B�KMF!NOÁ�K&LqJ UTPOPO�ÉIq�`Ò�Ê+Î°Ê9ÒTCE�GLGp�CEL ' H A (�UTLGW�UTLGUTPO� �MK&WÕJV��KMCEF�K&JVNO}jUTPOPO�ÉIq� Ô Ê ²©���iDGN�p¬J
MONQPSR%T$P�UWVSXZY�[�\0P$]�^`_<aZUbP$]HP�^cXZ[&d eI[&fDR1X#_�fZ[4ahg�d�ijP$kmlnUbXZYoXZfDR�]<aZd U+a#aZUbP$]pe�fZP$i<R�i<Ubk+U=X�gpaZg�dqiIP�kCr9ls[8_jah[

θ
X#P

V�[?]�P�X#[)XZ[&d eI[&fDR1X#_�fZ[$t

I



' HE¿ (|Ê�±µL�JV�GK�P�N�Á�NOJ kBθ � eV, ω �[J!�GKMF�Á UTPÐLGCTN�p!K�WGCEÁ�N�LGUÇJVK&prC1ÆTKMF>CÇJV�GK&FxJµ��B K&p>C��QLGCEN�p�KTÊ����GKÁ UÇRELGNOJ!DGWGK"C���J!�GK�LGCEN�p�KSB C�
7KMF©N�p�BGF�CEB�CEF�J!N�CEL4UÇP�J!C�J!�GK�}MCELGW�DG}&JVUTLG}MK G C���J!�GK�p���p�J!KMÁC�6
H��N�} �
N�pHUTLeNOP�P�D�p�JVF!UÇJVNOCEL C���J!�GK<�4DG}&J!D4UÇJ!N�CEL$´ WGN�p�p!NOB4UÇJVNOCEL J!�GKMCEF�KMÁl~

SI = 4kBθG , �|Ã$Ê<� �

H�GKMF�K G = 1/R 
HNOJ!� R N�p�F!K&p!NOp�J UÇLG}MKÇÊ6	�KrLGCTJVKSJ!�4UÇJHJV�GKrK��$BGF�KMp�p!N�CTLÕN�Ll»,�
Ê � Ã$Ê � �QN�p�ÆÇUTP�NOWÉN�L
I CÇJV�ÉJV�GKr}MP�UTp!p�N�}MUTP�UTLGWeJV�GK��iD4UTLqJ!DGÁ F!KMRTN�Á�KTÊG±µLeJV�GKrP�U3J!JVK&F�}jUTp�K�� 
7Kx�4UjÆTK>p!NOÁ�B�PO��JVC�F!KMB�P�UT}&K
G Iq� JV��K�}&CELGWGD�}&J UÇLG}MK��iD4UTLqJVDGÁ NOL Í�UÇLGW4UTDGK&F�1 p �hCEF!ÁÂD�P�U G = 2e2T/h � 
H�GK&F!K T N�pÉJ!�GK
JVF!UTLGp!Á�N�p�p!NOCELÉBGF!CTI4UTIGNOP�NOJµ� � �hCEF�p!NOLGREP�KS} �GUTLGLGK&P[}jUTp�K��¶Ê

���GKMF�Á UTP9LGCEN�p�K�N�pHUTPOp!CÅ}jUÇP�P�K&W 
H�GNOJ!KSLGCEN�p�K * J!�GK�p!B�KM}¶JVFVUÇP[WGKMLGp�NOJµ�eNOp�N�LGWGK&B K&LGWGK&LiJ©C�� f Ê
��� ����� � �'������
.�:� � ��! �/23����!����,� ��*,#)�+!,#�
.���

À$�GCTJ7LGCENOp!K½N�L�UTLvKMPOKM}¶JVF!NO}jUTP
}&CELGWGDG}¶JVCEF7N�p7UxLGCTL$´µK&��D�N�P�NOIGF!NODGÁ �hIGN�UTpÐÆECTPOJ UÇREK V 6= 0 ��L�CEN�p�K½CEF�N�RÇ´N�L4U3JVKMW��hF!CEÁ JV�GKSW�N�p!}&F!K¶JVKML�KMp!p©C���JV��K"} �4UTF�REKMpHC���KMPOKM}¶JVF!NO}jUTP�}MD�F!F!K&LqJjÊ�À$�GCÇJ�LGCENOp!K"NOp�UÂWGCEÁ�N�L4UÇLiJ
}MCELqJ!F!N�I�D�JVNOCELzNOLzJ!�GK>LGCTN�p!K(
H�GKML eV � kBθ, ω

Ê À$�GCTJ°LGCEN�p�K�
;UTp"�GF!p�J°WGKMp�}MF�N�I�KMW:Iq�:À�} �GCTJ!J �q�
' H�I ( 
H�GC�p�J!DGWGN�K&WlJ!�GK�} �4UTF�REK<�4DG}&J!D4UÇJ!N�CELeBG�GK&LGCEÁ�KML4UÅNOLzUÂÆÇUT}&DGDGÁ JVD�I K�WGNOC$WGKÇÊ

± � 
7KÕUTp�p!DGÁ�KÉJV�4U3J�J!�GKeKMPOKM}&J!F!CEL�p�BGUTp!p�}MCEÁ�BGPOK&JVK&PO��N�LGWGK&B K&LGWGK&LiJ�JV��F!CEDGRT� U:}MCTLGWGDG}¶JVCEF%�
JV�GK&L�J!�GK�LiDGÁ>I K&FxC��;�iD4UTLqJ U N NOL�UÉJVNOÁ�KÅNOLiJ!KMF¬ÆTUÇP T0

�4D�}&JVDGUÇJVK&pÂUTLGW�}jUTL�I K�WGK&p!}MF�N�I�KMW�Ii�
��CENOp!p�CELGN�UÇL�p¬J UÇJ!N�p¬JVN�}&pMÊ����GK�UjÆEKMF!UTREK�L�D�ÁÂI K&F�N�prRENOÆTKML�Ii��J!�GK�Á�KjUÇL�}&DGF!F�KMLqJ 〈N〉 = 〈I〉T0/eUTLGWvJ!�GK"Á�KjUTLÉp���DGUTF!KSWGK&F!N�ÆTU3JVN�CTL N�p 〈(∆N)2〉 = 〈N〉 �7
H��N�} �ÉN�p;DGp!K&WeJ!CÅ}jUTPO}MDGP�UÇJVKHJV��KS}MDGF�F!KMLqJ
�4DG}¶JVD4UÇJ!N�CEL�pHUÇJ �MK&F!C;�hF!KM�iDGK&LG}&�

〈(∆I)2〉 =
e2〈(∆N)2〉

T 2
0

=
e〈I〉
T0

. � Ã�ÊE? �

Ë4F!CEÁ�»,��Ê � Ã$Ê H ���%
;K,}MUTL�WGK&J!KMF!Á�N�L�K/JV�GK,DGL�NOÆEK&F!p!UTPEp!��CTJ�LGCENOp!K,K��$BGF�KMp�p!N�CTLxNOL"JV�GK �&KMF!C3´ JVK&Á�B�KMF!UÇJVD�F!K
P�NOÁ�N�J

SPoisson
I = 2e〈I〉 . �|Ã$Ê<A �

���GKlp!�GCTJ LGCENOp!KlB C�
7KMF NOpÅJ*
HN�}MKlJV�GKlBGF�C$WGD�}&J�C��"JV��Kz} �4UÇF!REKz��DGUTLqJVDGÁ UTLGW JV�GKzÁ�KMUTL }MDGFb´
F!K&LiJ"�4C�
HN�LGR�JV�GF�CEDGRE�:U�WGK&Æ�NO}MKTÊ ���GN�p½K%� KM}¶JS}jUTLÕI KÂCTIGp!K&F�ÆEK&W�N�LzÆÇUT}&DGDGÁ JVDGI�KMp½CEF°NOLzJ!DGLGLGK&P
È�DGLG}¶JVN�CTLGp 
H�GK&F!KÅJV�GK�} �4UÇF!REKÅ�iD4UTLqJVUzUTF�KÂJVF!UTLGp/�hK&F!F�KMW�N�LGW�KMB�KMLGWGK&LqJxC��;KMUT} ��CÇJV�GK&FMÊ+���GNOpSp!�GCÇJ
LGCENOp!KÂNOp°}jUÇP�P�K&W���CENOp!p�CELGN�UÇL`LGCENOp!KÅUTL�W�»,�
Ê��|Ã$Ê A �½N�p"��L�C�
HL�UTp�À�} �GCTJ!J �q�'�hCEF!Á>DGP�U�Ê����GNOp"F!K&p!DGP�J
N�prÁ�C�WGN �4KMW�N�L��iD4UÇLiJ!DGÁ·J!FVUTL�p!B�CEF�J>WGDGK�J!CÕJV��K � UT}&JxJV�4U3J>K&P�KM}¶JVF�CELGpÅUTF�K��hK&F!Á�N�CELGNO}�B4UTF�J!N�}&P�KMp

H�GN�} �eCEI�K&��JV�GKr��UTDGP�N9BGF!NOLG}MNOBGP�KÇÊ$±µLÉJV��N�p�}jUÇp!K��4N �&
;K�}MCTLGp!NOWGKMF�NOLG}MNOWGKMLqJHKMPOKM}¶JVF!CTLGp�CELlUÂB CÇJVKML�´
JVN�UTP/I4UTF�F!NOKMF 
H�GN�} ��UTF!K�FVUTL�WGCEÁ�PO�:K&NOJV��KMF�JVFVUÇLGp!Á�NOJ�JVKMW�
HNOJ!��B�F!CEI4UÇIGN�PONOJµ� T CTFxF�K%�4K&}&JVK&W 
HNOJ!�
BGF!CTI4UTIGNOP�NOJµ� R = 1− T �#JV�GNOp;N�p�JV�GK°F!KjUÇp!CELvJ!�4UÇJQp��GCTJ�L�CEN�p�K"N�p7UTP�p�CÂ}jUÇP�P�K&W B4UÇF�JVN�JVNOCEL LGCTN�p!K�����p!C
JV�GK<�hF�KM�iDGKML�}&�eN�L�WGKMB�KMLGW�KMLqJ°p��GCTJ©LGCENOp!KSp�B K&}&JVF!UTP[WGK&LGp!N�Jµ�eN�p ' H�D (

SI = 2e〈I〉(1− T ) . � Ã$Ê ¿ �
± JQNOp;DGp�K%�hDGP9J!CÂWGK��4LGK"JV��KSË
UTLGC�� UÇ}&JVCTFQUTp;J!�GK"F!UÇJVNOC>I�K&J*
7KMKMLeJV��K"N�LGW�KMB�KMLGWGK&LqJ4�hF!K&��D�KMLG}¶�Ép!�GCÇJ
LGCENOp!KSWGN�Æ$NOWGKMWeIq�vJ!�GKr��CENOp!p!CTLzLGCTN�p!K

F ≡ SI

2e〈I〉 ,
� Ã�Ê I �

D




H�GN�} ��N�p�KM�iD4UTP
JVC 1−T N�L�JV�GK½BGF!K&p!K&LiJ;}jUTp�KTÊ$±µL�JV��K°P�NOÁ�N�J/C��9ÆEKMF¬��P�C�
�JVF!UTLGp�Á�NOp!p!NOCEL (T � 1) �

;K�F�KM}MC1ÆTKMFHJV�GKr��CTN�p!p�CELGN�UTLeLGCEN�p�KTÊ

±µLiJ!KMF�KMp�J!N�LGRTPO���[}&CEF!F�KMP�UÇJVNOCEL�BG�GKML�CEÁ�K&L4UeP�N �ÇKÅJV�GK���UTD�P�N,BGF�N�LG}&N�BGPOKÅCEF ³ CEDGP�CTÁÂI�N�LqJVK&FVUT}¶JVN�CTL
}jUTL�p!DGI�p�J UÇLiJ!N�UTPOPO�:p�DGBGBGF�KMp�pÂp!�GCÇJ>LGCTN�p!K�N�L�Á�KMp!CTp!}MCTBGN�}�p���p�J!KMÁ�pMÊ�Ë
CTFrp¬��p�JVK&Á�pxN�L0
H�GN�} ��}MDGFb´
F!K&LiJ>N�p�LGCTJ>}jUTF�F!NOKMW�N�L�D�LGNOJ!pxC��QKMP�K&}&J!F!CEL�} �4UTF!RTK���JV�GK�REKMLGK&FVUTP3�hCEF�ÁÂDGP�U��hCEF�JV��K p!��CTJ>L�CEN�p�K N�p
SI = F2q〈I〉 ��
H�GK&F!K�JV�GK�KMPOKM}¶JVF!CTLz} �4UÇF!REK e NOp�F!K&BGP�UT}&KMWlIq�lUTLzK��9K&}&J!NOÆEK�} �4UÇF!REK q Ê4À$�GCTJ©LGCENOp!KÁ�KMUTp!D�F!KMÁ�KMLqJ!p"B K&F/�hCEF�Á�K&W`N�LlJV�GK��hFVUT}¶JVN�CTL4UTP��iD4UTLqJVDGÁ Ô UTPOP�F!KMRTN�Á�K>UTPOP�C�
7KMWÕJ!�GKÂCEIGp�KMF¬ÆTU3JVN�CTL
C��+J!�GK �hFVUÇ}&JVNOCEL4UTP4} �GUTF!REK°}MCEF�F!KMp�B CTLGWGN�L�R>JVCrJV�GK"�iD4UÇp!N�´ B4UTF¬JVN�}&P�K&p ' �qÄ�����G����iÃ (8�$UTLGWvp��GCTJ�L�CEN�p�K°N�p
KMLG�GUTLG}MK&W�Iq��U�� UT}¶JVCEF 2 �[N�L�Ul²"Ài´�È�DGLG}&J!N�CEL:I�KM}MUTDGp�K�C���JV��K�®½LGWGF�KMK&Æq´ F!K%�GKM}&J!N�CEL ' ��H)( Ê9���GKMF�K¶´
�hCEF!K��qUSp!�GCÇJ7L�CEN�p�K�Á�KMUTp!DGF�KMÁ�KMLqJ�RENOÆTKMpÐUTW�WGNOJ!N�CEL4UÇP�N�L7�hCEF!Á�UÇJVNOCELÂUÇI CED$J,JV�GKHKMPOKM}¶JVF!NO}jUTP�JVF!UTLGp!B�CEF¬J

H�GN�} �lN�p�L�CTJ½UT}M}&KMp!p�N�IGPOKrÆ�N�U�}&CELGWGD�}&J UÇLG}MKrÁ�KMUTp!D�F!KMÁ�KMLqJ!pMÊ À$�GCTJ©LGCTN�p!K�Á�KjUTp�DGF!K&Á�K&LqJ°UÇP�p!C�}MUTL
I K�DGp�KMWÕJ!C�W�N�p�J!N�LGRTDGN�p��lI�K&J*
7KMK&L:}MP�UTp!p�N�}jUÇP�UTLGWÕ�iD4UÇLiJ!DGÁ p!}MUÇJ!J!KMF�N�LGR�N�LzU�} �4UÇCTJVNO}r}MUjÆ$N�Jµ� ' �G� (8�
NOJ7RENOÆTKMpQNOL��hCEF�Á UÇJ!N�CEL�UTI�CED�J7JV�GK"K&P�K&}&JVF�CELÉp!}MUÇJ!J!KMF�N�LGRÂB�F!C�}MKMp�p!K&p©NOLÉU>WGN �9D�p!NOÆTK 
HN�F�K ' � ? (9CEF;NOLÉU
p���p�J!KMÁ¤N�L ³ CEDGP�CTÁÂI IGPOC$}��3UTW�K°F!K&REN�Á�KTÊ�Ì"L J!�GK°CÇJV�GK&F;�4UTL�W)�$p��GCTJ�L�CEN�p�K½Á�KjUTp�DGF!K&Á�K&LqJVpQ}MUTLvI�K
DGp!K&WÅJVC"BGF�CEI�KQB4UTF¬JVN�}&P�K7p�J U3JVN�p¬JVNO}MpMÊÇÎ;CEp�CELGp,K&Á�N�J!JVK&WÂIq�ÅU°J!�GKMF�Á UTP�p!CTDGF!}&KQJVKML�W�J!C"IGDGL�} ��F�KMp!D�POJ�´
N�LGR�NOL`U�p!DGB�KMFb´b��CTN�p!p�CELGN�UTLÕp¬J UÇJ!N�p�J!N�}&p�' � A)(9� 
H�GN�POKrU;�hK&F!Á�N�CELGNO}"JV�GK&F!Á�UTP[p!CTDGF!}&K>KMÁ�NOJ!pHB4UTF�J!N�}&P�KMp
p!K&B4UTFVU3JVKMP�� �|UÇLiJ!N�´ IGDGLG} �GNOLGR �QP�KMUTWGNOLGRÅJVC�p!DGI$´µ��CENOp!p�CELGN�UÇLÕp�JVUÇJVNOp�J!N�}Mp�' �i¿ (|Ê
���GN�p?� UT}¶J½}&CELGp¬JVNOJ!D�JVK&p
UÂÆEKMF¬�eN�Á�B CTF�J UÇLiJ7JVC�CEP��hCEFQJ!KMp¬JVN�L�R�K&LqJ UTLGRTP�KMÁ�KMLqJ©N�LÉJ!�GK�}MCELqJVK���J½C����iD4UTLqJ!DGÁ }MCEÁ�BGD�JVUÇJVNOCEL+Ê

±µL Á UT}&F!CEp�}MCEB�N�}Õp¬��p�JVK&Á�p%��p!�GCÇJÉLGCENOp!KÕNOpvLGCTJvBGF!K&p!KMLqJeI�KM}MUTDGp!K:}&DGF!F�KMLqJ �4DG}¶JVD4U3JVN�CTLGpÉUTF�K
UjÆEKMF!UTREK&WzCED$J½Iq�ÉK&P�K&}&JVF�CELGp�JVF!UTLGp��hKMF!F�KMWeJV�GF�CEDGRE�lÁÂDGP�JVNOBGP�K©JVFVUÇLGp!B�CEF�JH} �GUTLGLGK&P�pMÊ

��� ����� � �,��!"���
� !,#�
.���(�)�$*�
.-�*/%0�1��2 �,��!,�:
.���

±µL�J!�GKH�GN�RT�;�hF�KM�iDGK&LG}&��PON�Á�NOJ�� ω � kBθ, eV
��� �&KMF�CÇ´µB�CEN�LqJ �4D�}&JVDGUÇJVNOCELGpÐN�LÅJV��K©W�K&Æ�N�}&K©NOLqJVF!C�WGDG}&K

UTL�UÇp���Á�Á�K&J!F�� N�L5JV�GKzp!B�KM}&J!F!DGÁ S(ω) 6= S(−ω) Ê7±µL5JV�GKzWGK%�4L�NOJVNOCEL C���LGCEN�p�K � »Ð�
Ê�� Ã$Ê H �	���
I(t) NOp�F!KMB�P�UT}&KMWlIi� JV�GKSJVNOÁ�K°WGKMB�KMLGW�KMLqJ"}&DGF!F�KMLqJ©CEB K&FVUÇJ!CEF�N�LÉJ!�GK Ô KMNOp!K&L�I�KMF�R�B�N�}&J!DGF!K Î(t) =K��$B (iĤt)Î K��$B (−iĤt) 
HNOJ!� Ĥ I�KMNOLGRSJV�GK�JVNOÁ�K�NOLGWGK&B K&LGWGKMLqJ Ô UTÁ�N�P�JVCEL�N�UTLxC�� J!�GKHp���p�J!KMÁlÊi���GK
p!B�KM}¶JVFVUÇP[WGKMLGp�NOJµ�ÉNOp�LGC�
 WGK��4LGKMWzUTp

SI(ω) = 2

∫ ∞

−∞
dt〈∆Î(t)∆Î(0)〉eiωt . � Ã�Ê D �

± � 
7K>��L�C�
5JV�GKHNOLGNOJ!N�UTP � REF�CEDGLGW ��p�J U3JVKMp |i〉 UTLGW�JV�GK �4L4UÇP � NOLiJ!KMF�Á�K&WGN�UÇJ!K���p�J U3JVKMp |f〉 ��
7K©CTI�J UTNOL

SI(ω) = 4π
∑

i,f

|〈f |Î|i〉|2P (i)δ(Ef − Ei − ω) , � Ã�Ê@G1Ä �


HNOJ!� P (i) NOp;JV��KSBGF!CEIGUTIGN�PONOJµ��WGNOp�JVF�N�IGD$JVN�CTL��hCEFQNOLGNOJ!N�UTP
p¬J UÇJ!KMpMÊ4±µLeCEF�WGKMFQJ!CÅN�LqJVK&F!BGF�K&JHBG�q��p!NO}jUTPOPO�
SI(ω) 
7KÂUÇp!p!D�Á�K�JV�GKrLGCENOp!K�p!CTDGF!}&K>p���p¬JVKMÁ N�pH}&CEDGBGPOKMWeJVCvU�WGK¶JVKM}¶JVCEF&Ê 	�K �4LGWlJV�4UÇJ SI(ω) NOpBGF!CTB CEF¬JVNOCEL4UTP4JVCxJV�GKSK&LGKMF�RT� J!FVUTLGp��hKMFQF!UÇJVK°I K¶J*
;K&KMLeJV�GKSp¬�$p¬JVK&Á UTLGWvJ!�GK"WGK¶JVKM}¶JVCEF&ÊG± � Ef > Ei� ω = Ef − Ei > 0 ���9KMLGK&F!RT��NOp"JVFVUÇLGp/�hK&F!F!K&W0�hF�CEÁ J!�GK�WGK&J!KM}&J!CEFSJVCÉJV��K�p¬��p�JVK&ÁzÊ����4U3JxÁ�KjUÇLGp
B CTp!NOJ!NOÆTK��hF!K&�iDGKMLG}&N�K&pÅ}MCEF�F!KMp�B CTLGW�JVC:UÇL2UTIGp!CTF!B�J!N�CEL�K&LGKMF�RT��BGF!C�}MK&p!p �hF!CTÁ«J!�GKvKMLqÆ�N�F�CELGÁ�KMLqJ!�

H�GN�POK/LGK&RqUÇJVN�ÆEK �hF�KM�iDGKML�}MN�K&p�}&CEF!F�KMp�B CEL�WrJ!C½UÇLrK&Á�NOp!p�N�CELSBGF�C$}&KMp�pMÊ
���GKÐF!KMUTp!CELrC��iJV��K7UÇp���Á�Á�K&J!F��
N�LvJ!�GK�p!B�KM}&J!F!DGÁ NOpQJV�GK�BGF�KMp�KMLG}&K>C�� �MK&F!CÇ´ B CENOLqJ4�4DG}¶JVD4UÇJ!N�CEL�pMÊ4± ��JV�GK�p���p¬JVKMÁ NOp�N�LeKM�iDGNOP�NOIGF!NODGÁ
UÇJ �MK&F!C�J!KMÁ�B K&FVUÇJ!DGF!K��ÐLGC�K&LGKMF�RT� N�p�UjÆÇUTN�P�UTIGP�K��hCEF�KMÁ�N�p!p�N�CEL p!C�JV�4U3J SI(−ω) = 0 ��I�D�J�J!�GKp���p�J!KMÁ }jUTL`UTP@
;Uj�$p°UTIGp�CEF!I`K&LGKMF�RT�zUTLGWÕJ!�GKMF�K%�hCEF�K SI(ω) 6= 0 Ê
���GKÂUÇp���Á�Á�K&J!F��lN�p©N�Á�B�CEF�JVUTLqJUTP�p�C�UÇJ �4LGN�JVKSÆECTPOJ UÇREK V UTLGWÉJVK&Á�B�KMF!UÇJVDGF�K θ N@��JV�GK�}&CELGWGN�JVN�CTL ω � eV, kBθ

p�J!N�POP ÆÇUTP�NOW+Ê
±µLÕKM�iDGNOP�NOIGF!NODGÁ$��UÇJ>�4LGNOJ!KrJ!KMÁ�B K&FVUÇJ!DGF!K θ �4J!�GK>B�C�
;K&F°WGK&LGp!N�Jµ�zCTI K¶�$p©JV�GKrWGK¶J UTNOP�KMWlI4UTP�UTLG}&KF!K&P�UÇJ!N�CEL ' ��I)(

SI(ω) = eω/kBθSI(−ω) . � Ã�Ê@G�G��

G1Ä



SAMPLEL R
PSfrag replacements

(aL) (aR)

(bL) (bR)

��� �����	�:
�� 
�� �q����*�'I3���;<'(! � �1'���3����%�D'�� �1'������1�%�D�13>�D'����n'"�#���h*:�b�(��; � �<��3B�0�-5(������;j�?�C�����D5(���`�0�,���$�<������; ����� !
�-����; �-! ���j�E� �����q; ���$3p�$���

NL/R
���$���<����; ���-�����

(aL/R)
6
(bL/R)

�(�15$�
NL/R

3��b* �����%� '������

±µLÉJV�GK�P�NOÁ�N�J;C���POC�
 �hF!K&��D�KMLG}¶� ω � kBθ
��
;K�F�KM}MC1ÆTKMFHJV�GK�}MP�UTp!p�N�}MUTP+}jUÇp!K SI(ω) = SI(−ω) Ê±µLÕBGF�N�LG}&N�BGPOK���N�J©N�pHB CTp!p!NOIGP�K"J!C�Á�KjUÇp!DGF�Kxp�KMB4UTF!UÇJVK&PO�ÉJ!�GKSJ*
;C�p!N�W�KMp©C���J!�GKxp�B K&}&J!F!DGÁC�
IGD�J½U

p!B�KM}&N�UTP WGK&J!KM}&J!CEF��7
H�GN�} �e}jUÇLlW�N�p!}&KMF�LlI�K&J*
7KMK&LzK&Á�NOp!p�N�CELÉUÇLGWeUTIGp�CEF!B�J!N�CELÉB�F!C�}MKMp�p!K&p��
N�p7LGKMK&WGKMW
' G!I7� G�DF��ÃTÄ7��Ã7G��	��D (|Ê,��C�I�Ke}MCELqÆTKMLGNOKMLqJ!�Ð�GK&F!KjU
�#JVKMF%�,N�L JV��N�pÂJV��KMp!NOp��,±xDGp!KÉJV��KlL�CTJ UÇJ!N�CEL I(t)N�LGp¬JVKMUTWÉC�� Î(t) �hCTFQ}MDGF�F!K&LiJHCTB K&FVUÇJ!CEFMÊF	�K�UTPOp!CÂNOLqJVF!C�WGDG}&K"CTJ!�GKMF�WGK��4LGN�JVN�CTLvC���DGLGp¬�$Á�Á�K&JVF�N �&KMWLGCENOp!KSp!B�KM}¶JVF!UTP[WGKML�p!NOJµ�

S+(ω) = 2

∫ ∞

−∞
dteiωt〈∆I(0)∆I(t)〉 , �|Ã$Ê G
Ã �

S−(ω) = 2

∫ ∞

−∞
dteiωt〈∆I(t)∆I(0)〉 , �|Ã$Ê G�H �


H�GN�} ��F!K&P�UÇJ!KMpÐJVC�JV�GK SI(ω) Iq� S+(−ω) = SI(ω) � S−(ω) ≡ SI(ω) Ê�	 NOJ!��J!�GKMp�K°WGK��4LGN�JVN�CTLGp��qN�JN�p+�iDGN�JVK,p�N�Á�BGP�K�JVC�F!K&Á UÇF �½J!�4UÇJ[NOL S+(ω) � S−(ω) ���&B CEp�NOJ!NOÆEK�� LGK&RqUÇJVN�ÆEK�� �hF!KM�iDGK&LG}MNOKMp�}MCTF!F!K&p!B�CELGWJVC UTL KMÁ�N�p�p!N�CTL F!UÇJVK �hF�CEÁ JV��K�Á�KMp�CEp!}&CEBGNO}�W�K&Æ�N�}&K�� 
H�GN�POK:LGKMREUÇJVN�ÆEK � B�CEp!N�JVN�ÆEK�� �hF�KM�iDGKML�}MN�K&p
}MCEF�F!K&p!B�CELGWeJVC�UTLzUTIGp!CTF!B�J!N�CELÉF!UÇJVKÇÊ

� �	� � ! ������
�
 
�� � � ��� 
 ��� � � 
�� ! �	� � ������� � � 
 
�
 ��� 
�� ��
 � ��
 �
� ��� � ��� 
�� �

���GK�N�WGKMUÂC���JV�GKSp�}jUÇJ�JVKMF�N�LGR�UTB�BGF!CqUÇ} � � UTP�p�CÅF!K%�hK&F!F�KMWzUTpQJV�GK�Í�UTL�W4UTDGK&F½UÇBGBGF!CEUT} ���;N�pQJ!C�F!KMP�UÇJVK
JVF!UTLGp!B�CEF¬J>BGF�CEB�KMF�J!N�K&pxC���J!�GK p¬��p�JVK&Á �hN�L�B4UTF�J!N�}&DGP�UTF%�[}MDGF�F!K&LiJ��4DG}¶JVD4UÇJ!N�CEL�p���J!CÕN�JVprp!}jU3J!JVK&F!NOLGR
BGF!CTB K&F�JVNOKMp%�B
H��N�} �ÉUTF�K"UTp�p!DGÁ�KMW�JVCÂI�K �iLGC�
HL��hF!CTÁ Ux�iD4UTLqJVD�Á Á�KM} �4UÇLGN�}MUTP }MUTP�}&DGP�U3JVN�CTL+ÊE���GNOp
UTBGBGF�CqUT} � 
;UTp½RTKMLGK&FVUTPON �MK&WÉJVC�ÁÂDGP�JVN�´ } �4UTLGL�KMP8��ÁÂDGP�JVN8´ JVK&F!Á�N�L4UÇP�}&CELGWGD�}&JVCTF!p�' ?ÇÄ)( Ê

±µL�JV�GNOpxp�KM}¶JVN�CTL)� 
7Kv}&CELGp!NOWGKMFxUÕ}&CELGWGDG}¶JVCEFx}MCEL�LGKM}¶JVKMW�J!CÕJ*
7CÕJVK&F!Á�N�L4UTPOprUTpxPOK%�#J � L �xUÇLGWF!NORE�qJ�� R � 
H��KMF!K½KjUT} � P�KjUÇW �4UTp NL/R
} �4UÇLGLGKMPOp �hp!KMK°Ë�N�RTDGF!K½Ã$Ê Ã �¶Êi���GK½F!K&p!KMF¬ÆECENOF!p;UTF!K½UTp!p�DGÁ�KMW

p!CÉP�UTF!REK�JV�GUÇJ"JV��K&�`}MUTL:I�KÂ} �4UTF!UT}&J!KMF!N��MK&W:Ii�`U JVK&Á�B�KMF!UÇJVDGF�K θL/R
UTLGW�U } �GK&Á�NO}jUTP�B CÇJVKMLqJ!N�UTP

µL/R
Ê

��������� � ��� �1��-�� ��� ���1��!��

���GN�p�N�pÐU"p�JVUTLGW4UÇF!W�F!K&p!DGP�J 
H�GN�} ��}jUÇL�I�K4�hCEDGL�WÅN�L�¯HK%�hpMÊ '<?7G�� ?EÃ (|Ê�	�K�N�LqJVF�C$W�DG}MK�LGC�
5CEB�KMFVU3JVCEF�p
a†L/R,α(E) UTL�W aL/R,α(E) 
H�GNO} � }&F!KjU3JVK�UTLGW¼UÇLGLGN���N�P�U3JVK`K&P�KM}¶JVF�CELGpA
HNOJV� KML�KMF!RÇ� E NOL J!�GK
} �4UTLGL�KMP α NOLÂJV�GK;P�K%�#J/P�KjUÇW � L ��CEF/F�N�RT�iJ�P�KMUTW � R ����
H�GNO} ��UÇF!K�N�L�}MN�W�KMLqJ/DGB�CELÅJV��KQpVUTÁ�BGPOKTÊT±µLÅJ!�GKpVUTÁ�K 
;Uj���4JV�GKS}&F!KMUÇJVNOCEL b†L/R,α(E) UTL�WzUÇLGLGN���N�P�U3JVN�CTL bL/R,α(E) CEB K&FVUÇJ!CEF!p�W�KMp!}&F!NOI K�KMPOKM}¶JVF!CTLGpN�LrJV�GK7CED�JVRTCEN�LGR½p�JVUÇJVK&pMÊEÎ7KM}jUÇDGp!K 
7K�UTp�p!DGÁ�K;J!�4UÇJ�J!�GK;p�}jUÇJ�JVK&F!N�L�R"Á U3JVF!N ��N�p�N�LGW�KMB�KMLGWGK&LqJ,C��4JV��K
p!BGNOLep�J U3JVKMp©C���JV�GK�KMPOKM}¶JVF!CTLGp�� 
7KxNORELGCEF�K"JV�GK�p!B�N�LlN�LGWGK��eN�LeJV��KMp!KrCEB�KMF!UÇJVCEF�pMÊ4���GK&p!KrCEB�KMFVU3JVCEF�p

G�G



CEI�K&�eUTLqJ!N�}MCTÁ�ÁÂD$J UÇJ!N�CEL�F!KMP�UÇJVNOCELGpQp�DG} �`UÇp

{a†L,α(E), aL,α′(E ′)}+ = δαα′δ(E − E ′) ,
{aL,α(E), aL,α′(E ′)}+ = 0 ,

{a†L,α(E), a†L,α′(E
′)}+ = 0 .

���GK�CEB�KMFVU3JVCEF�p a UTLGW b UTF�KSF!K&P�UÇJ!KMWÉÆ�N�UÂJV�GK�p�}jUÇJ�JVKMF�N�LGR�Á�UÇJVF�N � s UTp
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




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· · ·
bLNL

bR1

· · ·
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















= s


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


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





aL1

· · ·
aLNL

aR1

· · ·
aRNR
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
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
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. � Ã$Ê GB� �

���GKrp!}jU3J!JVK&F!NOLGR�Á�UÇJ!F!N � s �4UTp©WGN�Á�KML�p!N�CTLGp (NL +NR)× (NL +NR) Ê
± J½F�KMP�UÇJVK&p°UTPOP+F!K��4KM}¶JVNOCELBGF!C�}MK&p!p�KMpxUÇJ�JV�GK�P�K��#JrF!KMp�KMF¬ÆECENOF���UTPOP�JVF!UTLGp!Á�N�p�p!NOCEL:BGF!C�}MK&p!p�KMp��hF�CEÁ J!�GK�F!N�RT�iJrF�KMp!K&F�ÆTCEN�FSJVCeJV��K
P�K��#J�CELGK��
UTLGWeÆ$NO}MKSÆEK&F!p!U�Ê4± J©�4UTp�JV�GK�IGPOC$}���p�J!F!DG}¶JVDGF�K

(

r t′

t r′

) � Ã$Ê G ? �


H�GKMF�K�JV�GKHp!�iD4UÇF!KHWGN�UÇRECEL4UTP$IGP�C�}��ip r � p�N �MK NL×NL
�/UTLGW r′ � p!N��MK NR×NR

��WGKMp�}MF!NOI KHK&P�KM}¶JVF�CEL
F!K��4KM}¶JVN�CTLÅBGF!C�}MK&p!p!K&p���
H�GNOP�K;J!�GK�C��
´µWGN�UTRECELGUTP8�1F�KM}&JVUTLGRED�P�UTF�IGP�C�}��ip t �hp!N��MK NR×NL

�/UTLGW t′ � p�N �&K
NL ×NR

�QWGK&p!}&F!N�I�KSJV�GK�K&P�KM}¶JVF�CELÉJVFVUÇLGp!Á�N�p�p!N�CTLvJV�GF�CEDGRE�eJV�GK�p!UTÁ�B�P�KTÊ
���GK�}MDGF�F!KMLqJ½CEB�KMFVU3JVCEF�}MUTLzI�KS}MCTLGp!NOWGKMF�KMWÕNOLvJV�GK�POK%�#JHP�KMUTWlUTp

I(x, t) =
e

2mi

∑

σ

∫

dydz

(

ψ†L(r, t)
∂ψL(r, t)

∂x
− ∂ψ†L(r, t)

∂x
ψL(r, t)

)

, � Ã$Ê G@A �


H�GKMF�K x � y ��UTL�W z UTF!K©JV�GK½}MC�CEF!W�N�L4UÇJ!KMp7N�L�J!�GK°POK%�#J;P�KjUÇW)� ψ†L UÇLGW ψL
UTF!K©JV�GK>�hKMF�Á�NOCEL }&F!KjU3JVN�CTL

UTLGW�UTLGLGNO�GN�P�UÇJVNOCEL,�4K&P�W�CEB�KMFVU3JVCEF&Ê[���GK UÇLGLGN���N�P�U3JVN�CTL,�4KMPOW�CTB K&FVUÇJ!CEF�N�p�K��$BGF�KMp!p�KMW NOL�J!KMF!Á�prC��
JV�GK�p�}jUÇJ�JVKMF�N�LGR�BGF�CEB�KMF�J!N�K&p�C���J!�GK�pVUTÁ�BGPOK�UTp

ψL(r, t) =
1√
2π

∫

dEe−iEt

NL(E)
∑

α=1

χLα(y, z)
√

υLα(E)

[

aLα(E)eikLαx + bLα(E)e−ikLαx
]

. � Ã$Ê G
¿ �

±µL »,�
Ê � Ã$Ê G
¿ ��� χLα(y, z) N�p,JV�GKHJVF!UTLGp¬ÆEKMF�p!K>
QUjÆEK>�hDGLG}¶JVN�CTL�NOL�J!�GK©P�K%�#JÐPOKjUTW�} �4UTL�LGKMP α ��
H��N�} � NOpLGCEF�Á UTPON �&KMWvUÇp ∫ dydzχLα(y, z)χ∗Lα′(y, z) = δα,α′

��J!�GK"ÆEK&P�C�}MN�Jµ� C���}MUTF!F�N�KMF�p υLα(E) = kLα/m
�

UTLGW kLα =
√

2m(E − ELα) �!
HNOJ!�rJ!�GK�LGCTJVNO}MK,JV�GUÇJ&
;K�p!K&B4UTFVU3JVK7J!�GKÐKMLGK&F!RT� E C���KMPOKM}&J!F!CEL�p�NOLiJ!C
JV�GK�J!FVUTLGp¬ÆEK&F!p!K½KMLGK&F!RT� ELα

}MCEF�F!KMp�B CTLGWGN�L�RrJ!C�J!�GK©Á�CTJ!N�CELÅC��+KMPOKM}¶JVF!CTLGpÐN�L�JV�GK α ´ JV��JVF!UTLGp�ÆTKMF�p!K} �4UTLGL�KMP �|UT}&F!CEp�p�J!�GKeP�KMUTW����ÐUÇLGW J!�GKeP�CEL�RENOJ!DGWGN�LGUTP7K&LGKMF�RT�2}MCTF!F!K&p!B�CELGWGNOLGR�JVC�JV�GKlÁ�CÇJVN�CTL C��
KMPOKM}&J!F!CEL�pxUÇP�CELGRÉJ!�GK�P�KjUÇW+Ê[���GK�p!DGÁ�Á U3JVN�CTL:N�L�»,��Ê �|Ã$Ê@G1¿ �"CELGPO�ÕN�LG}&P�DGW�KMp�} �4UTLGL�KMP�p 
HNOJ!��F�KjUTP
kLα

Ê�À$D�IGp�J!NOJVD$JVN�L�R�J!�GK?�hKMF!Á�N�CTLÅCEB K&FVUÇJ!CEF!pÐF�KMP�U3JVN�CTLÅN�L�»,��Ê �|Ã$Ê@G>� � �hCEF,JV�GKH}&DGF!F�KMLqJQCEB�KMF!UÇJVCTF���
7K
�4UjÆEK

I(t) =
e

2π

∫

dE

∫

dE ′
∑

nn′

∑

αα′

ei(E−E′)ta†nα(E)Aαα′

nn′ (L;E,E ′)an′α′(E ′) , � Ã$Ê G�I �

G
Ã




H�GKMF�K Aαα′

nn′ (L;E,E ′) N�p,JV��K©}&DGF!F�KMLqJQÁ�UÇJ!F!N �>KMPOKMÁ�KMLqJ!��
H�GNO} ��W�KMB�KMLGWGp7CEL B�CEp�NOJVNOCELÅN�L�REK&LGKMF!UTP8�

Aαα′

nn′ (L;E,E ′)=
∑

β

1
√

kLβ(E)kLβ(E ′)
{[kLβ(E) + kLβ(E ′)]

×
[

e−i[kLβ(E)−kLβ(E′)]xδβαδβα′δnLδn′L − ei[kLβ(E)−kLβ(E′)]xs†Ln;αβ(E)sLn′;βα′(E ′)
]

+[kLβ(E)− kLβ(E
′)]

×
[

e−i[kLβ(E)+kLβ(E′)]xδβαδnLsLn′;βα′(E ′)− ei[kLβ(E)+kLβ(E′)]xs†Ln;αβ(E)δβα′δn′L

]}

.

� Ã$Ê G�D �
Ô C�
7K&ÆEK&F��
�GK&F!K 
;K�WGNOp!}MD�p!p©p!CEÁ�K�UTp!p�DGÁ�B�JVNOCELGp©UTLGWlUTLqJVNO}MNOB4UÇJVK�U �hK�
¼F!K&p!DGP�JVp&Ê
• ®°p�CED�F;Á�C$WGK&P W�C$K&pQLGCTJQJVU��TK°N�LqJVCÅUÇ}M}MCTDGLqJ�N�LGK&P�UTp¬JVNO}½BGF�C$}&KMp�p!KMp%��
;KSRTK&J�UÂW�KMPOJVU��hDGLG}¶JVNOCELC��/K&LGKMF�RT�A
H�GKML$
;KÂ}&CEÁ�BGD�JVK�JV��K>UjÆEK&FVUTRTK>}MD�F!F!K&LqJSUTLGWÕLGCEN�p�KrUÇJ �&KMF�C �hF!K&��D�KMLG}¶�EÊ9®½p°U�F!K&p!DGP�J

JV�GKxUjÆEK&FVUTREKxp�JVUÇJVNOCEL4UTF¬�É}MDGF�F!K&LiJ°N�p©}MCEL�p�J UÇLiJ"UTLGWlJV�GK �MK&F!C �hF�KM�iDGKML�}&�zLGCEN�p�KxW�C$K&p½LGCÇJ°WGK&B K&LGW
CEL 
H�GKMF�KxN�J�N�p�Á�KjUÇp!DGF�KMW+Ê
• ±µL�BGFVUÇ}&JVNO}jUTP�p!NOJ!D4UÇJ!N�CELGp%�TJV��K½IGN�UTp eV N�pÐUTp�p!DGÁ�KMW�JVC�I K©ÁÂDG} ��p!Á�UTPOP�KMF�JV�4UTL�JV��K©} ��KMÁ�N�}jUÇP

B CÇJVKMLqJ!N�UTP½C��xJ!�GK:P�KMUTWGp&Ê�Î;KM}MUTDGp�K�Á�CEp�JvF!KMPOK&ÆÇUTLqJeÁ�CEÁ�K&LqJ U��4UTB�B K&L�NOL�JV�GK:Æ�N�}&N�LGN�Jµ� C��rJV��K
} �GKMÁ�N�}MUTPiB CÇJVKMLqJ!N�UTP�
HNOJ!�GN�L>U>�hK�
 eV �1JV�GNOp�N�Á�BGPON�KMp+J!�4UÇJ�JV�GK7Á�CEÁ�KMLqJVU kLβ(E) UTL�W kLβ(E ′) UTF�KFVUÇJ!�GKMF�}&P�CEp�KTÊ
±µLxJ!�GN�p�}jUÇp!K��
JV��K7p�KM}MCTLGW>IGNOR©J!KMF�Á N�L �hCEF!ÁÂD�P�UQC�� Aαα′

nn′ (L;E,E ′) CEp�}MN�POP�UÇJ!KMp[F!UTBGN�W�PO�

HNOJ!��UC
;UjÆEK&P�KML�RTJV� π/kF

Ê�����KMp!K kF
CEp!}&N�POP�UÇJ!N�CELGp°}jUTL�J!�iDGpÂI�K�LGK&REP�K&}&J!KMW�NOL�JV��N�pr}MCELGW�NOJVNOCEL+Ê

���GN�pHUÇp!p!D�Á�B�J!N�CEL 
HNOP�P9I�KrUTBGBGPON�K&WvJVC�}jUTPO}MDGP�UÇJVK"I�CTJ!�zUjÆTKMFVUÇREKx}&DGF!F�KMLqJ½UTLGWlLGCENOp!KTÊ
Ô KMF�KjU��#J!KMFHN�LÉJ!�GN�pQJ!�GKMp�N�p���
7K 
HN�P�P.
;CTF �vNOLeJ!�GN�pHUÇp!p!D�Á�B�J!N�CEL�p���J!�GKMLC
;K<
HN�POP9�4UjÆTK

Aαα′

nn′ (L;E,E ′) = δαα′δnLδn′L −
∑

β

s†Ln;αβ(E)sLn′;βα′(E ′) . � Ã$Ê ÃTÄ �

±µL CEF�WGKMF�JVC�}&CEÁ�BGD�JVKeJV��KÕUjÆEK&FVUTRTKÕ}MD�F!F!K&LqJ!�;N�J�N�p�LGKM}&KMp!p!UTF�� JVC�}MCEL�p!N�W�KMF�J!�GKlp�J U3JVN�p¬JVNO}jUTP
UjÆEKMF!UTREK<�hCEFHUÅp���p¬JVKMÁ UÇJ�J!�GKMF�Á UÇP+KM�iDGNOP�N�I�F!N�D�Á

〈a†nα(E)an′α′(E ′)〉 = fn(E)δ(E − E ′)δn,n′δαα′ , � Ã$Ê Ã7G �

HNOJ!� fn(E) NOp7J!�GK"Ë4KMF�Á�N8´ ¨ NOFVUT} � Î;CEp�K¶´µ»ÐNOLGp�J!KMNOL�W�N�p�J!F!NOIGD�JVNOCEL;�hDGLG}&J!N�CEL UTp!p�C$}&N�UÇJ!KMW 
HN�JV�vPOKjUTW n

H�GCEp�K°} �GK&Á�NO}jUTP
B�CTJVK&LiJ!N�UTP4NOp µn

~ fn(E) = 1/[exp((E−µn)/kBθn)± 1] Ê���U��iN�LGRxN�LqJVCxUT}M}&CEDGLqJJV�GK�DGL�NOJ UÇF��vC���J!�GK�p!}jU3J!JVK&F!NOLGR�Á UÇJ!F!N ���F�hF!CEÁ »,��Ê �|Ã$Ê@G!I ���F
;KrCEI�JVUTN�L

〈I〉 =
e

2π

∫

dE ��F [t†(E)t(E)][fL(E)− fR(E)] , � Ã�Ê ÃEÃ �


HNOJ!� t N�p�JV�GK½C���´ WGN�UÇRECEL4UTP4I�P�C�}���C��[JV�GK"p�}jUÇJ�JVK&F!N�L�RÂÁ U3JVF!N � � Ã$Ê G ? ��� tαα′ = sRL;αα′

Ê����GKSÁ U3JVF!N �
t†t }jUÇLzI�KxW�N�UTRECTL4UTP�N��MK&W)��UÇLGWÕ�4UÇp½U�F!KMUTP�p!K¶J°C���KMNOREKMLqÆÇUTPODGKMp �hJ!FVUTL�p!Á�N�p!p�N�CELeBGF�CEI4UTI�N�P�N�JVNOKMp�� Tα

Ê
À$CÅJV�4U3J�JV�GKrUjÆEK&FVUTREKr}MD�F!F!K&LqJ½}MUTLlI K<
HF!N�J!J!KMLlUTp

〈I〉 =
e

2π

∑

α

∫

dETα(E)[fL(E)− fR(E)] . � Ã�Ê Ã�H �

���GN�p,K&�iD4UÇJVNOCEL�C��+UjÆTKMFVUÇREKH}MDGF�F!KMLqJ=
;CTDGP�W��4UTpÐI�KMKML�REK&LGKMF!UTP�N��MKMW �hCEF,Á�UTLq�Å} �4UÇLGLGKMPOp�UTLGW�Á UTLq�
JVK&F!Á�N�L4UTPOp '<?EÃ (|Ê

G�H



������� � ��� �,�1������
'#�! % #�� !,#�
.���

���GK�LGCENOp!KSN�p�W�K%�4LGK&WÕNOLeJ!KMF�Á�pHC���}MDGF�F!K&LiJ©CEB�KMF!UÇJVCTF!p©UTp

S+(ω) = lim
T→+∞

2

T

∫ T/2

−T/2

dt

∫ ∞

−∞
dt′eiωt′ [〈I(t)I(t+ t′)〉 − 〈I〉〈I〉] . �|Ã$Ê Ã � �

���GKe}jUTPO}MDGP�UÇJVNOCEL�C��©LGCTN�p!K N�LqÆECEP�ÆEK&p�B�F!C�WGDG}&J!p I(t)I(t + t′) C��©J*
7C�}MDGF�F!KMLqJ�CEB�KMF!UÇJVCTF!pMÊ�± JJV�GK&F!K��hCEF!KSNOLiÆTCEPOÆTKMp�REF!UTLGWÉ}MUTLGCELGNO}jUTP9UjÆEKMF!UTREK&p©C�� �hCTDGF �hKMF�Á�NOCELvCEB�KMF!UÇJVCTF!p��7
H�GN�} �e}jUÇLÉI KS}&CEÁ�´
BGD�J!KMWA
HNOJV� 	 NO}��.1 p�JV�GK&CEF!K&Á

〈a†n1α1
(E1, t)an2α2

(E2, t)a
†
n3α3

(E3, t + t′)an4α4
(E4, t+ t′)〉

= fn1
(E1)fn3

(E3)δn1n2
δα1α2

δn3n4
δα3α4

δ(E1 − E2)δ(E3 − E4)

+fn1
(E1)[1∓ fn2

(E2)]δn1n4
δα1α4

δn2n3
δα2α3

δ(E1 − E4)δ(E2 − E3)e
−i(E1−E2)t′ . � Ã$Ê Ã ? �

���GKA�4F!p¬J�J!KMF!Á BGF�KMp�KMLqJVp J!�GKlBGF!C�WGDG}¶J C��½JV�GKzUjÆEK&FVUTREKz}MDGF�F!K&LiJ!pMÊ�±µL5J!�GKzK��$BGF!K&p!p!NOCEL �hCEF�JV��K
LGCENOp!K��
CEL�PO�eJV�GKxN�F�F!KMW�DG}MNOIGP�Kr}MDGF�F!K&LiJ"CEB K&FVUÇJ!CEF©}MCELqJVF�N�IGD$JVKMp%�+UTL�WÕJV�GKxN�LqJVK&REFVUÇP�C1ÆTKMF°J!N�Á�KxREN�ÆEK&p
U WGK&POJ U �hDGLG}&J!N�CELzN�L`K&LGKMF�RT� �hCELGKxC��,JV�GK>N�LqJVK&REFVUTPOp°WGF�CEBGp"CTD�J�� Ê ���GK>LGCEN�p�K�� }&CELGp�N�WGK&F!KMW:NOLÕJV��K
P�K��#J�P�KMUTW��;N�p�CTI�J UTNOLGKMWlUTp

S+(ω) =
2e2

π

∫

dE
∑

αα′

{

Aαα′

LL (L;E,E + ω)Aα′α
LL (L;E + ω,E)fL(E)[1∓ fL(E + ω)]

+ Aαα′

LR (L;E,E + ω)Aα′α
RL (L;E + ω,E)fL(E)[1∓ fR(E + ω)]

+ Aαα′

RL (L;E,E + ω)Aα′α
LR (L;E + ω,E)fR(E)[1∓ fL(E + ω)]

+ Aαα′

RR (L;E,E + ω)Aα′α
RR(L;E + ω,E)fR(E)[1∓ fR(E + ω)]

}

. � Ã$Ê ÃGA �

H�GKMF�K Aαα′

nn′ (L;E,E ′) NOp�K��$BGF!K&p!p�KMW:N�Le»,�
Ê � Ã$Ê ÃTÄ � ÊG®°p�p!DGÁ�N�L�R�J!�4UÇJ snn′;αβ(E) N�p�NOLGWGKMB�KML�WGKMLqJC���KMLGK&F!RT����
;Kr�4UjÆEK

S+(ω) =
2e2

π

∫

dE

{

∑

α

T 2
α (fL(E)[1∓ fL(E + ω)] + fR(E)[1∓ fR(E + ω)])

+
∑

α

Tα(1− Tα) (fL(E)[1∓ fR(E + ω)] + fR(E)[1∓ fL(E + ω)])

}

.

� Ã$Ê ÃE¿ �
���GKxL�CEN�p�KxU3J ω = 0 NOpHCEI�J UÇN�LGK&WC
HN�JV�GCED$J°UÇp!p!D�Á�NOLGR snn′;αβ(E) N�pHN�L�WGKMB�KMLGW�KMLqJ°C��/KML�KMF!RÇ�UTp

S+(ω = 0) =
2e2

π

NL
∑

α=1

∫

dE {Tα(E)[fL(1∓ fL) + fR(1∓ fR)]

±Tα(E)(1− Tα(E))(fL − fR)2
}

. � Ã$Ê Ã�I �
���GN�p �hCTF!ÁÂDGP�U`N�p�UTPOp!C:CEI$J UTNOLGKMW �hCEF �hK&F!Á�N�CELGp>Ii��DGp!NOLGR�J!�GK�
;U1ÆTKÕB4UÇ}��TK&J UTBGB�F!CqUT} � '<?�H (|Ê,±µL
JV�GKvUTIGp!K&LG}MKeC��HI�N�UTpÂCTFÅUÇJÂ��N�RE��J!KMÁ�B K&FVUÇJ!DGF!K θ � |µL − µR| << kBθ

����JV�GKvJ*
7C �4F!p¬JÂJVK&F!Á�p
WGCEÁ�N�L4U3JVKTÊG¹½p!NOLGR�J!�GKrF!KMP�UÇJVNOCEL fi(1− fi) = −kBθ∂fi/∂E

�.
7K>F�KM}&C
ÆTKMF°J!�GKÅÒTCT�GLGp!CTL`²©���iDGNOp�J
�hCEF!Á>DGP�U ' H A���Hq¿ ()�hCEFQJ!�GKMF�Á UÇP[KM�iDGN�PON�IGF�N�DGÁ LGCTN�p!K#'<? � (

S+(ω = 0) = 2
2e2(

∑

α Tα)

π
kBθ = 4GkBθ ,

� Ã$Ê Ã�D �

GB�




H�GKMF�K G = e2
∑

α Tα/π
NOpÂJV�GKlÍ�UTLGWGUTDGKMF�}&CELGWGDG}¶J UTL�}MKlC��½J!�GKeÁ�K&p!CEp�}MCEB�N�}e}MNOF!}MD�NOJjÊ�±µL J!�GK

CEBGB�CEp!N�JVKxP�N�Á�NOJHJ!�GKÅIGN�UÇp°P�UÇF!REK&F½JV�GUTL:JV�GK>J!KMÁ�B K&FVUÇJ!DGF!K�� � |µL − µR| >> kBθ
���.
;K�REK¶J�Uvp!�GCÇJ

LGCENOp!K � 
H��N�} �lN�pHUTPOp!C�}jUTPOP�K&WÉF!KMW�DG}MK&WÕp!��CTJ©LGCEN�p�KSCEF��iD4UTLqJVD�Á p!�GCTJ©LGCTN�p!K��

S+(ω = 0) = 2eF 〈I〉 , � Ã$Ê HEÄ �

HNOJ!� F N�pÐJV�GK°Ë�UÇLGC�� UT}¶JVCEF=
HNOJ!��JVF!UTLGp�Á�NOp!p!NOCEL NOp7K&LGKMF�RT��N�LGWGK&B K&LGWGK&LiJQCEF;NOL�JV��K°P�NOLGKjUÇF�F�KMRENOÁ�K

F =

∑

α Tα(1− Tα)
∑

α Tα
. � Ã$Ê H�G �

���GK:pVUÇÁ�K`F�KMp�DGPOJ!p�
;K&F!K�WGN�p�}MDGp�p!K&W�Iq� Í�UTL�W4UTDGK&FeUTLGW ­ÕUTF¬JVNOL ' ?�HF� ? ? (�UTBGB�KjUTPON�LGR�JVC 
;UjÆEK
B4UT}��ÇK&JVp&Ê

±µL`JV�GKÂB�FVUT}¶JVN�}MUTP�P��ÉN�Á�B�CEF�JVUTLqJ°}MUTp!K�� 
H�GK&L�J!�GKÂp�}jUTPOKÂC��,JV��KÂKMLGK&F!RT�zWGK&B K&LGWGKML�}MK�C��,JVF!UTLGpb´
Á�NOp!p�N�CEL�}MC�K ��}MNOKMLqJVp Tα(E) N�p�ÁÂDG} �ÉP�UTF!REK&F,JV�4UTL I CTJ!� JV��K½JVK&Á�B�KMF!UÇJVD�F!K"UÇLGWÉUTBGB�P�N�K&W�ÆTCEPOJVUTREK��JV�GKÅ�iD4UÇLiJ!NOJ!N�KMpSNOL�»Ð�
Ê �|Ã$Ê Ã�I �°Á Uj�ÕI K�F!K&BGP�UÇ}MKMW�Iq�`J!�GKMNOF"ÆTUÇP�DGK&p"J U��ÇKML�U3JSJV�GK�Ë4KMF�Á�N�KMLGK&F!RT�TÊ
���GKMLA
7KxCEI$J UTNOL

S+(ω = 0) =
2e2

π

[

2kBθ
∑

α

T 2
α + eV coth

(

eV

2kBθ

)

∑

α

Tα(1− Tα)

]

, � Ã$Ê HqÃ �

±µLÕJV��K>}jUÇp!KÅUTPOP[JV�GKrJVFVUÇLGp!Á�N�p�p!N�CTLÕ}MC�K ��}&N�KMLqJ!pSUTF!Kxp!Á�UTP�P�}&CEÁ�BGUTF!K&WzJVC,G���J!KMF�Á�p½BGF!CEB�CEF¬JVN�CTL4UTP
JVC T 2

α
UTF!K�LGK&REP�K&}&JVK&W)�GJV��KML

S+(ω = 0) = 2e〈I〉 coth

(

eV

2kBθ

)

. � Ã$Ê H�H �

���GN�p4�hCTF!ÁÂDGP�UÂWGKMp�}MF�N�I�KMp�JV�GK�p��GCTJ©LGCENOp!K¶´ JV�GK&F!Á�UTP+LGCTN�p!KS}&F!CEp�p!C1ÆEK&FMÊ

� ��� � � ����
�� � � ��� � � ��� " � ������� � � � � 
 � 
 � 
 � ��� � 
 � ��� 
 
�� 

��� � ��� � �,��!"���
� � #�
.!"�+��#�!"����� ���

® B CENOLqJ½}&CELqJ UT}¶J"NOp©D�p!D4UTPOPO�ÉW�K%�4LGK&W:UTp½U�}&CELGp�J!F!NO}&JVNOCELeI K¶J*
;K&KML`J*
7CvÁ�K&J UÇP�P�NO}°F�KMp!K&F�ÆTCEN�F�pMÊ����GK
}MCEL�WGDG}&JVUTLG}&K�C��7�iD4UTLqJVD�Á B CENOLqJ�}MCELqJ UÇ}&JrWGN�p�BGP�Uj��prUÉp�JVK&B�
HN�p!K�N�LG}&F!KMUTp!K�UTprU��hDGLG}¶JVN�CTL�C��;JV��K
RqUÇJ!K"ÆECEP�J UTREK#' G�H ( Ê

���GKMF�KQUTF�K7WGN �9K&F!K&LiJ 
QUj��p/C��7� UTIGF�N�}jU3JVN�L�R½U©B CTN�LqJ�}&CELqJ UT}¶JjÊ
± J/}MUTL>I�K�F!KjUÇP�N �&KMW(�hCEF�N�LGp¬J UTLG}&K;NOL
U"IGF!KMU��E´OÈ�DGL�}&JVNOCELÅIq�ÂBGD�P�P�NOLGR"UÇB4UTF�J,U"BGN�K&}MK�C���}MCTLGWGDG}¶JVCEF,DGLqJ!N�P�N�J/IGF�KjU��ip&Êq±µL�U�Á�CEF�K;}MCTLiJ!F!CEPOP�K&W

QUj���;B�CEN�LqJv}&CELqJ UT}¶JVpÉUÇF!K,�hCEF�Á�K&W NOL Ã
´µW�N�Á�KMLGp�N�CEL4UÇP�KMP�K&}&J!F!CEL RqUÇp!KMp%�;KÇÊ RGÊ7N�L�¸rUT®½p � ®½P#¸�UT®°p
�GK&J!KMF�CÇ´µp¬JVF!D�}&JVD�F!KMp&Ê9Î��ÕUÇBGBGPO��NOLGR U�ÆECEP�J UTRTK�J!C p�DGNOJVUTIGPO�q´ p!�4UTB�KMWlRqUÇJ!KxK&P�K&}&JVF�C$W�KMp��
JV��KxK&P�KM}¶JVF�CEL
RqUTp�}MUTLeI K�P�C�}jUÇP�PO��WGK&BGP�K¶JVK&WzUÇLGWÕUÅB�CEN�LqJ�}&CELqJ UT}¶J©}jUTLlI KSW�K%�4LGK&WÕPOC$}MUTP�P��EÊi®°LGCÇJV�GK&F©Á�KjUÇLGpHC��
}MF�KjUÇJ!N�LGR>U>B CTN�LqJ;}&CELqJ UT}¶J�N�p7Iq� B�CEp!N�JVNOCELGN�L�R>UTLÉÀ$�©­e´ J!N�Bv}&P�CEp�K½J!C>JV�GK°p!DGF�� UT}MK"C���U>}MCTLGWGDG}¶JVCEF&Ê

®°P�P/J!�GK p�N �&KMprC��QJV��K�}&CELGp�J!F!NO}&JVNOCEL�UTF!K�UTp!p�DGÁ�KMW�J!CÕI�K�p��GCEF�J!KMFrJV�4UTL�JV�GK�Á�KjUTL0�hF!KMK�B4UÇJ!�
WGDGKÂJ!CeUTLq�ÕJµ��B K�C���p�}jUÇJ�JVKMF�N�LGR��[UTLGW`J!��D�p�J!FVUTL�p!B�CEF�J"J!�GF!CTDGRE�:JV�GKÅB�CENOLiJ"}MCELqJ UÇ}&J�N�p°I4UTP�PON�p¬JVN�}ÇÊ
±µL U��iD4UÇLiJ!DGÁ B�CEN�LqJÅ}&CELqJ UT}¶J!�/J!�GK�
HN�W�J!�2C��½J!�GKÉ}MCTLGp�J!F!N�}¶JVNOCEL N�pÅ}&CEÁ�BGUTFVUTI�P�K J!C`JV�GKlË4KMF�Á�N

QUjÆTKMP�K&LGRTJ!�+Ê7="D4UTLqJVD�Á B�CEN�LqJQ}&CELqJ UT}¶JHN�p�UÂp�N�Á�BGP�K©}MCTLGWGDG}¶JVCEF4
H�GNO} �eN�p;D�p!KMWeJVCxJVKMp¬JHCEDGFQL�CEN�p�K
Á�KMUTp!D�F!KMÁ�KMLqJHp�K&JVD�B+Ê

G ?



��� � � � � 
.!,
���� %0�1��23����!,��� !,#�
.���
³ CELG}&KMF!L�N�LGRrJV�GK �GLGNOJ!K>�hF�KM�iDGKML�}&�vL�CEN�p�K���B K&F/�hCEF�Á�NOLGRSJV�GK½N�LqJVK&REFVUTP�C�� E N�L »Ð�
Ê � Ã$Ê ÃE¿ � 
HNOJ!� JV��K
LGCTJ!N�}MK�JV�GUÇJ ∫∞

−∞ dEf(E)[1 − f(E + x)] = x/(1 − e−βx) � 
7K CTI�J UTNOL�J!�GK L�CELGp���Á�Á�K¶JVF�N �MK&WLGCENOp!KSp!B�KM}¶JVF�DGÁ �hCEF�KMPOKM}¶JVF!CTLlp¬��p�JVK&Á UTp ' ÃÇÄ)(

S+(ω) = −2e2

π

NL
∑

α

T 2
α

2ω

1− eβω

−2e2

π

NL
∑

α

Tα(1− Tα)

[

eV + ω

1− eβ(eV +ω)
+

ω − eV
1− eβ(ω−eV )

]

, � Ã$Ê HG� �


H�GKMF�K NL
N�p�JV�GK"LiDGÁ>I K&FQC���} �4UTL�LGKMP9� V NOp7JV��K"UTBGB�P�N�K&W ÆECTPOJ UÇREKTÊ$»,��Ê � Ã$Ê HG� �ÐN�p7LGCTJQp¬��Á�Á�K&J!F!N�}

�hCEF�B�CEp!N�JVNOÆTKSUTLGWlLGK&RqUÇJVN�ÆEK<�hF!K&�iDGKMLG}&N�K&pMÊ
±µL�KM�iDGNOP�NOIGF!NODGÁ � V = 0 ���)
7K F�KM}&C
ÆTKMFrJV�GK �4DG}&J!D4UÇJ!N�CEL$´ WGN�p�p!NOB4UÇJVNOCELÕJ!�GKMCEF�KMÁ«UÇJ �4LGN�JVK �hF!K ´

�iDGKMLG}&N�K&p�'<?GA)(
S+(ω) = 2G

2(−ω)

1− eβω
, � Ã$Ê H ? �

±µLxJV��K��MK&F!C©JVKMÁ�B�KMFVU3JVDGF�K7PON�Á�NOJVNOLGR;}MUTp!K��

7K;F�KM}&C
ÆTKMF�J!�GK���DGUTLqJVDGÁ LGCENOp!K���
H��N�} �ÂNOp�W�N�p!}&DGp!p�KMW
N�L�¯HK%�bÊ ' ÃÇÄ (7UTLGW�p!�GC�
HL�NOL�»,�
Ê �9H�Ê Ã�I �"NOL�J!�GK�LGK���Jx} �4UTB�J!KMF>C��;JV��N�pSJV�GK&p!NOpMÊ�± �;J!�GK�F�KMp�KMF�ÆTCEN�F�p
�4UjÆEK�CELGK�} �4UÇLGLGKMP9�GJV�GK�F�KMp!D�POJVp©UTF�K�N�P�PODGp�J!FVUÇJ!KMWÉUÇp�'<?E¿B� ?�I)(

S+(ω)=

{

(2e2/π)T (1− T )(eV − ω)Θ(eV − ω) , N � ω ≥ 0,
(2e2/π)[−2T 2ω − T (1− T )(eV + ω)Θ(−eV − ω) + T (1− T )(eV − ω)] , N � ω < 0 ,

� Ã$Ê H A �

H�GKMF�K Θ(x) N�pSJV�GK Ô KMUjÆ$NOp!NOWGK �hDGLG}&J!N�CEL�UTLGW T NOp�J!�GKÅJVF!UTLGp!Á�N�p�p!NOCEL�BGF!CEIGUTIGN�PONOJµ�TÊ9±µL � UÇ}&J!�)
7K
CEI�JVUTN�Lz»,��Ê � Ã$Ê H A ��Iq�ÕD�p!N�L�R JV�GKxF!K&P�UÇJ!N�CEL S+(ω) = SI(−ω) Ê����GKÂB�P�CTJ½C�� S+(ω) NOp°p!��C�
HL:NOLJV�GK�DGB�B K&F©BGUTLGKMP[NOLeË�N�RTDGF!KrÃ$Ê H�Ê

��� � ��� ��� ������� !�#�
.���

­zKjUÇp!DGF�N�LGR�JV�GKrLGCEL$´ p���Á�Á�K¶JVF!N��MK&WzLGCTN�p!KrÁ�KjUTLGp©I�KMN�L�RvUTIGPOKSJVC W�N�p�J!N�LGRTDGN�p��lI�K&J*
7KMK&L:KMÁ�N�p�p!N�CTL
� ω > 0 �7K&LGKMF�RT� �4C�
HpvJ!C�JV�GKÕWGK&J!KM}&J!CEF���UTLGW UTIGp�CEF!B$JVN�CTL � ω < 0 �;KML�KMF!RÇ�#�4C�
Hp��hF�CEÁ J!�GK
WGK&J!KM}¶JVCEF ��C��;JV�GK�WGK&Æ�N�}&K DGL�WGKMFrJVKMp¬JjÊ Ô C�
7K&ÆTKMF���K��$B K&F!NOÁ�K&LiJVUTP�P��:NOJrNOprW�N���}MDGP�JxJ!CzW�N�p�J!N�LGRTDGN�p��
DGL4UTÁ>IGN�RED�CEDGp!P��ÅI�K&J*
7KMKMLep¬�$Á�Á�K&JVF�N �&KMWvUÇLGWvLGCEL�´µp���Á�Á�K¶JVF�N �MK&W LGCTN�p!K��$BGUTF�J!PO��I�KM}jUÇDGp!K 
H�GUÇJ�N�p
C��#JVK&LeÁ�KMUTp!DGF�KMWlN�pQJ!�GK�K��$}MK&p!p°L�CEN�p�KTÊ

ÌE�#J!KML)��J*
;C�p�DG} �zÁ�KjUÇp!DGF�KMÁ�KMLqJVpHUTF�K"B�KMF/�hCTF!Á�KMWÉCELvJ!�GKSpVUTÁ�K"p¬�$p¬JVK&Áz~�J!�GKE�4F�p�J 
H�GNOP�K°N�J�N�p
WGF!N�ÆEK&L:CED�J"C��7K&�iDGN�PON�IGF�N�DGÁ �hKTÊ RGÊ@� Iq�`UTB�BGPO��N�L�RÉU WG}ÂÆTCEPOJVUTREK��©UTLGW`J!�GKÂp!K&}MCEL�W�NOL`KM�iDGNOP�NOIGF!NODGÁ
�hJ!�GKrÆTCEPOJVUTREKrp!CED�F!}MKxN�pHJVDGF�LÕC����¶Ê
���GK>K��$}MKMp�pSLGCENOp!KrN�p©WGK%�4L�KMW:UTp©JV�GKrWGN �9K&F!KML�}MK>NOLzJ!�GKxL�CEN�p�K
I K¶J*
;K&KMLlJV�GK<�4F�p�J½UTLGWeJV�GK�p�KM}MCTLGWzÁ�KjUÇp!DGF�KMÁ�KMLqJj~

SM,excess(ω) = SM,noneq(ω)− SM,eq(ω). � Ã�Ê Hq¿ �
±µLvÁ�CEp�J;}jUTp�KMpQÁ�KMp�CEp!}&CEBGN�}½pVUTÁ�BGPOKMpQUÇF!K°W�F!NOÆTKMLÉCED$JQC���K&��D�N�P�NOIGF!NODGÁ¦Iq� UTLvK���J!KMF!LGUTP9WG}½ÆECEP�J UTREK
V �4p�C�J!�4UÇJ

SM,excess(ω) = SM(ω, V 6= 0)− SM(ω, V = 0). �|Ã$Ê H�I �
���GK©K��$}MK&p!p�LGCENOp!KHN�p�DGp�K%�hDGP6
H�GKML�
;K°UTF!K©N�LqJVK&F!K&p�JVK&WvN�L�P�C�C��iN�L�RSN�LqJVCrJV�GK©} �4UTLGRTK°N�L�JV��K½p¬�$p¬JVK&Á

H�GN�} ��UTF!KlWGDGKlJVC�W�F!NOÆ�NOLGR�CED$J C��"KM�iDGN�PON�IGF�N�DGÁlÊ/± J�N�p�UTP�p�C�DGp�K%�hDGP?
H�GK&L U�B4UTF¬JVNO}MDGP�UTF�p!K&J!DGB

G@A
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~ω/eV � �b�>�<��� �#��'(! 4e3V/h � ��� �-� T = 0.5
� �,2<; '��D�13p�b�8�?���B��2�2���� 2(������;+� ���$�:���(�1�%�O�:��'I� �0�

S+
excess(ω)

� �+�B����� �Z� '(! 4e3V/h
6
T = 0.5 � � � 2<; '��D�13/�b�:�-����; ' �n���m'������

U�� KM}&J!p°JV��KÅÁ�KMUTp!DGF�KMÁ�KMLqJ�Iq�`NOLiJ!F!C�WGDG}&N�LGRÉUÇL�UTWGWGN�JVN�CTL4UTP�LGCENOp!K:
H�GNO} ��N�p"NOLGWGKMB�KML�WGKMLqJ�C��ÐJV��K
pVUTÁ�BGPOKSp�J U3JVK��
p�C Iq�eJ U��iN�L�R�J!�GKrWGN@� KMF�KMLG}&K>I�K&J*
7KMKMLzJV�GK�J*
;C�LGCENOp!KrB C�
7KMF!p>
;Kr}jUÇLÕREK¶J°F�N�WlC��
JV�GK�NOLGp�J!F!DGÁ�KMLqJ U3JVN�CTL$´µWGK&B K&LGWGK&LiJHL�CEN�p�KSB C�
7KMFMÊ

²½C�
 � 
;K�UTBGBGP��:»,�
Ê � Ã$Ê H�I �½J!Cz}MUTP�}&DGP�UÇJ!KÂJV�GK�K���}&KMp�p>LGCENOp!K�C��;��DGUTLqJVDGÁ B�CEN�LqJ�}&CELqJ UT}¶J>U3J
�MK&F!CÅJVK&Á�B�KMF!UÇJVDGF�K�}MCEF�F!KMp�B CTLGWGN�L�R�J!C�NOJVp�p�B K&}&J!F!DGÁ C���LGCENOp!K S+ N�Ll»,��Ê �|Ã$Ê H A �¶~

S+
excess(ω) = (2e2/π)T (1− T )(eV − |ω|)Θ(eV − |ω|) . �|Ã$Ê H�D �

���GK�p!B�KM}¶JVF!UTP4WGKML�p!NOJµ�ÂC���K��$}MK&p!p�LGCEN�p�K�I KMUTF!p,Á�CEp¬J,C�� NOJVp 
;K&N�RE�qJÐLGKMUTF �MK&F!C<�hF!K&��D�KMLG}&N�KMp%�iIGD�J,JV��K
LGCENOp!K>W�KM}MF�KjUTp�KMp�P�NOLGKjUÇF!PO� JVC �MK&F!CÉC1ÆEK&FSUvFVUÇLGREK [0,±eV ] �hCEF½I CTJ!�`B�CEp!N�JVNOÆTKÂUTL�W:LGKMRqU3JVNOÆTK��hF�K¶´�iDGKMLG}&N�K&p��$UTLGW�ÆÇUTL�N�p!��KMp;I�K&�TCELGW J!�GK©B CENOLqJVp ω = eV �hp!KMK©JV�GK½P�C�
7KMF�B4UTLGK&P�NOLvË�NOREDGF�K©Ã$Ê H �¶Êi���GK
K��$}MK&p!pHLGCENOp!K°J!�GKMF�K%�hCEF�KS}MCELqJVUTN�LGpQUÂp!N�L�REDGP�UÇF!NOJµ��~�NOJ!p;WGK&F!NOÆÇUÇJ!NOÆTK"WGNOÆTKMF�REKMpHUÇJ;JV�GNOpQB CTN�LqJjÊB	�KE�GLGW
JV�4U3J�J!�GKÐp!B�KM}¶JVFVUÇP�W�KMLGp�NOJµ��C��$JV�GKÐK��$}&KMp!p�LGCEL$´ p���Á�Á�K&J!F!N��MKMW�LGCTN�p!K S+

excess(ω) N�p�UTLrK&ÆEK&L:�hDGLG}¶JVNOCELC��,JV��K:�hF!K&��D�KMLG}¶� � S+
excess(ω) = S+

excess(−ω) � Ê ³ CEL�p!KM�iDGK&LqJVPO���+JV�GKÅK��$}MKMp�p�p���Á�Á�K&J!F!N��MKMWÕLGCEN�p�K
Ssym

excess(ω) = S+
excess(ω) + S+

excess(−ω) WGN@� KMF�p°CELGP��eIq�`U�� UÇ}&JVCTF½J*
7C � Á�KjUTp�DGF!K&W`N�LÕ¯©K��bÊ ' Ã7G�(��
�hF!CEÁ JV�GK�K��$}MK&p!pÂL�CEL$´µp¬��Á�Á�K&J!F!N �&KMW�LGCENOp!KTÊ����iDGpxK��$}MK&p!pÅLGCENOp!K�K��$B�KMF�N�Á�KMLqJVpxN�L�JV�GK��iD4UTLqJVDGÁ
F!K&REN�Á�Kx}MUTL`DGp�D4UTPOPO�lN�LGW�N@� KMF!K&LqJVPO�eI�KÂK���B�P�UTNOLGKMW`Iq�zDGp!NOLGRvLGCTL$´µp¬�$Á�Á�K&JVF�N �&KMWÕCTF°p���Á�Á�K¶JVF�N �MK&W
LGCENOp!K�K��$BGF!K&p!p�N�CEL+Ê,À$C���JVC'�iLGC�
¤BGF!K&}MNOp!KMP���
H�4UÇJÅ�iD4UTLqJ!NOJµ��N�pxÁ�KMUTp!DGF�KMW NOL�p!D�} � K��$B K&F!N�Á�KMLqJ!p

H�GKMF�KxJ!�GK>K���}&KMp�pSLGCEL$´ p���Á�Á�K&J!F!N��MKMWzLGCENOp!KrN�p©p���Á�Á�K&J!F!NO}�� 
;K>LGKMK&W:U�REC�C�WÕDGLGW�KMF!p¬J UTL�WGN�LGR C��
JV�GK�WGK¶JVK&}&JVNOCELeBGF!C�}MK&p!p&Ê

G
¿
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Ë�N�L�NOJVK��hF�KM�iDGK&LG}&�5LGCENOp!KlN�p�JV�GKlp!DGIiÈ�KM}&JvC��SU�WGKMI4U3JVKTÊ3	 �4UÇJ�N�p�UT}¶JVD4UTPOPO��Á�KMUTp!DGF�KMW�NOL �GLGNOJ!K
�hF!K&��D�KMLG}¶�zL�CEN�p�KrÁ�KjUÇp!DGF�KMÁ�KMLqJVp %Å®½p>
7Kr�4UjÆEK>W�N�p!}&DGp!p�KMW`NOLlJ!�GKrp!KM}¶JVNOCELzC��/�iD4UTLqJVD�Á L�CEN�p�K��4NOJ
N�p/NOÁ�B�CEF¬J UTLqJ�J!C�p!B�KM}MN �#��USÁ�KMUTp!D�F!KMÁ�KMLqJÐBGF�C$}&KMWGD�F!KHN�L�CEF�WGKMF/J!CrW�KM}MNOWGK 
H�GN�} ��LGCTN�p!K�}&CEF!F�KMP�UÇJVCEF
N�pHÁ�KjUTp�DGF!K&W+Ê�¯©K&}MKMLqJ!PO���
JV��KMCEF�K&JVNO}jUTP[K��9CTF�JVp½�4UjÆEKxI K&KMLÕÁ�UTWGK�JVC�WGK&p!}MF�N�I�KxJ!�GKx��N�RE�A�hF!K&��D�KMLG}¶�
LGCENOp!KSÁ�KjUTp�DGF!K&Á�K&LiJ©BGF�C$}&KMp�p©IGUTp!K&WÕCELÉJV��KrW$�$LGUTÁ�NO}jUTP ³ CEDGP�CTÁÂIÉIGP�C�}��3UTWGKSJV��KMCEF¬�EÊ

±µL5JV��N�p�} �4UTB�J!KMF���±:�4F�p�J�WGN�p�}MDGp�p�J!�GKÕp�N�LGREPOKeKMP�K&}&J!F!CEL2JVDGL�LGKMPON�LGR�N�L5U�DGP�JVF!U3´µp�Á UTPOP7J!DGLGLGK&P
È�DGLG}¶JVN�CTL)� 
H�GNO} � UÇF!KA�iLGC�
HL UTp�W���L4UÇÁ�NO}jUTP ³ CEDGP�CTÁÂI2IGP�C�}��3UTWGKTÊ����GN�pÂJ!�GKMCEF¬� N�p�U:I4UÇp!N�p �hCEF
WGK&J!KM}¶JVN�L�R5LGCTN�p!K�NOL U2Á�K&p!CEp�}MCEB�N�}�WGK&Æ�NO}MK�Ii� }&CEDGBGPON�LGR2N�Jz}MUTB4UT}&NOJ!NOÆEK&PO�5JVC5U`È�DGL�}&JVNOCEL N�L U
LGKjUÇF!Iq��WGK&J!KM}¶JVCEF�}MNOF!}MD�NOJ!��
H�GN�} ��N�p�UTP�p�C�WGN�p�}MDGp�p!KMW N�L�JV�GNOp�} �GUTB�JVK&FMÊ$À$CEÁ�KHK��$B�KMF!NOÁ�K&LqJVpÐC��+L�CEN�p�K
WGK&J!KM}¶JVN�CTLzUÇF!K�B CTN�LqJVK&WlCTD�JHN�LÉJV��KrP�UTp�JHp�KM}¶JVN�CTL+Ê

�$��
 � " ��
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³ CEDGPOCEÁÂI:IGPOC$}��3UTWGK�NOp"JV�GK�N�L�}MF!KMUTp!K&W�F�KMp�N�p�JVUTLG}&K UÇJ�p�Á UÇP�P�I�N�UTpSÆECTPOJ UÇREKMpSC��;UTL�KMPOKM}&J!F!CEL�N�}ÅWGK ´
Æ�N�}MK½}MCEÁ�BGF�N�p!NOLGRÂU3JQP�KMUTp�JQCELGK"POC�
Q´ }jUTBGUT}MN�J UTLG}&K©J!DGLGLGK&P�È�DGLG}¶JVNOCEL+Ê ³ CEDGP�CTÁÂIvIGPOC$}��3UTWGK>
QUÇp4�4F!p¬J
CEIGp�KMF�ÆTKMW�UTLGW�DGLGW�KMF!p¬JVC�C$W 
HN�JV�GNOLÕJV�GK �hF!UTÁ�K�
;CTF �lC���p!N�L�REP�KÂK&P�K&}&JVF�CEL:JVDGL�LGKMPON�LGRvNOL:p!Á�UTP�P�}jU
´
B4UT}&NOJ UÇLG}MK©Á�K¶J UTPOP�NO}QJVDGLGL�KMPiÈ�D�LG}&J!N�CELGp=
HNOJ!�ÉUxP�UTF!REK©LiDGÁÂI�KMF7C�� 
;KMU��iPO��JVF!UTLGp!Á�NOJ�JVNOLGR�} �4UTLGLGK&P�p&Ê

� � ����� � �.���7����#�!/���,!�!,���.
.!,-���*��1#���-�*/� ���,!�!,���	� �,!�� ��
.#�!

® JVDGLGL�KMPGÈ�DGLG}&J!N�CEL��4N�LlNOJVp©p!NOÁ�B�P�KMp¬J �hCEF!Á }MUTLÕI�KrWGKMp�}MF!NOI K&W$�hCEF©K���UTÁ�BGPOK��
UTp½U�J!�GN�LlN�LGp�DGP�U3JVCEF
I4UTF�F!N�K&FQI�K&J*
7KMKMLzJ*
;C�LGCEF�Á UTP9}MCELGW�DG}&J!N�LGR�KMPOKM}¶JVF!C�WGK&p��hp!K&K>Ë�NOREDGF�K<H�Ê G �¶Ê4®�}&}MCEF�WGN�LGRÅJ!C�J!�GK�P�U!

C��[}&P�UTp�p!N�}MUTP4KMPOKM}¶JVF!C�W���L4UTÁ�N�}&p��iLGCx}MDGF�F!KMLqJ�}MUTL �4C�
 J!�GF!CED�RE�vUTL�N�LGp�DGP�U3JVN�L�RrIGUTF!F�N�KMF&Êi®�}M}MCTF!WGNOLGR
JVCÕJ!�GK P�U!
 C��H�iD4UTLqJVDGÁ·Á�K&} �4UTLGNO}Mp%���GC�
7K&ÆTKMF��/J!�GKMF�KvN�p>UÕLGCEL�´ ÆÇUTLGNOp!�GNOLGRÕBGF�CEI4UTI�N�P�N�Jµ�'�hCEF>UTL
KMPOKM}&J!F!CEL�CEL CTLGK½p�N�WGK½C��9J!�GK°IGUTF!F�N�KMFÐJVCrF!KMUT} � J!�GK°CTJ!�GKMF7p!NOWGKTÊ�	 �GK&LÉUxIGN�UTpÐÆECEP�J UTREKHNOp;UTB�BGP�NOKMW)�
JV�GNOp�Á�KMUTLGpQJ!�4UÇJHJV�GK&F!K<
HN�POP9I�KrU�}&DGF!F�KMLqJ>�4C�
�Ê

¨ DGK�JVCeJV�GK�WGN�p�}MF�K&JVK&LGKMp�p>C��;KMPOKM}&J!F!NO}jUTP,} �4UÇF!REK���}&DGF!F�KMLqJ:�GC�
Hp�JV��F!CEDGRT��UÉJVDGL�LGKMP+È�DGLG}¶JVN�CTL
N�prUzp�KMF�N�KMpxC���K¶ÆEKMLqJ!pÂN�L0
H�GN�} ��K���UT}&J!PO��CELGK�KMPOKM}&J!F!CEL�B4UTp�p!KMp �hJVD�LGLGKMPOp��"JV�GF�CEDGRE��JV�GK�I4UTF�F!N�K&FMÊ
®QJ �&KMF!CvJ!KMÁ�B K&FVUÇJ!DGF!K>U�JVD�LGLGKMPON�LGR BGF!C�}MK&p!p"POKjUTWGNOLGR��hF�CEÁ Q J!C Q − e NOp°CEL�PO�lB CTp!p!NOIGP�KrN@�,J!�GKWGN@� KMF�KMLG}&K�C���} �GUTF!RENOLGR�KMLGK&F!RENOKMpHI�K%�hCEF�K�UTLGWzU��#JVK&FQJV�GKSJVD�LGLGKMPON�LGRÅB�F!C�}MKMp�p½NOp�B CTp!NOJ!NOÆTK

∆E =
Q2

2C
− (Q− e)2

2C
> 0 . � H�Ê@G��

���GN�p�}MCTLGWGNOJ!N�CEL�NOp7p!UÇJVNOp/�4K&W N@� Q > e/2 � CTFÐJ!�GK½ÆTCEPOJVUTREK©UT}&F!CEp�p7JV��KÐÈ�DGL�}&JVNOCEL U > Uc = e/2C � Ê± � 
;KvUTp!p�DGÁ�K�JV�4UÇJ>p�JVUTF�J!N�LGRÕUÇJÅUÕ} �GUTF!REK |Q| < e/2 ��J!�GK�È�DGL�}&JVNOCEL�NOp>} �4UTF�REKMW Iq��JV�GK N�WGKMUTP

G�I



Normal metal Normal metalInsulator
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K���JVK&F!L4UÇP�}&DGF!F�KMLqJ I Ê�	 ��KML |Q| > e/2 UTL�KMPOKM}¶JVF!CTL�Á�Uj�ÂJVDGL�LGKMP4JV��KMF!K&Iq��W�KM}MF�KjUTp�N�LGR�JV��K©} �GUTF!REKCEL:JV�GK½È�D�LG}&J!N�CEL�I�KMP�C�
 JV�GKÂJ!�GF!K&p!�GCTP�W e/2 Ê9���GN�p�BGF�C$}&KMp!p�C�}M}&DGF!p<
HNOJ!��U �hF!KM�iDGK&LG}&� f = I/eUTLGWÂNOp/}jUÇP�P�K&W>p�N�LGREPOK;K&P�KM}¶JVF�CEL>JVD�LGLGKMPON�LGR°CEp!}&N�P�P�UÇJVNOCEL ' ?�D�� AEÄ ( Ê
	�K;Á Uj�xUTP�p�C"DGp�KHUTLÅN�WGKMUTPiÆECEP�J UTREK
p!CED�F!}MKQUTLGW �hKMK&W�U°}MD�F!F!K&LqJ,JVC°J!�GK�È�DGLG}¶JVNOCEL>JV��F!CEDGRT��U°P�UTF�REK�F!KMp�N�p¬JVCEF&ÊT± JVp�F!KMp�N�p¬J UTLG}&KQN�p�UTp!p�DGÁ�KMW
JVC�I�KÐp!Á�UTP�POKMF J!�4UTLSJV��K/JVDGLGL�KMP�NOLGR�F!K&p!NOp�J UÇLG}MKÐC���JV�GK È�D�LG}&J!N�CEL�IGD�J�P�UTF!RTK/KMLGCTDGRE��JVC�N�L��GN�IGN�J[U4� UTp¬J
F!K&} �4UTF!RTN�LGR"C��4JV�GK�}MUTB4UT}&NOJVCTF/U��#J!KMF/U°J!DGLGLGK&P�NOLGR"K&ÆTKMLqJjÊT���GKMF�K?
HNOP�PiI�KQLGCS}MD�F!F!K&LqJÐN@�4JV��KQK���JVK&F!L4UÇP
ÆECEP�J UTRTK°N�p7p!Á�UTP�POKMF,JV�GUTL e/2C ÊGÀ$C:
7KE�4LGWvJV�GUÇJ�UÇJ �MKMF�CÂJVK&Á�B�KMF!UÇJVDGF�K��iJV�GK"U1ÆTKMF!UTREKS}MD�F!F!K&LqJHN�LJV�GKS}&DGF!F�KMLqJ�´ ÆECEP�J UTRTKS} �4UTFVUÇ}&JVK&F!NOp�JVNO}SN�p�p��GN@�#J!KMWeN�LvÆTCEPOJVUTREKSIq� e/2C Ê����GN�p�p��GN@�#JHNOLvJV�GKS}&DGF!F�KMLqJ�´ÆECEP�J UTRTKÅ} �4UTFVUÇ}&JVK&F!NOp�JVNO}�N�pS}jUÇP�P�K&W:JV�GK ³ CEDGPOCEÁÂI�RqUTB�UTLGW�JV��K�B��GKMLGCTÁ�K&LGCEL�C��;p�DGBGBGF�KMp!p�N�CEL�C��
JV�GK�}&DGF!F�KMLqJ©I K&P�C�
 Uc

N�p�F!K��hKMF�F!KMWeJVC�UTp ³ CED�P�CEÁÂIeIGPOC$}��3UTW�KTÊ
���GK ³ CEDGPOCEÁÂI�IGP�C�}��3UTWGK½N�p7UTP�p�C>CEIGp�KMF¬ÆTUÇIGP�K>
H�GKMLvJ!�GK°JVK&Á�B�KMF!UÇJVD�F!K©N�p;POC�
 KMLGCTDGRE�vp�C>JV�4U3J

JV�GK°} �4UTF!RTN�LGRÂK&LGKMF�RT� �hJV��KSKMLGK&F!RT� Ec = e2/2C �iJV�GUÇJ�N�p7F!K&��D�N�F!K&WvJVCÅ} �4UÇF!REK°J!�GK�È�DGL�}&JVNOCEL 
HN�JV�CELGKÅK&P�KMÁ�KMLqJVUTF��z} �4UTF�REK��°NOpSP�UTF�REKMF©JV�4UTL:J!�GKÂJV�GK&F!Á�UTP�K&LGKMF�RT�:C��ÐJ!�GKÅ} �4UTF�REK�}jUTF�F!N�K&F kBθ
Ê[Ë4CEF

}jUTBGUT}MN�J UTLG}&KMpHI�KMP�C�
 10−15 Ë ��JV�GKSJ!KMÁ�B K&FVUÇJ!DGF!K�ÁÂDGp¬JHI K�I�KMPOC�
 UTI�CED�J G Ó Ê
±µL � UT}¶J!�TJ!�GKHp!NOLGREP�K�È�DGLG}&J!N�CEL�}MUTLGLGCTJ�I�K�WGKM}&CEDGBGPOKMW;�hF!CEÁ JV�GKHF�KMp�J�C���JV��K?
7CEF�P�W�CEF,F!K&BGP�UÇ}MN�L�R

NOJ!pÂp!DGF�F!CED�LGWGN�L�REp�Ii��N�WGKMUTPQ}MD�F!F!K&LqJ�CTFÂÆECEP�J UTREKÉp�CEDGF�}MKMp&Ê 	�Ke�4UjÆEKÉJ!C�}&CELGp�N�WGK&F�J!�GK>È�DGLG}¶JVN�CTL
KMÁÂI�KMW�WGKMW�N�LÅJV��K©K&P�K&}&JVF�N�}MUTPG}MNOF!}&DGNOJ�' A�G�� AEÃF� A�H)(|Ê ¨ ��L4UÇÁ�NO}jUTP ³ CTDGP�CEÁ>I�I�P�C�}��ÇUÇWGK�N�pÐU��iD4UTLqJVDGÁ
K%� KM}¶J 
H�GNO} ��UTBGB�KjUTF�p 
H�GKML�U���DGUTLqJVDGÁ }MCE��KMF!K&LqJS}MCEL�WGDG}&J!CEF"NOp°}MCTLGLGKM}¶JVK&W:N�L`p�KMF!NOKMp>
HNOJV�`UTL
KMPOKM}&J!F!CEÁ�UTREL�K&JVNO}°NOÁ�B�KMW4UÇLG}MK#' AG� (|Ê
� � ��� � � ����
 ����#�!,
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	�K �hCEP�POC�
¦±µLGRECTP�W�UÇLGW ²°U �jUTF�C
Æ ' AG�)(7WGKMF�NOÆ�N�L�RzJV��KvK��$BGF�KMp!p�N�CEL C���JVDGLGL�KMP�NOLGRlFVUÇJ!K�JV��F!CEDGRT� U
È�DGLG}¶JVN�CTL+Ê
���GKQ�iD4UTp�N�´µBGUTF�J!N�}MPOKMp�N�L>J!�GK7J*
7CSÁ�K&J UÇP�K&P�K&}&JVF�C$W�KMp,UTF�K;WGK&p!}&F!N�I�KMWÅIq�rJV�GK Ô UTÁ�N�P�JVCELGN�UTL

Hqp =
∑

kσ

εkc
†
kσckσ +

∑

qσ

εqc
†
qσcqσ ,

�9H$Ê Ã �


H�GKMF�K εk UÇLGW εq
UÇF!KÕJ!�GK`KML�KMF!RTN�KMp C����iD4UTp!N8´µB4UÇF�JVNO}MPOKMp;
HNOJV�#
QUjÆEK`ÆTKM}¶JVCEF k UÇLGW q 
H�GN�POK σWGKML�CTJVK&p�JV�GK&N�F�p!BGNOL+ÊÇ����K �4F!p¬JÐUTLGWxJV�GKQp�KM}&CELGW�p!DGÁ }MCTF!F!K&p!B�CELGWÂJ!C°JV�GK;P�K%�#J�UTLGWÅF�N�RE�qJ�KMPOKM}&J!F!C�WGK��

F!K&p!B�KM}&J!NOÆTKMPO�TÊ

G�D



��DGL�LGKMPON�LGR�N�p�NOLqJVF!C�WGDG}&KMWeIq�ÉJV�GK Ô UTÁ�NOPOJ!CELGN�UÇL ' AqÃF�7A ?B�7A A (

HT =
∑

kqσ

Tkqc
†
qσckσe

−iφ + h.c. , � H�Ê H �


HNOJ!� φ N�p J!�GK�BG�4UTp�K φ(t) = e
∫ t

−∞ dt
′U(t′) 
H�GK&F!K U = Q/C N�p�JV�GK:ÆECTPOJ UÇREK:UT}&F!CEp�peJ!�GK

È�DGLG}¶JVN�CTL+Ê 	 NOJ!� J!�GK�BGDGF�B CEp�K�C��Âp�J!DGW���N�L�R J!�GK�K��9K&}&JzC��xKMLqÆ�N�F!CTLGÁ�K&LqJzJ!C2J!�GK�} �4UTLGRENOLGR C��
} �4UTF�REK�CELlJ!�GK;È�DGLG}¶JVN�CTLlK&P�K&}&JVF�C$W�KMp©Ii�ÉJ!�GK�CEB�KMFVU3JVCEF e−iφ ��
7Kx}&CELGp�N�WGK&F©CTLGPO�vJ!�GK<�4DG}¶JVD4UÇJ!N�CEL�p
UTF!CTDGLGWÅJV�GK�Á�KjUÇL�ÆÇUTPODGKQWGK¶JVK&F!Á�N�LGK&W�Iq�ÂJ!�GK�K���J!KMF!LGUTPGÆECEP�J UTRTK V ÊE���4U3J7NOLGWGDG}&KMp,DGp,J!Cr}&CELGp�N�WGK&F
φ̃(t) = φ(t)−eV t UTLGW Q̃ = Q−CV Êq±µLiJ!F!C�WGDG}&N�LGR φ̃ N�LqJ!C HT

��
7K½B�KMF��hCEF!Á¦U�J!N�Á�K¶´µW�KMB�KMLGWGK&LqJ
DGLGN�J UTF¬� JVF!UTLGp��hCEF!Á�UÇJVNOCEL H̃ = U †HU − iU †∂U/∂t 
HN�JV�

U =
∏

kσ

exp
[

ieV tc†kσckσ

]

. �9H$Ê<� �

���GK�LGK%
�JVDGL�LGKMPON�LGR Ô UÇÁ�NOPOJVCTLGN�UTL�JV�GK&LzF�KjUTW�p

H̃T =
∑

kqσ

Tkqc
†
qσckσe

−iφ̃ + h.c. � H�ÊE? �

UTLGWÉJV��KrL�K%
 Ô UTÁ�NOPOJ!CELGN�UÇL�C���JV��KrK&P�K&}&JVF�C$W�KMpHN�p

H̃qp =
∑

kσ

(εk + eV )c†kσckσ +
∑

qσ

εqc
†
qσcqσ ,

�9H$Ê A �


HNOJ!� eV p��GN@�#J!KMWeKML�KMF!RÇ�eP�K&ÆTKMPOp©I�K&J*
7KMK&LzJ!�GK�P�KjUÇWGpMÊ
±µL�JV��K>�hCEPOP�C�
HN�L�R���
7K"
HN�POPGDGp�K½JV��K©J!DGLGLGK&P�N�L�R Ô UTÁ�NOPOJ!CELGN�UÇLÂN�L�JV�GK?�hCEF!Á � H�Ê ? ���iUTL�W LGC�
 JV��K

JVCTJVUTP Ô UTÁ�NOPOJ!CELGN�UÇL�C���JV��Krp¬��p�JVK&Á N�p

H = H̃qp +Henv + H̃T , �9H$Ê ¿ �

H�GKMF�K Henv

WGK&p!}MF�N�IGNOLGReJV�GK�KMLqÆ�N�F�CELGÁ�KMLqJjÊ�±µL�CTDGFx}MUTp!K��[JV�GK�KMLqÆ�N�F!CTLGÁ�K&LqJ>NOprF�KMBGF�KMp�KMLqJVK&W Ii�
JV�GK�WGK¶Æ�N�}MK<
H�GK&F!K 
;K<
7CEDGPOWzPON �TK½JVC�Á�KMUTp!DGF�KSLGCENOp!KrUTLGWÉJV��KQÈ�D�LG}&J!N�CELeN�p�D�p!KMWÕUTp©UÅWGK&J!KM}&J!CEFMÊ

� � ����� ��� �.�:� �.�)��
.#�! #�% ����!,!,���.
.!,- ���	�����$
.! ��*�� ���,!,!����	� �,!�� ��
.#�!

Î;K%�hCTF!K©}jUTPO}MDGP�UÇJVNOLGRrJ!�GK½J!DGLGLGK&P�NOLGRxF!UÇJVK&p7J!�GF!CED�RE� JV��KÐÈ�DGLG}¶JVNOCEL Iq��DGp!NOLGRÂB�KMF¬JVDGF�I4UÇJVNOCEL�JV�GK&CEF����

;KzÁ U��TKeJ*
;C�NOÁ�B�CEF¬J UTLqJ�UTp�p!DGÁ�B�JVNOCELGp&Ê7Ë�N�F!p¬J!�/J!�GKzJ!DGLGLGK&P�N�L�R�F�KMp!NOp�JVUTLG}MK RT

NOp�P�UTF!REKe}&CEÁ�´
B4UTF�KMW�J!CÕJV�GK�F!K&p!N�p¬J UTL�}MKv�iD4UTLqJ!DGÁ RK = 2π/e2 Ê����GN�pxN�Á�BGP�NOKMp"JV�GUÇJ>J!�GKvp�JVUÇJVK&pÂCEL�J!�GK�J*
7C
KMPOKM}&J!F!C�WGKMpÐCEL�PO�ÂÁ�N �xÆEK&F��;
7KjU��iPO�Âp!C�JV�4UÇJÐJ!�GK Ô UTÁ�N�P�JVCELGN�UTL � H�Ê<A ��N�pÐU�REC�C$WÅWGK&p!}&F!N�B$JVN�CTL�C��9JV��K
�iD4UTp!N8´µB4UÇF�JVNO}MPOKMprN�L�JV��KvKMPOKM}&J!F!C�WGKMp&Ê�	�KvJV�GK&L Á�Uj��}&CELGp�N�WGK&F>JV�GKvJ!DGLGLGK&P�NOLGR Ô UÇÁ�NOPOJVCTLGN�UTL H̃TUTp©UÅB K&F�JVD�F!I4UÇJ!N�CEL9Ê4���GK�p!KM}&CELGW:UÇp!p!D�Á�B�J!N�CELeNOp�} �4UTF!RTKxK&��D�N�P�NOIGF!NODGÁ¤I K&N�LGR�KMp¬J UTI�P�N�p��GKMWlI�K%�hCEF�K
U�J!DGLGLGK&P�NOLGR�K&ÆEK&LqJvC�}M}MD�F!p�p!C�J!�4UÇJ�JV��Kzp¬J UÇJ!KMp�JVC�I KlDGp!K&W NOL J!�GKzB�KMF¬JVDGF�I4UÇJ!N�CEL JV��KMCEF�K&JVNO}jUTP
}jUTPO}MDGP�UÇJVNOCELÉUTF�KSKM�iDGNOP�N�I�F!N�D�Á p¬J UÇJ!KMpMÊ

���GKSJVDGLGL�KMP�NOLGR�FVUÇJ!KSN�p�REN�ÆEK&LzIq�vJ!�GKrË
K&F!Á�N+RECEPOWGKMLeF�DGP�K

Γi→f = 2π|〈f |H̃T |i〉|2δ(Ei − Ef ) .
�9H$Ê I �

���GN�pHNOpHJ!�GKrFVUÇJ!KrC���JVF!UTLGp�NOJVNOCELGp�I�K&J*
7KMK&L`JV�GK�N�L�NOJVN�UTP9p¬J UÇJ!K |i〉 UTLGWeJV��K(�4LGUTP�p�J U3JVK |f〉 Ê�À$B K&}MN ��´N�}MUTP�P�����
7K>p�K&J |i〉 = |E〉|R〉 UTLGW |f〉 = |E ′〉|R′〉 
H�GK&F!K |E〉 � |E ′〉 UTF!Kr�iD4UTp�N�´µBGUTF�J!N�}MPOK�p�J U3JVKMp°C��

ÃTÄ



F!K&p!B�KM}&J!NOÆTK�K&LGKMF�RT� E � E ′ ��UTLGW |R〉 � |R′〉 UTF!K�F!K&p!K&F�ÆECTN�Frp�J U3JVKMp�� } �GUTF!REK�p�JVUÇJVK&p��E
HNOJ!��K&LGKMF�REN�K&p
ER
� E ′R

Ê4���GK�Á�UÇJVF�N � KMP�K&Á�K&LqJHN�L �9H�Ê I �7J!�GKMLlI K&}MCEÁ�KMp

〈f |H̃T |i〉 = 〈E ′|He
T |E〉〈R′|e−iφ̃|R〉+ 〈E ′|He

T
†|E〉〈R′|eiφ̃|R〉 , � H�Ê D �


HNOJ!� He
T =

∑

kqσ Tkqc
†
qσckσ

UT}&J!pvN�L J!�GK`�iD4UTp�N�B4UÇF�JVNO}MPOKzp�B4UT}MKÇÊQ���GKÕJ!KMF�Á 〈E ′|Tkqc
†
qσckσ|E〉RENOÆTKMp�JV�GK`L�CEL$´ �&KMF�C }MCELqJVF�N�IGD$JVN�CTL CELGP�� 
H�GKML�J!�GK`N�L�NOJVN�UTPHUTLGW#�4L4UTP½p�J U3JVKMpvUTF!K`C��"JV�GK$�hCEF!Á

|E〉 = |..., 1kσ, ..., 0qσ, ...〉 UTLGW |E ′〉 = |..., 0kσ, ..., 1qσ, ...〉 F!K&p!B�KM}¶JVNOÆTKMP��EÊ����GN�prÁ�KMUTLGp�JV�4U3J>NOLJV�GK½N�LGN�JVN�UTPGp�JVUÇJVK°UTLvK&P�KM}¶JVF�CELvN�p�C�}M}MD�Bi��NOLGRÂJV�GK½p�JVUÇJVK (k, σ) NOL�JV��K°P�K��#J;K&P�K&}&JVF�C$W�K��B
H�GKMF�KjUTpQJ!�GKp�JVUÇJVK (q, σ) N�p>DGLGC�}M}MD�BGN�K&W NOL�JV�GKÉF�N�RE�qJ>KMP�K&}&J!F!C�WGK��/POKjUTW�N�LGRÕJ!C Pβ(E) UTp�U`}MCEÁ>IGN�L4U3JVN�CTL�C��
f(εk)[1− f(εq)]

Ê
± �SJV�GK:UÇBGBGP�NOKMW2ÆECEP�J UTRTK eV NOp ÁÂD�} ��p!Á�UTP�POKMFÅJV�GUTL�JV�GKÕË4KMF!Á�NHKMLGK&F!RT��� 
7K:Á Uj�5UTp�p!DGÁ�K

JV�4U3JÉUTPOP©�iD4UÇp!N�´ B4UTF¬JVN�}&P�Kep�JVUÇJVK&pÉN�LqÆECTPOÆEK&W��4UjÆEK:K&LGKMF�REN�K&pv}MPOCEp!KlJVC�J!�GK:Ë4KMF�Á�NHK&LGKMF�RT�EÊ7��U��iNOLGR
JV�GKSJ!DGLGLGK&P�N�L�R�Á�UÇJVF�N �vKMP�K&Á�K&LqJ©J!C�I�KxUTBGBGF�C��$NOÁ UÇJ!KMP�� NOLGWGKMB�KML�WGKMLqJ"C�� εk � εq ��
7K>Á�U1�vF!KMB�P�UT}&K
∑

k,q,σ |Tkq|2 Iq�vUÇLeU1ÆTKMF!UTREKMWÉÁ�UÇJ!F!N ��K&P�K&Á�K&LiJ |T |2 �7
H�GNO} �eUT}M}&CEDGLqJVp4�hCEF�JV�GK°WGKMLGp�NOJµ��C���p�JVUÇJVK&pUÇJ;J!�GK�Ë4KMF�Á�N�KMLGK&F!RT�TÊG®°POP }&CELGp¬J UTLqJ�JVK&F!Á�p�UTF�K"}MCEPOP�K&}&JVK&WvN�LvJ!�GK°J!DGLGLGK&P�N�L�RÂF!K&p!N�p¬J UTL�}MK RT
Ê$���GK

JVCTJVUTP+F!UÇJVKE�hCEF�K&P�K&}&JVF�CELÉJVDGL�LGKMPON�LGR �hF!CTÁ P�K��#J�JVC�F!NORE�qJHN�p

Γ→(V ) =
1

e2RT

∫ ∞

−∞
dEdE ′f(E)[1− f(E ′)]

×
∑

R,R′

|〈R′|e−iφ̃|R〉|2Pβ(R)δ(εk + eV + ER − εq − E ′R) . �9H�Ê G1Ä �

²½C�
 
7K,JVFVUÇ}MKÐCED�J[J!�GKÐKMLqÆ�N�F!CTLGÁ�K&LqJ�p¬J UÇJ!KMp&Ê1���GK7B�F!CEI4UÇIGN�PONOJµ�©C��F�4LGWGNOLGR�JV�GKÐN�L�NOJVN�UTP3F!KMp�KMF¬ÆECENOF
p�JVUÇJVK |R〉 N�p Pβ(R) = 〈R|ρβ|R〉 
HNOJV�SJ!�GK,KM�iDGNOP�N�I�F!N�D�Á WGKMLGp�NOJµ�SÁ�UÇJ!F!N � ρβ = Z−1

β exp(−βHenv)
Ê

Ô K&F!K Zβ = ��F {exp(−βHenv)} NOpQJV�GK�B4UÇF�JVN�JVNOCEL �hDGLG}¶JVNOCELeC���J!�GK�KMLqÆ�N�F�CELGÁ�KMLqJjÊ¯©K�
HF!NOJ!N�LGR�JV��KÂWGKMP�J U;�hDGLG}&J!N�CELzN�L � H�Ê G1Ä ��N�LzJ!KMF�Á C��ÐNOJVp½Ë4CEDGF�N�KMFHJVF!UTLGp��hCEF!Á UTLGWÕDGp!NOLGR JV��K
Ô K&N�p!K&LiI K&F!R�BGF!K&p!KMLqJVUÇJVNOCEL)��
7KrCTI�J UTNOL

Γ→(V ) =
1

e2RT

∫ ∞

−∞
dEdE ′

∫ ∞

−∞

dt

2π
exp (i(E − E ′ + eV )t) f(E)[1− f(E ′)]

×
∑

R,R′

Pβ(R)〈R|eiφ̃(t)|R′〉〈R′|e−iφ̃(0)|R〉 . �9H$Ê@G�G��

� � ����� � *,����� �@�
*,����� �:#����1���.�)��
'#�! ��!
� �,
.� ����
 �,� ��
.#�! % �,!�� ��
.#�!��

	�KSW�K%�4LGK�JV��KrK&�iDGN�PON�IGF�N�DGÁ¤}MCEF�F!K&P�UÇJ!N�CEL �hD�LG}&J!N�CEL

〈eiφ̃(t)e−iφ̃(0)〉 =
∑

R

Pβ(R)〈R|eiφ̃(t)e−iφ̃(0)|R〉

=
1

Zβ

∑

R

〈R|eiφ̃(t)e−iφ̃(0)e−βHenv |R〉 , �9H$Ê@G
Ã �

p!CÅJV�GUÇJ?
;K�REK¶J

Γ→(V ) =
1

e2RT

∫ ∞

−∞
dEdE ′f(E)[1− f(E ′)]

×
∫ ∞

−∞

dt

2π
exp (i(E − E ′ + eV )t) 〈eiφ̃(t)e−iφ̃(0)〉 . �9H�Ê G�H �

Ã7G



± �QJV��KvLGCENOp!K�N�pÅ¸�UTDGp�p!N�UTL)�[JV�GK�}MCEF�F!K&P�UÇJ!N�CEL��hDGLG}¶JVN�CTL�WGK%�GLGKMW NOL �9H$Ê@G
Ã ��}MUTL�I�K p!NOÁ�B�P�N@�GKMW�Ii�
UTBGBGP���N�LGR>J!�GKSREK&LGKMF!UTP�N��MKMW�	 N�}���J!�GKMCTF!KMÁ UTp �|UÇP�p!CÅp�KMKS®½BGB K&LGWGN �É® ' »Ð�ip&Ê � ?$Ê ? � ��UTLGW � ?$Ê ?E¿ � ( �

〈eiφ̃(t)e−iφ̃(0)〉 = exp(〈[φ̃(t)− φ̃(0)]φ̃(0)〉) . � H�Ê@G>� �
Ë4CEF,P�UÇJ�JVK&F,}MCELqÆEK&LGN�K&LG}MK"
;K©N�LqJVF�C$W�DG}MK�JV��K°UTI�IGF!K¶Æ$N�UÇJVNOCEL�}jUTPOP�K&W�B��4UTp!K&*�BG�4UÇp!K°}&CEF!F�KMP�UÇJVNOCEL �hDGLG} ´
JVNOCEL+~

J(t) = 〈[φ̃(t)− φ̃(0)]φ̃(0)〉 , �9H$Ê@G ? �
UTLGWÉJV��KxË4CED�F!N�K&F;JVF!UTLGp��hCEF!Á C���J!�GK�}MCEF�F!KMP�UÇJVNOCEL��hDGLG}¶JVNOCEL �9H�Ê GB� � ~

P (E) =
1

2π

∫ ∞

−∞
dt exp [J(t) + iEt] , �9H�Ê G@A �


H�GN�} �lN�p�}MUTP�POKMWvJ!�GK�WGN�p¬JVF!NOIGD�J!N�CEL �hD�LG}&J!N�CEL+Ê
���GK�N�LqJVK&REFVUTP9C
ÆTKMF©KMLGK&F!RT�vC�� P (E) N�p�L�CEF!Á�UTP�N��MK&W JVCAG���
H��N�} �l}MCEL��GF!Á�p P (E) UTpHU�BGF!CTI$´UTIGNOP�NOJµ��WGK&LGp!N�Jµ�

∫ ∞

−∞
P (E)dE = eJ(0) = 1 . �9H$Ê@G
¿ �

®°LGCÇJV�GK&F�BGF!CEB�KMF¬Jµ�eC�� P (E) NOpQJV�GK�p!C3´µ}jUÇP�P�K&WÉWGK&JVUTN�POKMWÉI4UÇP�UTLG}&KSp���Á�Á�K¶JVF��

P (−E) = e−βEP (E) , �9H$Ê@G�I �

H�GN�} � Á�KMUTLGpÐJV�4UÇJ7JV�GK½BGF!CTI4UTIGNOP�NOJµ�xJVCxK��$}MN�JVK½J!�GK°K&LqÆ$NOF!CEL�Á�K&LiJ;N�p�P�UTF�REKMFÐJV�GUTL�J!�GK°BGF�CEI4UTI�N�P�N�Jµ�
JVC�UTIGp�CEF!IzKMLGK&F!RT�A�hF!CTÁ JV�GKrKMLqÆ�N�F�CELGÁ�KMLqJ"Iq�lU Î7CEPOJ �MÁ�UTLGLA� UT}&J!CEFMÊ ³ CEL�p!KM�iDGK&LqJVPO���9LGC�KMLGK&F!RT�
}jUTLlI�K>UTI�p!CEF�I K&W$�hF!CTÁ JV�GKrKMLqÆ�N�F�CELGÁ�KMLqJ°UÇJ �MKMF�C�J!KMÁ�B K&FVUÇJ!DGF!K��
UTLGW P (E) JV�GK&LzÆÇUTLGNOp!�GK&p>�hCTFLGKMREUÇJVN�ÆEKSKML�KMF!RTN�KMp&Ê

� � ����� L �,!,!����.
'!�- �1�)���

¹½p�N�LGRÅJV��KrW�K%�4LGN�JVNOCELÉC�� P (E) ��
;Kr}jUÇLlF�K%
HF�NOJVKSJ!�GK<�hCEF/
;UTF!WeJVD�LGLGKMPON�LGRÅF!UÇJVKSNOL �9H�Ê G�H �QUTp

Γ→(V ) =
1

e2RT

∫ ∞

−∞
dEdE ′f(E)[1− f(E ′ + eV )]P (E − E ′) . �9H�Ê G�D �

���GKÂK���B�F!KMp�p!NOCEL �9H�Ê G�D �QJ U��ÇKMpSNOLiJ!CÉUT}&}MCEDGLqJ"J!�GKÂB�CEp!p�N�IGNOP�N�Jµ�ÉC��ÐKML�KMF!RÇ�`K��$} �4UÇLGREKÅI�K&J*
7KMKML�JV��K
JVDGL�LGKMPON�LGR�KMPOKM}&J!F!CEL�UTLGW J!�GKÕK&LiÆ�NOF!CELGÁ�KMLqJMÊ=	�K`Á�U1�2NOLqJVKMF�BGF!K¶J P (E) UÇp�JV��K`B CTp!p!NOIGN�PONOJµ��JVCKMÁ�NOJ�JV��KvKMLGK&F!RT� E JVCÕJ!�GK K��$J!KMF�L4UTP;}&N�F�}MDGN�JjÊ ³ CEF!F�KMp�B CEL�WGN�LGRTPO��� P (E) �hCTFxLGK&RqUÇJ!NOÆEK KMLGK&F!RENOKMpWGKMp�}MF�N�I�KMpÐJV�GK½UTIGp�CEF!B�J!N�CEL�C��9KMLGK&F!RT��Iq��JV�GKHJVD�LGLGKMPON�LGR�K&P�KM}¶JVF�CEL+Êi±µLqJVKMRTFVUÇJ!N�LGR�C1ÆEK&F7ÆÇUTF!N�UTIGPOK E ′ �

;K�CEI$J UTNOLeJ!�GK<�4L4UTP �hCEF!ÁÂD�P�U:�hCEF4�hCEF�
QUÇF!WÉJVDGL�LGKMPON�LGR�FVU3JVKSI�KMN�L�R

Γ→(V ) =
1

e2RT

∫ ∞

−∞
dE

E

1− exp(−βE)
P (eV − E) . � H�Ê ÃÇÄ �

À$N�Á�N�P�UTF!P���� 
7K }jUÇP�}MD�P�UÇJ!KÂJV�GK�I4UT}���
;UTF!W�J!DGLGLGK&P�NOLGRzF!UÇJVKÇÊ Ô C�
7K&ÆEK&F���NOJrN�p�FVU3JV�GK&FxCEIqÆ�N�CTDGp<�hF!CEÁ
JV�GK�p¬�$Á�Á�K&JVF¬�vC���UÅÆECEP�J UTREK°IGN�UTp�KMWlp!NOLGREP�KÐÈ�DGLG}&J!N�CELlUTp

Γ←(V ) = Γ→(−V ) . �9H$Ê Ã7G��
±µLz}&CELG}&P�DGp�N�CEL)�4J!�GKx}&CELGp�N�WGK&FVUÇJ!N�CELeC���}MDGF�F!KMLqJ *iÆECEP�J UTRTKx} �4UÇFVUT}¶JVKMF�N�p¬JVN�}rC��/U�p�N�LGREPOKSJVDGLGL�KMP�È�DGLG} ´
JVNOCELzF�KMWGD�}MKMp½JVC�JV�GKxWGK&J!KMF!Á�N�LGUÇJVNOCELeC�� P (E) CTF©J!�GK>BG�GUTp!Kx}MCEF�F!KMP�UÇJVNOCEL �hDGLG}¶JVN�CTL J(t) Ê
±µLÕJ!�GKLGK���JHp�KM}&J!N�CEL���
;K<
HNOP�P�BGF!K&p!KMLqJ°UTLeK���UTÁ�BGP�K"�hCEFQp!B�KM}&N�UTP9N�Á�B K&W4UTLG}&K 
H�GN�} �eF�KMP�U3JVKMpQJ!�GKE�4DG}¶JVD4U
´
JVNOCELGp�C���J!�GKÐÆECEP�J UTREK7UT}&F!CEp�p�J!�GK[È�D�LG}&J!N�CEL>UTLGWxJ!�GK�}MDGF�F!KMLqJ �4DG}&J!D4UÇJ!N�CELGp�NOLÂUHLGKjUTF�Iq�xÁ�KMp�CEp!}&CEBGNO}
WGK&Æ�NO}MK ' ÃÇÄ (|Ê

ÃEÃ
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±µL ¯HK%�bÊ ' ÃTÄ)(9�EJV��K°UTD$JV�GCEF�pÐBGF!CEB�CEp�K°U�Á�KMUTp!D�F!KMÁ�KMLqJ�p!K¶JVDGB��hCEF,WGK&J!KM}¶JVN�L�R>�iD4UTLqJVD�Á¡LGCEN�p�KHC
ÆTKMF7U

HN�WGK=�hF!K&��D�KMLG}¶�ÅFVUTL�REKQDGp�N�LGRSU°J!DGL4UTI�P�K7J*
7CÇ´ P�K&ÆTKMPGp¬��p�JVK&Á¡UTp,U½WGK&J!KM}&J!CEFMÊT���GK�WGK&J!KM}¶JVCEF/}&CELGp�N�p�J!p
C��;UeW�CEDGIGPOKÅ��DGUTLqJVDGÁ WGCÇJ � ¨ = ¨ �E
H�GN�} ��N�pS}MUTB4UT}&NOJ!NOÆEK&PO�z}MCED�BGP�K&W�J!CeJ!�GK�P�KMUTWGp�C��;UeL�KjUTF�Ii�
Á�K&p!CEp�}MCEB�N�}S}MCTLGWGDG}¶JVCEF&Ê4���GKxp�} �GKMÁ�KrC���J!�GK�p���p�J!KMÁ NOp�p!�GC�
HLÕNOLlË�N�RED�F!K<H�Ê Ã$Ê

Mesoscopic
   Device

Z s

Cg

ER

L                           C                          R

1/3 V

1/3 V

1/3 V

det

det

det

V
dev

gV
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Cc

cC
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b)

a)

eVdet

EL

ε

Cg

��� �����	� ��� 
���� ��� �����`��A,3�� �������<* '(!m������� �b� �-���,�	�%���+*���'(!n��� ��� G�� ���c5$'�; �O������� G �
	 �+�	����� �m!E'��Q���<2$�$�(� �?� 5$��; A�1'���2<; �b���"�?��������� �#'B� �0�1�1'���3H*��%�0'��0�1'�2�� � 3��-5�� �1�
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®�WGCED�IGP�K7��DGUTLqJVDGÁ¦W�CTJ,N�p�U �hDGP�P���}MCELqJ!F!CEPOP�UTIGPOK�J*
7C�P�K¶ÆEKMP�p���p�J!KMÁ 
HN�JV�>J!�GK�p!K&B4UTFVU3JVN�CTLÂI K¶J*
;K&KML
P�K¶ÆEKMPOp ε = EL − ER

}MCTLiJ!F!CEPOP�K&WlIq�lRqUÇJ!KrÆTCEPOJVUTREK��
U�WG}rN�LGK&P�UTp¬JVNO}S}MDGF�F!KMLqJ°}jUTL`}&N�F�}MDGP�UÇJVKSNOLzJV��K
WGK&J!KM}¶JVN�CTL�}&N�F�}MDGN�JSCELGP��`N@��JV��K;�hF�KM�iDGK&LG}&� ω = ε N�pSBGF�C
Æ�NOWGKMW�Iq�`JV�GK�Á�KMp�CEp!}&CEBGN�}�WGK¶Æ�N�}MKÇÊ[���GKJVDGL�LGKMP,F!UÇJVK�I�K&J*
7KMKML�JV�GK�WGCTJ!pSN�prUTp�p!DGÁ�KMW�ÁÂDG} ��p!Á�UTP�POKMF°J!�4UTL�JV�GKÅJ!DGLGLGK&P,FVUÇJ!KMprUT}MF�CEp!p�JV��K
P�K��#JHUTLGWlF!NORE�qJHI4UTF!F�N�K&F!p�p!CÅJ!�4UÇJHJV�GK�NOLGKMP�UTp�J!N�}"}&DGF!F�KMLqJ©N�p�REN�ÆEKMLlIq�

Iinel(ε) = eT 2
c P (ε) , �9H$Ê ÃEÃ �


H�GKMF�K Tc
NOprJ!�GK�J!DGLGLGK&P7}&CEDGBGPON�LGReI�K&J*
7KMK&L�JV�GK�WGCTJVp&Ê����GK��hCEF�ÁÂDGP�U � H�Ê G ? �"}jUTL�I K�F!K�
HF!N�J!JVK&L

UTp J(t) = 〈[δφ̃(t) − δφ̃(0)]δφ̃(0)〉 � 
H�GK&F!KeLGC�
 J!�GK��4DG}¶JVD4UÇJ!N�LGR:B��4UTp!K δφ̃(t) F!K&P�UÇJ!KMpÂJVC:J!�GK
�4DG}¶JVD4UÇJ!N�LGReÆECTPOJ UÇREK UÇ}MF!CTp!p�JV�GK ¨ = ¨ È�DGLG}¶JVN�CTL δVDQD(t) = V (t) − 〈V (t)〉 Iq��JV�GK�F!K&P�UÇJ!N�CEL
δφ̃(t) = e

∫ t

−∞ dt
′δVDQD(t′) Ê)	�KÅ}MUTP�}&DGP�U3JVKÂJV��K;�GF!p�J�BGUTF�JrN�L`J!�GK�BG�4UTp�K�}&CEF!F�KMP�UÇJVCEF"UTLGW:J U��ÇKN�LqJVC>UT}M}&CEDGLqJQJ!�GK°WGK��4LGN�JVN�CTL �hCEFÐJV�GK"L�CEL$´µp¬��Á�Á�K&J!F!N �&KMW�B C�
7KMFQp�B K&}&JVF!UTP9W�KMLGp�NOJµ��C��[JV�GK½ÆECEP�J UTREK

�4DG}¶JVD4UÇJ!N�CEL�pHUT}MF�CEp!p�JV��KQÈ�D�LG}&J!N�CEL

SV (ω) = 2

∫ ∞

−∞
dteiωt〈δVDQD(t)δVDQD(0)〉 , �9H$Ê Ã�H �

Ã�H



JV�GK&LC
7K�CEI�JVUTN�L

〈δφ̃(t)δφ̃(0)〉 =
e2

2

∫ t

−∞
dt′
∫ 0

−∞
dt′′
∫ ∞

−∞
dωe−iω(t′−t′′)SV (ω) . �9H$Ê Ã � �

��K&F/�hCEF�Á�NOLGR�J!�GKÂN�LqJ!KMREF!UTP�p©C1ÆEKMF"J!�GK>J!N�Á�K t′ UÇLGW t′′ � UTLGW:LGCÇJVN�L�R�JV�GUÇJ"JV��K:�4DG}¶JVD4UÇJ!N�CEL�p°C��ÐJV��KÆECEP�J UTRTKQUT}&F!CEp�p�JV�GK ¨ = ¨ È�DGLG}&J!N�CEL>F!KMP�UÇJVK�JVC°J!�GKQ}&DGF!F�KMLqJ �4DG}¶JVD4UÇJ!N�CEL�p�JV�GF�CEDGRE�xJV�GKQÁ�KMp�CEp!}&CEBGNO}
WGK&Æ�NO}MKvUÇp SV (ω) = |Z(ω)|2SI(ω) �&
HN�JV� Z(ω) N�p�JV�GK�JVFVUÇLGp!NOÁ�B�KMW4UÇLG}MK�}MCEL�LGKM}¶JVN�L�R`WGK&J!KM}¶JVCEFUTLGWlWGK&Æ�NO}MKr}MN�F�}MDGN�JVpHUTL�W SI(ω) = 2

∫∞
−∞ dte

iωt〈∆I(t)∆I(0)〉 UTBGB�KjUÇF!p©N�LlU�L�CEL$´µp¬��Á�Á�K&J!F!N �&KMW
�hCEF!ÁC�7
7K��4UjÆEK

J(t) =
π

RK

∫ ∞

−∞
dω
|Z(ω)|2
ω2

SI(ω)(e−iωt − 1) , �9H$Ê Ã ? �

HNOJ!� RK = 2π/e2 N�pQJ!�GK��iD4UTLqJVDGÁ C���F�KMp!NOp�JVUTLG}MKÇÊ

±µLÕJV�GKxP�NOÁ�N�JHC��,p!Á�UTPOP)�4DG}&J!D4UÇJ!N�CELGp½C��,ÆECTPOJ UÇREK>UÇ}MF!CTp!p½J!�GK©È�DGL�}&JVNOCEL)� J(t) NOp½L�CTJ"WGN�ÆEK&F!RENOLGR
�hCEF�P�CTLGRÂJVNOÁ�K&p���
7K�K��$B4UTLGW eJ(t) ' 1 + J(t) N�Ll»,��Ê � H�Ê G@A �QUTLGWeWGK&F!N�ÆEK

P (ε) '
{

1− π

RK

∫ ∞

−∞
dω
|Z(ω)|2
ω2

SI(ω)

}

δ(ε) +
π

RK

|Z(ε)|2
ε2

SI(ε) .
�9H$Ê ÃGA �

���GK"�GF!p�J;B4UTF¬J;F�KMLGCEF�Á UÇP�N �&KMp,JV��K½K&P�UTp¬JVN�}©}MD�F!F!K&LqJ 
H�GK&L ε = 0 Ê�±µL�� UT}¶J!�iIq� }&CELqJVF!CTP�P�NOLGR"JV��K°RqUÇJ!KÆECEP�J UTRTKQN�LÂJ!�GK�WGK&J!KM}¶JVCEFÐ}MNOF!}&DGNOJ/J!CS}MCELqJ!F!CEP ε 6= 0 ��
;KHWGC�LGCÇJ,}MCEL�p!N�W�KMF �hDGF�J!�GKMF/J!�GN�p�JVKMF�ÁzÊT± � J!�GKN�Á�B K&W4UTLG}&K ZS
NOp/p!Á�UTPOP$K&LGCEDGRE� � ZS = 0.1RK

���ÇJ!�GK�}MCTDGBGP�NOLGR"C��
J!�GKQLGCENOp!KQNOLqJVC"JV��K�WGK&J!KM}&J!CEF,N�p
p!D ��}&N�KMLqJ!PO�ÂK��9K&}&J!NOÆEKHIGD$J,JV�GK�JVF!UTLGp�N�Á�B K&W4UTLG}&KQN�pÐUTB�BGF!C!�$N�Á�UÇJVN�ÆEK&PO�rN�LGW�KMB�KMLGWGK&LqJ7C�� �hF�KM�iDGKML�}&��~
|Z(ω)|2 ' |Z(0)|2 ≡ κ2R2

K
Ê ���GKÂP�UTp�J"�hCEF!ÁÂD�P�U 
7KÅCEI�JVUTN�LC�hCEF½J!�GKÂNOLGKMP�UTp�J!N�}r}MDGF�F!KMLqJSJ!�GF!CED�RE�

JV�GK ¨ = ¨ N�p

Iinel(ε) ' 2π2κ2T
2
c

e

SI(ε)

ε2
. �9H�Ê ÃE¿ �

	�K �4L�W5JV�GUÇJ�JV�GKl}MDGF�F!K&LiJ �4DG}¶JVD4U3JVN�CTLGp U3J �hF�KM�iDGK&LG}&� ω F�KMp�DGPOJ�N�L2JV��KlNOLGKMP�UTp�J!N�}É}&DGF!F�KMLqJvU3J
P�K¶ÆEKMP�WGN �9K&F!KML�}MK ε = ω Ê����GUÇJÂÁ�KjUTL�p(
7Kv}jUÇL�p�J!DGW���JV�GK�BGF!CEB�KMF¬JVNOKMprC��H}MDGF�F!K&LiJ>LGCENOp!K NOL�J!�GKÁ�K&p!CEp�}MCEB�N�}SWGK¶Æ$NO}MK�Iq�eN�LqÆEK&p�J!N�RqUÇJ!N�LGRÂJ!�GK�N�LGK&P�UTp¬JVNO}"}MDGF�F!K&LiJ©C���WGK¶JVKM}¶JVCEF&Ê

���GN�p"NOLqJVKMF�KMp¬JVN�L�RvJV�GK&CEF!K¶JVN�}MUTP�N�WGKMUv�4UTp"p�C�� UTF"KMPODGWGK&W:K��$B K&F!NOÁ�K&LiJVUTP�ÆTKMF�N@�4}MUÇJVNOCEL)�9B�CEp�p!N�I�PO�
I K&}jUTD�p!K NOL�J!�GK WGCTDGIGP�K�WGCTJxp���p¬JVKMÁC��UTWGWGN�JVN�CTL4UTP � D�LB
;UTLqJVK&W��xp�CEDGF!}&KMpÂC���N�LGK&P�UTp¬JVNO}Åp!}jU3J!JVK&F!NOLGR
F!K&LGWGKMF�U`B�F!KM}&N�p�KÉLGCEN�p�KvÁ�KjUTp�DGF!K&Á�K&LiJÂ��D�NOJVKÉW�N���}MDGP�JjÊ�± JÅN�pxJV�GK&F!K%�hCTF!KÉLGK&}MKMp�pVUTF¬� JVC:POC$C�� �hCEF
WGK&J!KM}¶JVN�CTLx}&N�F!}&DGNOJ!p 
H�GN�} �>UTF!K�P�K&p!p�Æ$D�P�LGK&FVUTIGPOK,JVC°W�N�p!p�N�B4U3JVN�CTL)�jUTp�N�p�JV��K7}MUTp!K�C��Gp�DGB�KMF!}&CELGWGD�}&JVNOLGR
}MNOF!}MD�NOJVp%�GI�KM}jUÇDGp!K�C���JV�GK�BGF�KMp�KMLG}&K>C���JV�GK�p�DGB K&F!}&CELGWGDG}¶JVNOLGR�REUTB+Ê

� ����� � � �,��!"���
� � #�
.!"�+��#�!"����� � ��� � ��#�� �1�:�(#�% !,#�
.���

®°p�UTL�UTB�BGP�NO}jUÇJ!N�CEL)� 
7K�p�JVD�W��`JV��KÅ}MDGF�F!KMLqJrLGCENOp!KÅp�B K&}&JVF�DGÁ C��;Uv�iD4UTLqJVD�Á B CTN�LqJS}MCTLiJVUT}&JMÊ[±µL
¯©K��bÊ�' ÃÇÄ)(8�4L�CEN�p�KxC����iD4UTLqJVDGÁ B�CEN�LqJH}&CELqJ UT}¶J � p�KMKx»,��Ê � Ã�Ê HG� �;N�Ll} �4UTB�J!KMFSÃ ��NOpH}MCELGp�N�WGK&F!K&W:UTp©U
�hDGLG}¶JVN�CTLvC���F!K&LGCEF�Á UTPON �&KMW��hF�KM�iDGK&LG}&� ν = ω/|eVdev| � �hCEFQp!NOÁ�B�P�N�}&NOJµ����
;K°JVU��TK eVdev > 0 ���F
HN�JV�
N = 2 UTLGWeWGN �9K&F!K&LiJHÆÇUTPODGKMp�C���JV��K�J!CTJ UÇP9JVF!UTLGp!Á�N�p�p!NOCEL T =

∑N
α Tα

SI(ω) =
2e3Vdev

π















2Tν N � ν > 1 ,
∑

α Tα(1− Tα)(1 + ν) +
∑

α T
2
α2ν N � 0 < ν < 1 ,

∑

α Tα(1− Tα)(1 + ν) N@� −1 < ν < 0 ,
0 N � ν < −1 ,

�9H�Ê Ã�I �

Iinel(ν)

HNOJV��ÆÇUTP�D�KMp,C���JV�GK�J!CTJ UTP$JVFVUÇLGp!Á�N�p�p!N�CTL�UTF!KHBGPOCTJ!J!KMW�N�L�Ë�NOREDGF!K4H�Ê H$Êq���GK©UTp���Á�Á�K¶JVF��

C���LGCENOp!K"W�K&JVK&F!Á�N�LGK&p;JV��KSÁ UTNOL��hKMUÇJVDGF�KSC�� Iinel(ν)
Ê�±µLvJV�GK�UTI�p!CEF�B�JVNOCELvp!NOWGK��F�hCEFQCEB�KMLÉ} �GUTLGLGK&P�p

Ã �



��� �����	� �������
Iinel(ν) � �b� ����� �#�"'(! 16π2κ2T 2

c /hVdev � !E'����0'�* �.5(��;b���%�"'(! �-���/�D'��D�<; �-�������1*:� �O�%� '�� T =
1, 1.5, 2

�1'��h�	�%�12�'���3��b���:�#':�?��� �1'����&�+����'�����; �b�$��6(�-����3j���1���13.; �+�����<��3:�-���,;=�b������� �?�q�O�D�(�`��� �W���0�%�Z�����-���<���1*:� � �
�%� '��43���2�����3<�����1��'(!

Iinel
!E'��n��� �(�13S5(�<;=���4'(! �-���:!D�	�1@��$�����-A��

ν = −0.25
!E'�� ��G��0'���2��?� '��B�<��3

ν = 0.25!E'�� ��*8� �O�%� '����b
����Z�

� 
H�GNO} ���4UjÆTK Tα
}MPOCEp!K�JVC 1 �[N�L�JV�GNOp�}jUTp�K T = 1 UTLGW T = 2 ����J!�GK�LGCEL$´ KM�iDGN�PON�IGF�N�DGÁ B4UTF¬J>C��

JV�GK�LGCENOp!K�N�p �MK&F!C`UÇLGW�LGCÕKMLGK&F!RT��}jUÇL�I�K UTI�p!CEF�I K&W�Iq��W�K&JVK&}&J!CEF��&
H�GN�POK �hCEFxL�CEL$´µCTB K&L�} �4UTL�´
LGKMPOp°JV��K�L�CEL$´µK&�iDGN�PON�IGF�N�DGÁ LGCTN�p!KÅNOp �4LGN�JVK�UTL�W�J!�GKÅWGK¶JVKM}¶JVCEF�}MUTL�UTIGp!CTF!I�KMLGK&F!RT�`K&ÆEK&L�U3J �MKMF�C
JVK&Á�B�KMF!UÇJVDGF�KTÊ�»,Á�NOp!p�N�CEL�N�p�B CTp!p!NOIGP�K?�hCEF�I CÇJV� CTB K&LÉUTLGW�LGCEL$´ CEB K&L } �4UÇLGLGKMPOpQWGDGK©JVC �MKMF�CÇ´µB�CENOLiJ
�4DG}¶JVD4UÇJ!N�CEL�p�p!C�JV�GK�N�L�KMP�UÇp�JVNO}"}MD�F!F!K&LqJ>�hCTF ν > 0 N�pHUTP 
QUj��p �4LGNOJ!KTÊ���GKQN�L�KMP�UÇp�JVNO}7}&DGF!F�KMLqJÐWGK&B K&LGWGN�L�RSCELÂJV�GK7JVFVUÇLGp!Á�N�p�p!N�CTL>N�p�p!�GC�
HL�N�LxJV�GKQNOLGp!K¶JVp�J!C�Ë�N�RTDGF!K�H�Ê H
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N�LGR�K&LiÆ�NOF!CELGÁ�KMLqJ �hJ!�GKeWGK&J!KM}¶JVCEF ��UTL�W J!�GKzK&LGKMF�RT�2K��$} �4UÇLGREKÕI�K&J*
7KMK&L JV��KMÁ UTp�p �ÇK&J!} �GKMW NOL
Ë�N�RTDGF!KAH�Ê ?$Ê/®½Lq�#�iNOLGW5C��°BGF�C$}&KMp�p!KMp�N�LqÆECTPOÆ�N�LGR�K&Á�NOp!p!NOCEL2C��½KMLGK&F!RT� �hF!CTÁ·JV��KzWGK¶Æ�N�}MKeJVC�JV��K
KMLqÆ�N�F�CELGÁ�KMLqJxUTF!K�WGK&BGN�}¶JVKMW�Iq�:JV�GK�DGB�B K&F>UTF�F!C�
¡UÇLGW�}&CELqJVF�N�IGD�J!KÅJVC S+(ω) ��
H�GNOP�KÅBGF�C$}&KMp!p�KMpUTp!p�C$}&N�UÇJ!KMW 
HNOJV�vUTIGp!CTF!B�J!N�CEL�C��[KML�KMF!RÇ���hF�CEÁ¡JV�GK½KMLqÆ�N�F!CTLGÁ�K&LqJHUTF!K½N�LGW�N�}jU3JVKMW�Iq��J!�GK"POC�
7KMF;UTF¬´
F!C�
 UTL�W }MCTLiJ!F!NOIGD�JVKHJVC S+(−ω) � p!K&K"»,�ipMÊ � Ã$Ê G
Ã �ÐUTLGW � Ã$Ê G�H ���hCEF�WGK��4LGNOJ!N�CEL�p��¶Êq±µL K��$B K&F!NOÁ�K&LiJ!p
CEL�Á�K&p!CEp�}MCEBGNO}½p¬��p�JVK&Á�p%�$��N�RE�$´8�hF!K&��D�KMLG}¶��LGCEN�p�KHN�pÐDGp!DGUTP�P��ÅÁ�KMUTp!D�F!KMW�Iq��}&CEDGBGPON�LGR�}MUTB4UT}&NOJVN�ÆEK&PO�

HNOJ!�vUxW�K&JVK&}&J!N�CELv}&N�F�}MDGN�J!��
H�GN�} � N�p�WGK&ÆTKMP�CTB K&W��hF!CEÁ¦J!�GK°I4UÇp!N�}½N�WGKMUxC��[¯©K��bÊ ' ÃTÄ)(|Êi���GK"WGK¶JVKM}¶JVNOCEL
BGF!NOLG}MNOBGP�K�NOpÐI4UTp!K&WvCEL�JV�GK©LGCENOp!K¶´ N�LGW�DG}MK&W BG�GCÇJVCÇ´µUTp!p�N�p�J!KMW�JVDGLGL�KMP�NOLGRrC��+�iD4UTp�N�B4UÇF�JVNO}MPOKMpÐI K¶J*
;K&KML
JV�GK�J*
;C:p�DGB�KMF!}&CELGWGD�}&JVNOLGR:KMPOKM}¶JVF!C�WGK&pÂC��©UÕp�DGB K&F!}&CELGWGDG}¶JVCEFb´µNOLGp!DGP�UÇJVCTF¬´µp�DGB�KMF!}&CELGWGD�}&JVCTF�� À$±¬À �
È�DGLG}¶JVN�CTL+Ê ����N�pSUTPOP�C�
Hp?�hF!KM�iDGK&LG}&�`F!KMp�CEPOÆTKMW:Á�KjUTp�DGF!K&Á�K&LqJVpSI�K&J*
7KMKML��hK%
�¸ Ô �>UTLGW�U �hK%
 G1ÄTÄ
¸ Ô ���4WGK&B K&LGWGNOLGR�CTLlJ!�GK�p!DGB�KMF�}MCELGW�DG}&J!N�LGR�RqUTB+Ê4���GNOp?��NOLGWGp©C���K��$B K&F!NOÁ�K&LiJ½UTF�K�B K&F/�hCEF�Á�K&WzNOL
JV�GK =SDGUTLqJVDGÁ ��F!UTLGp!B�CEF¬JSREF!CTDGB:N�L ¨ KMP@�#JS¹½LGN�ÆEKMF�p!N�Jµ�:UTLGW`J!�GK�­zK&p!CEp�}MCEBGNO}��,�i��p�N�}Mp�REF�CEDGB:NOL
JV�GK�Í�UTI�CEF!UÇJVCEF¬�ÕC���À$CTP�N�W��,�q��p!NO��D�K UÇJS��UTF�N�p¬´bÀ$CED�J!��¹½LGN�ÆEKMF�p!N�Jµ����Ì"F!p!U1�TÊ[���GK�pVUTÁ�BGPOKÂDGp!K&W�J!C
WGK&J!KM}¶J½��N�RE�$´8�hF!K&��D�KMLG}¶�É}MDGF�F!K&LiJ½LGCENOp!KSC���Á�K&p!CEp�}MCEB�N�}SWGK¶Æ$NO}MK&p°UTF�KSp!�GC�
HLzN�LlË�N�RTDGF!K<H$Ê A�Ê

® RTC$C�WÉp!K&LGp!N�JVNOÆ�N�Jµ�ÉN�pHUT} ��N�K&ÆTKMWzIi�e�GU1Æ�NOLGR�I�CTJ!�eJ!�GK�WGK&Æ�NO}MKxUTLGWeJV�GK�WGK¶JVKM}¶JVCEF©N�L�p!KMF¬JVK&WzNOL
UTL:CEL$´ } �GN�B:}&N�F�}MDGN�JVF��TÊ ±µL:J!�GK�¯©K��bÊ ' Ã7G�(9�9JV��KÅÁ�K&p!CEp�}MCEBGNO}ÂWGK¶Æ$NO}MKÅNOpSUTLGCTJ!�GKMFrÀ�±¬À�È�D�LG}&J!N�CEL`W�DGK
JVC�JV�GK½® ³ ÒTCEp!K&BG�Gp�CELvK%� KM}¶J 
H�GK&F!K©JV�GK½LGCEL$´ p���Á�Á�K&J!F!N��MKMW�LGCENOp!K?
HNOJ!� �hF�KM�iDGKML�}&� �hF!CEÁ ?SJVC DTÄ
¸ Ô ��N�p,Á�KjUTp�DGF!K&W �hDGB�JVC;G1ÄEÄr¸ Ô ���qW�KMB�KMLGWGNOLGR�CEL�JV�GKHp!D�B K&F!}MCTLGWGDG}¶JVN�L�RxÁ�UÇJVK&F!N�UTP � ÊÇ®QJ��GNORE�GKMF
IGN�UÇp°p!��CTJ"LGCTN�p!K�
QUTp°Á�KMUTp!DGF�KMW:WGD�K>JVCvJ!�GKÂ�iD4UTp�N�B4UTF¬JVNO}MP�Kr}MD�F!F!K&LqJjÊ+���GK>KMÁ�N�p!p�N�CELzB4UTF¬JSC��,JV��K
LGCENOp!KQNOp �4F!p¬J7Á�KjUÇp!DGF�KMW�DGp!NOLGRrUSp!DGI$´ RqUTB�IGN�UTp!K&W�W�K&JVK&}&J!CEFMÊq���GKHp!UTÁ�K�p�} �GKMÁ�KHN�p,DGp�KMW�JVC�WGK¶JVKM}¶J
JV�GK�}MDGF�F!K&LiJ��4DG}¶JVD4UÇJ!N�CEL�pÂUTF�N�p!NOLGRA�hF!CEÁ }&CE�GKMF�KMLqJÅ} �4UÇF!REKvCTp!}MNOP�P�UÇJVNOCELGp"NOL�UzJ*
7CÇ´µPOK&ÆTKMP�p���p�J!KMÁC�
UÕp!D�B K&F!}MCTLGWGDG}¶JVN�L�R�} �GUTF!REK ��D�IGNOJMÊ�® L4UÇF!F!C�
¤I4UTL�W B KMU���NOp>CEIGp�KMF¬ÆEKMW N�L�JV�GKÉp�B K&}&JVF!UTP;L�CEN�p�K
WGKML�p!NOJµ��UÇJxJV�GK �hF!K&��D�KMLG}¶��C��QJ!�GK }&CE�GK&F!KMLqJÅ} �GUTF!REK�CEp!}&N�POP�UÇJ!N�CELGp&Ê�±µLGWGK&KMW)��UTpxJ!�GK W�K&JVK&}&J!CEFÂN�p

��� �����	� ��� ��� � � � I(V )
'(!��-��� 3��%�D�1�%�#'<� ���$3����Q* '���'I�����	'�* ���?� �)�b�h����3�� ���&� '�� � G�; �$��� ������5$� ��� �-��'����m�b�h����3�� ���&� '�� � 6��� �?� !D�	�1@������$�-A"�b��3�� �����D�13"'��,�-��� �������	�,�<��3p��� ���,����'������ �<*82�;=� �-��3����#'.�$��5$�:� 5�� �%�bG�; � � � � �������	�����-6 ���$3�0������* ���?� �S2�� �%�?�<�	�%�:'(!)�-�����-��������;=�b��� 2(�	'I�1�%�O�"�b��5$'�; 5$�13 �b�B�-����� � � ���������������-���	'������.�-���"3��%�D�1�%�#'<�h�����-! �� |VD| < 2∆/e

6 '���; A>��*:� �O�%� '��.G?A>�-���4�0'����	�1�����<� ; ���$3/�#' � � �q� 	 � �����8� |VD| > 2∆/e
�?�$�43<�%�#�1�%�D'�� � �

* ���+��; A:�0�����%� �&� 5$� �#'B�<G��0'<��2��?� '��BG?A4�-��� �0'������1��� � G � � @���� 5(��; ����� �(�b�	����� � '(!s�?�$�,�&��* 2�; ���=
�
 �Z�

Ã�I



NOJ!p!KMP ��U>Á�KMp�CEp!}&CEBGN�}½WGK&Æ�NO}MK��$JV�GK½WGK&Æ�N�}&KSDGLGWGK&FQp�J!DGW�� UTLGWvJ!�GK"WGK¶JVKM}¶JVCEF;LGKMK&WeJ!CÂI�K°}MCTLGp!NOWGKMF�KMW
CEL�J!�GK©pVUTÁ�K°POK&ÆEK&P Êi±µLv¯HK%�bÊ ' ÃEÃ (9��J!�GK©BG�GCTJ!CÇ´bUTp�p!NOp�JVK&W JVD�LGLGKMPON�LGRr�iD4UTp�N�B4UTF¬JVNO}MP�KH}&DGF!F�KMLqJ;J!�GF!CED�RE�
JV�GKÅW�K&JVK&}&J!CEF�WGDGKÅJVCÉJV��KÅ�GN�RE�'�hF�KM�iDGK&LG}&��}MD�F!F!K&LqJ(�GDG}&J!D4UÇJVNOCELGpSC���JV��KÅp!CEDGF�}MK��[N�L:JV�GKÅF�KMRENOÁ�K
eVD, ω � kBθ

�4NOp

IPAT (VD) = IQP (VD)− IQP,0(VD)

=

∫ +∞

0

dω
( e

ω

)2

SV (−ω)IQP,0

(

VD +
ω

e

)

+

∫ eVD

0

dω
( e

ω

)2

SV (ω)IQP,0

(

VD −
ω

e

)

−
∫ +∞

−∞
dω
( e

ω

)2

SV (ω)IQP,0 (VD) , �9H�Ê Ã�D �


HNOJ!� SV (ω) J!�GKÉLGCEL�´µp���Á�Á�K¶JVF�N �MK&W p!B�KM}¶JVFVUÇPQWGKML�p!NOJµ��C��©K��$}MK&p!p�ÆECEP�J UTREK��4DG}&J!D4UÇJ!N�CELGpÂUÇJ �hF!K ´�iDGKMLG}¶� ω UT}&F!CEp�p©J!�GKrWGK&J!KM}&J!CEF©UTLGW IQP,0(VD) JV�GK I(V ) } �4UTFVUÇ}&JVK&F!NOp�JVNO}�C���J!�GKrWGK&J!KM}&J!CEF?
H�GKMLJV�GK�p�CEDGF!}&KxNOp�LGCTJ©B�CEP�UTF�N �&KMW)� VD
JV�GK�WGK¶JVK&}&JVCTFHÆTCEPOJVUTREKÇÊ SV (ω) N�p�F�KMP�UÇJVK&WeJ!C�J!�GK�}MDGF�F!K&LiJ>�4DG} ´JVD4U3JVN�CTLGp�C��SJV�GKzp!CED�F!}MK SI(ω, VS) JV�GF�CEDGRE� J!�GKzJ!FVUTL�p!N�Á�B�KMW4UTL�}MK Z(ω) WGK¶JVKMF�Á�NOLGKMW5Iq�5J!�GKCEL$´ } �GN�B�}MN�F�}MDGN�JVF¬��' SV (ω) = |Z(ω)|2SI(ω, VS) ( Ê����GK½WGN@� KMF�KMLqJ;J!KMF!Á�p;C���»,��Ê �9H$Ê Ã�D �Ð}&CELqJVF!NOIGD�J!KCELGP��'
H�GKML�JV�GK�UTF!RTDGÁ�K&LqJxC�� IQP,0
NOp��GN�RE��KMF�JV�4UTL 2∆/e � N Ê KTÊ IQP,0 6= 0 � Ê[���GN�prWGK%�GLGKMprJ*
;CF!K&REN�Á�KMpHC��,W�K&JVK&}&J!N�CEL+Ê6	 �GK&L |eVD| < 2∆ CEL�PO�ÉJV��K��4F�p�J°J!KMF�Á NOL`»,�
Ê � H�Ê Ã�D ��}MCELqJVF�N�IGD$JVKMp&~.
7K

UTF!K�J!�GKML�Á�KMUTp!DGF�N�LGRSJ!�GKHKMÁ�N�p!p�N�CEL�C�� JV�GK©p!CTDGF!}&K � Ë�N�RED�F!K?H�Ê ¿ � U ���qPOK%�#J��¶Ê�	 �GK&L |eVD| > 2∆ �iUTP�PJV�GK"J!KMF�Á�pQ}&CELqJVF�N�IGD�J!KSIGD�J4
HN�JV�lUÂp�J!F!CEL�REKMF4
7KMNORE�qJ �hCEF;JV��KSUTIGp�CEF!B�J!N�CELÉIq�vJ!�GKSp!CTDGF!}&K �|Ë�NOREDGF!K
H�Ê ¿ � U ����F!N�RT�iJ��¶Ê

± J��4UTp�I�KMK&Llp��GC�
HLÉJV�4UÇJQIi� Á�KMUTp!D�F!N�L�RÂJV�GK"B��GCTJVC3´bUTp�p!N�p¬JVK&WeJ!DGLGLGK&P�NOLGRÂ}MD�F!F!K&LqJHC���UÂp!DGB�KMFb´
}MCEL�WGDG}&J!N�LGRQÈ�DGLG}¶JVNOCEL 
7K½UTF!K½UTIGPOKQJVCrÁ�KMUTp!DGF�K½p�KMB4UÇFVUÇJ!KMPO����UTLGW;
HNOJV��}MCTÁ�B4UÇFVUTIGPOK�p!K&LGp!N�JVNOÆ�N�JVN�K&p��
JV�GKS}&CELqJVF�N�IGD�J!N�CELÉC���K&Á�NOp!p�N�CELeUTL�WzUÇIGp!CEF�B�JVNOCELvJVCÅJ!�GK�LGCEL$´ p���Á�Á�K&J!F!N��MKMWÉ}&DGF!F�KMLqJ?�4DG}¶JVD4UÇJ!N�CEL�p
C���JV�GKSp�CEDGF!}&KTÊ�Ë4CEFQJV��N�p�B4UTF¬JVNO}MDGP�UTF;WGK¶JVK&}&JVNOCELlp!} �GK&Á�K��
J!�GKSp���Á�Á�K¶JVF�N �MK&Wz}&DGF!F�KMLqJ?�4DG}¶JVD4UÇJ!N�CEL�p
UTF!K©LGCTJ7F!K&P�K¶ÆTUÇLiJ��$I�KM}MUTDGp�K½JV��K&��Á�N ��KMÁ�N�p�p!N�CTL UTL�WvUTIGp�CEF!B$JVN�CTL+Êi���GK°}&DGF!F�KMLqJ4�4DG}¶JVD4U3JVN�CTLGp7W�DGK
JVCÉ�iD4UTp�N�B4UÇF�JVNO}MPOKxJVD�LGLGKMPON�LGRÉNOL�UlÒTCEp!K&BG�Gp!CTLÉÈ�DGL�}&JVNOCEL:BGF�KMp!K&LqJÂUvp¬JVF!CTLGRlUTp���Á�Á�K¶JVF��ÕI K¶J*
;K&KML
KMÁ�N�p�p!N�CTL�UTL�W�UTIGp�CEF!B$JVN�CTL)� 
HNOJV��p!NOLGREDGP�UTF!N�JVN�K&pSN�L�KMÁ�N�p!p�N�CEL�CEF>UTIGp!CTF!B�J!N�CEL�WGKMB�KML�WGN�LGRÕCEL�JV��K
IGN�UÇp�}MCELGW�NOJVNOCEL+Ê

���GK"À�±¬À�CEL$´ } �GN�B�WGK¶JVKM}¶JVNOCEL p�} �GKMÁ�K°NOp7UÇP�p!C�DGp�KMW J!CxW�K&JVK&}&J;LGCEN�p�KHREKMLGK&FVUÇJ!KMW�Ii��U��iD4UTLqJVDGÁ
WGCTJ"�hCEF!Á�KMW`NOL:U p�N�LGREPOK�
;UTP�P�}jUÇF!I�CEL:L4UTLGCÇJVDGI�K ' Ã�H (|Ê[­zKMUTp!D�F!KMÁ�KMLqJ�C��Ðp��GCTJSL�CEN�p�KÂC1ÆEKMF�U �hDGP�P
³ CEDGPOCEÁÂIÂWGN�UTÁ�CELGWÅN�p�F!KMB�CEF¬JVKMW 
HN�JV��K��$}MN�JVK&W�p¬J UÇJ!KMp�UTLGW�NOLGKMP�UTp�J!N�};}&CTJVD�LGLGKMPON�LGRS}&P�KMUTF!P��xÆ�N�p�N�IGPOKTÊ
À$DGB�KMFb´b��CTN�p!p�CELGN�UTLeLGCEN�p�KSN�p�WGK¶JVK&}&JVK&WÕNOLeJ!�GK�}jUTp�K�C���NOLGKMP�UTp�J!N�}"}&CTJVD�LGLGKMPON�LGR�Ê

ÌSL5JV�GK`CÇJV�GK&Fv�4UTLGW��7JV��KÕK��$B�KMF�N�Á�KMLqJ UTP½F!KMUTP�N��jUÇJ!N�CEL2C��rU��iD4UTLqJ!DGÁ W�CTJÉCEB�KMF!UÇJVNOLGR�UTp U
�GN�RT�$´ �hF�KM�iDGKML�}&�zLGCEN�p�K>WGK¶JVK&}&JVCTF°N�p½BGF!K&p!K&LiJ!KMW�N�LÕ¯©K��bÊ ' ¿ ? (|Ê ³ D�F!F!K&LqJ<�4DG}&J!D4UÇJ!N�CELGp½BGF!C�WGDG}&KMW:NOL
UlL�KjUTF�Ii���iD4UTLqJ!DGÁ B CENOLqJ�}MCELqJ UÇ}&JxN�CELGN��MKÅJV��K��iD4UTLqJ!DGÁ WGCTJxUTLGW�N�LGWGD�}MK�JVFVUÇLGp!B�CEF�J�J!�GF!CED�RE�
K��$}MN�JVK&W�p�JVUÇJVK&pMÊ����GK F�KMp!D�POJVNOLGRzJ!FVUTL�p!N�K&LqJ>}&DGF!F�KMLqJÂJV��F!CEDGRT��JV��K �iD4UTLqJVD�Á·WGCÇJ>F�KMBGF�KMp!K&LqJVpÂJV��K
WGK&J!KM}¶JVCEF©p!NOREL4UTP|ÊG±µLqÆEKMp¬JVNORqUÇJVNOLGR�NOJVpHWGK&B K&LGWGK&LG}MKÂCTLzJV��Kx�iD4UTLqJ!DGÁ B CENOLqJH}MCELqJ UÇ}&J©JVFVUÇLGp!Á�N�p�p!N�CTL
UTLGW2ÆECEP�J UTRTKlI�N�UTp%�/JV�GKzUTD�J!�GCEF!p�CEI�p!KMF¬ÆEK:UÇLGW5K��$BGP�UTNOL U��iD4UTLqJVD�Á J!�GF!K&p!�GCTP�W �hKjUÇJ!DGF!KzUTLGW5U
pVUÇJ!DGFVU3JVN�CTL:N�L`JV��KÅWGK&J!KM}&J!CEF�p!NOREL4UTP|Ê9���GNOpSK��$B K&F!NOÁ�K&LiJVUTP,UTL�W�J!�GKMCTF!K&J!N�}MUTP/p�J!DGW��:NOpSF!K&P�K&ÆÇUTLqJ�NOL
DGLGWGK&F!p¬J UTLGW�N�LGRÅJV��KrIGUT}��E´bUT}¶JVN�CTLzC���UÅ�iD4UTLqJVDGÁ B�CENOLiJQ}MCELqJ UÇ}&J©DGp!K&W`UTp©UÅ} �4UTF�REK�WGK&J!KM}¶JVCEF&Ê
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Î;K%�hCTF!K�Á�KMp!CTp!}MCTBGN�}HBG�q��p!NO}Mp3
QUTpÐI�CEF!L��qp!DGB�KMF�}MCELGW�DG}&J!CEF!p7UTP�F�KjUTW$�ÂWGNOp!BGP�U1�TKMW�U�ÆÇUTF�N�K¶Jµ�ÂC�� BG�4UTp�K
}MCE��KMF!K&LqJÐBG�GKML�CEÁ�K&L4U��Çp!DG} ��UTp�J!�GK©ÒTCEp!K&BG�Gp�CEL�K%� KM}&JMÊE±µL�F!K&}MKMLqJ,�TKjUTF�p��Ep�}MN�K&LqJVN�p¬JVp,�4UjÆTK�I K&KML�N�L$´
JVK&F!KMp¬JVK&WÂN�L�JV�GK�BGF�CEIGP�K&Áz~%
H�4UÇJ 
;CED�P�W>�GUTBGB�KML>N �4UHLGCEF�Á UTPqÁ�K&JVUTPqP�KMUTW 
QUTp�BGD�J�N�Lr}MCTLiJVUT}&J 
HNOJ!�
U p!D�B K&F!}MCTLGWGDG}¶JVCEF&Ê�Ë
CTF°K���UTÁ�BGPOK��9NOLÕJV��K�Ë�N�RED�F!K H$Ê@G���N@�ÐCTLGKÅC��,J*
7ClL�CEF!Á�UTP�´ }MCEL�WGDG}&J!N�LGR�KMPOKM} ´
JVF�C$WGK&p�NOp�F�KMBGP�UT}MK&W>Iq�xU½p�DGB K&F!}&CELGWGDG}¶JVNOLGR"KMPOKM}¶JVF!C�WGK��

7K;�4UjÆTK�U½LGCTF!Á�UTPqÁ�K¶J UTP8´µp�DGB K&F!}&CELGWGDG}¶JVCEF
È�DGLG}¶JVN�CTL � ²"À�È�DGL�}&JVNOCEL�� ÊT­lDG} �ÂK��$B�KMF�N�Á�KMLqJ UTP$UTLGWrJV�GK&CEF!K¶JVNO}jUTP�
7CEF ��CELÅ²°ÀQÈ�DGL�}&JVNOCELGp��4UTp�I K&KML
WGCELGK�F�KM}MK&LqJVPO�vp!N�L�}MK�p!DG} �ÅÈ�DGLG}¶JVN�CTLGp��4UjÆEKxUTW�ÆÇUTLqJ UÇREKMp �hCEF�}&KMF�JVUTN�LeBGF!UT}&J!N�}MUTP[UTBGB�P�N�}MUÇJVNOCELGp&Ê

±µLÕJV�GNOp°} �4UÇB�JVK&F��
JV�GKÂIGUTp!NO}rJ!FVUTLGp�NOJ!N�CELlBGF!CTB K&F�JVNOKMp½C��Ð²"À�È�D�LG}&J!N�CEL)�
p�B K&}MN�UÇP�PO� JV�GKÂ®½LGWGF�KMK&Æ
F!K��4KM}¶JVN�CTL 
HN�P�PiI�K�N�LqJVF�C$W�DG}MK&W+ÊT���GNOp�
HN�POP$I�KQDGp�K%�hDGP7�hCEF�JV��KQF!KMUTWGKMF�p �hCEP�POC�
HN�LGR©JV�GKQL�K���JÐ} �4UTB�J!KMF%�
I K&}jUTD�p!K<
;K 
HN�POP9WGK&p!}&F!N�I�KrU�L�CEN�p�KSWGK&J!KM}&J!CEF 
H�GN�} �lK��$BGPOCENOJ!p�®°LGW�F!KMK¶ÆeF!K��4KM}¶JVN�CTL+Ê

����
 � � 
�� ��� ��� 
���� �
®°LGW�F!KMK¶ÆSF!K��4KM}¶JVNOCEL�N�p[UQp�B K&}MN�UÇPTJµ��B KÐC���B4UTF¬JVNO}MP�K�p!}MUÇJ!J!KMF!NOLGR 
H�GN�} ��C�}M}&DGF!p�UÇJ�NOLqJVKMF�� UT}MK&p[I K¶J*
;K&KML
p!DGB�KMF�}MCEL�WGDG}&J!CEF!p�CEF°LGCEF!Á�UTP�Á�K¶J UTP8´µp�DGB K&F!}&CELGWGDG}¶JVCEF°N�LqJVK&F/� UT}&KMpMÊ9±µL:p!DG} ��UvF!K��4KM}¶JVN�CTL�B�F!C�}MKMp�p
UTLlKMP�K&}&J!F!CELlN�LG}&N�WGK&LqJHCELlJ!�GKrN�LqJVK&F/� UT}&KrNOpHF!K&J!F!CÇ´ F!K��4KM}¶JVKMWÕUTLGWl}MCELqÆTKMF�J!KMW`NOLqJVC�U���CEP�KrUTLGWeÆ�N�}&K
ÆEK&F!pVU$ÊG���GKSWGN �9K&F!KML�}MKMp�I�K&J*
7KMK&LÕLGCTF!Á�UTP F�K%�4K&}&J!N�CELeUTL�WÉ®°LGWGF�KMK¶ÆÉF!K��4KM}¶JVN�CTLeUTF!KSNOP�P�D�p�JVF!UÇJVK&W NOL
Ë�N�RTDGF!K
��Ê@GEÊ����GN�pHBG�GK&LGCEÁ�KMLGCTLzNOp4�hCEDGLGWlIq�É®°POK���UTLGWGK&F©Ë;ÊG®°L�WGF!K&K&ÆeN�L�G�DGA�H�' ¿GA ( Ê

���GK�I4UTp�N�} �iLGC�
HPOKMWGREK�C��
®°LGWGF�KMK¶ÆÅF!K��4KM}¶JVN�CTLÅN�p�D�p!D4UTPOPO�rWGK&p!}MF�N�I�KMW�CELÅUÇLÅN�LqJVK&F/� UT}&KQI K¶J*
;K&KML
U�LGCTF!Á�UTP[Á�K¶J UTP�UTL�W:U�pb´ 
;U1ÆTKÅ}MCELqÆTKMLqJVNOCEL4UTP�p!DGB�KMF�}MCEL�WGDG}&J!CEF 
HN�JV�ÕJ!�GK>NOLiJ!KMF�� UT}MKrN�p½UTp!p�DGÁ�KMW
JVC�I�K"JVFVUÇLGp!B4UÇF!KMLqJMÊ
	�K=�iLGC�
 J!�4UÇJ�p!D�B K&F!}MCTLGWGDG}¶JVCEF/�GUTp�UÇL>KML�KMF!RÇ�>RqUÇBxC���
HN�W�J!� 2∆ NOLrJ!�GK;W�KMLGp�NOJµ�rC��Gp¬J UÇJ!KMp�UÇJ

JV�GK�Ë4K&F!Á�N+KMLGK&F!RT��� }jUÇP�P�K&W µS
�¶Ê Ô KMLG}&K��4JV��KMF!KrUTF�K�LGC�p!N�L�REP�K"BGUTF�J!N�}MPOK"p�JVUÇJVK&p©UÇJ�JV�GCTp!KrKMLGK&F!RENOKMpMÊ

® LGCEF!Á�UTPQÁ�K&JVUTP8���GC�
;K¶ÆEKMF%�;�4UÇp UTPOPQKMPOKM}¶JVF!CTL5p¬J UÇJ!KMp��GP�P�K&W2DGB5J!C�J!�GKlË
K&F!Á�N�KMLGK&F!RT� �h}jUTPOP�K&W
µL
�¶Ê ³ CELGL�KM}&J!N�LGR2JV��KMp!K�J*
;C5Á U3JVKMF�N�UTPOp�J!�GKMF�K0
HNOP�P"I�K�K&P�K&}&JVF�CELGpeÁ�C
Æ�NOLGR �hF!CEÁ J!�GK�LGCEF!Á�UTP

Á�K¶J UTP�JVC�
;UTF!WGp�JV��K�p�DGB�KMF!}&CELGWGD�}&JVCTFxCEL�PO�`N � µL − µS > ∆ �hCEP�POC�
HNOLGR�J!�GK�LGCEF�Á UTP�F!K%�GKM}&J!N�CEL9Ê
À$N�L�REP�KQBGUTF�J!N�}MPOKQJVF!UTLGp!Á�N�p�p!NOCELGpÐUTF�KHJ!�GKMF�K%�hCEF�K>�hCTF!IGNOWGWGKML;
H�GK&L µL−µS < ∆ Ê Ô C�
7K&ÆEK&F����GN�RT�GKMFb´CEF!W�KMF7J*
7CÇ´ B4UTF�J!N�}&P�K©BGF!C�}MK&p!pQNOp7B�CEp!p�N�IGPOKTÊ$Î7��JVF!UTLGp/�hK&F!F�N�LGR>J*
7CÂK&P�KM}¶JVF�CELGp�UÇJ7JV�GK½pVUTÁ�K½J!N�Á�K��qJV��K
N�LG}&N�WGK&LqJ�UTLGWeUÇLGCTJV��KMF;CTLGK��4U ³ C$CEB�KMF;B4UTN�F�}jUÇLÉI K �hCTF!Á�KMWvNOL JV�GK°p!DGB�KMF�}MCELGW�DG}&J!CEFMÊG±µLvÆ�NOK%
�C��
UÂp!NOLGREP�K°B4UTF�J!N�}&P�K"BGNO}&J!DGF!K���JV�GKSp�KM}&CELGWzUTWGWGN�JVN�CTL4UTP�KMP�K&}&J!F!CELe}MCTF!F!K&p!B�CELGWGpHJVC�UÅF�K%�4K&}&JVK&Wz��CEP�KSNOL
JV�GK�LGCTF!Á�UTP9Á�K&JVUTP Ê

���GKÕBGF�CEB�KMF�J!N�K&p C��"J!�GKÕ®½LGWGF�KMK&Æ5F!K��4KM}¶JVNOCEL�}MCTÁ�B4UÇF!N�L�R0
HN�JV�5J!�GKÕL�CEF!Á�UTP�F!K��4KM}¶JVNOCEL UTF�K
WGN�p�}MDGp�p!K&WÕI�KMP�C�
�~
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�(����� ÊE���GKHF!K��4KM}¶JVKMW

HEÄ
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� ���<G��0'��hG��13 �b�:�-���,�1�<2������1'���3����%�D'�� ���q� 	 'j'�2����n2$���b�h�

B4UÇF�JVNO}MPOK �#JV�GK��GCEPOK��"�4UTprJV�GK�CEBGB�CEp!N�JVK�} �4UTF�REKvUTp�JV��K N�L�}MN�W�KMLqJ>BGUTF�J!N�}MPOK �hJV��K�K&P�KM}¶JVF�CEL��¶Ê
���GKrÁ�N�p!p�N�LGRÅ} �GUTF!REK�C��/ÃÇK�N�pHUÇIGp!CEF�I K&WzNOLqJVCÂJV��Krp�DGB�KMF!}&CELGWGD�}&JVCTF°UTp©U ³ C�CEB K&FHB4UTN�F&Ê

• � ��� �'� �(� � �	��

����� �
��� �������$#%�&� � � �'� � ��� �


��������� � �!��� �"������� ��� 
	� � ��� �


�(����� ÊE���GK©�GCEPOK
J!FVUjÆEK&P�pÐUTPOCELGR°J!�GKQpVUÇÁ�KQPON�LGK;UTp/NOLG}MNOWGKMLqJ,K&P�KM}¶JVF�CELÅIGD�J,NOLÅCEBGB�CEp!N�JVK7WGN�F�KM}&J!N�CEL��3J!�4UÇJ,Á�KjUTL�p
UTPOP[}MCEÁ�B�CELGKMLqJ!p½C���JV��KrÆTKMP�C�}MN�Jµ�vÆEK&}&J!CEF"UTF�K�F!K&ÆTKMF�p!KMW9Ê9���GKr}MCEL�p!KMF¬ÆÇUÇJVNOCELÕC���Á�CTÁ�K&LiJ!DGÁ
NOpHUTLeUTBGBGF�C!��NOÁ U3JVN�CTL)��ÆÇUTPON�WvN �[JV�GKSp�DGB�KMF!}&CELGWGD�}&JVNOLGR�K��$}MN�J UÇJ!N�CELvREUTB ∆ N�p;ÁÂDG} �ep!Á�UTP�POKMF
J!�4UTLeJV�GKrË4KMF�Á�N+K&LGKMF�RT�ÉC���JV��KrL�CEF!Á�UTP+Á�K&JVUTP Ê
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�(����� Ê�����KvKMPOKM}&J!F!CEL NOpÂUÇJÂUTL
K&LGKMF�RT� ε UTI C1ÆTKvJV�GKlË4KMF�Á�N7P�K&ÆTKMP�UÇLGW JV�GKe�GCEPOKvN�pÂUÇJ�UTL2KMLGK&F!RT� ε I K&P�C�
 N�JjÊ�®°LGWGF�KMK¶Æ
F�K%�4K&}&JVNOCELlN�pHUTLlKMP�UTp�J!N�}"p�}jUÇJ�JVKMF�N�LGR�BGF�C$}&KMp�pMÊ
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������� Ê,��C��hCEF!Á U ³ C�CEB�KMF�B4UTNOF

H�GNO} ���4UTp �MK&F!CÕJ!CTJ UTP,p�BGN�L���J!�GK�F�K%�4K&}&J!KMW �GCEPOK�p��GCEDGPOW��4UjÆTK JV�GK�CEBGB�CEp�NOJVK�p!B�N�L�UÇpxJV��K
K&P�KM}¶JVF�CEL+Ê/Ë4CEFrJV�GNOp>F�KjUTp�CEL)�/®½LGWGF!K&K&Æ�F!K%�GKM}&J!N�CEL NOp>p�DGBGBGF�KMp!p�KMW N@��J!�GKvÁ�K&J UÇP7NOpÂU,�hKMF�F!CÇ´
Á�UTRELGK¶JjÊ

Î;KMp�N�WGK&p7JV��K½Á�UTN�L�BGF�CEB�KMF�J!N�K&p�C��[®°LGW�F!KMK¶Æ�F!K%�GKM}&J!N�CEL��B
H��N�} �vUÇF!K©p!�GC�
HLÉUTI�C1ÆEK��F
7K>�GLGW JV��K
CTJV��KMFrBGF!CEB�KMF¬JVNOKMp�p!DG} �2UÇpM~[JV�GK�®°LGW�F!KMK¶Æ�F!K%�GKM}&J!N�CEL�N�prp!DGB�BGF!K&p!p!K&W 
H�GKML 
;K�N�LG}&F!KjUÇp!K IGUTF!F�N�KMF
p�J!F!KML�RTJV�2I�K&J*
7KMKML JV�GKeÁ�UÇJVK&F!N�UTP�p���J!N�Á�K F!K¶ÆEK&F!pVUÇP©p¬��Á�Á�K&J!F���F�KM�iDGNOF!KMpÅJ!�4UÇJÂJ!�GKMF�KlK��$N�p�J!p�UTP�p�C
UTL:®°L�WGF!K&K&Æ:F�K%�4K&}&JVNOCEL�N�L'
H�GNO} ��Uv��CEP�KÂNOp"F!K��4KM}¶JVK&W�N�LqJ!CeUTL:KMPOKM}&J!F!CEL9Ê+���GK�BG�4UTp�KÅWGN@� KMF�KMLG}&K
I K¶J*
;K&KMLÉJV��K°KMPOKM}¶JVF!CTLÉUTLGWÉ�GCTP�K©N�L J!�GK°®½LGWGF!K&K&Æ F!K%�GKM}&J!N�CEL N�p −π/2 BGPODGp7J!�GK"BG�4UÇp!K"C��9JV�GK"p�D$´B K&F!}&CELGWGDG}¶JVNOLGRxCTF!WGK&F7B4UÇFVUTÁ�K&J!KMFMÊ�²©CTJVNO}MK�JV�4U3J;®½LGWGF!K&K&Æ�F!K��4KM}¶JVNOCEL �4UÇp;UTL UTL4UTPOCEREDGK�NOL�CTB�JVNO}Mp��
�iLGC�
HLÕUTp©UÅBG�4UÇp!K *i}MCEL3È�D�RqUÇJVNOLGR�Á�NOF!F�CEF ' ¿E¿ (|Ê

®°p 
7K;�GU1ÆTKQWGNOp!}MD�p!p!K&W�UTI�C
ÆTK7J!�4UÇJ�JV�GK7®°LGWGF�KMK¶Æ>F�K%�4K&}&JVNOCELÂ�4UÇBGB K&LGp/U3J�J!�GK;NOLiJ!KMF�� UT}MK&p�C��
²°À
È�DGLG}¶JVN�CTLGpHCEF½p�DGB�KMF!}&CELGWGD�}&JVCTF¬´µp�DGB�KMF!}&CELGWGD�}&JVCTF�È�DGLG}¶JVN�CTLGpMÊ
±µLzJ!�GK>À�²"À>È�DGLG}&J!N�CELA�hCEF©N�LGp¬J UTL�}MK��

HNOJ!�GN�LÅJV��K½LGCTF!Á�UTP4Á�K¶J UTP4NOpÐp!DGF�F!CEDGL�WGKMWvIq��JV��K½p�DGB K&F!}&CELGWGDG}¶JVCEF�p��$UTLGW UrLiDGÁÂI�KMF�C��[®½LGWGF�KMK&Æ
F!K��4KM}¶JVN�CTLGp"UTB�B KMUTF°U3J°JV��KÂ²"ÀlN�LqJVK&F/� UT}&KMpMÊ����GNOp°K%� KM}¶JSN�p©}jUÇP�P�K&W:­zD�POJVNOBGP�K�®½LGWGF!K&K&ÆÕ¯©K��4KM}¶JVNOCEL
�hJ!�GKSF!K&P�UÇJ!KMWlB4UTB�KMF�}jUÇLzI�K<�hCEDGLGWeN�Ll¯HK%�bÊ�' ¿�I (��¶Ê
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±µLÉ¯HK%�bÊ ' ¿�D (8��JV�GKSUÇD�JV�GCTF!p;�GU1ÆTKSWGN�p�}MDGp�p!K&WeJ!�GK°J!FVUTLGp�Á�NOp!p�N�CEL UTLGWÉF!K��4KM}¶JVNOCELvC���B4UÇF�JVNO}MPOKMpQU3J;JV��K
LGCEF�Á UTP Á�K¶J UTP8´µp�DGB K&F!}&CELGWGDG}¶JVCEF�NOLqJVKMF�� UT}MKÇÊ
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Ë�N�F�p�J��6
7KÂ}&CELGp!NOWGKMF½JV�GKÅÎ7CERECEPODGI C1Æq´µW�KÂ¸SKMLGL�KMp°J!�GKMCEF¬�`UÇBGBGP�NOKMWC�hCEF½J!�GK>REK&LGKMF!UTP�N��MK&W`p!K&Á�NO}MCEL$´
WGDG}¶JVCEF�Á�C$W�KMP ' IEÄ�� I7G�( Ê
	�K;UTF!K7LGC�
5}&CELGp�N�WGK&F!N�L�R½JV��KQREKML�KMFVUÇP$K&P�KM}¶JVF�CELÂp���p¬JVKMÁC��
HN�JV�>UTLÅUTBGB�P�N�K&WÂUTF�IGNOJ!FVUTF¬��K���JVK&F!L4UÇP

B CÇJVKMLqJ!N�UTP V (x) Ê4���GK�K%� KM}¶JVNOÆTK Ô UTÁ�N�POJ!CELGN�UTL C���JV��N�p�p���p¬JVKMÁ NOp�p!NOÁ�BGP���
HF�NOJ�JVKMLzUTp

Heff =

∫

dx

{

∑

σ

Ψ†σ(x)

(−∇2

2m
− µS + V (x)

)

Ψσ(x)

+ ∆(x)Ψ†↑(x)Ψ
†
↓(x) + ∆∗(x)Ψ↓(x)Ψ↑(x)

}

, � ��Ê@G �


H�GKMF�K�J!�GK�CEB K&FVUÇJ!CEF!p Ψ � Ψ† pVU3JVN�p��#��N�LGR�JV��K;UTLqJ!N�´µ}&CEÁ�ÁÂD�J U3JVN�CTL°F!D�P�KMp&Ê
���GK&��}MUTL>I�K7W�KM}MCTÁ�B�CEp!K&WN�LvJ!KMF!Á�pHC���JV�GK&N�FHË4CEDGF�N�KMF;}MCEÁ�B CTLGKMLqJVp©UTp

Ψσ(x) =
∑

k

eikxckσ ,

Ψ†σ(x) =
∑

k

e−ikxc†kσ ,
� ��Ê Ã �


HNOJ!� c†kσ
� ckσ

��N�p�JV��K;}MF�KjUÇJ!N�CEL �|UTLGL�N��GNOP�UÇJ!N�CEL��
CEB�KMFVU3JVCEF&�hCEF/UÇL>KMPOKM}¶JVF!CTL)�

H��N�} �Â�4UÇp/Á�CTÁ�K&LiJ!DGÁ
k UTLGW2p�BGN�L σ N�L�J!�GKeÎ ³ À�JV�GK&CEF�� ' I�G ( Ê����GK �4F!p¬JÅJVKMF�Á�NOL � �GÊ G �xWGK&p�J!F!C1��p UTL�W }&F!KMUÇJVK&p�CTLGK
KMPOKM}&J!F!CELeUÇLGWlJ!�GKMF�K%�hCEF�KS}MCEL�p!KMF¬ÆEK&p½JV��KSL�D�ÁÂI K&F�C���B4UTF�J!N�}&P�KMp&ÊGÎ;D$J�JV�GKSJ*
7C�P�UTp�J�J!KMF�Á�p�NOLG}MF�KjUTp�K
CEF�WGKM}&F!KjUÇp!K`J*
7C�B4UTF¬JVN�}&P�K&pMÊÐ���GK`Á�KjUTL C��"JV��KÕBGF�C$WGD�}&J Ψ†Ψ† � ΨΨ UTF�KÕLGCTL$´ ÆÇUTLGNOp!�GNOLGR�UTLGW
JV�GK&p!K�JVK&F!Á�p 
HNOP�P/B�P�Uj��UTL�N�Á�B CTF�J UÇLiJ"F!CEPOKTÊ ∆(x) NOpr}MUTP�POKMW:JV��K�BGUTN�FSB�CTJVK&LqJVN�UÇP Ê+���GK�K%� KM}¶JVN�ÆEKÔ UTÁ�N�P�JVCEL�N�UTL � �GÊ G �;NOp�WGN�UTRTCEL4UTPON �MK&WvIq�ÉJV�GKrÎ;CTRECEP�D�I C1Æ�JVFVUÇLGp/�hCEF�Á U3JVN�CTL

Ψ↑(x) =
∑

k

[

uk(x)γk↑ − v∗k(x)γ†k↓
]

,

Ψ↓(x) =
∑

k

[

uk(x)γk↓ + v∗k(x)γ
†
k↑

]

, � ��Ê H �


H�GKMF�K γ � γ† UTF!K�LGK%
 CTB K&FVUÇJ!CEF!prp�J!N�P�P,p!UÇJVNOp/�#��N�L�RzJV��K �hK&F!Á�N�CEL�}MCEÁ�ÁÂD�JVUÇJVNOCEL�F!K&P�UÇJ!N�CELGp&Ê[���GK&�
UTF!K }jUTPOP�KMW �hK&F!Á�N�CEL���DGUTp!N8´µB4UTF¬JVNO}MP�K�CEB�KMFVU3JVCEF�pMÊ/���GKep¬J UÇJ!K uk(x)

� vk(x)
�>}MCEF�F!K&p!B�CELGWGpÅJVC:J!�GK


QUjÆTK"�hDGLG}¶JVNOCEL�C��+UrKMP�K&}&J!F!CEL$´ P�N@�TK � ��CEP�K ´µP�N@�TK����iD4UTp!N8´µB4UÇF�JVNO}MPOKHUÇJ�B CEp�NOJ!N�CEL x Êi���GK©}MCEF�F!K&p!B�CELGWGNOLGR

HqÃ



Ô UTÁ�N�P�JVCEL�N�UTL��4UTp©UÅWGN�UÇRECEL4UTP �hCEF!Á

Heff = Eg +
∑

kσ

Ekγ
†
kσγkσ ,

� ��Ê<� �


H�GKMF�K Eg
N�p/JV��K©RTF!CEDGL�W�p¬J UÇJ!KHKMLGK&F!RT�ÅC�� Heff

UTLGW Ek
NOp/JV�GKHKML�KMF!RÇ�ÅC���JV�GKHK��$}&NOJ U3JVN�CTL n Êq���GNOpÔ UTÁ�N�P�JVCEL�N�UTL�BGF!C1Æ�N�W�KMpÅJV�4U3JÅJV�GKeKMPOKM}¶JVF!CTL5UÇLGW5��CEP�K 
;UjÆEKC�hDGLG}&J!N�CEL�pÅpVUÇJ!N�p/�#��JV�GKlÎ;CTRECEP�D�I C1Æ

KM�iD4UÇJ!N�CEL�p

Eu(x) = [−∇
2

2m
− µS + V (x)]u(x) + ∆(x)v(x) ,

Ev(x) = −[
−∇2

2m
− µS + V (x)]v(x) + ∆∗(x)u(x) . � �GÊE? �

±µL�BGF!NOLG}MNOBGP�K��&JV��KMp!K�KM�iD4U3JVN�CTLGp[LGKMK&WxJ!C©I�K,p!CTPOÆEK&Wxp�KMP ��´µ}MCTLGp!NOp�JVK&LqJVPO�TÊj���GK (uk

vk

) UÇF!K,KMNOREKML7�hDGLG}&J!N�CEL�p
C���U�PON�LGKMUTFQp¬�$p¬JVK&Á 
HNOJV�e}&CEF!F�KMp!B�CELGW�N�LGR�KMNOREKMLqÆÇUTP�D�KMp Ek

~

E

(

u

v

)

= Ω̂

(

u

v

)

. � ��Ê A �

���GK�CEB�KMFVU3JVCEF Ω̂ N�p Ô K&F!Á�NOJ!N�UTLvp�C�J!�4UÇJ�J!�GK�WGN@� KMF�KMLqJ©KMN�RTKML��hDGL�}&JVNOCELGp (u
v

) UTF�KSCEF�J!�GCERECTL4UTP Ê
± � (u

v

) N�p;J!�GKSp!CEPOD�JVNOCEL �hCEF7JV�GKSK&N�REK&LiÆÇUTPODGK E J!�GKML (−v?

u?

) N�p7JV�GKSp�CEP�D�J!N�CEL��hCEF;JV��KSKMN�RTKMLqÆÇUTP�DGK
−E Ê±µL0
H�4U3J<�hCEP�POC�
Hp"
;K;
HN�POP/UTp�p!DGÁ�K V (x) = 0 Ê)	�K �GLGW�J!�GK�KMNOREKML��hD�LG}&J!N�CELGpSNOL:JV�GK�REK&LGKMF!UTP
�hCEF!Á

(

u(x)

v(x)

)

=

(

u0

v0

)

eikx Ê9± �3
7K�CTLGPO�l}MCTLGp!NOWGKMFSK&LGKMF�REN�K&p E > ∆ J �9JV��KMF!K 
HNOP�P�I KÂUvB4UTN�F°C��
Á UÇRELGNOJ!DGWGK&pQC�� k UÇp!p!C�}MN�UÇJVK&W 
HNOJV�eKMUT} �ÕK&LGKMF�RT�

k± =
√

2m
[

µS ± (E2
k −∆2)1/2

]1/2
, � ��Ê ¿ �


HNOJ!� Ek = (∆2 + ε2k)
1/2 � εk = k2

2m
− µS

Ê�­zCTF!KMC1ÆTKMF���I�KM}jUÇDGp!K�C��;J!�GK�Î ³ À�BGUTN�F�N�LGRÉC�� k UTLGW
−k � 
7K�ÁÂDGp�J"}MCELGp�N�WGK&F"I�CTJV�:p�N�RELGp°C�� k �9p�CÉJV�4UÇJ°JV�GK&F!KÂNOpSU �hCEDGF��hCEP�W`W�KMREK&LGKMF!UT}&�ÕC���F!KMPOK&ÆÇUTLqJp�JVUÇJVK&p"�hCEF½KjUT} � E � p�KMKÅË�NOREDGF�K �GÊ Ã � 
HNOJV�lJV�GKxLGCTJ!N�}MKrJV�4U3J°JV��KxJ*
7C��hCEP�Wzp!BGNOL`WGK&REKMLGK&FVUT}¶�`CEL�PO�
U�� KM}&J!p LGCTF!Á�UTP�N��jUÇJ!N�CEL p�N�LG}&KÕJV�GK&F!KzN�p L�C�p!BGNOL$´ �GN�B BGF!C�}MK&p!p!K&pMÊ ³ CTLGp!NOWGKMF�N�LGR�J!�GKÕF�KMP�UÇJVNOCELGp�C��
CEB�KMFVU3JVCEF�p7NOLvÎ;CERTCEP�DGI�C1ÆÅJVF!UTLGp/�hCTF!Á�UÇJVNOCEL)��
7K �4LGW J!�4UÇJ7JV�GK½K��$}MN�J UÇJ!N�CELGp;UÇJ ±k+ UÇLGW ±k− UTF�KBGF!K&WGCEÁ�N�L4UÇLiJ!PO��KMPOKM}&J!F!CEL�´µP�N@�TKSUÇLGWz��CEP�K ´µP�N@�TK��$}&CEF!F�KMp!B�CELGW�N�LGREP��EÊ

±µL�REKML�KMFVUÇP8�&
;K�}jUTL NOLiJ!F!C�WGDG}&K�J!�GKvKMPOKM}¶JVF!CTL � �GCEPOK�K��$}MNOJVUÇJVNOCEL�CTB K&FVUÇJ!CEF!p 
HNOJ!��JV�GK�KMLGK&F!RT�
F!K&��D�N�F!K&W�JVC`Á�U��ÇKÉUTL K��$}&NOJ U3JVN�CTL 
HNOJ!� } �4UTF!RTK e N�p Eek = µ + Ek

� 
H�GNOP�K�JV�4UÇJ>JVC`Á�U��TKvUTL
K��$}MN�J UÇJ!N�CEL'
HN�JV��} �4UTF�REK −e WGN �9K&F!pSIq� 2µ UTLGW�NOp Ehk = −µ + Ek = −(µ − Ek)

Ê�Ë4F!CTÁ JV��K
}MCEL�p!KMF¬ÆÇUÇJVNOCEL C��°} �4UTF�REK`UTL�W JV�GKl}MCTLGp!K&F�ÆÇUÇJVNOCEL C��SKMLGK&F!RT���=
7K,�4L�W JV�GK&F!KÕUTF!KA�hCEDGF�B CTp!p!NOIGP�K
BGF!C�}MK&p!p�KMpSN�LqÆTCEPOÆ�N�L�R�J!FVUTLGp��hKMF"C��ÐU p!NOLGREPOKxK&P�KM}¶JVF�CELGN�}x} �4UTF�REK>NOL`p!DGI�p���p�J!KMÁ�p GÅUTLGW�Ã�~ K&P�KM}¶JVF�CEL
JVF!UTLGp/�hK&F!p>�hF!CEÁ GrJVCeÃ � CEF©F!K¶ÆEKMF�p!K�� �+�GCTP�K�JVFVUÇLGp/�hK&F!p"�hF�CEÁ G>J!CÉÃ �hCEF©F!K&ÆTKMF�p!K�� �+}MF�KjUÇJ!K>K&P�KM}¶JVF�CEL
N�L GrUTLGWl�GCEPOK"N�LzÃ�� CTF�WGKMp¬JVF!C1�eI�CTJV� � �G}&F!KjU3JVK��GCEPOKSN�L GrUTLGWlKMPOKM}&J!F!CELeNOLÕÃ��hCEF�WGKMp¬JVF�C
�vI CTJ!���¶Ê
	�K �4L�W�J!�4UÇJ�JV�GK&p!K�KMLGK&F!REK¶JVNO}jUTPOPO�:UÇP�P�C�
7KMW:JVF!UTLGp�NOJVNOCELGpSC�}M}&DGF!prN@��I�CTJV� ±Ek,i

UTF�K�p¬��Á�Á�K&J!F!N�}

HNOJ!�lKMUT} � µi

� p!K&KrË�N�RED�F!K �GÊ H �¶Ê

� ����� � L �1��!,����
.����
.#�! ��! � �1� �,��� ��
.#�!�� #�%,�,�	����
.� �.��� �)� ��*�� ��� 
.!"��� �1% �����

	�K �GF!p�J�}&CELGp�N�WGK&F�J!�GKÅp!} ��KMÁ�UÇJVNO}ÅWGN�UTRTFVUTÁ C���KMLGK&F!RT�ÕÆ$p�Á�CEÁ�KMLqJVDGÁ UÇJ�²°À�NOLiJ!KMF�� UT}MK 
H�GNO} �
N�pvp��GC�
HL�NOL Ë�N�RTDGF!K ��Ê<�GÊ�ÌSL�K:KMP�K&}&J!F!CEL N�L�}MN�W�KMLqJÉCEL JV��K:N�LqJVK&F/� UT}&K'�hF!CEÁ JV�GK:LGCTF!Á�UTP°p¬J UÇJ!K
M�� [ ]�P�XZUW\0[ XZY<R�X Y<[&f#[?R1^�X#[&f

∆
V�[&]<P�XZ[-a�XZY�[�ah_<ej[?f#\&P�]<V�_j\OXZU+]����$R�eoUb]��
	��/XZY<[&P�f#g�r9lnY�UW\DYHUWa Ub]H^	R�\OX XZY<[

R�d e<kbUbXZ_<V�[ P�^QejR�U+fnejP�XZ[&](X#U+R�k
∆(x)

lnY�[?]�U=X T1R�f#U+[?a ahejR1XZUWR�k+k+g�t

H�H
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HNOJ!��K&LGKMF�RT� E > ∆ ��UTprN�LGW�N�}jU3JVKMW�Iq�:JV��K UTF�F!C�
¡U3JrJ!�GK�p�J U3JVK�P�UTI�KMPOKMW 0 N�L�Ë�N�RTDGF!K �GÊ �l}jUTLJVF!UTLGp/�hK&F7J!�GF!CED�RE�vJV�GK°N�LqJVK&F/� UT}&K"
HNOJ!� JV��K 
QUjÆTK�ÆTKM}¶JVCEFQCTLvJV�GK"p!UTÁ�K°p!NOWGK"C��[J!�GKSË4KMF�Á�N
p�DGF/� UT}&K
� q+ → k+ �+}&CEF!F�KMp�B CEL�WGN�LGRÉJ!CeJ!�GK�B CTN�LqJ 4 � � 
HNOJ!��J!�GKÅBGF�CEI4UTIGNOP�N�Jµ� C(E) �°CEFE
HN�JV�`J!�GK 
QUjÆEKÆEK&}&JVCTF�}&F!CEp�p!NOLGRSJV�GF�CEDGRE��JV�GK©Ë4KMF�Á�N$p!DGF�� UT}MK � q+ → −k− �E}&CEF!F�KMp�B CEL�WGN�LGRSJ!C�J!�GKHB CTN�LqJ 2 � � 
HNOJ!�JV�GK�BGF�CEI4UTI�N�P�N�Jµ� D(E) �¶Ê����GN�p©KMPOKM}&J!F!CELe}MUTLÕI�K�F!K%�GKM}&J!KMWÕUTp©UTLzK&P�K&}&JVF�CELA
HNOJV�eJV��KrB�F!CEI4UÇIGN�PONOJµ�
B(E) � }MCTF!F!K&p!B�CELGWGNOLGR�J!C�J!�GKxB�CENOLiJ 5 ���
CEF°UÇp°U��GCEP�KrCELlJV�GKxCTJV�GK&F½p�N�WGKrC��/J!�GKÂË4K&F!Á�N[p!DGF�� UT}MKIq�Õ®½LGWGF!K&K&ÆÕF!K%�GKM}&J!N�CEL�� 
HNOJ!�:BGF!CTI4UTIGNOP�NOJµ� A(E) �h}MCEF�F!KMp�B CTLGWGN�L�RvJVC J!�GKÂB�CEN�LqJ 6 �¶Ê����GKÅP�U3J!JVK&FBGF!C�}MK&p!pQNOLqÆECEP�ÆEKMpQUxJVF!UTLGp/�hK&FQC���U>BGUTN�F�}jUTF�F���N�L�RÂ} �4UTF�REK 2e �F
H�GN�POK©J!�GK"CTJ!�GKMF7BGF!C�}MK&p!p�KMp�JVF!UTLGp/�hK&FCELGP��ÉUÅp!NOLGREP�K°KMP�K&}&J!F!CELGNO}S} �4UTF�REKTÊ4���GKr}MCTLGp!K&F�ÆÇUÇJVNOCELeC���BGF!CEIGUTIGN�PONOJµ��F!K&��D�N�F!K&p�JV�4UÇJ

A(E) +B(E) + C(E) +D(E) = 1 . � �GÊ I �
	 �GKML�UeÆTCEPOJVUTREKÅNOp�UTBGBGPON�KMW`J!ClJ!�GK�²"À�È�DGLG}¶JVNOCEL)��UTp�p!DGÁ�N�LGRÉIGUTP�PON�p�J!N�}>UT}M}&KMP�K&FVUÇJ!N�CEL:C��;JV��K

�iD4UTp!N8´µB4UÇF�JVNO}MPOKMp 
HNOJ!�GCED�J°p!}jU3J!JVK&F!NOLGR��hCEF©JV�GKx}jUTp�KÂC��ÐU�p!Á�UTP�P�CEF�N@�4}&Kx}&CELGLGK&}&JVNOLGRvÁ�UTp!p�NOÆTK>KMPOKM} ´
JVF�C$WGK&p��[JV��K�WGNOp�J!F!N�I�D�JVNOCEL �hDGLG}&J!N�CEL�pxC��QUTP�P,NOLG}MCTÁ�NOLGReB4UTF�J!N�}&P�KMprUTF�K�RTNOÆEK&L�Iq��JV�GK�KM�iDGNOP�NOIGF!NODGÁ

HG�



Ë4KMF!Á�N �hDGLG}¶JVN�CTLGp��$UTB4UTF¬J �hF�CEÁ¡JV�GK"K&LGKMF�RT��p!�GN �#JQWGDGK½JVC>J!�GKSUT}&}MKMPOKMF!UÇJVNOCEL B�CTJVK&LqJVN�UÇP Êq®°POP NOLG}MCTÁ�´
N�LGRzKMPOKM}&J!F!CEL�p �hF!CEÁ JV��KlÀ�p!N�W�Kv�4UjÆEKvJ!�GKvWGNOp�JVF�N�IGD$JVN�CTL �hDGLG}¶JVNOCEL f0(E) � 
H�GNOP�K�JV�GCEp�KÉ}MCEÁ�N�L�R
�hF!CEÁ¤JV�GKr²¼p�N�WGKrUTF�KrW�KMp!}&F!NOI K&WzIq� f0(E − eV ) Ê4���GK�}&DGF!F�KMLqJ°NOp�RENOÆTKMLzUTp

I = 2N(0)evFA
∫ ∞

−∞
dE [f→(E)− f←(E)] , � �GÊ D �


H�GKMF�K A NOpÂUTL�K��9K&}&J!NOÆEK ´µLGK&}���}&F!CEp�p¬´µp�KM}¶JVN�CTL2UTF!KMU���NOL�J!�GKvCEF�N@�4}&K�Á�C$W�KMP�C��HUÕB�CEN�LqJx}MCELqJVUT}&J��
A = πa2/4 ��
HN�JV� a NOp/JV�GK©FVUTW�N�DGpÐC���JV�GK©CEF�N@�4}&KTÊ N(0) F!K��hKMF�p�J!CrJ!�GK½CTLGK¶´ p!BGNOL�W�KMLGp�NOJµ��C��9p�J U3JVKMpUÇJ εF Ê����GKxP�UTp�J �hCTF!ÁÂDGP�U>C���JV�GK�}&DGF!F�KMLqJ°}MUTLlI KSK���B�F!KMp�p!K&W�UTp

INS = 2N(0)evFA
∫ ∞

−∞
dE [f0(E − eV )− f0(E)] [1 + A(E)−B(E)] , � �GÊ G1Ä �


HNOJ!�GN�L�JV�GKS�iD4UTLqJ!NOJµ� [1 + A(E)− B(E)] }MUTLÉI K°F!K%�hK&F!F�KMWÉJVCÅUÇp;JV�GK � JVF!UTLGp!Á�N�p�p!NOCEL�}&C$K ��}MN�K&LqJ
�hCEF�K&P�K&}&JVF�N�}MUTP$}&DGF!F�KMLqJ �VÊT���GNOp��hCEF�ÁÂDGP�U 
H�GNO} �ÅWGKMp�}MF!NOI K&p,I CÇJV�Â®½LGWGF!K&K&ÆÅF�K%�4K&}&J!N�CELÂB�F!C�}MKMp�p!K&p7UÇLGW
�iD4UTp!NOB4UTF¬JVN�}&P�KSJVF!UTLGp��hKMF���p!��C�
Hp½JV�4UÇJ>
H�GNOP�K�CEF!W�N�L4UTF¬�eF!K��4KM}¶JVN�CTL`F!K&WGDG}MK&p°JV��K>}MD�F!F!K&LqJ!�9®½LGWGF�KMK&Æ
F!K��4KM}¶JVN�CTL�NOLG}MF�KjUTp�KMp>N�J�Iq��RTNOÆ�N�LGReDGB�JVCeJ*
;ClJVF!UTLGp/�hK&F!F�KMW�K&P�KM}¶JVF�CELGp��|U ³ C$CEB�KMF�B4UÇN�F�� �hCEF�CEL�K
N�LG}&N�WGK&LqJHCELGKTÊ

� ������� L *�� ��#�! ���,�7����!���� #�% � !,#	� ��� � ������� � �F��� � � ����#�! ���,�7��#	� � �,!,���
��
.#�!

��� �����	�
� ������� 'I3���;�'(! �/3�� �0'���3����	�13 �$'���* ��;s�	�%��� '�� � �?�$�>3<���1���13 �	�%��� '�� � ��3 �D�$�1�����,�D'H�S�1��2����	�1'���3��$�%�#'<�
� S � � N1

�<��3
N2

�(�	��� 3<����;Q��'���* ��;Q; ���$3�������
��Z�

±µL`¯HK%�bÊ ' IEÃ (9� U��iD4UTLqJVDGÁ J!FVUTLGp�B CTF�J©JV�GK&CEF�� �hCEFH}&CELGWGDG}¶JVNOCELzJ!�GF!CED�RE�`UTLÕ²"ÀeN�LqJVK&F/� UT}&Kx�4UÇp
I K&KML`W�K&ÆEK&P�CEB�KMW9Ê9���GKÂÁ�C�WGKMP�}MCEL�p!N�W�KMF!K&W:N�p©N�POP�DGp¬JVFVU3JVKMWzN�LÕË�N�RED�F!K �GÊE?�Ê ± J°}MCELGp�N�p¬JVp"C��,U WGN�p�CEF¬´
WGKMF�KMWÅLGCTF!Á�UTPiF!KMRTN�CELxN�LGp�KMF�J!KMWÂI�K&J*
7KMK&L�J*
7C"NOWGKjUTP�LGCEF�Á UÇP�POKjUTW�p N1

UÇLGW N2
�EUTLGWÂUTW3È!UT}&KMLqJ/JVC°U

p!DGB�KMF�}MCEL�WGDG}&J!CEFMÊ����GKSCELGP���p�}jUÇJ�JVK&F!N�L�RÅN�L J!�GK"p!D�B K&F!}MCTLGWGDG}¶JVCEFH}MCTLGp!NOp�JVp;C���®°LGWGF�KMK¶ÆvF!K��4KM}¶JVNOCEL
UÇJ�JV��Kx²°ÀeNOLqJVKMF�� UT}MKSNOpHUTp!p�DGÁ�KMW+Ê

®°LeKMPOKM}&J!F!CELÉNOLG}MNOWGKMLqJHNOL JV�GKSPOKjUTW N1
NOpQF!K��4KM}¶JVK&WzK&NOJV��KMF�UTpHUÇLlK&P�K&}&JVF�CELÉCEFHUTpQU���CEP�KÇÊ�± JHN�p

p!NOÁ�NOP�UTF �hCEF©JV�GKÅ�GCTP�K��.
H�GN�} ��}MUTL�I KÂF�K%�4K&}&J!KMW�UTp�Uv�GCEPOKÂCEFSUTL:K&P�K&}&JVF�CEL+Ê ���GK�}jUTPO}MDGP�UÇJVNOCEL$�hCEF
JV�GKÅPON�LGKMUTF¬´ F!K&p!B�CELGp!KÅ}&CELGWGD�}&J UÇLG}MK GNS

C���JV��K�²"À�È�DGLG}&J!N�CEL�NOpSUTBGBGPON�K&W�U3J �MKMF�CÉJVKMÁ�B�KMFVU3JVDGF�K
�hJ!�GK�DGp!K&W�p!}MUÇJ!J!KMF!NOLGRlÁ UÇJ!F!N �:N�prUÇJ�J!�GK Ë4K&F!Á�N,P�K&ÆTKMP���UÇLGW�LGClÁ�UTRELGK¶JVN�} �GKMP�W �hJ!�GK�p!}jU3J!JVK&F!NOLGR
Á U3JVF!N ��C���JV�GKSLGCTF!Á�UTP F�KMRENOCELÉN�p;p���Á�Á�K&J!F!NO}��¶Ê$���GKSREK&LGKMF!UTP��hCEF�ÁÂDGP�UxC���}MCELGW�DG}&JVUTLG}MK���
H�GN�} �lN�p
WGK&ÆTKMPOCEB K&WC�hF�CEÁ ' ¿�D���I�H��6IG� (8�4�4UÇp©I�KMK&LzCTI�J UTNOLGKMWlUTp�' IqÃ (
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H�GKMF�K Tα
� α = 1, 2, ..., N �©UTF�KxJ!�GK>K&N�REK&LiÆÇUTPODGKMp½C��/J!�GK Ô KMF!Á�NOJ!N�UTLlÁ�UÇJVF�N � t12t†12 Ê ����KxJVF!UTLGpb´Á�NOp!p�N�CELeÁ�UÇJVF�N � t �4UTp©WGN�Á�KMLGp�N�CEL N �6
HN�JV� N NOpHJ!�GK>LiDGÁ>I K&F½C���BGF!CTB4UTRqUÇJ!N�LGR�Á�C$WGK&pHN�LlP�KjUÇWGp

N1
UÇLGW N2

Ê »,��Ê � �GÊ G�G �H�GCEPOWGp"�hCEF°UTL:UTF�IGNOJ!FVUTF¬�eJVFVUÇLGp!Á�N�p�p!N�CTLÕÁ�UÇJVF�N � �4N Ê KTÊ � �hCEF½UTF�IGNOJ!FVUTF¬�zW�N�p¬´
CEF!W�KMF"B�CTJVK&LqJVN�UÇP Ê9± J"N�p"JV��KÅÁÂDGPOJ!N�} �4UÇLGLGKMP�REKML�KMFVUÇP�N �MUÇJVNOCELÕC��;U��hCEF�ÁÂDGP�U��hCEF°J!�GKÅp!NOLGREP�K ´µ} �4UÇLGLGKMP
}jUTp�K ' ¿�D��6I ?F�6I A (|Ê
���GK(�hCTF!ÁÂDGP�U�� �GÊ G�G �;NOp©UTBGBGPON�KMWvJ!C U��iD4UTLqJVD�Á B CENOLqJ½}&CELqJ UT}¶J��h��N�K&P�WGNOLGRÅ}MCEL�´
WGDG}¶J UTLG}&Kx�iD4UÇLiJ!N �MUÇJVNOCELÕU3J½Á>DGPOJ!N�BGPOKMp 2e2/π ���4J!C U��iD4UTLqJVDGÁ WGCÇJ �#�$NOKMPOWGN�LGR�U�LGCEL$´µÍ[CEF!K&LiJ �MN�UTL
}MCEL�WGDG}&JVUTLG}&KrF�KMp�CEL4UTLG}&K����
UTLGWÉJVC��iD4UTLqJVD�Á N�LqJVK&F/�hK&F!KML�}MK�K%� KM}¶JVpHN�LeUÅWGNOp!CEF�WGKMF�KMWl²"ÀxÈ�DGLG}¶JVN�CTL
� K&LG�4UTLG}&KMWA
;KMU��E´µPOC$}MUTP�N��jUÇJ!N�CEL�UTLGWeF!K��4KM}¶JVNOCELGP�K&p!pQJ!DGLGLGK&P�N�L�RÂJV�GF�CEDGRE�lUÂB�CTJVK&LiJ!N�UTP I4UTF�F!N�K&F�� ' IqÃ ( Ê
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7K��4UjÆEKrBGF!K&p!KMLqJ!KMWÕNOLvJV�GKSP�UTp�JHp�KM}¶JVN�CTLlC���} �GUTB�JVK&F>H��GN�LÉK��$B K&F!N�Á�KMLqJ��4P�C�
 �hF!KM�iDGK&LG}&�eL�CEN�p�K
N�LlJV�GK�� Ô � *�­ Ô �ÂF!UTLGREKxN�p©Á�CEF�KÂUT}&}MK&p!p!NOIGP�KrJV�4UÇL`�GN�RT�$�hF!K&�iDGKMLG}¶� �|¸ Ô � *�� Ô ���©L�CEN�p�KT~�NOJ½}jUTL)�
N�L�BGF!NOLG}MNOBGP�K��+I�K�Á�KjUTp�DGF!K&W�DGp�N�LGRlp�JVUÇJVK�C��;J!�GK UÇF�JrJVN�Á�K�UT}&��D�N�p!N�JVNOCEL�J!KM} �GL�N��iDGKMp&Ê�Ë4CEFr�GNORE�GKMF
�hF!K&��D�KMLG}¶�eÁ�KMUTp!DGF�KMÁ�KMLqJVp%�4NOJHNOp�I K&}MCEÁ�N�LGRÅL�KM}MK&p!p!UTF��eJVC�IGD�N�P�WeU�LGCENOp!KSWGK¶JVK&}&JVCTF©CTLz} �GNOB �hCEFHU
p!B�KM}&N@�4}�FVUÇLGREKSC����GN�RT�A�hF�KM�iDGK&LG}MNOKMpMÊ
±µLeJV�GNOp�} �4UTB�J!KMF%�6
7Kr}MCELGp�N�WGK&FHU�W�K&JVK&}&J!CEFH}MN�F�}MDGN�J4
H�GNO} �ÕN�p
}jUTBGUT}MN�JVNOÆTKMP���}&CEDGBGPOKMWvJ!C>JV�GK°Á�K&p!CEp�}MCEBGNO}"WGK¶Æ$NO}MKÇÊG���GN�p;}MN�F�}MDGN�JQNOp;}MCTÁ�B�CEp!K&WÉC���UÂ²"ÀrÈ�DGL�}&JVNOCEL+Ê
��F!UTLGp�B CEF¬J"NOLÕJV�GNOp"}MNOF!}&DGNOJ°C$}&}MDGF�p 
H�GKML:J!�GKÂKMPOKM}¶JVF!CTLGp°JVD�LGLGKMPON�LGR I K¶J*
;K&KML�JV�GKÂL�CEF!Á�UTP�Á�K¶J UTP
UTLGW JV�GKlp!DGB�KMF�}MCEL�WGDG}&J!CEF K&NOJ!�GKMF�JVDGL�LGKMPHKMP�UTp�J!N�}MUTP�P����/CEF�UTF�KÕUÇIGP�KÉJVC�RqUTNOL CTF�J!C�P�CTp!KeKMLGK&F!RT�
Æ�N�U`BG�GCÇJVCÇ´µUTp!p�N�p�J!KMW2®°L�WGF!K&K&Æ F�K%�4K&}&JVNOCELGp&Ê,���GK �bBG��CTJVCEL �vNOpÅBGF!C1Æ�N�WGK&W2CEF�UTIGp�CEF!I�KMW �hF!CTÁ·JV��K
Á�K&p!CEp�}MCEB�N�}"}&N�F!}&DGNOJ 
H�GN�} �ÉNOpQ}jUÇB4UT}MN�JVN�ÆEKMP���}MCEDGB�P�KMWvJ!CÂJV�GK"²"À WGK¶JVKM}¶JVCEF&ÊG���GKSÁ�KjUTp�DGF!K&Á�K&LqJHC��
U WG}Å}&DGF!F�KMLqJ�N�L`J!�GKÂWGK¶JVKM}¶JVCEFS}MUTL`JV�iDGpSB�F!C1Æ�N�WGKÅNOL��hCEF!Á�UÇJ!N�CELlCEL`JV��KÅUTIGp�CEF!B�J!N�CEL`UTLGW�CEL`JV��K
KMÁ�N�p�p!N�CTLÉ}MCEÁ�B CTLGKMLqJHC���JV�GK�}&DGF!F�KMLqJ°L�CEN�p�KS}MCEF�F!KMP�UÇJVCTFMÊ

À$K&ÆTKMFVUÇP�JV��KMCEF�K&JVNO}jUTP�K%� CEF¬JVp"�4UjÆTKÂI K&KML:Á�UTWGKrJVC W�KMp!}&F!NOI K>J!�GKÂ�GNORE�$�hF�KM�iDGK&LG}&�ÕLGCEN�p�K>Á�KjU3´
p!DGF�KMÁ�KMLqJ�BGF!C�}MK&p!p&Êq���GK�JV�GK&CEF!K¶JVN�}MUTPGNOWGKjUSN�L�¯HK%�bÊ ' ÃTÄ (
�4UTp,p!C � UTF/K&P�DGW�KMW�K��$B K&F!NOÁ�K&LiJVUTP�ÆTKMF!N �4}jU
´
JVNOCEL)�3B CEp�p!NOIGPO�rI�KM}jUÇDGp!KHN�LxJV�GK�WGCTDGIGP�K7WGCTJ,p¬��p�JVK&Á$�EUTWGWGN�JVN�CTL4UTP � DGL�
;UTLqJVKMW �,p�CEDGF�}MKMp,C�� NOLGKMP�UTp�J!N�}
p!}MUÇJ!J!KMF!NOLGR F�KMLGW�KMF"U�BGF!K&}MNOp!KÂLGCTN�p!KrÁ�KjUTp�DGF!K&Á�K&LiJ°�iDGNOJ!KxWGN���}MDGP�JjÊ
± J°NOp½J!�GKMF�K%�hCEF�K>LGK&}MKMp�pVUTF¬�zJ!C
P�C�C�� �hCEF/WGK¶JVKM}¶JVNOCEL�}MN�F�}MDGN�JVp 
H�GNO} � UÇF!K�P�K&p!p/Æ�DGPOLGKMF!UTIGP�KQJ!C�WGN�p�p!N�BGUÇJVNOCEL)�ÇUTpÐN�p�J!�GKH}jUTp�K?�hCTF,p!DGB�KMFb´
}MCEL�WGDG}&J!N�LGRe}&N�F!}&DGNOJ!p��+I�KM}MUTDGp�K�C���JV��K�B�F!KMp�KMLG}&K C���JV��K�p�DGB�KMF!}&CELGWGD�}&JVNOLGRlRqUTB+Ê�­lCEF!K�F!K&}MK&LiJ!PO���
JV�GKlLGCENOp!KlC���U�}jUTF�I CEL5L4UTLGCÇJVDGI�K � �iD4UÇLiJ!DGÁ WGCTJ 
QUTp UTP�p�C�Á�KjUTp�DGF!K&W ' Ã�H (©DGp�N�LGR�}jUTB4UÇ}MNOJ!NOÆTK
}MCED�BGP�NOLGR�J!CÉUTL�À$±¬À`WGK¶JVKM}¶JVCEF%� 
HN�JV�`JV��KÂWGK&J!KM}¶JVN�CTL:C��Ðp!DGB�KMFb´b��CEN�p�p!CELGN�UTL:LGCENOp!KÂF�KMp�DGPOJ!N�LGR �hF!CEÁ
N�LGK&P�UTp¬JVNO}Q}MCTJ!DGLGLGK&P�NOLGRSBGF!C�}MK&p!p�KMpMÊ����GK©P�UÇJ�JVK&F,BGF!CEB�CEp!UTP�p%�TJVCERTK&JV��KMF 
HNOJ!��J!�GKMNOF,p!DG}&}MK&p!p/�hD�P9K��$B�KMFb´
N�Á�KMLqJ UÇP�NOÁ�B�P�KMÁ�KMLqJVUÇJVNOCELGp��1NOLGWGNO}jUÇJ!K7JV�GUÇJ,p!D�B K&F!}MCTLGWGDG}¶JVN�L�RrW�K&JVK&}&J!CEF/}MNOF!}&DGNOJ!p��4UjÆEK©UTW$ÆTUÇLiJVUTREK&p
C1ÆEKMFHLGCTF!Á�UTP+WGK¶JVKM}¶JVNOCELe}MN�F�}MDGN�JVp&Ê

���GKvBGDGF�B CTp!KvC���J!�GKvBGF�KMp�KMLqJ 
7CEF ��N�p�JV�iDGpÂJVC`UTL4UTP����&KvUÕp�N�Á�N�P�UTFSp!N�JVD4UÇJ!N�CEL��[K��$}MK&B�JÅJV�4U3J
JV�GKSÀ$±¬ÀrÈ�DGLG}&J!N�CELÉNOp;F�KMBGP�UT}MK&WlIq�vUÅ²"À }MNOF!}&DGNOJ��F
H�GNO} �ÉJVFVUÇLGp/�hK&F!pQJ*
7C�K&P�K&}&JVF�CELGp�DGp�N�LGRÅ®½LGWGF�KMK&Æ
F!K��4KM}¶JVN�CTLzI�K&J*
7KMK&L:UÅLGCEF!Á�UTP+POKjUTWzUTLGWzUÅp!DGB�KMF�}MCEL�WGDG}&J!CEFMÊ����GKrBGF!K&p!K&LiJ½p!} ��KMÁ�K>N�p�p�N�Á�N�P�UTF;NOL
p!BGNOF!N�J;JVCÂJ!�GK"NOLGNOJ!N�UTP
BGF�CEB CTpVUTP C���¯©K��bÊ�' ÃÇÄ (9�GN�L J!�GKSp!K&LGp!KSJ!�4UÇJ�N�J�K��$BGPOCENOJ!pQW���L4UTÁ�N�}MUTP ³ CTDGP�CEÁ>I
IGP�C�}��3UTWGKSBG�q��p!NO}Mp�'<A � ( Ê Ô C�
;K¶ÆEKMF%� ��KMF!K��4J*
;C�KMPOKM}&J!F!CEL�p©L�KMKMWlJVC�I KSJ!FVUTLGp��hKMF�F!KMWA�hF!CTÁ CEFQJVC�JV��K
p!DGB�KMF�}MCEL�WGDG}&J!CEF��iUÇLGW�p!DG} ��JVFVUÇLGp!N�JVN�CTLGp�NOLiÆTCEPOÆTKH�GN�RE�ÅP���N�LGR°Æ�NOF�JVDGUTPGp�JVUÇJVK&p 
H�GN�} ��UTF�K�P�KMp�pÐBGF!CEL�K
JVC�WGN�p�p!N�BGUÇJVNOCELzI�KM}MUTDGp�KÂC��/J!�GK>p�DGB K&F!}&CELGWGDG}¶JVNOLGRÉRqUTB)�
p�N�Á�N�P�UÇF!PO��JVC�JV�GKÂÀ$±¬ÀzWGK¶JVKM}¶JVCEF½C���¯HK%�hpMÊ
' ÃFG���ÃEÃB��Ã�H (|Ê[®°LGW�F!KMK¶Æ�F!K��4KM}¶JVN�CTL�' ¿�D)(�Jµ�$B�N�}jUÇP�PO�`UTp!p�DGÁ�KMprUÉREC$C�W:}MCTLiJVUT}&JrI�K&J*
7KMK&L UÉLGCEF!Á�UTP

Hq¿



DEVICE

MESOSCOPIC

PSfrag replacements

DETECTOR DEVICE

V CNS

Cc

Cc

Cs

Zs Zs

Vd

��� �����	� ����
�� ��������* ���&� �.3<�%�0���E�b2��?� '��p'(!q�-���.�0�%�?�<2<� �����o*��%�0'��0�1'�2�� �.3<�-5�� �1�S�D' G��o*������1���	�13 � �4�1'���2�; �13
���<2$�$�(� �?� 5$��; A:�#'��-���:3��%�D�1�%�D'�� �(�+�	����� �%�������B; ���Z�D��� �1'����%� �O�#� '(!n� � � �&�<���%�&� '�� ��� �?� �43���G�� �����

Á�K¶J UTP�UTL�WÅU°p!D�B K&F!}MCTLGWGDG}¶JVCEF%�EIGD�J�N�L>RTKMLGK&FVUTP$NOJ�}jUTLÂI�KQUÇBGBGP�NOKMWrJVC°J!DGLGLGK&P�N�L�R°}MCTLiJVUT}&J!pMÊÇ± J�JV��KML
N�LqÆECTPOÆEK&p©J!DGLGLGK&P�NOLGRÅJVFVUÇLGp!N�JVN�CTLGp�Æ$N�U�Æ�NOF�JVDGUTP[p�JVUÇJVK&pMÊ ³ CELGp�KM�iDGKMLqJ!PO��� WGKMB�KML�WGN�LGR�CELeJV�GKxUTBGBGPON�K&W
WG};I�N�UTp%�
J*
7CSp!D�}M}MK&p!p�NOÆEK��µN�LGK&P�UTp¬JVN�} �,K&P�KM}¶JVF�CEL©È�DGÁ�BGp/UÇF!K�F!KM�iDGNOF!K&W �hCEF�U½}MDGF�F!KMLqJ/J!C°B4UÇp!p�J!�GF!CED�RE�
JV�GK½Á�KMUTp!D�F!KMÁ�KMLqJ�}&N�F�}MDGN�JjÊi���GKSUTÁ�BGPONOJVD�WGK½C��+JV�GK°WG}"}MD�F!F!K&LqJHUTp�U��hD�LG}&J!N�CELvC��[IGN�UÇp7ÆECTPOJ UÇREK°NOL
JV�GK½Á�KMUTp!D�F!KMÁ�KMLqJ�}&N�F�}MDGN�J;BGF�C1Æ$NOWGKMpQUTLvK%� KM}¶JVN�ÆEKSF!KMUTWGCED$JQC��[J!�GK"LGCENOp!K½B C�
7KMF;J!CÂI K°Á�KMUTp!DGF�KMW+Ê
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���GKeWGK&J!KM}¶JVCEF�}MNOF!}&DGNOJ�NOpÅWGKMBGNO}&J!KMW N�L2Ë�NOREDGF!K ?�Ê@GEÊ�� 
7C�}MUTB4UT}&NOJ!CEF!p�UTF�KeBGP�UT}&KMW)��F!KMp�B K&}&J!NOÆEK&PO���
I K¶J*
;K&KMLeKjUÇ} �Ép!N�W�K"C��[JV��K°Á�KMp!CTp!}MCTBGN�}"W�K&Æ�N�}&KSUTLGWÉKMUT} �Ép!NOWGK°C��[J!�GKS²°À�JVDGLGL�KMPiÈ�D�LG}&J!N�CEL+Ê����GNOp
Á�KMUTLGpÐJV�4U3JQUr}MDGF�F!KMLqJ4�GDG}&J!D4UÇJVNOCEL NOL�J!�GK½Á�KMp�CEp!}&CEBGNO}°WGK¶Æ$NO}MK½REKMLGK&FVUÇJ!KMp%�$Æ�N�USJV�GK½}jUTBGUT}MN�JVCEF�p���U
ÆECEP�J UTRTK4�4DG}&J!D4UÇJ!N�CEL UT}MF�CEp!pÐJV�GK½²"À°È�DGLG}¶JVN�CTL+Êq±µL�J!DGF!L)�EJ!�GKHÆECEP�J UTREK �4D�}&JVDGUÇJVNOCELGpÐJVFVUÇLGp!P�UÇJVKHN�LqJ!C
�4DG}¶JVD4UÇJ!N�CEL�p/C��4JV��K�BG�4UTp�K�UTF!CTDGLGWÂJV��K�È�DGLG}&J!N�CEL9ÊÇ���GK�B�F!KMp�KMLG}&K½C��4JV�GK�LGK&N�RE�iI�CEF!NOLGR°Á�KMp�CEp!}&CEBGNO}
}MNOF!}MD�NOJxUT}&J!p>UÇp>Ulp!B�KM}MN �4} K&P�K&}&JVF�CEÁ�UTRELGK¶JVN�}�K&LiÆ�NOF!CELGÁ�KMLqJ(�hCEF�JV�GNOp�J!DGLGLGK&P[È�D�LG}&J!N�CEL)� 
H�GNO} ��N�p
WGKMp�}MF�N�I�KMWlN�LÉJV�GK�}&CELqJVK���J©C���U�W$�$LGUTÁ�NO}jUTP ³ CEDGPOCEÁÂIeIGP�C�}��3UTWGK#' AG� ()�hCTFQJV�GNOp�F!KjUÇp!CEL+Ê
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PSfrag replacements

h̄ω

h̄ω

∆

∆

∆

∆

∆

∆

∆

∆

µSµS

µS
µS

µL

µL

µL

µL

b)

c) d)

a)

��� �����	� ��� 
�� � ; �1�%�-�	'���� �.�-�����$��; �b��� �b�H� � � �?�����%�?� '��j� � � �,�$���%�+2$�(�`�?� ��; �S��; �1�%�?��'��p�?���<����; �+��� � G � � ��3����1�-5�	�-7��1�%�?� '��<� � � � �$'��#' �Z���O�%� �O�D�13 ��; �1�%�-�	'��.�?���<����; �+��� ��� �/@��$���%�b2(�(�`�&� ��; �/�+�>�-���B�1�<2������1'���3����%�D'��h�s3 � � ��'��D' ����O�%� �O�D�13 � ��3��	�1�-5/�	�-7��1�%�&� '��<�

H�I



Ë�N�RED�F!K ?$Ê ÃeW�KMBGNO}&JVp�p�K&ÆEK&FVUTP�p!}&KML4UÇF!N�CTp �hCTF�J!FVUTL�p!B�CEF�J�JV��F!CEDGRT��Ul²"À�N�LqJVK&F/� UT}&KTÊ[®½L�K&P�UTp¬JVN�}
JVF!UTLGp/�hK&F�C���p�N�LGRTP�K,KMPOKM}¶JVF!CTLGp�}jUTLxC$}&}MDGF�N@��JV��KÐÆTCEPOJVUTREKÐUTB�BGP�NOKMWSJVCHJV�GK9È�DGL�}&JVNOCEL�N�p�P�UÇF!REK&F+JV�4UTL�JV��K
RqUTB � Ë�N�RED�F!K ?�Ê ÃTU �¶ÊGÎ7KMP�C�
 JV�GK°RqUTB)�4UÇLÉKMP�UÇp�JVNO}°JVF!UTLGp�B CEF¬J�}jUÇLlCTLGPO��C$}&}MDGFQÆ�N�U>®°LGW�F!KMK¶ÆÉF!K��4KM} ´
JVNOCEL ' ¿�D)(8�4K��9K&}&J!NOÆEK&PO�vJ!FVUTL�p/�hKMF�F!NOLGRÅJ*
;C�KMP�K&}&J!F!CELGp 
HN�JV�eCEBGB�CEp!N�JVK�KML�KMF!RTN�KMp 
HN�JV�eF!K&p!B�KM}&J©JVC�JV��K
p!DGB�KMF�}MCEL�WGDG}&J!CEF©} �GKMÁ�N�}MUTP[B CÇJVKMLqJ!N�UTP � Ë�N�RED�F!K ?$Ê ÃÇI�� Ê9À�N�LGREPOKSKMPOKM}&J!F!CELl}jUÇLÕI�K�J!FVUTL�p/�hKMF�F!K&W$
HNOJ!�
UTL�N�LGN�JVN�UÇP�KML�KMF!RÇ��I�KMPOC�
 JV��K½RqUÇB)�iBGF!C1Æ�N�WGK&W�J!�4UÇJ7UrB��GCTJVCTL N�pÐBGF�C1Æ$NOWGKMW �hF!CEÁ¦J!�GK©KMLqÆ�N�F!CTLGÁ�K&LqJ
N�LvCTF!WGK&F;JVCÅ}&F!KjU3JVKSUÂ�iD4UTp�N�B4UÇF�JVNO}MPOK°N�L�JV�GK"p�DGB�KMF!}&CELGWGD�}&JVCTF�� Ë�N�RTDGF!K
?$Ê Ã3}��¶ÊGÀ$N�Á�N�P�UTF!P����E®½LGWGF�KMK&Æ
F!K��4KM}¶JVN�CTL }jUÇL I�K½F�KMLGWGK&F!K&WÉN�LGK&P�UTp¬JVN�}�Iq��JV��K°KMLqÆ�N�F�CELGÁ�KMLqJj~��hCEF�N�L�p�J UÇLG}MK��iJ*
7CÂK&P�KM}¶JVF�CELGp;CTL�JV��K
LGCEF�Á UTP�p!NOWGK��)
HN�JV��UeJ!CTJ UTP�KMLGK&F!RT��UTI�C1ÆEK�JV�GK�p�DGB K&F!}&CELGWGDG}¶JVCEFr} �GK&Á�NO}jUTP,B�CTJVK&LqJVN�UÇP8�9}MUTL�RENOÆTK
U!
QUj�2U`BG��CTJVCEL J!C`JV�GKÉK&LiÆ�NOF!CELGÁ�KMLqJ��,p!C:JV�4U3JÂJV�GK¶� }jUÇL I�KeUTIGp�CEF!I�KMW UTp�U ³ C�CEB�KMFÂB4UÇN�FÂNOL
JV�GK�p�DGB K&F!}&CELGWGDG}¶JVCEF��|Ë�N�REDGF�K ?$Ê ÃÇW�� Ê[®°p<
;K�p!�GUTP�P/p�KMK���p�DG} ��NOLGKMP�UTp�J!N�}Â®½LGWGF�KMK&Æ�B�F!C�}MKMp�p!K&pÂUTF�K
B4UTF¬JVN�}&DGP�UÇF!PO��DGp�K%�hDGP)�hCTF�LGCEN�p�K�WGK&J!KM}&J!N�CEL9Ê

��� ��� � � �������7��#	� �:#�!,��
'� ��
.!,- #�% � ��� � ��!,�7��
.#�! ��� �
�	�1�)����� � �/� 23����! �
���,� �,#)�

®"�#J!KMF,p�J!DGW���N�L�RrJ!�GK�LGCENOp!KHWGK&J!KM}¶JVN�CTL�C�� J!�GKHp!N�L�REP�K�²°À°È�D�LG}&J!N�CEL)��
;K 
HN�POP$J!DGF!L�P�UÇJ!KMF�J!CrU�W�CEDGIGPOK
È�DGLG}¶JVN�CTL5}&CELGp!NOp�J!N�LGR�C���U�L�CEF!Á�UTP�Á�K&J UÇP©POKjUTW��7U��iD4UTLqJVDGÁ WGCTJ�CEB�KMF!UÇJVNOLGR�NOL J!�GK ³ CTDGP�CEÁ>I
IGP�C�}��3UTWGK�F�KMRENOÁ�K��qUTLGW U�p�DGB�KMF!}&CELGWGD�}&JVCTF;}MCTLGLGKM}¶JVK&W JVCSJV��K½P�UÇJ!J!KMF �|Ë�N�REDGF�K ?$Ê H �¶Êq���GK©} �4UTF�REN�L�R
KMLGK&F!RT��C��HJV�GKeWGCTJ�NOpÅUTp�p!DGÁ�KMW2JVC�I�KÉP�UTF�REKvKML�CEDGRE�2JV�4U3JÅWGCEDGI�P�KÉC�}M}MD�B4UTLG}¶�2N�pÂBGF�CE�GNOIGNOJ!KMW+Ê
���GN�p�p�K&J!DGBz�GUTp�JV�GKrUTW�ÆÇUTLqJVUTREKSCELÉJV��KrB�F!K&Æ�NOCEDGpHBGF!CTB CEp!UTP9J!�4UÇJ©UTWGW�NOJVNOCEL4UTP�KML�KMF!RÇ� �4POJ!KMF!NOLGRÅN�p
BGF!C1Æ�N�W�KMW:Iq�ÕJ!�GKÅ�iD4UTLqJVDGÁ WGCTJMÊ+Î;K&P�C�
 ��
7KÅF!K%�hK&F°JVCvJ!�GN�p°p���p�J!KMÁ UTp"J!�GKÂLGCTF!Á�UTP�Á�K&JVUTP *iWGCTJ *
p!DGB�KMF�}MCEL�WGDG}&J!CEF � ² ¨ À �rWGK¶JVKM}¶JVCEFx}MNOF!}MD�NOJjÊ[±µL�Ë�N�RED�F!K ?$Ê ���[JV�GK���DGUTLqJVDGÁ WGCTJxP�K¶ÆEK&P7NOpxPOC$}MUÇJVK&W

DEVICE

MESOSCOPIC

PSfrag replacements

DETECTOR DEVICE

V/2

V/2

Vg

Cg

C1

C2

Cc

Cc

Cs

Zs Zs

Vd

��� �����	� ������� ��������* ���?� �83��%�0���E�b2��&� '��4'(! �-��� � � �H�0�%�?��2j� ���$�>* �%�0'��0�1'�2�� �:3<�-5�� �1� �#'HG��B*������1���	�13H� ���1'�� �
2�; �13o���<2$�$�(� �?� 5$��; A.�D' �-���B3��%�D�1�%�D'�� �(�b�	����� �%� �����H; ���Z�D��� �1'����%� �O�Z�:'(!q� ��'<��* �<; *��%�O��;s; ���$3��j@��(�����-��* 3�'����
�1��2����	�1'��$3����%�D'�� �?���$�%�&� '�� ��� �?� � 3��"G�� �����

UTI�C
ÆTKrJ!�GK�p!DGB�KMF�}MCEL�WGDG}&J!CEF°} ��KMÁ�N�}jUÇP[B CTJ!KMLqJVN�UTP8�GUTLGWlBGP�UT}&KMWC
;K&P�P)
HNOJ!�GN�LÉJ!�GKxREUTBzNOLzCTF!WGK&FHJ!C
UjÆECENOW��iD4UTp!NOB4UTF¬JVN�}&P�K�BGF!C�}MK&p!p!K&pMÊ,Î7KM}jUÇDGp!KeWGCED�IGP�K�C$}&}MDGB4UÇLG}&��N�pÂBGF�CE�GNOIGNOJ!KMW�Iq��JV�GK ³ CTDGP�CEÁ>I
IGP�C�}��3UTWGK��/®°LGW�F!KMK¶Æ JVF!UTLGp!B�CEF¬J�C�}M}&DGF!pÅÆ�N�U:p�KM�iDGKMLqJ!N�UTP�JVD�LGLGKMPON�LGR�C��©JV��KeJ*
7C�K&P�K&}&JVF�CELGp&Ê�º�K&J!�
I K&}jUTD�p!KÂC���K&LGKMF�RT�Õ}&CELGp�KMF�ÆÇUÇJ!N�CEL�� JV��KÂpVUTÁ�K>K&LGKMF�RT�`F�KM�iDGNOF!KMÁ�KMLqJ!pSUTp"NOL:Ë�N�RTDGF!K ?$Ê ÃÇI`�4UjÆEKÂJ!C
I K�p!UÇJVNOp/�4K&W,�hCEF�JV�GK �4L4UÇP�p¬J UÇJ!KMp�� K&P�KM}¶JVF�CELGp?
HNOJV�zCEBGB�CEp!N�JVK�KML�KMF!RTN�KMp%�
p!KMK>Ë�N�RTDGF!K ?$Ê �qU � Ê4±µLzJV��K
�;´µÁ�UÇJVF�N � J!KMF�Á�NOLGCEP�CTRT�����hCTF�J!�GN�p�JVF!UTLGp!N�JVNOCEL J!C�C�}M}&DGF��ÐÆ�N�F�J!D4UTPHp�JVUÇJVK&pv}MCTF!F!K&p!B�CELGWGNOLGR�J!C�JV��K
KMLGK&F!RT�vC���J!�GK�WGCTJ½UTF!KSF�KM�iDGNOF!KMW��6
H��N�} �lp!DGBGB�F!KMp�p½J!�GK�®°LGWGF�KMK¶ÆlJ!DGLGLGK&P�NOLGRÅ}MDGF�F!K&LiJ½I�KM}jUÇDGp!KxC��
P�UTF�REKÂK&LGKMF�RT��WGKMLGCTÁ�NOL4UÇJVCTF!p"NOL�J!�GKÅJVFVUÇLGp!N�JVN�CTL:FVUÇJ!KTÊ�Ë�N�RTDGF!K&p ?$Ê<�lI)�[}��[W)��WGKMp�}MF!NOI KÅJ!�GK�}MUTp!K&p

H�GKMF�K�UTLÂK&LqÆ$NOF!CEL�Á�K&LiJ/N�p�}&CEDGBGPOKMW>J!C°JV��KQpVUTÁ�KQ² ¨ À>}MNOF!}&DGNOJMÊT�,F!C1Æ�N�W�KMWÂJV�GUÇJ�J!�GN�p�KMLqÆ�N�F!CTLGÁ�K&LqJ
}jUTL���N�K&P�W�CEF,REN�ÆEKHp!CEÁ�K�C��9NOJVp,K&LGKMF�RT�ÅJVCSJ!�GK©² ¨ À�WGK&J!KM}&J!CEF��qK&P�K&}&JVF�CELGNO}QJVFVUÇLGp!N�JVN�CTLGp/Æ�N�U"JV�GKHWGCÇJ

H�D



}jUTL:I�KM}&CEÁ�KÂÁÂDG} ��Á�CEF!KxP�N �ÇKMP��zI�KM}MUTDGp�KÅKMP�K&}&J!F!CEL:K&LGKMF�REN�K&pSCEL`JV�GK>LGCEF!Á�UTP�p!NOWGKÂ}jUÇL�I�KÂ}&P�CEp�K
JVClJV�4UÇJ>C���JV��KvWGCTJ>P�K&ÆTKMP|Ê/À$D�} ��JVFVUÇLGp!N�JVN�CTLGpx}MUTL�JV�iDGp>C$}&}MDGFxK&ÆEK&L2N@�QJ!�GKv} �GK&Á�NO}jUTP�B CÇJVKMLqJ!N�UTP
C���JV�GKrLGCEF�Á UTP9P�KjUÇWzK���}&KMK&WGp½J!�4UÇJ©C���J!�GKrp!DGB�KMF�}MCELGW�DG}&J!CEFMÊ
®°p?
7Kxp��4UTP�P[p�KMKrP�UÇJ!KMFHCEL)�GJ!�GKrIGN�UTp
ÆECEP�J UTRTK;}jUÇL�UT}&JÐUÇp,U½ÆÇUTPOÆTK �hCEF�BG�GCTJ!CÇ´bUTp�p!NOp�JVK&WÅKMPOKM}&J!F!CELÂJ!FVUTL�p!NOJ!N�CEL�pMÊ3± J,N�p�BGF!K&}MN�p�KMP��xJ!�GKMp�K�P�UÇJ�JVKMF
p!N�JVD4UÇJ!N�CEL�p4
H�GN�} �,
HNOP�P[I�KxK��$BGP�CEN�JVK&WÕN�LlCEF�WGKMFHJVC�Á�KMUTp!DGF�KrJ!�GK>L�CEN�p�KxC���JV�GKrÁ�KMUTp!D�F!N�L�R�}&N�F!}&DGNOJ
�hJ!�GK �bK&LiÆ�NOF!CELGÁ�KMLqJ ���¶Ê

���������������������������������������������������������������

�������������������������������������������������

���������������������������������������������������������������������������������

���������������������������������������������������������������

�����������������������������������������������������������������������������

�����������������������������������������������������������������������������

�������������������������������������������������

�������������������������������������������������
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������������������������������������������������������������������������

��������������������������������������������������������

���������������������������������������������������������������������������������

���������������������������������������������������������������

���������������������������������������������������������������

���������������������������������������������������������������

��������������������������������������������������������

��������������������������������������������������������

���������������������������������������������������������������������������������������������������

�����������������������������������������������������������������������������

PSfrag replacements

h̄ω h̄ω

h̄ω

∆

∆

∆

∆

∆

∆

∆

∆

µS
µS

µSµS

µLµL

µLµL

εD εD

εD εD

b)

c) d)

a)
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���GK Ô UÇÁ�NOPOJVCTLGN�UTL?
H�GNO} �rW�KMp!}&F!NOI K&p�J!�GK,WGK&}MCEDGB�P�KMW�LGCTF!Á�UTPTÁ�K&JVUTPTPOKjUTW *ip!DGB�KMF�}MCELGW�DG}&J!CEF *�K&LqÆ$NOF!CEL�Á�K&LiJ
� Á�KMp�CEp!}&CEBGN�}S}&N�F�}MDGN�J��7p¬�$p¬JVK&Á F�KjUTW�p

H0 = H0L
+H0S

+Henv ,
� ?�Ê@G �


H�GKMF�K

H0L
=

∑

k,σ

εkc
†
k,σck,σ ,

� ?�Ê Ã �

WGKMp�}MF�N�I�KMpSJV�GK�K&LGKMF�RT�:p�JVUÇJVK&p�N�L:JV�GK�POKjUTW)�.
HNOJ!� c†k,σ
UÇL�K&P�K&}&JVF�CEL�}MF�KjUÇJ!N�CEL�CEB�KMF!UÇJVCEF&Ê+���GK�p!D�´

B K&F!}&CELGWGDG}¶JVCEF Ô UTÁ�NOPOJ!CELGN�UÇL �4UTp�J!�GKSWGN�UÇRECEL4UTP �hCEF!Á

H0S
− µSNS =

∑

q,σ

Eqγ
†
q,σγq,σ ,

� ?�Ê H �

�qÄ




H�GKMF�K γq,σ, γ
†
q,σ

UTF�KÅ��DGUTp!NOB4UTF�J!N�}&P�KÂCEB�KMF!UÇJVCTF!p�� 
H�GN�} ��F!K&P�UÇJ!KÂJVCÉJV�GK�Ë4K&F!Á�N/CEB�KMFVU3JVCEF�p cq,σ, c
†
q,σIq�vJV�GKrÎ;CTRECEP�NODGI�C
Æ�JVF!UTLGp��hCEF!Á�UÇJVNOCEL

c−q,↓ = uqγ−q,↓ − vqγ
†
q,↑ ,

c†q,↑ = uqγ
†
q,↑ + vqγ−q,↓ ,

� ?�Ê<� �
UTLGW Eq =

√

∆2 + ζ2
q
N�p©JV�GK>��DGUTp!NOB4UTF�J!N�}&P�KrKMLGK&F!RT��� ζq = εq − µS

N�p©JV�GKÂL�CEF!Á�UTP�p�J U3JVKÂp�N�LGREPOK¶´
KMPOKM}&J!F!CEL�KMLGK&F!RT��}MCTDGLqJVKMW �hF�CEÁ¦JV�GK"Ë
K&F!Á�N
P�K&ÆTKMP µS

UTLGW ∆ NOp7JV��K°p!D�B K&F!}MCTLGWGDG}¶JVN�L�RÅRqUTB 
H�GNO} �

HN�POP,I KÉUÇp!p!D�Á�K&W�JVC`I�K�J!�GKvP�UÇF!REK&p�JxKMLGK&F!RT��p!}MUTP�KvNOL�J!�GKMp�KÉ}jUTPO}MDGP�UÇJVNOCELGpMÊ Ô KMF�KjU��#J!KMF�� 
;KvUTP�p�C
WGK%�GLGK eV = µL − µS

UTLGWlUTp!p�DGÁ�K µS = 0 ÊÔ KMF�K��F
;KSWGC>LGCTJQp�B K&}MN �#��J!�GK Ô UÇÁ�NOPOJVCTLGN�UTL�C��[J!�GK°K&LqÆ$NOF!CEL�Á�K&LiJQI K&}jUTDGp�K"JV�GK°KMLqÆ�N�F!CTLGÁ�K&LqJ
F!K&BGF!K&p!KMLqJ!p"UTLzCEB K&Lzp¬��p�JVK&Áz~
JV��KrÁ�KMp�CEp!}&CEBGNO}x}&N�F!}&DGNOJ 
H��N�} �ÕF�KMBGF�KMp�KMLqJVp°J!�GKrKMLqÆ�N�F!CTLGÁ�K&LqJ>
HNOP�P
CELGP���Á UTL�N@�hKMp¬J>N�JVp�KMP@�;Æ$N�UlJ!�GKvBG�4UÇp!K �4D�}&JVDGUÇJVNOCELGp 〈φ(t)φ(0)〉 �)
H�GNO} �2UTF!K�N�LGWGD�}MKMW2U3JxJ!�GKÉ²"ÀÈ�DGLG}¶JVN�CTL � CTFxP�UÇJVK&FrCTL �hCEF�JV�GK ² ¨ À�}&N�F�}MDGN�J!��UÇJrJV�GK�WGCTJ *ip!DGB�KMF�}MCELGW�DG}&J!CEF©È�DGLG}¶JVNOCEL��SI K&}jUTDGp�K
C���JV�GK�P�C�}jU3JVN�CTLÉC���J!�GKr}jUTB4UÇ}MNOJ!CEFQBGP�UÇJVK&pMÊ4±µLA
H�4UÇJ>�hCEP�POC�
Hp��7
7Krp!�4UTPOP�UTp!p�DGÁ�K�J!�4UÇJHJV��KrD�LGp���ÁÅ´
Á�K¶JVF�N �MK&W LGCTN�p!K½p!B�KM}¶JVFVUÇP9WGK&LGp!N�Jµ� S+(ω) UTpQWGK��4LGKMWÉNOLv»,�
Ê �|Ã$Ê@G1Ã �ÐNOLv} �4UTB$JVKMF�Ãr}MCTF!F!K&p!B�CELGWGNOLGRJVC�BG�GCTJ!CELÕK&Á�NOp!p�N�CEL � �hCEFHB�CEp!N�JVN�ÆEK<�hF!K&��D�KMLG}¶�����9CEF%��UTPOJ!KMF!LGUÇJVN�ÆEKMP���� SI(ω) �GJ!�GKrp!B�KM}&J!FVUTP�WGK&LGp!N�Jµ�C��QL�CEN�p�K�}&CEF!F�KMp!B�CELGW�N�LGReJVCzBG�GCTJ!CEL�UÇIGp!CEF�B�JVNOCEL)�[NOpxp�B K&}MN@�GKMW�Iq��JV��K�J!FVUTLGp�B CTF�JxBGF!CEB�KMF¬JVNOKMprC��
JV�GK°Á�K&p!CEp�}MCEBGNO}"}MNOF!}&DGNOJ ' G!I���G�DF��Iq¿ ( Ê Ô KMF�K 〈〈· · · 〉〉 p¬J UTL�WGp4�hCEFQUÇLÉN�F!F�KMWGD�}MN�I�P�K°L�CEN�p�K°}MCTF!F!K&P�UÇJ!CEF��

H�GKMF�KSJV�GK�BGF�C$WGD�}&J©C���U1ÆTKMF!UTREKr}MDGF�F!KMLqJ!p½�4UÇp©I�KMK&Lzp�DGI�J!FVUT}¶JVKMWzCED�JMÊ

���GK©J!DGLGLGK&P�NOLGR Ô UTÁ�N�P�JVCEL�N�UTLÂW�KMp!}&F!NOIGN�LGRSJ!�GKHKMP�K&}&J!F!CEL�JVF!UTLGp/�hK&F!F�N�LGR�I�K&J*
7KMKML�JV�GKHp!D�B K&F!}MCTL$´
WGDG}¶JVCEFHUTL�WlJ!�GK�LGCEF!Á�UTP Á�K¶J UTP+POKjUTWeNOLeJ!�GKr²"ÀxÈ�DGLG}¶JVN�CTLlNOp

HT =
∑

k,q,σ

Tk,qc
†
k,σcq,σe

−iφ , � ?�ÊE? �


H�GKMF�K�JV�GK�NOLGWGN�}&KMp k UTL�W q F!K%�hK&F/JVCSJV��K�LGCEF!Á�UTP$Á�K¶J UTP$P�KjUÇW�UÇLGW�p!DGB�KMF�}MCELGW�DG}&J!CEFMÊ�	�KH}MCELGp�N�WGK&F
�hCEF�p!NOÁ�B�P�N�}&NOJµ�ÅJ!�4UÇJ Tk,q = T0

Ê
²½CTJ!K"JV�4UÇJHJ!�GK"JVDGL�LGKMPON�LGR Ô UÇÁ�NOPOJVCTLGN�UTL�}MCELqJVUTN�LGpHU �4DG}¶JVD4U3JVN�L�R
BG�4UTp�K<� UT}&J!CEF���
H�GNO} �zF�KMBGF�KMp�KMLqJVp°J!�GK�}MCED�BGP�NOLGRÅJVCÅJV�GKrÁ�KMp!CTp!}MCTBGN�}�}MNOF!}&DGNOJMÊG±µLGWGK&KMW)�
I�KM}jUÇDGp!KxC��
JV�GKH}MUTB4UT}&NOJVN�ÆEK�}&CEDGBGPON�LGRSI�K&J*
7KMK&L�JV��K©p�N�WGK&p7C�� J!�GK©²"À©È�DGLG}¶JVN�CTL UTL�W�J!�GKHÁ�K&p!CEp�}MCEB�N�}H}MNOF!}MD�NOJ!�TU
}MDGF�F!K&LiJ?�4D�}&JVDGUÇJVNOCELÉJVFVUÇLGp!P�UÇJVK&p�N�LqJVC�UÂÆECTPOJ UÇREKE�4DG}¶JVD4UÇJ!N�CELlUT}&F!CEp�p�JV�GKr²"ÀrÈ�DGL�}&JVNOCEL+Ê4Î7CTJV�lUTF�K
F!K&P�UÇJ!KMW:Æ�N�UvJV�GKÅJ!FVUTLGpb´µNOÁ�B�KMW4UÇLG}MKÅC���JV��K�}&N�F�}MDGN�J#' ÃÇÄ)( V (ω) = Z(ω)I(ω) Ê+²½K���J!�[JV�GKÅÆTCEPOJVUTREK
�4DG}¶JVD4UÇJ!N�CEL�pvJVFVUÇLGp!P�UÇJVK:NOLiJ!C2BG�4UTp�K0�4D�}&JVDGUÇJVNOCELGplUT}MF�CEp!pÉJ!�GK È�DGLG}&J!N�CEL��HUTpÉJV�GK�BG�4UÇp!K�N�pÉJV��K
}jUTL�CELGN�}MUTP+}&CEL3È�DGRqU3JVK�C���J!�GK�} �4UTF�REK>U3J©J!�GK;È�DGLG}¶JVN�CTLGp�'<AG�)( ~GJ!�GKxB��4UTp!K�NOpHJ!�iDGp½}&CELGp�N�WGK&F!KMWÕUTp©U
�iD4UTLqJVDGÁ Á�K&} �4UTLGNO}jUTP/CTB K&FVUÇJ!CEFMÊ+¸�N�ÆEKML�UÉp!B�KM}&N@�4}�}&N�F!}&DGNOJ � }jUÇB4UT}MN�JVCEF�p�� F!KMp�N�p¬J UTLG}&KMp%��K¶JV}ÇÊ �°JV��K
BG�4UTp�KS}MCEF�F!K&P�UÇJ!CEF7NOp;JV��KMF!K��hCEF!KSK��$BGF!K&p!p!K&WzNOLvJVK&F!Á�pQC��[JV��K"JVFVUÇLGp¬´ N�Á�B K&W4UTLG}&K°C���JV��K"}MNOF!}MD�NOJ�UÇLGW
JV�GK�p�B K&}&JVF!UTP[WGK&LGp!N�Jµ�ÉC���LGCEN�p�K ' ÃTÄ (8��
H��N�} �lN�p�p!��C�
HLzN�Ll»,�
Ê �9H�Ê Ã ? � Ê

���GKvBGF�KMp!K&LqJ�p¬��p�JVK&Á�I�KjUTF�pÂp!NOÁ�NOP�UTF�NOJ!N�KMp"
HNOJV��JV�GKvp¬JVDGW$��C��HNOLGKMP�UTp�J!N�}�®°LGWGF�KMK¶Æ�F!K��4KM}¶JVNOCEL
N�L JV��Kl}MUTp!KC
H�GKMF�KlJ!�GKep!DGB�KMF�}MCEL�WGDG}&J!CEF }&CELqJ UTNOLGp�BG�4UTp�KC�GDG}&J!D4UÇJVNOCELGp	' I�I��3I�D)(|Ê�À$DG} �5BG�4UTp�K
�4DG}¶JVD4UÇJ!N�CEL�pÅWGKMp¬JVF!C1� J!�GKep���Á�Á�K&J!F�� I�K&J*
7KMK&L�KMPOKM}¶JVF!CTLGp�UTLGW �GCEP�K&p��,UÇLGW U
�9K&}&J�JV�GKe}&DGF!F�KMLqJ
ÆECEP�J UTRTK"} �4UTF!UT}&J!KMF!NOp�J!N�}MpHC���JV��Kx²°À>È�D�LG}&J!N�CEL+Ê

������� � L �,!,!����.
'!�- �������1��!"�

���GKÉJVDGL�LGKMPON�LGR:}&DGF!F�KMLqJ�UTp!p�C$}&N�UÇJ!KMW 
HNOJ!��J*
;C�KMPOKM}&J!F!CEL�p�NOpÂREN�ÆEKML2Iq��J!�GKlË
K&F!Á�N;RECTP�WGK&L F�DGP�K
I = 2eΓi→f

�7
HNOJV�ÉJ!�GKSJVDGLGL�KMP�NOLGR�FVUÇJ!K

Γi→f = 2π
∑

f

|〈f |T |i〉|2δ(εi − εf ) , � ?�Ê A �

��G




H�GKMF�K εi UTL�W εf UÇF!KvJV��K JVDGL�LGKMPON�LGR`K&LGKMF�REN�K&pÅC���JV��KÉN�LGN�JVN�UÇPÐUTLGW �4L4UÇP;p�JVUÇJVK&p��/NOLG}MPODGWGNOLGRÕJV��KKMLqÆ�N�F�CELGÁ�KMLqJ!�4UÇLGW T N�pQJ!�GKSJVFVUÇLGp!N�JVN�CTLÉCEB K&FVUÇJ!CEF��7
H�GN�} �lN�p�K���B�F!KMp�p!K&W:UTp

T = HT +HT

∞
∑

n=1

(

1

iη −H0 + εi
HT

)n

, � ?�Ê ¿ �


H�GKMF�K η N�p�B�CEp!N�JVNOÆTK"N�L7�4LGNOJ!KMp�N�Á�UTP Ê���GF!CED�RE�GCED�JÅJ!�GN�p>} �4UTB�J!KMF��,CTLGKÉ}MCEL�p!N�W�KMF!pÂJ!�GKÉBG�GCÇJVCÇ´µUTp!p�N�p�J!KMW JVD�LGLGKMPON�LGR � � ®,� �>}&DGF!F�KMLqJ
WGDGK"J!CÂJV�GKS�GNORE���hF!K&�iDGKMLG}¶�É}MD�F!F!K&LqJ>�GDG}&J!D4UÇJVNOCELGp�C���J!�GKSÁ�K&p!CEp�}MCEB�N�}"WGK¶Æ�N�}MK��
UTp;J!�GKSWGN@� KMF�KMLG}&K
'<A �)(|~

IPAT = I( K&LqÆ$NOF!CEL�Á�K&LiJ )− I( L�C�K&LqÆ$NOF!CEL�Á�K&LiJ ) , � ?$Ê I �

H�GKMF�K��7N�L�REK&LGKMF!UTP8�ÐJV��KÕJVCTJVUTP©}MDGF�F!KMLqJ �hCEF�JVDGL�LGKMPON�LGR�C���KMP�K&}&J!F!CELGp�JV�GF�CEDGRE� J!�GK�È�DGL�}&JVNOCEL N�p
I = I→ − I← ÊÔ C�
;K¶ÆEK&F��+K���B�KMF�N�Á�KMLqJ UÇP�PO���4NOJ©N�p©WGN���}&DGPOJ©JVC�}MCED�BGP�Kx}jUTB4UÇ}MNOJ!NOÆTKMPO�ÉUTLGWÕJ!�GKMLÕJ!C F�KMÁ�C
ÆTK>JV��K
Á�K&p!CEp�}MCEB�N�}�WGK&Æ�NO}MKr}MN�F�}MDGN�J �hF!CEÁ JV�GKrWGK&J!KM}¶JVCEF©}MNOF!}MD�NOJ�' ÃEÃ (|Ê 	 �4UÇJ©N�p%�4N�L � UT}&J��4C��#JVK&LÕÁ�KjUTp�DGF!K&W
N�p�JV�GK�K��$}MK&p!p�LGCENOp!K���N|Ê KÇÊ@��JV��K WGN �9K&F!KML�}MKvI�K&J*
7KMK&L }&DGF!F�KMLqJ �4D�}&JVDGUÇJVNOCELGpxUÇJÅUÕRTNOÆEK&L�IGN�UTp>UÇLGW
�MK&F!C�IGN�UÇp�N�LvJV��KrÁ�KMp�CEp!}&CEBGNO}S}MN�F�}MDGN�JjÊ�Í�U3JVKMF�CTL)��
7K 
HNOP�P }jUTPO}MDGP�UÇJVK°J!�GKSK��$}&KMp!p½LGCENOp!K S+

excess(ω)C�� S+(ω) ÊG±µLeJV�GNOp4
;CEF/�6��
;K�JV�iDGpHÁ�KjUTp�DGF!KSJV��KrW�N@� KMF!K&LG}MK�I�K&J*
7KMK&LzJV��Kr}&DGF!F�KMLqJVpHJV��F!CEDGRT�lJ!�GKWGK&J!KM}¶JVCEF�
H��KML�U°IGN�UTp�ÆTCEPOJVUTREKQUÇLGW�U �MK&F!CSIGN�UTp/UÇF!K�UTB�BGP�NOKMWxJ!C°JV��K�WGK&Æ�N�}&KQ}MNOF!}&DGNOJ��ÇUÇp,U �hDGLG}¶JVN�CTL
C���WGK&J!KM}&J!CEFHIGN�UÇpQÆECEP�J UTREK���
H�GNO} �zNOp�WGK%�4L�KMW`UÇp

∆IPAT (eV ) = I(eVd 6= 0, eV )− I(eVd = 0, eV ) . � ?$Ê D �
���GN�prUTPOp!Cl}MCEF�F!K&p!B�CELGWGprJVCeJV�GK�WGN@� KMF�KMLG}&K�I�K&J*
7KMK&L�JV�GK�� ®,��}MDGF�F!KMLqJ!pxJV��F!CEDGRT��J!�GK�W�K&JVK&}&J!CEF

H�GKML U IGN�UTp ÆECTPOJ UÇREK:UTLGW U �&KMF!C2IGN�UTpÉUTF�K�UTBGBGPON�K&W�JVC�JV��K:WGK&Æ�N�}&K:}MNOF!}MD�NOJ!� ∆IPAT (eV ) =
IPAT (eVd 6= 0, eV ) − IPAT (eVd = 0, eV ) I�KM}MUTDGp�K�JV��K�}&CELqJVF�N�IGD�J!N�CEL�pE
HNOJV��LGClKMLqÆ�N�F�CELGÁ�KMLqJ}jUTL�}MKMPHCED$JjÊÐ���GKÕW�N@� KMF!K&LG}MKzI K¶J*
;K&KML ��®,� }MDGF�F!K&LiJ!p�J!��D�p BGF�C
Æ�NOWGKMp�}MF!D�}MN�UÇP©NOL��hCEF�Á UÇJ!N�CEL�CEL
JV�GK�p�B K&}&JVF!UTP�WGKML�p!NOJµ�lC���K��$}&KMp!p°LGCEN�p�K�C���J!�GKxÁ�KMp�CEp!}&CEBGNO}rW�K&Æ�N�}&KTÊ�²½CTJ!N�}&K�J!�4UÇJ©CEDGF©}jUÇP�}MD�P�UÇJ!N�CEL
UTBGBGPON�K&p°JVCvJ!�GK �MKMF�CÉJVKMÁ�B�KMFVU3JVDGF�KÅ}jUTp�K �hCEFS}MCELqÆTKMLGNOKMLG}&K���IGD�J�N�JS}jUTL�I�KÅREKML�KMFVUÇP�N �&KMW:JVC��GLGNOJ!K
JVK&Á�B�KMF!UÇJVDGF�KMp&Ê

��������� � 
.!,- �.� ���.��� ���1#�! ����!,!����'
.!�-

®°P�JV�GCED�RE� CED�F �hC�}MDGp�C���N�LqJ!KMF!K&p�J }MCELG}&KMF�LGpvBG�GCÇJVCÇ´µUTp!p�N�p�J!KMW�®½LGWGF�KMK&Æ F!K��4KM}¶JVN�CTL)�=
7K`LGK&KMW J!C
}MCEÁ�BGD�J!KSUTPOP9B�CEp!p�N�IGPOK°}MCTLiJ!F!NOIGD�JVNOCELGp&Ê����GK�}MD�F!F!K&LqJ©UTp!p�C$}&N�UÇJ!KMW 
HNOJ!�ÉCELGKSKMPOKM}¶JVF!CTLvJVDGLGL�KMP�NOLGRÅN�p
RENOÆTKMLeIq�ÉJV�GKrË4KMF�Á�N RECEPOWGKMLeF!D�P�K��

I = 2πe
∑

f

|〈f |HT |i〉|2δ(εi − εf ) . � ?$Ê G1Ä �

���GK;}MUTP�}&DGP�U3JVN�CTLrC��GJV�GK7}MDGF�F!K&LiJ/BGF!C�}MK&KMWGp�N�LxJ!�GK;p!UTÁ�K=
;Uj�ÂUTp�JV�4U3J�C��4U½LGCEF�Á UÇP�Á�K&JVUTPMÈ�DGLG}¶JVN�CTL
'<A �)(9��K��$}MKMB$J>JV�GUÇJrCELGK��4UTp�JVCeJ U��ÇK N�LqJ!CzUÇ}M}MCTDGLqJ>JV��K�p�DGB K&F!}&CELGWGDG}¶JVNOLGRÕWGK&LGp!N�Jµ��C��Qp¬J UÇJ!KMprCEL
JV�GK©F!NORE�qJ;p�N�WGK©C��+J!�GK/È�DGLG}&J!N�CEL��B
H��N�} �vNOp�W�CELGK°Iq��K��$BGPOCENOJ!N�LGRSJ!�GK"Î;CTRECEP�NODGI�C
ÆxJVF!UTLGp/�hCTF!Á�UÇJVNOCEL+Ê
Ë4CEF>JV��Kz}MUTp!KeC��°KMP�K&}&J!F!CELGpÅJ!DGLGLGK&P�N�L�R'�hF!CEÁ�J!�GKeLGCEF�Á UTP;Á�K¶J UTPQPOKjUTW J!C�J!�GKlp!DGB�KMF�}MCELGW�DG}&J!CEF

�iÃ



(eV > ∆) �GJV��Kr}&DGF!F�KMLqJ>�hF!CEÁ P�K%�#J�J!C�F!N�RT�iJHF�KjUTW�p

I→ = e

∫ ∞

−∞
dte−i(µS−µL)t〈HT (t)H†T (0)〉

= eT 2
0

∫ ∞

−∞
dte−i(µS−µL)t

∑

k,k′,q,q′,σ1,σ2

〈c†k,σ1
(t)ck′,σ2

(0)〉〈cq,σ1
(t)c†q′,σ2

(0)〉〈e−iφ(t)eiφ(0)〉

= 2eT 2
0

∫ ∞

−∞
dt
∑

k,q

|uq|2e−iEqteiεkteJ(t)

= 4πeT 2
0NNNS

∫ eV

−∞
dε

∫ ∞

∆

dE
E√

E2 −∆2

[

1− 2π

RK

∫ ∞

−∞
dω
|Z(ω)|2
ω2

SI(ω)

]

δ(E − ε)

+
8π2eT 2

0NNNS

RK

∫ eV

−∞
dε

∫ ∞

∆

dE
E√

E2 −∆2

|Z(ε− E)|2
(ε− E)2

SI(ε− E) . � ?$Ê@G�G �

HNOJ!� NN

UTL�W NS
J!�GKÂWGK&LGp!N�Jµ�ÕC��/p�J U3JVKMp°C��,JV�GKxJ*
;CvPOKjUTW�p � NOLÕJV��K>LGCEF�Á UÇP�p¬J UÇJ!K�� Ê 	�K>LGCTJ!N�}&K

JV�4U3J�J!�GN�p�}jUTPO}MDGP�UÇJVNOCEL2N�p p�N�Á�N�P�UTFÂJVC�JV�GK`}MUTP�}&DGP�U3JVN�CTL C��SJV�GKlJVDGLGL�KMP�NOLGR�F!UÇJVKzC��SK&P�KM}¶JVF�CELGpvNOL
JV�GK:B�F!KMp�KMLG}&K�C��ÂUTL K&LiÆ�NOF!CELGÁ�KMLqJA
H�GNO} � NOpÉp!�GC�
HL N�L p!K&}&J!N�CELGpAH$Ê@GEÊ H2UTLGW H�Ê GEÊ � � �hCEP�POC�
HN�LGR
JV�GKxpVUTÁ�K>p¬JVK&BGp�� Ê+���GN�p½}MDGF�F!K&LiJ"N�LG}&P�DGWGK&p°I�CTJV�`UTL`KMP�UTp�J!N�}>UTLGW:UTLÕN�LGK&P�UTp¬JVN�}r}MCTLiJ!F!NOIGD�JVNOCEL)�4JV��K
�hCEF!Á�KMF�I�KMNOLGR�F!K&LGCEF!Á�UTPON �MK&WÉIq�ÉJV�GK�BGF�KMp!K&LG}MKxC���J!�GK�KMLqÆ�N�F�CELGÁ�KMLqJ�' ÃTÄ ( Ê Ô KMF!K�� ε NOpHJ!�GK�KMLGK&F!RT�C��°UTL K&P�KM}¶JVF�CEL5NOL J!�GKeLGCEF�Á UTP�Á�K&JVUTPQPOKjUTW5UTLGW E NOpÅJV�GKlKMLGK&F!RT�2C��SU���DGUTp!NOB4UTF�J!N�}&P�KÉN�L2JV��K
p!DGB�KMF�}MCEL�WGDG}&J!CEF;POKjUTW9Ê ³ �4UTLGRENOLGR�ÆTUÇF!N�UÇIGP�K&p,N�L�JV�GK©N�LGK&P�UTp¬JVNO}QJVKMF�Á¦JVC Ω = ε−E � δ = ε+E �$UÇLDGp!NOLGR ∫ dx(x+ a)/

√

(x+ a)2 − b2 =
√

(x + a)2 − b2/2 ��U��#JVK&F�}MCEÁ�BGD�J!N�LGRxJV�GKS}&DGF!F�KMLqJ �hF!CEÁF!NORE�qJQJVC�P�K��#JHN�LlUÅp!NOÁ�NOP�UTF3
QUj���6
7KrCEI�J UÇN�L

∆IPAT = −C1e

[
∫ ∞

−∞
dω
|Z(ω)|2
ω2

S+
excess(−ω)

]

Kel
1e(eV )

+C1e

∫ eV−∆

−∞
dΩ
|Z(Ω)|2

Ω2
S+

excess(−Ω)K inel
1e (Ω, eV ) , � ?�Ê@G
Ã �


H�GKMF�KvJV�GK�JVFVUÇLGp!Á�N�p�p!N�CTL�}MC�K ��}&N�KMLqJ�C���J!�GKÉ²°ÀzÈ�D�LG}&J!N�CEL�NOL�JV��KvLGCEF�Á UTP�p�JVUÇJVK N�pÂWGK��4LGK&W5UÇp
T = 4π2NNNST

2
0
� C1e = eT /RK

Ê4���GK<
7KMNORE�qJ>�hD�LG}&J!N�CELGpHUÇF!K�WGK%�GLGKMWÕUTp

Kel
1e(eV ) =

√

(eV )2 −∆2 , � ?$Ê G�H �
Kinel

1e (Ω, eV ) =
√

(Ω− eV )2 −∆2 . � ?$Ê GB� �
À$N�Á�N�P�UTF!P�����
7KxCEI$J UTNOLvJV�GK<�hCEF�ÁÂDGP�UÂC�� ∆IPAT

�hCTFQJV�GK�}jUÇp!K eV ≤ −∆ �

∆IPAT = −C1e

[
∫ ∞

−∞
dω
|Z(ω)|2
ω2

S+
excess(−ω)

]

Kel
1e(eV )

+C1e

∫ ∞

eV +∆

dΩ
|Z(−Ω)|2

Ω2
S+

excess(Ω)Kinel
1e (Ω, eV ) . � ?�Ê@G ? �

Ë4CEF�J!�GK;}MUTp!K −∆ ≤ eV ≤ ∆ �
JV�GK&F!K�UTF�K;LGC°KMP�UÇp�JVNO}�J!FVUTL�p!NOJ!N�CEL�p�I�KM}MUTDGp!K;KMP�K&}&J!F!CELGp�}jUTLGL�CTJ/K&LiJ!KMFJV�GK°p!DGB�KMF�}MCELGW�DG}&J!N�LGRÅRqUÇB+Ê�²©K&ÆTKMF�J!�GKMPOKMp�p��4WGDGK"J!C>JV��K"BGF!K&p!K&LG}MK�C��[J!�GK"KMLqÆ�N�F�CELGÁ�KMLqJ!�$KMPOKM}&J!F!CEL�p
}jUTL�UÇIGp!CEF�I:CEF"K&Á�N�J"KML�KMF!RÇ�,�hF!CTÁ CEF©JVCvJ!�GKÅKMLqÆ�N�F�CELGÁ�KMLqJSp!CvJ!�4UÇJ�UÇL:N�LGK&P�UTp¬JVN�}r�iD4UTp�N�B4UTF¬JVNO}MP�K
}MDGF�F!K&LiJ?�4C�
Hp%�

∆IPAT = C1e

∫ eV−∆

−∞
dΩ
|Z(Ω)|2

Ω2
S+

excess(−Ω)K inel
1e (Ω, eV )

−C1e

∫ ∞

eV +∆

dΩ
|Z(−Ω)|2

Ω2
S+

excess(Ω)Kinel
1e (Ω, eV ) . � ?�Ê@G@A �

��H
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��,������
'� �.���

���GK:p!NOLGREPOK`KMPOKM}&J!F!CEL �h��DGUTp!NOB4UTF�J!N�}&P�K��ÅJVDGL�LGKMPON�LGR }&DGF!F�KMLqJlN�pvC��(�4F�p�JeCEF�WGKMFÉNOL�JV�GK`J!DGLGLGK&P�N�L�R
UTÁ�BGP�N�JVDGWGKÇÊ�	�K½L�C�
5JVDGF�L�J!CxBGF�C$}&KMp�p!KMp=
H�GN�} ��N�LqÆEC��TKHJV�GKHJVDGL�LGKMPON�LGR�C�� J*
;CxKMP�K&}&J!F!CELGp,J!�GF!CED�RE�
JV�GK"²"À N�LqJ!KMF/� UÇ}MKTÊ$±µLGWGK&KMW)�4I�KM}MUTDGp!KSCTDGF�UTNOÁ¤NOp7J!CÅp!�GC�
 JV�4UÇJQ®°LGWGF�KMK¶ÆvF!K��4KM}¶JVNOCELÉ}jUTLeI�K"DGp�KMW
JVC"Á�KjUÇp!DGF�K�LGCEN�p�K��

;K�LGK&KMWÅJVCSK���UTÁ�NOLGK�UTPOP�J*
7C�KMPOKM}&J!F!CELÅB�F!C�}MKMp�p!K&p���
7K�p�J UÇF�J 
HN�JV�ÂJV��KQJVFVUÇLGp/�hK&F
C��QJ*
7C`KMPOKM}¶JVF!CTLGpÅUTpx��DGUTp!NOB4UTF�J!N�}&P�KMpxUTI�C1ÆEK�J!�GKvRqUÇB+Ê ³ UTP�}&DGP�UÇJ!N�CEL�prC���JV�GK�Á UÇJ!F!N ��KMPOKMÁ�KMLqJÂNOL
»,��Ê � ?�Ê A �HUTF�KrJ!�GKML`}MUTF!F�N�K&WÕCED�J©JVC�p!K&}MCELGW:CTF!WGK&F½NOLzJV��KxJVD�LGLGKMPON�LGR Ô UÇÁ�NOPOJVCTLGN�UTLÉD�p!N�L�R�JV��K TÁ U3JVF!N � �

I = 4πe
∑

f

|〈f |HT
1

iη −H0 + εi
HT |i〉|

2

δ(εi − εf ) . � ?$Ê G
¿ �

���GK�N�LGN�JVN�UTP p¬J UÇJ!K�N�pHUÅBGF!C�WGDG}¶J!�

|i〉 = |GL〉 ⊗ |GS〉 ⊗ |R〉 , � ?$Ê@G!I �

H�GKMF�K |GL〉 WGKML�CTJVK&p;U�REF!CTDGLGW�p�J U3JVK���
H��N�} � }&CEF!F�KMp�B CEL�WGp�J!CrU �4POP�K&W�Ë4K&F!Á�NGp!KMU �hCEF,J!�GKHLGCEF!Á�UTPKMPOKM}&J!F!C�WGKTÊ |GS〉 N�p�JV�GK�Î ³ À>REF!CED�LGWÅp�JVUÇJVKQNOL>JV��KQp!DGB�KMF�}MCEL�WGDG}&J!CEF,P�KMUTW+Ê |R〉 W�KMLGCTJ!KMp/J!�GKQN�L�NOJVN�UTPp�JVUÇJVKSC���JV�GK�K&LiÆ�NOF!CELGÁ�KMLqJMÊ
Ì"LlJ!�GK�CTJV�GK&FH�4UTLGW)��CEDGFHREDGK&p!p?�hCEFQJV�GK<�4LGUTP+p�JVUÇJVK�p��GCEDGPOWzF�KjUTW

|f〉 = c†k,σc
†
k′,σ′γ

†
q,σγ

†
q′,σ′|GL〉 ⊗ |GS〉 ⊗ |R′〉 , � ?$Ê G�D �


H�GKMLeJ*
7C KMPOKM}¶JVF!CTLGp©UTF!KSK&Á�N�J!JVK&W �hF!CEÁ¤JV�GKrp!DGB�KMF�}MCEL�WGDG}&J!CEFMÊ
���GK �µREDGKMp�p ��C��,»,�
Ê � ?$Ê G�D �;NOpHUTL
N�L��hCTF!Á�KMWÉCELGKÇ~
UTLeKMPOKM}&J!F!CELlB4UTNOFQN�pHIGF�C��TK&LzNOLÉJV�GK�p!D�B K&F!}MCTLGWGDG}¶JVCEF%� UÇLGWzCTLGK�KMP�K&}&J!F!CELeJVDGL�LGKMPOp
JVC>J!�GK"LGCTF!Á�UTP Á�K&JVUTP�P�KjUÇW)�F
H��N�P�K©JV�GK°CTJV�GK&FQI�KM}MCTÁ�K&p�UÂ�iD4UTp!NOB4UTF¬JVN�}&P�K©N�L J!�GKSp!D�B K&F!}MCTLGWGDG}¶JVCEF��
JV�GK�p!UTÁ�KrBGF�C$}&KMp!p©N�p�J!F!DGK �hCEF�JV�GKrp!K&}MCEL�WÕKMPOKM}¶JVF!CTL$
H�GNO} �zJVD�LGLGKMPOp�JVC�J!�GK�LGCEF�Á UTP[Á�K&JVUTP[P�KMUTW+Ê
	 �GKMLeJV��Krp�DGB�KMF!}&CELGWGD�}&JVCTF½POKjUTWlUTIGp�CEF!I�pHJ*
7C�KMP�K&}&J!F!CELGp%�

|f〉 = ck,σck′,σ′γ†q,σγ
†
q′,σ′|GL〉 ⊗ |GS〉 ⊗ |R′〉 . � ?$Ê ÃTÄ �

���GK �bREDGK&p!p �©C��[»,�
Ê � ?$Ê ÃTÄ �/N�p,J!�4UÇJÐJ*
;CxKMPOKM}&J!F!CEL�p7}MUTL�J!DGLGLGK&P6�hF�CEÁ�J!�GK½L�CEF!Á�UTPGÁ�K&JVUTP4P�KMUTW UÇLGW
I K&}MCEÁ�Kr��DGUTp!NOB4UTF�J!N�}&P�KMpHNOLzJV��Kxp�DGB K&F!}&CELGWGDG}¶JVCEF&Ê Ô KMF!K�� |R′〉 N�pHJV�GK(�4L4UTP�p�JVUÇJVKxC��/J!�GKxK&LqÆ$NOF!CEL�´Á�K&LqJjÊ
	�KlUTF�KA�GF!p�J�}&CELGp!NOWGKMF�N�LGR:J!�GKe}jUTp�KzC��©J*
7C�K&P�KM}¶JVF�CELGp�JVDGLGL�KMP�NOLGR'�hF!CTÁ�JV�GKep�DGB K&F!}&CELGWGDG} ´

JVCEFÅPOKjUTW2JVC:J!�GKzL�CEF!Á�UTPQÁ�K&JVUTPQP�KMUTW+Ê,±µLqJVF�C$W�DG}MNOLGR�J!�GKe}MPOCEp!DGF�KeF!KMP�UÇJVNOCEL �hCEFÅJV��KlK&N�REK&LGp�JVUÇJVK&p
C���JV�GK:L�CELG}MCTLGLGKM}¶JVK&W p���p¬JVKMÁ {|υi〉} �;UTLGW DGp!NOLGR JV�GK'� UÇ}&JÉJV�GUÇJ 〈υ|(εi − H0 ± iη)−1|υ〉 =
∓i
∫∞
0
dtei(εi−ευ±iη)t �GCELGK�}MUTLzK��$B CEL�KMLqJVN�UÇJVKrUTPOP JV��KrK&LGKMF�RT�eWGK&LGCEÁ�N�L4UÇJ!CEF!p&Ê7	�K��4UjÆEK

I← = 2e
∑

f,υ1,υ2

∫ ∞

−∞
dt

∫ ∞

0

dt′
∫ ∞

0

dt′′e−η(t′+t′′)eiεi(t−t′′+t′)〈i|H†T |υ1〉

×eiευ1
t′〈υ1|H†T |f〉e−iεf t〈f |HT |υ2〉e−iευ2

t′〈υ2|HT |i〉 . � ?$Ê Ã7G �
���GKML��TIq�>J!FVUTLGp��hCEF!Á�N�L�R©J!�GK;JVNOÁ�K7WGKMB�KML�WGKMLqJÐBG�4UÇp!KMp,NOLqJVCSU½J!N�Á�K7W�KMB�KMLGWGK&LG}MKHC��4J!�GK;J!DGLGLGK&P�N�L�R
Ô UTÁ�N�P�JVCEL�N�UTL)��
7K�}jUTL�N�LqJ!KMREF!UÇJVKÅCED$J>UÇP�P �GL4UTP,UTL�W�Æ�N�F¬JVD4UÇP/p�JVUÇJVK&pMÊ[���GNOpxUÇP�P�C�
Hp"D�p�J!CeF!K%
HF�NOJ!K
JV�GK½JVDGLGL�KMP�NOLGRÂ}&DGF!F�KMLqJHN�LvJ!KMF!Á�pQC��[J!DGLGLGK&P�NOLGRÂCEB�KMF!UÇJVCEF�pQN�L�JV�GKSNOLiJ!KMF!UT}&J!N�CELvF�KMBGF�KMp�KMLqJ UÇJ!N�CELvJ!C
P�C�
7KMp�J©CEF�WGKMF O(T 4

0 ) ÊG���GKr}MDGF�F!KMLqJ©F!KMUTWGp

I← = 2e

∫ ∞

−∞
dt

∫ ∞

0

dt′
∫ ∞

0

dt′′e−η(t′+t′′)ei(µS−µL)(2t−t′−t′′)

×〈H†T (t− t′′)H†T (t)HT (t′)HT (0)〉 , � ?�Ê ÃEÃ �

� �




H�GKMF�KSJV�GKSJVNOÁ�K°WGKMB�KMLGW�KMLG}&K>C���JV�GK�CEB�KMF!UÇJVCTF!pHN�p�REC1ÆTKMF!L�KMWÕIq�

HT (t) = ei(KL+KS+Henv)tHT e
−i(KL+KS+Henv)t ,


HNOJ!� KL = H0L
−µLNL

UTLGW KS = H0S
−µSNS

ÊE���GKHN�LqJVK&FVUT}¶JVNOCELÅBGF!K&p!K&LiJVUÇJVNOCEL�N�L�»,�
Ê � ?$Ê ÃEÃ �
�4UTp;J!�GKSUTW$ÆTUÇLiJVUTREK©JV�4UÇJ 
;KSCTLGPO���4UjÆEK"J!CÂ}jUÇP�}MD�P�UÇJ!K°p�JVUÇJVNOp�J!N�}jUÇP UjÆTKMFVUÇREKMp�C�� �#JVNOÁ�K ´µWGK&B K&LGWGKMLqJ��
}MCEF�F!K&P�UÇJ!N�CEL �hDGLG}&J!N�CEL�pMÊ�	�KSK��$BGF�KMp!pHJV��K�J!DGLGLGK&P�NOLGR Ô UÇÁ�NOPOJVCTLGN�UTL�N�LvJ!�GK�}MF�KjUÇJ!N�CEL � UTLGLGNO�GN�P�UÇJVNOCEL
CEB�KMFVU3JVCEF�p,N�LÅJV�GK©LGCEF�Á UÇP�´�UÇLGW�p�DGB�KMF¬´ }MCEL�WGDG}&J!N�LGRrP�KMUTWGp&ÊiÎ;KM}MUTDGp!K©JV�GK&F!KHN�pÐLGCÇJ;UÇLi�ÂN�LqJVK&FVUT}¶JVN�CTL
I K¶J*
;K&KMLzB4UTF�J!N�}&P�KMp�NOLÉJ*
;C�P�KMUTWGp��7
;KrCEI�JVUTN�L

I← = 2eT 2
0

∫ ∞

−∞
dt

∫ ∞

0

dt′
∫ ∞

0

dt′′e−η(t′+t′′)ei(µS−µL)(2t−t′−t′′)

×
∑

k1..k4,q1..q4,σ1..σ4

〈ck1σ1
(t− t′′)ck2σ2

(t)c†k3σ3
(t′)c†k4σ4

(0)〉

×〈c†q1σ1
(t− t′′)c†q2σ2

(t)cq3σ3
(t′)cq4σ4

(0)〉〈eiφ(t−t′′)eiφ(t)e−iφ(t′)e−iφ(0)〉 . � ?$Ê Ã�H �
»,��Ê � ?$Ê Ã�H �7NOpQJVF!D�KE�hCEFQJ*
;C�KMPOKM}¶JVF!CTLGp�JVDGLGL�KMP�NOLGR�UTp��iD4UTp�N�B4UÇF�JVNO}MPOKMp�UTL�WÕUTp�®½LGWGF�KMK&ÆeF�K%�4K&}&J!N�CEL+Ê
Ë4CEF©J!�GK>}&CEF!F�KMP�UÇJVNOCELzC��,CEB�KMFVU3JVCEF�p°N�LlJV�GKxLGCEF�Á UTP�Á�K&JVUTP�P�KjUÇW)� D�p!N�L�R�JV��K:	 N�}��61 p½JV��KMCEF�KMÁC�.
7K
CEI�JVUTN�L

〈ck1σ1
(t− t′′)ck2σ2

(t)c†k3σ3
(t′)c†k4σ4

(0)〉 = −e−i(εk1
−µL)(t−t′′−t′)δk1,k3

e−i(εk2
−µL)tδk2,k4

+e−i(εk1
−µL)(t−t′′)δk1,k4

e−i(εk2
−µL)(t−t′)δk2,k4

.
� ?$Ê Ã � �

Ô K&F!K���
7K�}MCEL�p!N�W�KMFH�iD4UTp!NOB4UTF¬JVN�}&P�K°J!DGLGLGK&P�NOLGR��Gp�C

〈c†q1σ1
(t− t′′)c†q2σ2

(t)cq3σ3
(t′)cq4σ4

(0)〉 = −|vq1
|2|vq2

|2e−iEq1 (t−t′′−t′)δq1,q3
e−iEq2 tδq2,q4

+|vq1
|2|vq2

|2e−iEq1 (t−t′′)δq1,q4
e−iEq′(t−t′)δq2,q3

.
� ?$Ê Ã ? �
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I← = 2eT 4
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∫ ∞

−∞
dt

∫ ∞

0

dt′
∫ ∞

0

dt′′e−η(t′+t′′)ei(µS−µL)(2t−t′−t′′)

×
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Lσ(k, t− t′′ − t′)G>

L−σ(k
′, t)F ∗σ (q′,−t′′)F−σ(q, t

′)

+ G>
Lσ(k, t− t′′)G>

L−σ(k′, t− t′)F ∗σ (q′,−t′′)Fσ(q, t′)
}
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∫ ∞

∆
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∆
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∆2

√
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√
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1− 4π
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−∞
dω
|Z(ω)|2
ω2
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]
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−∞
dω
|Z(ω)|2
ω2

SI(ω)

Del
←

}

.

� ?$Ê HG� �
���GK�N�LGK&P�UTp¬JVNO}"}MCELqJ!F!N�I�D�JVNOCELvJVC I← N�p

I inel
← ' eT 2

π2RK

∫ ∞

eV

dε

∫ ∞

eV

dε′
∫ ∞

∆

dE

∫ ∞

∆

dE ′

× ∆2

√
E2 −∆2

√

E ′2 −∆2

|Z(−(ε + ε′))|2
(ε+ ε′)2

SI(−(ε + ε′))

Dinel
←

.

� ?$Ê H ? �

H�GKMF�K,JV�GK,WGK&LGCEÁ�N�L4U3JVCEF�p[UTF!K,p�B K&}MN �4KMWrN�LS®½BGB K&LGWGN � ¨ Ê I→ NOp[WGKMF�NOÆTKMWrN�L�UQp!NOÁ�NOP�UTF�Á�UTLGLGK&F��jIGD$JNOJ!p+K��$BGF�KMp!p�N�CELxN�p[CEÁ�NOJ�JVK&WS�GKMF�KTÊ
²½K¶ÆEK&F�JV��KMP�K&p!p%�ÇN�JVp+K��9K&}&JVp&
HN�POPTI�KÐWGN�p�BGP�Uj�EK&W�N�LSJV�GKÐÁ�KjUTp�DGF!K&Á�K&LqJ
C���JV�GK�LGCENOp!KSC���UÅB CTN�LqJH}MCELqJVUT}&JMÊ

���GK�UTI�C
ÆTKÂK��$BGF�KMp�p!N�CTLGp�}MCELGp¬JVN�JVD�J!K>JV�GK>}MKMLqJ!FVUTP/F�KMp�DGPOJSC��,JV�GNOp 
;CTF �
~ 
7KÅDGLGWGK&F!p¬J UTLGW�LGC�

�GC�
¦JV��K�}&DGF!F�KMLqJ:�4D�}&JVDGUÇJVNOCELGprN�L�JV�GK�LGKMNORE�iI CEF�N�LGReÁ�KMp�CEp!}&CEBGN�}�}MNOF!}&DGNOJrREN�ÆEK�F!N�p�KÅJVCÕNOLGKMP�UTp�J!N�}
UTLGW�KMP�UTp�J!N�}Å}MCTLiJ!F!NOIGD�JVNOCELGpSNOL�J!�GK�}MDGF�F!KMLqJxI K¶J*
;K&KML UeLGCEF�Á UÇP/Á�K¶J UTPÐUÇLGW�Uep!D�B K&F!}MCTLGWGDG}¶JVCEF&Ê
	�K?�4LGW�JV�4U3J;I�CTJV��}MDGF�F!K&LiJ;}MCELqJ!F!N�I�D�JVNOCELGpÐ�4UjÆEK©JV�GK©pVUTÁ�K?�hCEF!ÁC�iUTLGW�JV�GK©}MDGF�F!K&LiJ �4DG}¶JVD4UÇJ!N�CEL�p
C��+J!�GK°Á�KMp�CEp!}&CEBGN�}½WGK&Æ�NO}MKSU�� KM}¶J;J!�GK"}MD�F!F!K&LqJ�N�L�JV�GK½WGK&J!KM}&J!CEF�UÇJ�JV��K"KMLGK&F!RT��}MCTF!F!K&p!B�CELGWGNOLGRxJ!C
JV�GKSJ!CTJ UTP[K&LGKMF�RT�eC���J*
;C�KMP�K&}&J!F!CELGpHNOLlJ!�GK�LGCEF!Á�UTP[POKjUTW+Ê�®°LGWGF�KMK¶ÆzF�K%�4K&}&J!N�CELeJV�GK&F!K��hCEF!KxUT}&J!p°UÇp
UTLeKMLGK&F!RT� �GPOJVK&FMÊ

²½K���J���
;K�}MUTLÉ} �4UTLGRTK�ÆÇUTF�N�UTI�P�KMp;UTpQNOLvJV�GKSBGF�K&Æ�N�CTDGp�p!K&}&JVNOCELGp&Ê�	 NOJ!�eUTLeUTF!I�NOJVF!UTF���IGN�UTp eV �

;K�CEI$J UTNOL

∆IPAT (eV ) = −CNS

∫ +∞

−∞
dω
|Z(ω)|2
ω2

S+
excess(−ω)Kel

NS(ω, eV, η)

−CNS

2

∫ 2eV

−∞
dΩ
|Z(Ω)|2

Ω2
S+

excess(−Ω)K inel
NS (Ω, eV, η)

−CNS

2

∫ ∞

2eV

dΩ
|Z(−Ω)|2

Ω2
S+

excess(Ω)Kinel
NS (Ω, eV, η) , � ?$Ê HGA �


HNOJ!� CNS = eT 2∆2/π2RK
Ê9���GK �ÇKMF�LGKMP��hD�LG}&J!N�CELGp Kel

NS
UTLGW Kinel

NS
UTF�KÂp!��C�
HL�NOL`®°BGB�KML�WGN �

¨ Ê

������� 4 � �,��!"���
� � #�
.!"�+��#�!"����� � ��� � ��#�� �1�:�(#�% !,#�
.���

±µL:JV�GNOp"p!K&}&JVNOCEL)��
7K�N�POP�DGp¬JVFVU3JVKxJ!�GKÅBGF�KMp!K&LqJ>F�KMp!D�POJVpE
HN�JV��Uvp!NOÁ�B�P�KÂK��GUÇÁ�BGPOKTÊ.	�KÅ}&CELGp!NOWGKMF<�hCEF
JV�GNOp�BGDGF!B�CEp�K`U���DGUTLqJVDGÁ B CTN�LqJ�}MCELqJ UÇ}&J!� 
H�GNO} ��N�p�U�WGK&Æ�N�}&K$
H�GCTp!KÕL�CEN�p�Klp�B K&}&J!FVUTP©WGKML�p!NOJµ�
N�p 
;K&P�P�} �4UTF!UT}&J!KMF!N��MK&W Ii��DGp�N�LGRÕJ!�GK p�}jUÇJ�JVK&F!N�L�RÕJV�GK&CEF�� '<?�I��)?E¿ (|Ê Ô KMF�K�����C�
7K&ÆTKMF%� 
;Kv}&CELGp�N�WGK&F
DGLGp¬�$Á�Á�K&JVF�N �&KMWeLGCENOp!KS}MCTF!F!K&P�UÇJ!CEF!p%��
H�GNO} �z�4UjÆTKxI�KMK&Lzp��GC�
HLÕN�Ll»,�
Ê � Ã$Ê H A � Ê

®°p�B CTN�LqJVK&W CTD�J�UTI�C
ÆTK�� 
7KlUTF!KÉ}&CEÁ�B�D�JVNOLGR`JV�GKeWGN �9K&F!K&LG}MKeC��©JV�GKe��®,� }&DGF!F�KMLqJVp�N�L JV��K
BGF!K&p!K&LG}MK°UTLGW NOL�J!�GK½UTIGp!K&LG}MK½C��9J!�GK©WG}½I�N�UTp&Êq���GN�p�Á�KMUTLGp,JV�GUÇJ 
7K©N�LGp�KMF�J�JV��K½p�B K&}&JVF!UTP
WGKML�p!NOJµ�
C���K��$}MK&p!p�LGCENOp!KQC��
J!�GK�Á�K&p!CEp�}MCEB�N�}QWGK¶Æ�N�}MK���
H�GN�} � �hCEF/U"B CENOLqJ,}MCELqJVUT}&JÐI�KjUTF�p,Á�CTp�J,C���N�JVp�
7KMNORE�qJ

�i¿



0 0.2 0.4 0.6 0.8 1

0

500

1000

0.985 0.99 0.995 1
0

500

1000

0.2 0.4 0.6 0.8 1
0

100

200

300

PSfrag replacements

eV eV eV

∆
I
P

A
T

eVd = 0.3
eVd = 0.5
eVd = 0.8

��� �����	� �������
∆IPAT

2�; '��#�D�13>�����:!#�<���%�&� '��8'(! �?���,3<��G�� ��� 5$'�; �O������6�! '<�m�B* �%�0'��0�1'�2�� � 3��-5<� �1� 5$'�; �D������G�� ���
eVd

�
0.3 � �1'����?�b�<��'����:;=�b��� � 6 0.5 � 3j���1���13H; �+��� � ���$3 0.8 � 3�'��#�#�13H; �+��� � ��������; �-!C�-6��1�����D����6Q�<��3 �E� ����� 2$���$��; �3���2�� �%� �%�b����; ��@��$���%�b2(�(�`�&� ��; �q�?���<����; �+����6<���n' @ �$���%�+2$�(�`�?� ��; � �?�<������; �+����6�����3 � ��3 �	�1�-5"�	�-7��1�%�?� '��j� ∆IPAT

� � �+�
����� �#� '(!

C2e
6 �q� �-� T = 0.6 � �0�1� �D���$� � �

LGKjUÇF �MK&F!C'�hF�KM�iDGKML�}MN�K&pMÊ,»��$}MK&p!p�LGCENOp!K�WGKM}&F!KjUÇp!KMp�PON�LGKMUTF!P��`JVC��&KMF�C:C
ÆTKMF�UÕF!UTLGREK [0,±eVd]
�hCEF

B CTp!NOJ!NOÆTK�UÇLGW�LGK&RqUÇJVN�ÆEK;�hF!K&��D�KMLG}&N�KMp � �GK&F!K�
7KvF�K%
HF!N�JVK�»,��Ê � Ã�Ê H�D �<
HN�JV��J!�GK�LGCTJVNO}MK��GKMF�KjU��#J!KMF%�

;K�DGp�KrJ!�GK�LGCTJVUÇJVNOCEL Vd

N�LGp¬JVKMUTWeC�� V J!C�p��GC�
¼JV��K�ÆTCEPOJVUTREKSC���Á�KMp!CTp!}MCTBGN�}�WGK¶Æ$NO}MK��

S+
excess(ω)=

2e2

π
T (1− T )(eVd − |ω|)Θ(eVd − |ω|) . � ?�Ê Hq¿ �

	�KÅ} �GC�CEp�K�UvREKMLGK&F!NO} �hCEF!Á �hCEF°J!�GK>JVF!UTLGp�N�Á�B K&W4UTLG}&K��+p�N�Á�N�P�UÇF©NOL`p!B�N�F!N�J"JVCvJ!�4UÇJS} ��CEp!K&L�NOL
¯©K��bÊ ' ÃÇÄ)( Ê ³ CEL�p!N�W�KMF!NOLGR�JV�GK©}MNOF!}MD�NOJÐN�L�Ë�NOREDGF!K&p"?$Ê@G°UTLGW&?$Ê H���UÇJ ω = 0 �EJV�GK©WGK¶Æ$NO}MK°UTLGW�WGK&J!KM}&J!CEFUTF!KSL�CTJ�}MCTDGBGP�K&WÕUÇLGWÉJV�GK"J!FVUTLGp�N�Á�B K&WGKML�}MKSp!��CEDGP�WÉJ!�GKMF�K%�hCEF�K�ÆÇUTL�N�p!�9Ê
Ì"LeJ!�GKSCTJ!�GKMF��4UÇLGW)�GJV��K
JVF!UTLGp!NOÁ�B�KMWGUTLG}MK�N�p�BGF�KMWGNO}&JVK&W>JVC°�4UjÆEK�U©}MCELGp¬J UTLqJ,I�KM�GU1Æ�NOCEF�U3J/P�UÇF!REK �hF!K&�iDGKMLG}&N�K&pMÊ�	�K;J!�GKMF�K%�hCEF�K
} �GC�CEp!KSJV��K �hCTP�P�C�
HNOLGRÂREK&LGKMF�N�}E�hCEF�Á �hCEFQJ!�GKSJVFVUÇLGp!NOÁ�B�KMW4UÇLG}MK

|Z(ω)|2 =
(Rω)2

ω2
0 + ω2

, � ?$Ê H�I �


H�GKMF�K R N�p©JV�GKrJµ��BGN�}MUTP��GNORE�$�hF�KM�iDGK&LG}&�ÕN�Á�B K&W4UTLG}&KÂUTL�WÕJV�GKx}MF�CEp!p�C
ÆTKMF<�hF!K&�iDGKMLG}¶� ω0
N�p½KMp¬JVN�´

Á U3JVKMW��hF!CEÁ JV�GK�K��$B K&F!N�Á�KMLqJVUTP�W4U3J U"C���¯HK%�bÊ ' ÃEÃ ( �E} ��C$CEp�N�LGR"U �4LGNOJ!KQ}MD$JVC����hF!KM�iDGK&LG}&� ω0
Á�KjUTL�p

JV�4U3J�UÇJ �hF!K&�iDGKMLG}&N�K&p ω � ω0
�TJ!�GK�Á�KMp!CTp!}MCTBGN�}H}MNOF!}&DGNOJ,�GUTp,LGC�N�L��GDGKMLG}&KHCEL�J!�GK�WGK¶JVKM}¶JVCEFÐ}&N�F!}&DGNOJ

I K&}jUTD�p!K�P�C�
 �hF!KM�iDGK&LG}MNOKMp½WGC�LGCTJHBGF�CEB4UTRqU3JVK"JV��F!CEDGRT�ÕUÅ}jUÇB4UT}MN�JVCEF&Ê
	�K�}jUÇP�}MD�P�UÇJ!KÅL�D�Á�K&F!N�}MUTP�P��zJ!�GK�� ®,�¦}&DGF!F�KMLqJVprN�L:J!�GK UÇI C1ÆEK�JV��F!KMK�}MUTp!K&pM~�p!N�L�REP�KÅUÇLGW�J*
7C

�iD4UTp!NOB4UTF¬JVN�}&P�KHJVDGL�LGKMPON�LGR>UTLGWv®½LGWGF!K&K&Æ F!K%�GKM}&J!N�CEL9Ê�®°POP K&LGKMF�REN�K&pQUTF�K"Á�KjUTp�DGF!K&W�
HNOJV� F!KMp�B K&}&JQJ!C
JV�GKHp�DGB K&F!}&CELGWGDG}¶JVNOLGRxREUTB ∆ Êq±µL�JV��KMp!K©DGLGN�JVp%��
;K©} �GCEp�K ω0 = 0.3 UTL�W η = 0.001 Ê ³ DGF!F�KMLqJVp7UTF�KJµ��BGN�}MUTP�P���BGP�CTJ�JVK&WeUTp�U��hDGL�}&JVNOCELÉC��[J!�GKSWG}"IGN�UTp;ÆTCEPOJVUTREK eV C��[JV�GK°WGK&J!KM}&J!CEF4�hCEFQp�K&ÆTKMFVUÇP9ÆÇUTP�DGK&p
C��/J!�GKÂÁ�KMp!CTp!}MCTBGN�}xIGN�UTp©ÆECEP�J UTRTK eVd

�hJV��K>KMLqÆ�N�F�CELGÁ�KMLqJ�� Ê[Ì"DGF½Á�CTJ!NOÆÇUÇJ!N�CELeN�pHJVC }MCELGp�N�WGK&F°JV��K
� ®,�2}MD�F!F!K&LqJVp 
HNOJ!�ÂJV�GK�}&CELGWGN�JVN�CTL |eV | < 1 � |eV | < ∆ ����
H�GK&F!KQJ!�GK�K%� KM}¶JÐC��
JV�GK�K&LiÆ�NOF!CELGÁ�KMLqJ
CELÅJV�GKH��®,� }&DGF!F�KMLqJ;NOp,Á�CTp�J,BGF�CELGCED�LG}MK&W)��UTLGW 
;KHp��4UTP�P�BGF!K&WGN�}¶J,JV�4UÇJÐJ*
7C�KMP�K&}&J!F!CELGp,J!DGLGLGK&P�N�L�R
UTpxU ³ C�CEB�KMFrB4UTN�F �h®°LGWGF�KMK¶Æ�B�F!C�}MKMp�p!K&p��x}&CELqJVF!NOIGD�J!KMp�JV�GK�Á�CEp¬J�JVCzJ!�GK�� ®,�¦}&DGF!F�KMLqJ!��K��$}MK&B�J
}MPOCEp!KvJ!C eV = ∆ ÊÐÎ;KM}MUTDGp�KzC��©JV��KÉp���Á�Á�K&J!F�� I�K&J*
7KMK&L LGK&RqUÇJ!NOÆEK eV UTL�W B�CEp�NOJVN�ÆEK eV � 
;K

��I



WGN�p�BGP�Uj�rJV�GKHF�KMp!D�POJVp �hCTF eV > 0 ÊE����K½��®,� }&DGF!F�KMLqJVp �hCEF/J!�GK©UTI C1ÆTKHJ!�GF!K&K�BGF!C�}MK&p!p�KMpQUÇF!K�BGPOCTJ!J!KMWLGK���JHJVC�CEL�KxUÇLGCTJV��KMFHN�LeË�NOREDGF�K ?$ÊE?:�hCEF�}&CEÁ�B4UTF!NOp!CEL9Ê
	�K(�4LGWÕNOL`Ë�NOREDGF�K ?�ÊE?ÅJV�4UÇJ½N@��JV�GKx} �GKMÁ�N�}MUTP�B CÇJVKMLqJ!N�UTP[C���JV�GKxLGCEF!Á�UTP[Á�K&JVUTP�P�KjUÇWzNOp½}&P�CEp�K

JVC`J!�GKvB�CTJVK&LiJ!N�UTP7C��HJV�GKÉp�DGB�KMF!}&CELGWGD�}&JVCTFÅP�KjUÇW � eV � ∆ ����JV��Ke� ®,�¤}MDGF�F!KMLqJ!p�NOL�JV�GK�JV�GF�KMK
}jUTp�KMpSUÇF!KÂp�DGBGBGF�KMp!p�KMW+Ê�Ë4CEF©JV�GKxJ*
;CÉ}MUTp!K&pSC��Ð�iD4UTp!NOB4UTF¬JVN�}&P�K�JVDGL�LGKMPON�LGR��
JV��KÅ� ®,� }MD�F!F!K&LqJVp�UTF�K
KM�iD4UTPSJ!C �&KMF�C I�KMP�C�
 U }&KMF�JVUTN�L JV��F!KMp��GCEPOW+Ê����GK�p!N�L�REP�K:�iD4UTp�N�B4UÇF�JVNO}MPOK:}MDGF�F!KMLqJzWGN@� KMF�p �hF!CEÁ
�MK&F!C UÇJ U�J!�GF!K&p!�GCEPOW)�3
H�GN�} ��NOp�NOWGKMLqJ!N@�4K&W UTp ∆ − eVd

�ÐJV�4UÇJ�N�p%�7�iD4UÇp!N�BGUTF�J!N�}MPOKMp�UTF�K`UTIGPOKlJ!C
JVDGL�LGKMP9UTI C1ÆTK"JV�4UÇJ;p!DGB�KMF�}MCEL�WGDG}&J!CEF�RqUTBÉCTLGPO��N@�[J!�GK&��}jUÇLlI�CEF�F!C�
 JV�GK°LGKM}&KMp!p!UTF��eK&LGKMF�RT� �hF!CEÁ
JV�GK�Á�KMp!CTp!}MCTBGN�}�WGK&Æ�NO}MKTÊ����GNOpxK���B�P�UTNOLGp<
H�i��JV��K�}&DGF�ÆTKMpÅUTp�p!C�}MN�UÇJVK&W 
HNOJ!��WGN �9K&F!K&LiJrÆÇUTP�D�KMprC��
JV�GK:Á�KMp�CEp!}&CEBGNO}:WGK&Æ�N�}&K�IGN�UTpvÆTCEPOJVUTREK:UÇF!K�p!�GN �#JVK&W J!C JV�GK:F�N�RE�qJlUTp eVd

WGK&}MF�KjUTp�KMpMÊ©Ë4CEF J*
7C
�iD4UTp!NOB4UTF¬JVN�}&P�K°J!DGLGLGK&P�NOLGR���
7K>CEI�p!KMF¬ÆEKrJV�4UÇJ�J!�GKx� ®,�¼}&DGF!F�KMLqJ°�GUTp°UÅp�N�Á�N�P�UÇF7JV��F!KMp��GCEPOW)��
H�GN�} ���
}MCEÁ�B4UTF�KMW J!CÅË�NOREDGF!K
?$Ê ?TU���N�p;B�DGp!�GK&WlJ!C�
QUTF�WvJV�GK°F!N�RT�iJ;N�LÉË�N�REDGF�K
?�ÊE?ÇI���I�KM}jUÇDGp!KSÁ�CEF!K½KMLGK&F!RT�
N�p�LGK&KMWGK&W JVC�JVFVUÇLGp/�hK&F�J*
7C�K&P�KM}¶JVF�CELGpvUÇI C1ÆEKeJV��KzRqUÇB)�Ð}MCEÁ�B4UTF�KMW5J!C�U�p!NOLGREP�KÉK&P�K&}&JVF�CEL+Ê�²½CÇJ
p!DGF�BGF!NOp!NOLGREPO��JV�GKr}MCTF!F!K&p!B�CELGWGNOLGR�}MDGF¬ÆEKMp°UTF!KrCELG}&K>UÇRqUTN�Lep��GN@�#J!KMWeJVC�JV�GKrF!NORE�qJ>
HN�JV�lWGKM}&F!KMUTp!NOLGR
eVd

Ê4����KMp!Kr}MD�F�ÆEK&p"UTPOP9�4UjÆTK>UÅp!�GUTF!BlÁ U���NOÁÂDGÁ UÇJ eV = ∆ Ê
	�KSJVD�F!LeLGC�
 J!C�J!�GK�®°LGW�F!KMK¶Æl� ®,��WGN@� KMF�KMLG}&Kr}&DGF!F�KMLqJ!� 
H�GNO} �zW�CEÁ�NOL4UÇJ!KMp;J!�GKrUTI C1ÆTK�J*
7C

BGF!C�}MK&p!p�KMpvU3J�p!Á�UTP�P�UÇLGW5Á�C�WGKMF!UÇJVKeIGN�UTp!K&pMÊÐ²½CÇJVKÉJV�4U3J�J!�GKeJVCTJVUTPQ®°L�WGF!K&K&Æ }MDGF�F!K&LiJ�}MCTLiJVUTN�L�p
UTL K&P�UTp¬JVNO}l}&CELqJVF�N�IGD�J!N�CEL5UTp;
;K&P�P©UTp�UTL NOLGKMP�UTp�J!N�}e}MCTLiJ!F!NOIGD�JVNOCEL I K&P�C�
 J!�GKÕRqUÇB)�Ð}MCELqJVF!UTF�� J!C
�iD4UTp!NOB4UTF¬JVN�}&P�K�JVDGLGL�KMP�NOLGR4
H�GNO} �x�4UÇp[}MCELqJVF�N�IGD$JVN�CTLGp[I K&P�C�
�JV�GK,RqUÇBrCTLGPO�½I K&}jUTD�p!KÐJV�GK&p!KÐBGF!C�}MK&p!p�KMp
UTF!KrBG�GCÇJVCÇ´µUTp!p�N�p�J!KMW+Ê�Î;K&}jUTD�p!K:
7KÂUTF�K>}&CEÁ�B�D�JVNOLGR�J!�GKrWGN@� KMF�KMLG}&K>I�K&J*
7KMKML���®,� }MDGF�F!KMLqJ!p"
HNOJ!�
UTLGWA
HNOJ!�GCED�JHJV��KxÁ�KMp�CEp!}&CEBGN�}�IGN�UTp�ÆECEP�J UTRTK���
7K>K��$B�KM}¶J°JV�GUÇJHJV�GKrKMP�UTp�J!N�}S}MCTLiJ!F!NOIGD�JVNOCELl}jUTLG}&KMPOp
CED�JMÊ Ô C�
7K&ÆEK&F���JV�GK �4F�p�JrJVK&F!Á C��;»,�
Ê � ?$Ê H A �½JVK&P�POp"DGp�JV�4UÇJSJ!�GK�BGF!K&p!K&LG}MK�C��;J!�GK�KMLqÆ�N�F!CTLGÁ�K&LqJ
UTP�p�C�RENOÆTKMpHF!NOp!KSJVC�UTLlK%� KM}&J!NOÆTKxK&P�UTp¬JVN�}S}&CELqJVF�N�IGD�J!N�CELÉJ!C�J!�GK>��®,� ®½LGWGF!K&K&ÆlWGN �9K&F!KML�}MKr}MDGF�F!KMLqJMÊ
¹½L��hCTF�JVD�L4UÇJVK&PO����JV�GNOp�KMP�UTp�J!N�}"}&CEF!F�KM}&J!N�CELeNOp�LGCTJHp!Á�UTPOP9}MCTÁ�B4UÇF!KMWÉJ!C�J!�GKSJVF�DGK�®°LGWGF�KMK¶Æe}MDGF�F!KMLqJMÊ

Í�C�C��iN�L�RzU3JrË�N�RED�F!K ?$Ê ?7�)
7K�LGCÇJVK�JV�4UÇJSJ!�GK�� ®,�¦}&DGF�ÆTK �hCEF�®½LGWGF!K&K&Æ�BGF�C$}&KMp�p!KMpxN�p�p!��N@�#JVK&W
JVCrJV�GK½P�K%�#J=
H�GK&LvJV�GK½IGN�UTp7C��+J!�GK°Á�KMp�CEp!}&CEBGN�}½WGK&Æ�NO}MK"NOp7NOLG}MF�KjUTp�KMW+Ê$���GK°K&LiÆ�NOF!CELGÁ�KMLqJ;BGF!C1Æ�N�WGK&p
KMLGK&F!RT�ÕJVClCEF�UTIGp�CEF!IGp�K&LGKMF�RT� �hF!CEÁ B4UTNOF!p�C��7KMP�K&}&J!F!CELGp<
H�GCTp!K�KMLGK&F!RENOKMprUTF!K�LGCÇJ�p���Á�Á�K&J!F!NO}jUTP

HNOJ!��F!K&p!B�KM}&J JVC�J!�GK`p!D�B K&F!}MCTLGWGDG}¶JVN�L�R } �GKMÁ�N�}MUTP½B�CTJ!KMLqJVN�UTP ÊÐ®QJvÆTKMF�� 
7KjU�� eV �ÐJV�GK`K&P�UTp¬JVNO}}MCEF�F!K&}&JVNOCEL�NOp>p�Á UTPOPÐ}MCEÁ�B4UTF�KMW�J!CÕJV�GK�JVF!D�Kv®°LGW�F!KMK¶Æ�}&DGF!F�KMLqJjÊ 	�KvK��$B K&}&JÂJ!�GKÉ� ®,� }&DGF!F�KMLqJ
}MCELqJ!F!N�I�D�JVNOCELGpSJVClCEF!NOREN�LGUÇJVK �hF�CEÁ B4UTNOF!prC��QK&P�K&}&JVF�CELGprN�L�JV�GK�LGCEF�Á UTP,Á�K&JVUTP,I�KMP�C�
�JV�GK�p!DGB�KMFb´
}MCEL�WGDG}&J!N�LGR>} �GKMÁ�N�}MUTP9B�CTJVK&LqJVN�UÇP8��
H�GN�} �É}MUTLÉK���J!FVUT}¶J©U>BG�GCTJ!CEL��hF!CTÁ J!�GK"K&LiÆ�NOF!CELGÁ�KMLqJMÊG®QJQJV��K
pVUTÁ�KHJVN�Á�K�� ³ C�CEB�KMF�B4UTN�F�p;}MUTLvI�K°KbÈ�K&}&J!KMWÉN�L�JV�GK½LGCEF�Á UTP
Á�K&JVUTP�UTpQU>F�K&ÆTKMF!p�KS®°LGW�F!KMK¶Æ B�F!C�}MKMp�p
BGF!C1Æ�N�W�KMWvJV��K&�vI�CEF�F!C�
�UÂBG�GCTJ!CELvJVCÂJ!�GKSKMLqÆ�N�F�CELGÁ�KMLqJjÊ$���GKMF�KrNOpQUÂI4UÇP�UTLG}&K"I�K&J*
7KMKMLeJV��KSF!N�RT�iJ
UTLGWeP�K��#JH}MDGF�F!K&LiJ!p°U3J©UÅÆTKMF¬� 
;KMU��ÉIGN�UÇpMÊ

®°p�J!�GKQIGN�UTp�N�p�NOLG}MF�KjUTp�KMW)�3KMPOKM}¶JVF!CTLÂB4UTNOF!p&
H�GCEp!K�K&LGKMF�REN�K&p/UTF�KQUTI�C1ÆEK;J!�GN�p�} �GK&Á�NO}jUTP�B CÇJVKMLqJ!N�UTP

HN�POP°LGC�
 I�K�UTIGPOK`JVC ��N�KMPOW U2B��GCTJVCTL J!C J!�GK�KMLqÆ�N�F�CELGÁ�KMLqJ!��REN�Æ�N�LGR�F�N�p�K�J!C UTL�NOLG}MF�KjUTp�K�C��
JV�GK�NOLGKMP�UTp�J!N�}�� ®,��}MDGF�F!KMLqJMÊ�®½P�p�C��+JV�GK�F!K¶ÆEK&F!p!K�®°LGW�F!KMK¶Æ�BGF!C�}MK&p!p>Á�KMLqJ!N�CELGK&W�UÇI C1ÆEK�I�KM}MCTÁ�K&p
Á�CTF!KvF�KMp�J!F!NO}&JVK&W2I K&}jUTDGp�KÉJV�GKeUjÆÇUTN�P�UTIGPOK�K&Á�B�Jµ��p�JVUÇJVK&p;�hCTFÂKMPOKM}&J!F!CEL�pÅN�L�JV��KÉP�KjUÇWGpÂP�NOKv�GNORE�GKMF
UÇJ½U�B�CEp�NOJVN�ÆEK�IGN�UTpMÊ4���GKxKMP�UTp�J!N�}r� ®,�¼}&DGF!F�KMLqJ �hLGCTJ©p!��C�
HLÕN�LeJV�GK �4REDGF�KMp �©N�L�}MF!KMUTp!K&p>
H��KML,
7K
N�LG}&F!KMUTp!K J!�GKÉWGK¶JVKM}¶JVCEFÅI�N�UTpÂI�D�JÅNOJÂN�pÂUÇP@
;U1��pÅp�Á UTPOP�K&FrJ!�4UTL JV�GK N�LGK&P�UTp¬JVN�}�}MCELqJ!F!N�I�D�JVNOCEL+Ê����GK
JVCTJVUTP[��®,� }MD�F!F!K&LqJ½NOLG}MF�KjUTp�KMp©REFVUÇWGD4UTPOPO� �|Ë�NOREDGF!K ?$ÊE?F�GF!NORE�qJHB4UTLGK&P �¶Ê

® �&C$CTÁ¦C���JV�GNOp�®½LGWGF�KMK&Æ�}&CELqJVF�N�IGD�J!N�CEL�NOp�Á�UTWGK�NOLÅJV�GK©F!K&REN�CEL�C�� p!Á�UTPOPGIGN�UÇp!KMp&Êq���GKMF�K½NOp��qNOL
� UT}&J��GLGCÅJV��F!KMp��GCEPOWA�hCTFQJV�GK���®,� ®°L�WGF!K&K&Æe}MD�F!F!K&LqJj~��hCEFHUÅp!Á�UTPOP IGN�UTp���NOJ��4UÇp½UÅPON�LGKMUTF;I�KM�4UjÆ�N�CTF
�|Ë�NOREDGF�K ?$Ê<A � Ê ®�}&}MCEF�WGN�LGRvJ!CÉ»,�
Ê�� ?$Ê H A ���.
H��KML eV ≥ eVd/2

� JV��KÂN�LGK&P�UTp¬JVNO}xWGN �9K&F!K&LG}MKÂ}&DGF!F�KMLqJ
C���U ³ C�CEB�KMF©B4UTN�FQJ!DGLGLGK&P�NOLGR �hF!CEÁ p�DGB�KMF!}&CELGWGD�}&JVCTF½JVC�Á�K&J UÇP+P�KMUTWzIq�lUTI�p!CEF�IGN�LGR�KML�KMF!RÇ� �hF!CEÁ
U:Á�K&p!CEp�}MCEBGNO}zW�K&Æ�N�}&KlÆÇUTLGNOp!�GK&pMÊ,���GKÕ� ®,� }MDGF�F!KMLqJ LGC�
 WGK&p!}MF�N�I�KMp�J*
;C�KMP�K&}&J!F!CELGpÅJ!DGLGLGK&P�N�L�R
�hF!CEÁ�Á�K¶J UTPGJ!C>p!D�B K&F!}MCTLGWGDG}¶JVCEF7KMP�UÇp�JVNO}jUTPOPO�>CEFÐN�LGK&P�UTp¬JVN�}MUTP�P��EÊÇ±µL�JV��N�pÐN�LqJVK&F!Á�KMWGN�UÇJVKHIGN�UTpÐF!K&REN�Á�K��
JV�GKlKMP�UTp�J!N�}eUTL�W N�L�KMP�UÇp�JVNO}É}MCELqJ!F!N�I�D�JVNOCELGp�LGC�
 �4UjÆEKÕU�J!KMLGWGK&LG}&� JVC�}jUÇLG}MK&P½KMUT} � CTJ!�GKMF&ÊÐ���GK

��D
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��� �����	� ������� � ��3 �	�1�-5 �	�-7��1�%�?� '��/�1'����-�E�bG<���&� '��.�D' ∆IPAT
2<; '��#�#�13 �����S!D�����%�?� '��/'(!��?���.3��oG�� ���:5$'�; �D�����

!E'�� �o* �%�0'��0�1'�2�� �"3��-5<� �1�"5('�; �O�����pG�� ���
eVd

�
0.3 � �1'����?�b���$'����B; �+��� � 6 0.5 � 3<���1���13 ; �+��� � 6 �<��3 0.8 � 3<'��Z�D�13;=�b��� � � ���<*��"����� �#�q��� �+�>��� ���<�	� ������� �q�����b���%� 3��42$�<����;Q� �q� F1'j'�* '(!s�-��� �&�<*��,�1'����-�E�bG<���&� '��4��� �1* ��;b;

eV
6

3�� �12�; �?A<�b���>�>; �+�����(� G����$��5�� '<�h�
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PSfrag replacements

eV
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eVd = 0.3
eVd = 0.5
eVd = 0.8

��� �����	� ��� ��� 	 �	'��O�0'(5$���9G��%��� �1��� � ��3 �	�1�-5,�	�-7��1�%�?� '�� � ���	'��O�0�13 ; �+��� � �<��3 ���n'�@��(���%�+2$�(�`�?� ��; �c�?�<������; �+��� �������	�����
� ���$���	'��O�0�13p; �+��� � ��; '��0� �D' �-��� �<�<2,!E'�� �>*��%�0'��0�1'�2�� � 3<�-5�� �1� 5$'�; �D�����4G�� ��� eVd

�
0.3 � �1'����?�b����'����,; �b�$� � 6 0.5

� 3<���1���13H; �b�$� � 6 ����3 0.8 � 3�'��Z�D�13 ;=�b��� � � ���<*��"�<��� �#����� �+�>��� ���<�	� �������

}MDGF�F!K&LiJxF!KMUT} �GK&pÂUeÁ U
�$NOÁÂDGÁ }MP�CTp!K�JVCeJV�GK�RqUTB���UTLGW�JV�GK&L�NOJ�W�KM}MF�KjUTp�KMpÂW�FVUTÁ�UÇJVNO}jUTPOPO�zUÇJ�JV��K
RqUTB+ÊÐ���GNOp�NOp }&CELGp!NOp�J!KMLqJ 
HN�JV�5J!�GK$� UÇ}&J�JV�4UÇJ��hCEF�U�B�CEp!N�JVNOÆTKzI�N�UTp%�ÐJ!�GKÕNOLGNOJ!N�UTP7p�JVUÇJVKC�hCEF�J*
7C
�iD4UTp!NOB4UTF¬JVN�}&P�KÂJ!DGLGLGK&P�N�L�RlB�F!C�}MKMp�p!K&pÂUTLGW0�hCEFS®°L�WGF!K&K&Æ�F!K��4KM}¶JVN�CTL�N�pSB�F!KM}&N�p�KMPO�:J!�GK�pVUTÁ�KT~[}&P�CEp�K
JVCÅJV��KrREUTB)�GJ*
7C��iD4UTp�N�B4UÇF�JVNO}MPOK"JVDGLGL�KMP�NOLGRÂJ U��TKMp©C1ÆEK&F©J!�GK�®°LGWGF�KMK¶ÆzB�F!C�}MKMp�pMÊ
± J©I K&}MCEÁ�KMpHÁ�CEF!K
K ��}MNOKMLqJE�hCEF°KMP�K&}&J!F!CELGp"J!CvI�K�UT}&J!NOÆÇUÇJVK&W:UTI�C1ÆEKÂJV��KÅRqUTB`JV�GUTL`JVCvI�KÅ}MCTLiÆTKMF¬JVKMW�N�LqJ!CÉU ³ C$CTB K&F
B4UTNOFxI�KM}MUTDGp!KÉJ!�GKvKML�KMF!RÇ��P�CTp!pÂLGK&KMWGK&W �hCEFxJ!�GKÉP�UÇJ�JVK&F>N�px�iDGNOJ!KvP�UTF�REKTÊ�¹½L�P�N �ÇKvU`}&CELqÆEKMLqJ!N�CEL4UÇP
²"À È�DGLG}&J!N�CEL0
HNOJ!��KMP�UTp�J!N�}�p!}MUÇJ!J!KMF�N�LGRzCELGPO��� 
H�GKMF�K�JV��K F!K&P�UÇJ!NOÆTK�NOÁ�B�CEF�JVUTLG}&K�C��Q�iD4UTp�N�B4UTF¬JVNO}MP�K
JVDGL�LGKMPON�LGRHUTL�Wr®½LGWGF�KMK&Æ�F�K%�4K&}&J!N�CELrUTF�K,N�LqJVK&F!} �4UTL�REKMWrBGF!K&}MNOp!KMP��SUÇJ[J!�GKÐRqUTB)�&�GKMF�K,JV�GKÐWGCEÁ�N�LGUTLG}MK
C��Q�iD4UÇp!N�BGUTF�J!N�}MPOKÂJVDGL�LGKMPON�LGRlÁ UÇLGN@�hK&p�JVp�N�JVp!K&P@�;I K��hCEF!K�JV�GK�ÆECTPOJ UÇREK�IGN�UTprF!KMUT} �GK&pxJV��K�RqUÇB+Ê�²½CTJ!K
UTP�p�CxNOL Ë�N�REDGF�K�?$ÊE?SJV�4U3J7J!�GK½Á�UTREL�NOJVD�WGKHC��+JV��K½®½LGWGF!K&K&Æ�}MDGF�F!K&LiJ;I K��hCEF!KHJV��K½J*
7C>�iD4UTp�N�B4UTF¬JVNO}MP�K
JV�GF�KMp��GCEP�W�N�prBGF!K&}MNOp!KMP���JV�GK�pVUTÁ�K UÇpxJV��K Á�UTRELGN�JVDGWGK�C��QJ!�GK�J*
7C`�iD4UTp�N�B4UÇF�JVNO}MPOKMpxUÇJ eV = ∆ �

H�GN�} �:}&CEL��4F�Á�p"J!�GN�p°}MCELqÆEK&F!p�N�CEL�p!}&KML4UTF�N�CGÊ ®¦}MCTÁ�B4UÇF!N�p�CEL:C��,J!�GKÂJ*
;CeBGF�C$}&KMp�p!KMprN�p°WGN�p�BGP�Uj�EK&W
N�LeË�NOREDGF�K ?$Ê ¿�Ê

±µL�BGFVUÇ}&JVNO}MK���J!�GK WGN �9K&F!K&LiJ>}MCELqJ!F!N�I�D�JVNOCELGp�JVCÕJ!�GKv��®,�¡}MDGF�F!KMLqJÅ}MUTLGLGCÇJÂI�K p!K&B4UTF!UÇJVK&W+~ 
7K
Á�KMUTp!D�F!K"JV��KSp!DGÁ C���J!�GK"JV��F!KMKS}&CELqJVF�N�IGD�J!N�CEL�p4
H�GN�} �lUTF�KSBGP�CTJ�JVK&WÉN�LeË�NOREDGF!K
?$Ê ?$Ê Ô C�
7K&ÆTKMF�� 
7K
}MP�UTN�Á JV�4U3J(�hCTFxUÉIGF�CqUTW�ÆECEP�J UTRTK�F!UTLGREK � �hF!CEÁ eV = 0 JVCeJV�GK�J*
7Cz�iD4UTp�N�B4UÇF�JVNO}MPOKÂJV�GF�KMp!��CEP�W����JV�GKxÁ UÇN�Ll}MCELqJVF�N�IGD$JVN�CTLzJVC�JV�GK>}MDGF�F!KMLqJS}&CEÁ�KMp"�hF�CEÁ BG�GCTJ!CÇ´bUÇp!p!NOp�J!KMW`®½LGWGF!K&K&ÆzBGF!C�}MK&p!p�KMpMÊ9���GK

?TÄ



}MCEL7�hF!CELqJ U3JVN�CTL�C��©»,�
Ê � ?�Ê H A � 
HNOJ!� UTL K���B�KMF�N�Á�KMLqJ UÇP7Á�KjUTp�DGF!K&Á�K&LqJÅC���JV��KÉ� ®,�¤}MDGF�F!K&LiJÂI K ´
P�C�
 JV��KÅRqUTB:}MCTDGP�WÕJ!�iDGp�p!KMF¬ÆEK�UTpSUÇL:K%� KM}&J!NOÆTKÅLGCEN�p�KÂÁ�KjUTp�DGF!K&Á�K&LiJ��[UTp°J!�GK 
7KMN�RT�iJ �hDGLG}&J!N�CEL�p
Kel

NS(ω, eV, η) UTLGW K inel
NS (Ω, eV, η) UTF!K<�iLGC�
HL+Ê²½CTJ!N�}MKzJV�4UÇJeNOL UTP�P©CEDGFÉLiDGÁ�KMF�N�}jUÇP"F!K&p!DGP�JVp��7JV�GK�� ®,� }MD�F!F!K&LqJVpzUTF!K:BGPOCTJ!J!KMW NOL D�LGNOJ!pÉC��

e3R2T 2T (1 − T )∆/8π3
~

2RK
Ê�	�KÅBGD�JSp�CEÁ�KÂJVKMLqJVUÇJVN�ÆEKÅLiDGÁÂI�KMF�pSN�L`JV��KMp!K��iD4UTLqJ!NOJVNOKMp&Ê Ô K&F!K��

T = 0.6 N�p/JV��K©K��9K&}&J!NOÆEKHJVF!UTLGp�Á�NOp!p!NOCELÅ}MC�K ��}&N�KMLqJ7C���JV�GK©²"ÀÅN�LqJ!KMF/� UÇ}MK�� ∆ = 240µeV � T = 0.5N�p�J!�GK�JVF!UTLGp!Á�N�p�p!NOCELÂC���JV�GK��iD4UÇLiJ!DGÁ¦B�CEN�LqJÐ}&CELqJ UT}¶J,JVC�I K�Á�KjUÇp!DGF�KMW)�iUTL�W R = 0.03RK
� RK

N�p
JV�GKSF�KMp�N�p�JVUTLG}&Kr�iD4UÇLiJ!DGÁ��;N�pQJV��KrF�KMp�N�p�JVUTLG}&K 
H��N�} �eKMLqJVK&F!pHJV�GK"J!FVUTL�p!N�Á�B�KMW4UTL�}MKTÊ����GN�p�NOÁ�BGPON�K&p��
KTÊ RGÊ ���hCEF;J!�GK�� ®,� }MDGF�F!K&LiJ©NOLeË�N�RED�F!K ?$Ê<AÅUÇJ�J!�GK"JVCEBeC���J!�GKSB KMU���J!�4UÇJ ∆IPAT ' 10−10A 
HNOJ!�JV�GKrWGK¶Æ$NO}MKxIGN�UTp Vd = 0.8∆/e = 48 µV � 
H�GN�} �`p�KMK&Á�p°UTL`UT}&}MK&B�J UTI�P�KxÆÇUTPODGK�}MCEÁ�B4UÇJ!N�IGPOKE
HNOJ!�}MDGF�F!K&LiJ©Á�KjUTp�DGF!K&Á�K&LqJ©J!KM} �GL�N��iDGKMp&Ê

� ��� � ����� � ��� � � � � � � � � 
 
 ! � ��� ��! 
 � � � � ����� 
���� �
	�K�LGC�
�JVDGF�L�J!CzUeWGN �9K&F!KMLqJ�p�K&JVD�B �hCEFSLGCTN�p!K�WGK¶JVK&}&JVNOCEL�
H�GKMF�K�K&P�KM}¶JVF�CELGp�N�L�UÉLGCEF�Á UTP�Á�K¶J UTP
P�KMUTWÂJVF!UTLGp!N�J,JV�GF�CEDGRE��US�iD4UTLqJVDGÁ¡W�CTJÐN�LÅJV��K ³ CEDGP�CTÁÂI�IGP�C�}��3UTWGK�F!K&REN�Á�KQI�K%�hCEF�KHRECEN�L�RSN�LqJVCSJV��K
p!DGB�KMF�}MCEL�WGDG}&J!CEFMÊ4����KSKMp!p�KMLqJVN�UTP[N�L�REF!K&WGN�K&LiJ!pHUTF!K½JV�GK�pVUÇÁ�KSUÇp�N�LvJV��KSBGF!K¶Æ$NOCEDGpHp!K&}&J!N�CEL)�$K��$}MK&B�J
JV�4U3JSUTWGW�NOJVNOCEL4UTP[K&LGKMF�RT�C�4POJ!KMF!NOLGR C�}M}&DGF!p°I K&}jUTDGp�KÂC��,J!�GKÂWGCTJMÊ ±µL`J!�GN�p½p!K&}&JVNOCEL)�6
;KÅ} ��C$CEp�K>JV��K
B4UTF!UTÁ�K¶JVK&F!p�C���JV�GK�WGK¶Æ�N�}MK�p�C�J!�4UÇJHCELGP��v®½LGWGF!K&K&ÆeBGF�C$}&KMp�p!KMp°UTF!K�F�KMP�K¶ÆÇUTLqJjÊ

��� � ��� � # �,��� � ����
 ����#�!�
.��!

���GK Ô UTÁ�NOPOJ!CELGN�UÇL;
H��N�} �ÉWGK&p!}MF�N�I�KMpQJ!�GK"WGK&}MCEDGB�P�KMWÉL�CEF!Á�UTP�Á�K¶J UTP�P�KMUTW *�WGCÇJ *�p�DGB K&F!}&CELGWGDG}¶JVCEF *
KMLqÆ�N�F�CELGÁ�KMLqJ � Á�KMp�CEp!}&CEBGN�}�}&N�F!}&DGNOJ��7p���p¬JVKMÁ F�KjUTWGp

H0 = H0L
+H0D

+H0S
+Henv ,

� ?$Ê H�D �

H�GKMF�K,JV�GK Ô UTÁ�N�P�JVCEL�N�UTL©C���J!�GKÐLGCEF�Á UTPÇÁ�K¶J UTPqPOKjUTWrUTL�W�J!�GKÐp!DGB�KMF�}MCEL�WGDG}&J!CEF�POKjUTWrUTF�K,WGKMp�}MF�N�I�KMW
UTpHUTI�C1ÆEKTÊ

���GK Ô UTÁ�N�P�JVCELGN�UTL��hCTFQJV�GK��iD4UTLqJVD�Á WGCTJHF!KMUTWGp

H0D
=

∑

σ

εDc
†
D,σcD,σ + Un↑n↓ ,

� ?$Ê �qÄ �


H�GKMF�K U 
HNOP�P�I�KÕUTp�p!DGÁ�KMW JVC�I KlN�L��GLGNOJ!K��ÐUTp�p!DGÁ�N�LGR�U�p�Á UÇP�PQ}MUTB4UT}&NOJ UÇLG}MKlC��"J!�GKzW�CTJjÊ 	�K
}MCEL�p!N�W�KMFQJV�GUÇJHJV�GK�WGCTJHB�CEp�p!KMp�p!K&p°CELGP��ÉU�p!NOLGREP�K°KMLGK&F!RT�ePOK&ÆEK&P)�hCEF�p!NOÁ�B�P�N�}&NOJµ�TÊ

���GK"JVDGL�LGKMPON�LGR Ô UTÁ�N�POJ!CELGN�UTL�NOLG}MPODGWGK&p;JV�GK°KMP�K&}&J!F!CELÉJVD�LGLGKMPON�LGR>I K¶J*
;K&KMLeJV�GKSp�DGB K&F!}&CELGWGDG} ´
JVCEFHUÇLGWÉJV�GK�WGCTJ��
UTp4
7KMP�P�UÇpHJ!�GKSJVDGL�LGKMPON�LGRÅI�K&J*
7KMK&LÕJV�GK�WGCÇJ©UTLGWeJV�GK�LGCEF�Á UÇP9Á�K&J UÇP+P�KMUTW)�

HT = (HT1 +HT2) +
Ô Ê } ,

HT1 =
∑

q,σ

TD,qc
†
D,σcq,σe

−iφ ,

HT2 =
∑

k,σ

Tk,Dc
†
k,σcD,σ ,

� ?$Ê ��G �


H�GKMF�KÅJV�GKÅNOLGWGN�}&KMp k � D �[UTL�W q F!K%�hK&F"JVCÉJV��KÅLGCEF!Á�UTP�Á�K¶J UTP/POKjUTW��9�iD4UTLqJVD�Á WGCTJ!�+UTLGW�p!DGB�KMFb´
}MCEL�WGDG}&J!CEFMÊ�	�K�}MCEL�p!N�W�KMF�JV�GKSp�N�Á�BGP�K°}jUTp�K TD,q = T1

�
UTLGW Tk,D = T2
Ê

Ë
CTF7BG��CTJVCÇ´µUTp!p�N�p¬JVKMWÉ®½LGWGF�KMK&Æ BGF!C�}MK&p!p�KMp��7
;K"L�KMKMWÉJ!CÂ}jUTF�F���CED�J;}jUTPO}MDGP�UÇJVNOCELGpÐC��[JV��K"Á U3JVF!N �
KMPOKMÁ�KMLqJ>NOL�»,�
Ê�� ?$Ê<A �SJ!C,�hCEDGF¬JV��CEF!WGK&F>NOL�J!�GK�J!DGLGLGK&P�N�L�R Ô UÇÁ�NOPOJVCTLGN�UTL9Ê9±µL 
H�4U3J:�hCEPOP�C�
Hp��)
7K

?7G



UTp!p�DGÁ�K>JV�4U3J°JV��KÂWGCTJSNOp°NOLGNOJ!N�UTPOPO�vK&Á�B$Jµ���9C�
HNOLGR JVC�JV�GKÅUÇp���Á�Á�K&J!F��zI K¶J*
;K&KML�JV�GKxJ*
;CvJ!DGLGLGK&P
I4UTF�F!N�K&F!p&ÊT���GK©I4UTF�F!N�K&F/I�K&J*
7KMKML�JV�GKHLGCTF!Á�UTP�Á�K&JVUTP�POKjUTW�UTLGWÅJ!�GKHWGCTJÐN�p,p�DGBGB�CEp!K&W�J!C�I K�CEBGUT�iDGK
}MCEÁ�B4UTF�KMW�JVC�JV�4U3J7I�K&J*
7KMK&LvJV�GKHWGCÇJQUTL�W�J!�GK½p�DGB�KMF!}&CELGWGD�}&JVCTFMÊ�®°p7UrF�KMp!D�POJ!�qJ!�GK½F!UÇJVKHC��9KMp�}jUTB�K
C��[K&P�KM}¶JVF�CELGp �hF�CEÁ¡JV�GK"W�CTJ;J!C>JV�GK½p!DGB�KMF�}MCEL�WGDG}&J!CEF�N�p7p!DGI�p�J UÇLiJ!N�UTPOPO��P�UTF!REK&F�J!�4UTL J!�GK°J!DGLGLGK&P�N�L�R
FVUÇJ!KSC���KMP�K&}&J!F!CELGp �hF�CEÁ J!�GK�LGCEF!Á�UTP+POKjUTWÉJ!C�J!�GK�WGCTJ �hp!KMKrI�KMP�C�
 �hCEFHUT}¶JVD4UTP[LiDGÁ>I K&F!p�� Ê

���GKMF�K�UTF!K>J*
7CeB CTp!p!NOIGN�PONOJ!N�KMp �hCEF°} �4UTF!RTKÂJVFVUÇLGp/�hK&F"BGF!C�}MK&p!p�KMpM~�U ³ C�CEB�KMF"B4UÇN�F°NOLÕJV��KÅp!DGB�KMFb´
}MCEL�WGDG}&J!CEF°NOp½J!FVUTLGp�Á�N�J!J!KMWzJ!C�J!�GKÂLGCEF�Á UÇP�POKjUTWzCEF½Æ�NO}MKxÆTKMF�pVU�Ê ���GK:�4F�p�JSBGF�C$}&KMp�p"N�LqÆECTPOÆEK&p°JV��K
KMPOKM}&J!F!CEL �hF�CEÁ U ³ C$CTB K&F/B4UTNOF�JVD�LGLGKMPON�LGR°CELqJVC"JV��K�WGCTJ �ÇLGK���J��TJV�GNOp/KMPOKM}¶JVF!CTLÅKMp!}MUTB�KMpÐN�L>J!�GK�P�KMUTW �
JV�GK�CÇJV�GK&F,KMP�K&}&J!F!CEL �hF�CEÁ�J!�GK�pVUTÁ�K ³ C�CEB K&F,B4UTNOF�JV��KML�DGLGWGK&F!REC�KMp,JV��K�pVUTÁ�K;J*
7CrJ!DGLGLGK&P�N�L�RSBGF!CÇ´
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NOJ4
HNOP�P�I KSp�D ��}MNOKMLqJHJVC�UTp!p�DGÁ�K"JV�4UÇJ η N�p4�ÇKMB�JHÆTKMF��ep�Á UÇP�P9}&CEÁ�B4UTF!K&WvJVCÅJV��KSp!DGB�KMF�}MCELGW�DG}&J!N�LGRRqUTB)�GUTp 
;K&P�P[UTp©UTPOP9JV��KrF�KMPOK&ÆÇUTLqJHP�K¶ÆEKMP[K&LGKMF�REN�K&p � WGCTJHPOK&ÆTKMP�B CTp!NOJ!N�CEL��$IGN�UTpQÆECTPOJ UÇREKMp%�4K&JV}ÇÊ � Ê

���GK>UÇI C1ÆEKrK��$BGF�KMp�p!N�CTLGp°}&CELGp�J!NOJ!D�JVKSJV��Krp�KM}&CELGW`Á�UTN�LÉF�KMp�DGPOJ©C���JV�GNOp?
7CEF/��~ 
7KxD�LGWGKMF�p�JVUTLGW
LGC�
��GC�
�JV�GK�}MDGF�F!K&LiJ&�4D�}&JVDGUÇJVNOCELGp�N�LSJV��K�L�KMN�RT��I�CEF�N�LGRHÁ�KMp!CTp!}MCTBGN�},}&N�F!}&DGNOJ�RTNOÆEKÐF�N�p!K/J!C½NOLGKMP�UTp�J!N�}
UTLGWeKMP�UTp�J!N�}S}&CELqJVF!NOIGD�J!N�CELGp�NOLvJV�GK�}&DGF!F�KMLqJ°NOLÉJV�GKr² ¨ ÀeWGK¶Æ�N�}MKÇÊ
	�K �4LGWrJV�4U3J�I�CTJ!�rF�N�RE�qJ�UTL�W>P�K��#J�}MDGF�F!K&LiJ�}MCTLiJ!F!NOIGD�JVNOCELGp[�4UjÆTK�J!�GK7p!UTÁ�K3�hCTF!ÁlÊj���GKÐ}MDGF�F!K&LiJ¬´

}MDGF�F!K&LiJ;�4D�}&JVDGUÇJVNOCELGp�C��©JV�GKeÁ�KMp!CTp!}MCTBGN�}eWGK¶Æ$NO}MKlU�� KM}¶J�J!�GKeWGK&J!KM}¶JVCEF�}MD�F!F!K&LqJvUÇJÅJ!�GKeKMLGK&F!RT�
}MCEF�F!K&p!B�CELGWGNOLGR"JVC"J!�GKQJVCTJVUTP�K&LGKMF�RT�ÂC���J*
7CrKMP�K&}&J!F!CELGp�K��$NOJ!N�LGRSNOL�� CEF,K&LqJVKMF�N�LGRE�hF�CEÁ���JV��K�LGCEF!Á�UTP
P�KMUTW+Ê�����KMF!K��hCEF!K�� 
;KrBGF!C�}MK&KMWeJVCÅJV��Krp!UTÁ�KS} �4UTLGREK�C���ÆÇUTF!N�UTIGPOKMp�U �hCEFQJV��KSp!N�L�REP�K�²°À>È�DGL�}&JVNOCEL+Ê

Ë
CTF eV > 0 ��KMP�UTp�J!N�}�}MDGF�F!K&LiJ�}&CELqJVF�N�IGD�J!N�CEL�pxNOL I→ UTF!K�BGF!K&p!K&LiJ�I�D�JÂJV��KvpVUTÁ�K }&CELqJVF�N�IGD$´
JVNOCELGp NOL I←

ÆÇUTL�N�p!� �#JV�GKÕCEBGB�CEp!N�JVKÕNOp JVF�DGK,�hCEF�JV�GKÕ}jUTp�K:C�� eV < 0 � Ê ³ �4UÇLGREN�L�R�ÆÇUTF!N�UTIGP�K&pN�L JV��KzNOLGKMP�UTp�J!N�}É}MCTLiJ!F!NOIGD�JVNOCELGp�UTLGW5WGK%�GLGN�LGR�JV��K$�ÇKMF!L�KMP?�hDGLG}&J!N�CEL�p Kel
NDS(ω, eV, εD, η)

UTLGW

? �
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eV = 0.1, εD = 0.5

eV = 0.2, εD = 0.5

eV = 0.1, εD = 0.3

eV = 0.2, εD = 0.3

eV = 0.3, εD = 0.3

eV = 0.5, εD = 0.3

eV = 0.5, εD = 0.5

eV = 0.7, εD = 0.5

��� �����	� ��� ��� �q��� �n�(� ����� !D�����%�?� '��
Kel

NDS

��� �B!D�����%�?� '��.'(!)!D�	�1@��������-A
ω
� 	 � �����42$���$��;=6 |eV | ≥ εD

�n; �-! �
2$�<����; |eV | < εD

�

Kinel
NDS(Ω, eV, εD, η)

UTpHNOLÉ®°BGB�KMLGW�N �lË ���hCTF eV > 0 UTLGW eV < 0 ��
7K�CEI�JVUTN�L

∆IPAT (eV ) = −CNDS

∫ +∞

−∞
dω
|Z(ω)|2
ω2

S+
excess(−ω)Kel

NDS(ω, eV, εD, η)

−CNDS

2

∫ 2eV

−∞
dΩ
|Z(Ω)|2

Ω2
S+

excess(−Ω)K inel
NDS(Ω, eV, εD, η)

−CNDS

2

∫ ∞

2eV

dΩ
|Z(−Ω)|2

Ω2
S+

excess(Ω)Kinel
NDS(Ω, eV, εD, η) ,

� ?�ÊE?TÄ �


HNOJ!� CNDS = eγ2
1γ

2
2∆

2/π2RK
Ê

���GK$�4F�p�J�JVK&F!Á N�L5»,�
Ê�� ?$ÊE?ÇÄ �ÂWGKMp�}MF!NOI K&p�J!�GKzK&P�UTp¬JVNO}l}&CELqJVF�N�IGD�J!N�CEL N�L2JV��KÕ��®,� }MDGF�F!KMLqJMÊ
®°P�JV�GCED�RE�<
;K7UTF!K,POKMp�p�NOLiJ!KMF�KMp�J!KMWxN�LSJV�GNOp[}MCELqJ!F!N�I�D�JVNOCEL)��
7K7}MUTLGLGCÇJ�NORELGCEF�K,NOJ�NOLrB�FVUT}¶JVN�}&KÐI K&}jUTDGp�K
NOJ;}MCELqJVF�N�IGD$JVKMpQJ!CÂJV�GK"J!CTJ UÇP ∆IPAT

ÊG���GKSKMLqÆ�N�F�CELGÁ�KMLqJ©U�� KM}¶JVpQJV��N�p�}MD�F!F!K&LqJH}MCELqJVF�N�IGD$JVN�CTL)��IGD$J
UÇJÂJ!�GKÉKMLGW2C��©JV��KvJVDGLGL�KMP�NOLGR`BGF�C$}&KMp�p!KMp%�,JV�GK&F!KeN�pÂL�C:KMLGK&F!RT� K��$} �4UTLGREKeI�K&J*
7KMK&L5JV��KÉWGK&Æ�N�}&K
UTLGW JV��K�WGK¶JVK&}&JVCTFl}&N�F�}MDGN�JjÊQ���GK�p!K&}MCEL�W�JVK&F!Á NOL »Ð�
Ê � ?�ÊE?TÄ � WGKMp�}MF!NOI K&plJ!�GK:JVDGL�LGKMPON�LGR2C��>U
³ C$CTB K&F�B4UÇN�F �hF!CEÁ J!�GK;LGCTF!Á�UTPqP�KMUTWxJ!C°JV�GK7p!DGB�KMF�}MCEL�WGDG}&J!CEF�Æ�N�U�JV��K;�iD4UTLqJVD�Á�WGCÇJ!��
HNOJV�xKMLGK&F!RT�
K��$} �4UTL�REKTÊ4���GK�K&P�KM}¶JVF�CELGp�}jUÇLzUÇIGp!CEF�IeKMLGK&F!RT� �hN�LÉ}MUTp!KSJV��KMN�F7JVCTJVUTP9K&LGKMF�RT�ÉN�p;p!Á�UTP�POKMF7J!�4UTLÉJV��K
p!DGB�KMF�}MCEL�WGDG}&J!CEF;} ��KMÁ�N�}jUÇP B�CTJVK&LqJVN�UÇP µS

�ÐCEF�KMÁ�NOJ�K&LGKMF�RT� �hN@� JV�GK&N�FÐJVCTJVUTP
KMLGK&F!RT��N�p7IGN�RTREKMF,JV�GUTL
µS
�¶Ê����GK�P�UÇp�J�JVK&F!Á N�L�»,�
Ê � ?$Ê ?TÄ �"WGKMp�}MF�N�I�KMp�JV�GK�N�LqÆEK&F!p�K�JVD�LGLGKMPON�LGRlBGF�C$}&KMp!p&~�U ³ C�CEB K&F�B4UTN�F

UTIGp�CEF!IGp°KMLGK&F!RT�C�hF!CEÁ J!�GKÂLGK&N�RE�iI�CEF!NOLGR�W�K&Æ�N�}&K��9N�JVp½}MCELGp¬JVN�JVDGK&LiJ"KMP�K&}&J!F!CELGp½JV�GK&L`JVDGLGL�KMP�J!C JV��K
LGCEF�Á UTP�P�KjUÇW+Êq±µL�J!�GN�p�K&ÆTKMLqJ!�iJV�GK©JVCTJVUTP4KML�KMF!RÇ��C��+JV��K½CED$JVRECENOLGR�KMPOKM}&J!F!CEL�p7NOp�B�CEp�NOJVN�ÆEKÇÊq± � ��CTL�JV��K
}MCELqJ!FVUTF¬���[JV�GNOpxJ!CTJ UTP,K&LGKMF�RT��N�prLGKMRqU3JVNOÆTK��[JV��KML�J!�GK ³ C�CEB�KMF>BGUTN�F��4UTpxKMÁ�NOJ�JVKMW�KML�KMF!RÇ��J!CzJV��K
WGK&Æ�NO}MKTÊ

±µLÉCEF!WGK&F7J!CÂDGLGWGK&F!p¬J UTLGWe�GC�
 JV��K"WGK&J!KM}¶JVCEFQ}&N�F�}MDGN�JQU�� KM}¶JVp;J!�GK"I�KM�4UjÆ�N�CTF;C��[J!�GK°}&DGF!F�KMLqJ � NOL
JV�GKSB�F!KMp�KMLG}&K>C���JV��KrK&LqÆ$NOF!CEL�Á�K&LiJ�����
7K�N�LqÆEK&p�JVNORqUÇJ!K"JV�GK<
7KMN�RT�iJ?�hDGL�}&JVNOCELGp Kel

NDS(ω, eV, εD, η)UTLGW Kinel
NDS(Ω, eV, εD, η)

p�KMB4UTF!UÇJVK&PO�TÊ[���GK 
7KMNORE�qJ �hDGLG}&J!N�CEL Kel
NDS(ω, eV, εD, η)

NOp�BGP�CTJ�JVK&W�NOL
Ë�N�RTDGF!K ?$Ê I�UTp½U;�hDGL�}&JVNOCELeC����hF�KM�iDGK&LG}&� ω �hCTFQJ*
;C�ÆTUÇP�DGK&p©C���JV��KxIGN�UTpQÆECTPOJ UÇREKrUTLGWeJ*
;C�ÆTUÇP�DGK&pC��QJ!�GKvWGCTJxP�K¶ÆEK&P;B�CEp!N�JVN�CTL+Ê[���GN�p>KMP�UÇp�JVNO}��ÇKMF�LGKMP7N�p>p¬��Á�Á�K&J!F!N�}�DGLGW�KMFÅUÕI�N�UTp�ÆECEP�J UTRTK�F�K&ÆEK&F!p!UTP
'Kel

NDS(−eV ) = −Kel
NDS(eV ) (|ÊQË4F!CEÁ J!�GK`F!NORE�qJvB4UÇLGKMP½C��SJV�GNOp��4RTDGF!K�� 
H�GK&F!K'
7K:}MCELGp�N�WGK&F

|eV | ≥ εD
�4
7K��4LGW JV�4UÇJeJ!�GKMF�K�NOpeU p�Á UÇP�P"p¬JVKMB�UÇJ ω = ∆ − εD

UTLGW�U p��4UTF!B B�KjU�� U3J
ω = −∆ + εD

Ê����GK�B KMU���N�prUTp¬�$Á�Á�K&JVF�N�}���UTLGW�N�JVp��GK&N�RE�qJxN�prÁÂDG} ��P�UTF!RTKMFSJV�4UÇL�JV�GUÇJrC��QJV��K

? ?
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eV = −0.5, εD = 0.5

eV = −0.3, εD = 0.5

eV = −0.3, εD = 0.3

eV = 0.1, εD = 0.3

eV = 0.1, εD = 0.5

eV = 0.3, εD = 0.5

eV = 0.5, εD = 0.5

eV = 0.3, εD = 0.3

��� �����	� ��� ���j�-��� �n�(� �����n!D�����%�?� '��
Kinel

NDS

��� ��!D�����%�?� '�� '(!�!#�	�1@ �������-A
Ω
� ���-! � 2$�<����;b6

eV < 0
�I�1�����#���m2$�<����;

0 < eV < εD
� �E� �����q2$�<����;

eV ≥ εD � �-��� �&�<*��4� �)�-����� !E'�� eV ≥ εD
�

p�J!KMB+Ê)	 �GK&L ω < −∆ + εD
� Kel

NDS
} �4UÇLGREKMprp!NOREL�UTLGW�I�KM}MCTÁ�K&prL�KMRqUÇJ!NOÆTKTÊ[���GK�ÆECEP�J UTRTKÅIGN�UTp

eV Á�UTN�L�PO�eU�� KM}¶JVp½JV�GKÅUÇÁ�BGPONOJ!DGWGK�C��,JV��K>B�KjU��zUTLGW`C��,JV�GKxp�JVK&B:N�L Kel
NDS

Ê9����KÂP�K��#J°B4UÇLGKMP�C��
Ë�N�RTDGF!K&?$Ê IÕWGKMp�}MF�N�I�KMp Kel

NDS

H�GKML |eV | < εD

Ê����GKvB�KjU����GK&N�RE�qJÂW�KM}MF�KjUTp�KMpÅ�iDGN�JVK � UTp¬JÅUTp>U
�hDGLG}¶JVN�CTLlC�� eV �
UTLGWÕN�JVp�POC$}MUÇJVNOCELÉN�p�p��GN@�#J!KMWzUÇJ ω = −∆ + eV Ê4���GKrB KMU��vN�pHp¬�$Á�Á�K&JVF�N�}E�hCEFHUP�UTF�REK"IGN�UTpMÊ
	�K°J!DGF!LÉL�C�
 JVCxJV�GK"J!F!DGP���B��GCTJVC3´bUTp�p!N�p¬JVK&WÉBGF!C�}MK&p!p!K&p���
H�GNO} �ÉN�LqÆECTPOÆEKSK&NOJ!�GKMF;UTIGp!CTF!B�J!N�CELvCTF

KMÁ�N�p�p!N�CTL:C��;K&LGKMF�RT�EÊ����GK;�ÇKMF!L�KMP Kinel
NDS(Ω, eV, εD, η)

N�pSB�P�CTJ�JVKMW�NOL�Ë�N�REDGF�K ?$Ê DlUÇpxU �hDGLG}¶JVNOCEL
C�� �hF!K&�iDGKMLG}¶� Ω �7
H��N�} �É}MCTF!F!K&p!B�CELGWGpQJ!C>JV��K°JVCTJVUTP9K&LGKMF�RT��C���J*
;CÅK&P�KM}¶JVF�CELGp��F�hCEF εD > 0 Ê�±µLvJ!�GKP�K��#J7BGUTLGKMP9� eV NOpÐLGKMRqU3JVNOÆTK��$UTLGW�N�L�JV�GK©}MK&LiJ!KMFQBGUTLGKMP9� eV NOp�B�CEp�NOJVN�ÆEK©IGD�J eV < εD

��UTLGW �4L4UTPOPO�
JV�GKxF!NORE�qJ"B4UTL�KMP�C���Ë�N�RED�F!K ?$Ê D�WGKMp�}MF!NOI K&p eV ≥ εD

Ê 	�K��GLGW`JV�4U3J 
H�GK&L eV < εD
��J!�GKMF�KÂN�p°U

p�J!KMB�UÇJ Ω = εD + eV Ê�	 �GK&L 
7K�NOLG}MF�KjUTp�K eV }MP�CTp!KÂJVC εD �9J!�GK�p�J!KMB�p�JVNOP�P�WGCEÁ�N�L4UÇJ!KMp Kinel
NDSIGD�J©JV�GK&F!KxN�p½U�p!Á�UTPOP�B�KjU��eUÇJ Ω = −∆ + eV Ê 	 �GKML eV ≥ εD

JV��N�p�� �hN�LqÆEK&F�JVK&W��½B�KjU��eNOp©ÆTKMF��
p!�4UÇF!B+Êi���GNOp;N�p�K��$BGPON�}&NOJ�N�L�JV�GK½F!NORE�qJ;B4UÇLGKMP|Ê�����K°N�LqÆTKMF�J!KMWvB�KjU��.�B
H�GNO} �v�4UTp;UxP�UÇF!REK©UTÁ�BGP�N�JVDGW�K��
Á U��TKMpÐN�J,LGC�
�WGN���}MDGP�J/JVCrCEIGp�KMF�ÆTK©J!�GKHp�J!KMB+Êq���GK �hN�LqÆEK&F�JVK&W��,B KMU��>NOp,P�C�}jUÇJ!KMW�UÇJ Ω = −∆+ εD

Ê
®°RqUÇN�L)� eV Á�CTp�J!PO�ÕU��9K&}&J!p"JV�GK�UTÁ�BGPONOJVD�WGKxC�� Kinel

NDS
Ê[Ë4CEF εD < 0 � LGCÇJSp!�GC�
HL����+JV�GKÅF�KMp�DGPOJ�NOp

p!NOÁ�NOP�UTF"J!C`JV�4UÇJÂC�� εD > 0 
HN�JV� CEB�B CEp�NOJ!K eV ��IGD�JÂJ!�GKÉUTÁ�BGPONOJVD�WGK�C��©J!�GKvB�KjU���N�pxWGCEDGIGPOKMW}MCEÁ�B4UTF�KMWÉJVCÅJ!�4UÇJHC�� εD > 0 
H�GKML |eV | ≥ |εD| Ê²½CTJ!K½JV�GUÇJ;D�LGWGKMF�p�JVUTLGWGNOLGR>JV��K°I�KM�4UjÆ�N�CEF�C��+J!�GK½J*
7C:
7KMNORE�qJ �hDGLG}¶JVNOCELGpQUÇp;U��hD�LG}&J!N�CEL�C��+JV��K
WGN@� KMF�KMLqJÅB4UÇFVUTÁ�K&J!KMF!p � eV UTL�W εD �xC��HJV�GKÉW�K&JVK&}&J!CEFÅN�pÂ}&F!DG}&N�UTP|Ê�± JÅUTP�POC�
HpxDGpÂJVC:}&CELqJVF�CEP;JV��KK%� KM}¶J°C���JV�GKrWGK¶Æ$NO}MK�ÆECEP�J UTRTKrI�N�UTp eVd

CELeJV�GKrWG}r}MDGF�F!KMLqJ°C���J!�GKxW�K&JVK&}&J!CEF���UTLGWzNOJHNOp©J!�GKMF�K%�hCEF�K
JV�GK �ÇK&� �hCEF�K��$J!FVUT}¶JVNOLGRÅJV�GK�LGCENOp!KE�hF�CEÁ J!�GK�Á�KMUTp!DGF�KMÁ�KMLqJ©C���JV�GNOp�WG}x}&DGF!F�KMLqJjÊ

��� � ��� � �,� �'
.�:�	��
.#�! ��# ��23����!����,� � #�
.!"� �:#�!������7�

	�K�LGC�
¡}MUTP�}&DGP�UÇJ!K ∆IPAT
�hF!CEÁ »,�
Ê�� ?$Ê ?TÄ � 
HNOJ!��J!�GK�p�B K&}&J!FVUTP�WGKML�p!NOJµ��C��;K��$}MK&p!pÂL�CEN�p�K�C��QU

�iD4UTLqJVDGÁ B�CEN�LqJ½}MCELqJ UÇ}&J!� RENOÆTKML`Iq�Õ»,��Ê � ?�Ê Hq¿ �¶Ê6	�Kx}MCELGp�N�WGK&F½J!�GKÅ� ®,� }&DGF!F�KMLqJ�UTp°U��hDGLG}¶JVN�CTL
C��9J!�GK©WGK&J!KM}&J!CEFÐÆECEP�J UTREK eV �hCEFÐp!K¶ÆEKMF!UTP
ÆTUÇP�DGK&p7C�� JV�GK©WGK¶Æ$NO}MK©ÆECEP�J UTREK eVd

�B
H��N�} �vUÇF!K©p!�GC�
HLvNOL
Ë�N�RTDGF!K,?$Ê G1Ä�ÊB	�K �GLGWvJV�4U3JQJV�GK&F!KSUÇF!K°J*
7CÂÆÇUTP�DGK&pQC�� eV UÇJ4
H�GNO} � ∆IPAT

} �4UTL�REKMp�WGF!UTp�J!N�}MUTP�P��EÊ
Ë�N�F�p�J��
J!�GKMF�KÂN�p°Uvp�J!KMB:P�C�}jU3JVKMW`UÇJ eV = εD

UÇLGW`p!K&}MCEL�W)�[UvË
UTLGC3´µP�N@�TKrB KMU��zUTBGB�KjUTF�pSUÇJ eV =

?GA
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eVd = 0.6
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∆IPAT

2�; '��Z�D�13B���q�:!D�����%�?� '��8'(! �?�$�,3��%�#�1�%�D'�� G�� ���)5$'�; �O����� ! '<� 3�'�� �������`��A.; �-5$��;b�
εD = 0.4

� ; �-!C��2(������; � �<��3 0.6 � �E� �����q2(������; � �<��3"!E'�� �0�-5(������;<5(�<;=���%�q'(! 3��-5�� �1�"G�� ��� eVd
�

−εD Ê
���GK �hLGKMRqU3JVNOÆTK��[WGKMF�NOÆÇUÇJ!NOÆEK�UÇJ eV = −εD p�KMKMÁ�p�J!C°WGN�ÆEK&F!REKÇÊ3����K;�GK&N�RE�qJ�C��4I�CTJV��JV��K;B�KjU��UTLGW:JV��K�p¬JVK&B�NOLG}MF�KjUTp�KMp�N�L�UÉÁ�CTLGCTJVCTLGCEDGp"Á�UTLGL�KMF�UTprU��hDGLG}¶JVN�CTL:C��7J!�GK�FVUÇJ!N�CÉC���JV��KÅWGK&Æ�N�}&K
ÆECEP�J UTRTK eVd

WGNOÆ�NOWGKMW�Iq� JV�GKzWGCTJ P�K&ÆTKMP εD Ê3	 �GKML eVd
N�p�p!Á�UTP�P9�/JV�GKzB KMU�� N�p�ÁÂDG} � �GNORE�GKMF

JV�4UÇL�JV�GK�p�J!KMB+Ê�±µLG}MF�KjUTp�N�LGR eVd
��J!�GKvB�KjU�� �hDGF¬JV�GK&F>NOLG}MF�KjUTp�KMp���IGD�J>J!�GK p¬JVK&B �GKMNORE�qJÂN�L�}MF!KMUTp!K&p

� UTp�J!KMF%�9p�JVUTF�J!N�LGR �hF!CEÁ JV��K>JV�GF�KMp��GCEP�W:W�K&Æ�N�}&K>ÆECEP�J UTRTK eVd = ∆ − εD Ê9±µL�Ë�NOREDGF�K ?$Ê G1Ä��6
;K �GLGWJV�4U3JE�hCEF εD = 0.4 UTLGW eVd = 0.8 ��JV�GK�B�KjU��z�GKMNORE�qJ�N�pSp�J!N�POP��GNORE�GKMF½JV�4UTL:J!�GK�p�JVK&B)�[IGD�J<
HN�JV�
εD = 0.6 UÇLGW eVd = 0.6 �4JV��K>p�J!KMB`I�KM}&CEÁ�KMp°��N�RE�GK&F©J!�4UTLlJV�GKxB KMU��
Ê Ô KMF�K�� �hCTF©p�B K&}MN �4}MN�Jµ���6
;KCELGP��É}MCEL�p!N�W�KMF½J!�GK>}MUTp!K(
H�GKMF�K εD > 0 �
IGD$J°F�KMp!D�POJVp>�hCEF εD < 0 }jUÇL`I KrCEI�JVUTN�L�KMWÕNOLÕU�p!NOÁ�NOP�UTFÁ UÇLGLGKMF%�GK��$BGPOCENOJ!N�LGR>KMP�K&}&J!F!CELl�GCEPOKSp���Á�Á�K&J!F��TÊ

±µL�CTF!WGK&F�JVCE�hDGF¬JV�GK&F,DGLGWGK&F!p¬J UTLGW�JV��K�I K&�4UjÆ$NOCEF/C�� ∆IPAT
��
7KH}MCELGp�N�WGK&F/JV�GK;WGN@� KMF�KMLqJÐ}MCELqJ!F!N�´

IGD�J!N�CELGp�C��GJ!�GN�p�BG�GCTJ!CÇ´bUÇp!p!NOp�J!KMW>}&DGF!F�KMLqJ!�

H�GN�} �ÂUTF!K7p!�GC�
HLÅN�L>Ë�N�RTDGF!K ?$Ê G�GEÊÇÀ$B�KM}MN �4}jUÇP�PO���!
;K;BGP�CTJ
JV�GK©KMP�UTp�J!N�}©}MDGF�F!K&LiJ;F!K&LGCEF!Á�UTPON �MK&W�Iq��JV��K½K&LiÆ�NOF!CELGÁ�KMLqJ���UTp=
;K&P�P�UTp�JV�GK©F!NORE�qJQUTL�W P�K��#J;NOLGKMP�UTp�J!N�}
}MDGF�F!K&LiJ!pMÊ 	�K;�4LGW�J!�4UÇJrJV�GK�KMP�UTp�J!N�}�B4UTF¬J>NOpxp¬�$Á�Á�K&JVF�N�}�I�K&J*
7KMKML eV B CTp!NOJ!NOÆTK�UÇLGW�LGK&RqUÇJVN�ÆEKÇÊ
± JÂNOpÂUTPOÁ�CEp¬J>K&�iD4UTP7J!C �MK&F!C'
H�GK&L |eV | < εD

Ê�± JÅp!��C�
Hp�Uzp�JVK&B2UÇJ |eV | = εD
Ê����GN�pÂ}MUTL I�K

DGLGWGK&F!p¬JVC�C$W �hF!CTÁ�JV��K4� UT}&J,J!�4UÇJÐUÇJ,J!�GKQJV��F!KMp��GCEPOW eV = εD
�EKMPOKM}&J!F!CEL�p/JVDGLGL�KMP��hF!CTÁ�JV��K�LGCEF!Á�UTP

Á�K¶J UTP�P�KMUTWvJVCÂJ!�GK"p�DGB K&F!}&CELGWGDG}¶JVCEFHBGF�KMWGCTÁ�NOL4UTLqJVP���Iq� Á U��iNOLGRÂF!K&p!CELGUTLqJ�JVFVUÇLGp!N�JVN�CTLGp7J!�GF!CED�RE�
JV�GKrWGCTJMÊ�»ÐPOKM}¶JVF!CTLGp°KMUTp!NOPO�vJ!DGLGLGK&P�J!C�JV��Kx�iD4UTLqJ!DGÁ WGCTJ!�
NOL`U�p�KM�iDGK&LiJ!N�UTP�Á�UTLGLGK&F½I�KM}&CEÁ�NOLGR�U
³ C$CTB K&F½B4UÇN�F©N�LzJ!�GK>p�DGB�KMF!}&CELGWGD�}&JVCTFMÊ[Ë4CEF eV = −εD �
JV�GKxpVUTÁ�K>F�KjUTp�CELGN�L�R }jUÇL`I KxÁ UÇWGK��hCEFN�LG}&CEÁ�N�LGRv��CEP�K&prCTF��[KM�iDGN�ÆÇUTP�K&LiJ!PO�����hCEF�KMPOKM}&J!F!CEL�prK��$NOJVNOLGRÉJV�GK�p!D�B K&F!}MCTLGWGDG}¶JVCEF&~�U ³ C�CEB K&F�B4UTN�F
N�L`J!�GK�p!DGB�KMF�}MCELGW�DG}&J!CEFxNOpSp!BGPONOJSNOLqJVCÉJ*
;ClKMPOKM}¶JVF!CTLGp��)
H�GNO} ��J!DGLGLGK&P/JVCÉJV��K��iD4UÇLiJ!DGÁ WGCTJrUÇLGW
JV�GK&L�J!CÉJV�GK�LGCEF�Á UÇP/Á�K¶J UTP�P�KMUTW+Ê[Î;K&}jUTD�p!K C��7J!�GK�KMLGK&F!RT�:}&CELGp�KMF�ÆÇUÇJ!N�CEL�}MCTLGWGNOJ!N�CEL��9NOJ"N�p"JV��KML
LGKM}&KMp�pVUTF¬�ÉJVC��4UjÆEK eV < −εD Ê��DGF�LGN�L�R:LGC�
 J!C�J!�GKÉN�L�KMP�UÇp�JVNO} }&DGF!F�KMLqJ!� 
7Ke}MCELGp�N�WGK&F>JV��Kl}&CELqJVF�N�IGD�J!N�CEL�C��HJ*
;C�KMPOKM}&J!F!CEL�p
I K&N�LGR"J!FVUTL�p/�hKMF�F!K&W�NOLGKMP�UTp�J!N�}jUÇP�PO�<�hF�CEÁ�J!�GK�LGCEF�Á UÇPGÁ�K¶J UTP$P�KMUTWÅJVCSJV�GK�p�DGB�KMF!}&CELGWGD�}&JVCTF���
H�GN�} ��N�p
}jUTPOP�K&W�JV��K I inel

R
N�LvË�N�REDGF�K ?$Ê G�GEÊ�	 �GK&L eV < εD

��KMP�K&}&J!F!CELGp7JVDGLGL�KMP J!�GF!CTDGRE� J!�GK"�iD4UTLqJVD�Á WGCÇJ
JVC�JV�GKxp!DGB�KMF�}MCELGW�DG}&J!CEF°Iq�ÕUTIGp!CTF!IGNOLGR CEF©KMÁ�NOJ�JVNOLGR�KMLGK&F!RT�eJVC�JV�GKxKMLqÆ�N�F�CELGÁ�KMLqJjÊ Ô C�
7K&ÆEK&F��[UÇp
N�LvJ!�GK�KMP�UÇp�JVNO}"}jUÇp!K��GJ!�GKSJVF!UTLGp/�hK&F4�hF!CEÁ¤JV�GK�LGCTF!Á�UTP9Á�K&JVUTP9JVCÅJ!�GK�WGCTJHN�p;Á�CEF�KE� UjÆECEF!UTIGP�KE
H��KML
eV > εD

��
H�GNO} �zK��$BGP�UTNOLGpQJV��KrB�F!KMp�KMLG}&KxC���J!�GK�p�JVK&BÕNOL I inel
R

UÇJHJV�GNOp�IGN�UÇpQÆECEP�J UTREKÇÊ
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6I���)� !D�����%�?� '�� '(!m3��%�D�1�%�#'<�mG�� ��� 5$'�; �D�������j�q���

3�'�� �������	��AS; �-5$��; � � � �(�13/���
εD = 0.6

�9�����"* �%�0'��0�1'�2�� �,3<�-5�� �1�>G�� ���
eVd

� � ��� � � ; �-!C��2$�<����; � 6 ��� � � �1�����D���2$�<����; � 6 ����3 ����� � �E� ������2(������; � �

²½K���J���
;KH}&CELGp!NOWGKMF/J!�GK�}MCTLiJ!F!NOIGD�JVNOCELÂC��
J*
7C�KMP�K&}&J!F!CELGp/J!DGLGLGK&P�NOLGR �hF!CTÁ�JV��K�p!DGB�KMF�}MCELGW�DG}&J!CEF
JVC�JV�GKxLGCEF!Á�UTP�Á�K&J UÇP�POKjUTW)� 
H�GNO} �`N�p½}jUTPOP�K&W I inel

L
N�LÕË�N�RED�F!K ?$Ê@G�GEÊ 	 �GKML eV N�p©B CEp�NOJ!NOÆEK�� I inel

LN�pQL�CEL �MK&F!C�CELGP�� 
H�GK&L eVd > 2eV ��J!�GN�p�}MUTp!K�}&CEF!F�KMp!B�CELGW�p©J!C�J!�GK�BGF!C�}MK&p!pHC���JV�GK ³ C�CEB�KMF�B4UTNOFUTIGp�CEF!IGNOLGR>K&LGKMF�RT� �hF!CEÁ¡JV��K"KMLqÆ�N�F�CELGÁ�KMLqJ;J!C>JVDGL�LGKMP�JVC>J!�GK"LGCEF�Á UÇP�Á�K&JVUTP
P�KMUTW+Ê�± � 2εD < eVd
�

UÉp!Á�UTP�P�p�JVK&B�C�}M}&DGF!p �hLGCTJ�p!��C�
HL �rUÇJ eV = εD
}MCTF!F!K&p!B�CELGWGNOLGRÉJVCÉJV��K�UÇ}&JVN�ÆÇUÇJVNOCEL`C���JV�GKÂJ*
7C

³ C$CTB K&F°B4UTNOF½K&P�K&}&JVF�CELGp"CTLÕJV�GK>WGCTJj~
JV��N�p°p�Á UÇP�P �hKjUÇJ!DGF!Kx}jUTL:CTLGPO�lI�K>p!K&KML�Iq� �&C$CTÁ�NOLGR�NOLÕJV��K
BGN�}¶JVDGF�KTÊ 	 �GK&L eV NOpxLGK&RqUÇJ!NOÆEK���J!�GK�UTIGp!CTF!B�J!N�CEL�C���KML�KMF!RÇ� �hF�CEÁ JV�GK�KMLqÆ�N�F�CELGÁ�KMLqJÂI�KM}&CEÁ�K&p
ÁÂDG} �eÁ�CEF!K>� U1ÆTCEFVUÇIGP�KÇÊ4Î;KM}MUTDGp�KrC���J!�GN�p%�$J!�GK�UTL4UTPOCER>C���J!�GKSp�J!KMBl}MCEF�F!K&p!B�CELGWGNOLGRÂJVC eV = −εDN�LeJV�GKxKMP�UTp�J!N�}r}MDGF�F!KMLqJSNOp½p�Á�C�CTJ!�GKMWzCED�J!� UTLGWzNOJ½pVUÇJ!DGFVU3JVKMp°UTF!CTDGLGW eV = −εD Ê9²©K&ÆEK&F�J!�GKMPOKMp!p%�
I inel
L

UTPOp!Cr}MCELqJ UÇN�LGpÐ}MCTLiJ!F!NOIGD�JVNOCELGp 
H�GK&F!K°K&P�K&}&JVF�CELGpÐKMÁ�NOJÐK&LGKMF�RT��JVC�JV�GK©KMLqÆ�N�F�CELGÁ�KMLqJjÊ�ÀiJ UTF¬JVN�L�R
�hF!CEÁ eV < 0 �/JV�GKeBGF�C$}&KMp�p�C��½J!�GK ³ C$CEB�KMFÅBGUTN�FÂJ!DGLGLGK&P�N�L�R`JVC:JV�GKeLGCTF!Á�UTP;Á�K&JVUTPQP�KMUTW UTLGWKMÁ�NOJ�JVN�L�R�K&LGKMF�RT�zJ!C JV��KÂKMLqÆ�N�F�CELGÁ�KMLqJS�4UTp%� �4F�p�J��+U p�Á UTPOP�}&CELqJVF�N�IGD�J!N�CELlJVC I inel

L
��IGD�JSN�J°F�KjUTPOPO�

I K&}MCEÁ�KMp>LGCTJVNO}MKMUTIGP�K�I K&P�C�
 eV = −εD UTLGW K&ÆTKMLqJVDGUTP�P���pVU3JVDGF!UÇJVK&p �hCEFÂU`POC�
7KMF>IGN�UTpxÆECEP�J UTREK
� LGCÇJxp��GC�
HL��¶Ê�®°prJV�GK�ÆECTPOJ UÇREK�C��QJV��K�Á�KMp�CEp!}&CEBGN�}�WGK¶Æ$NO}MK�N�prP�C�
7KMF!K&W �hP�K%�#J�J!CÕF!NORE�qJrB4UTLGK&P�prC��
Ë�N�RTDGF!K,?$Ê G�G ����J*
;CÂJ!�GN�L�REpQC�}M}MD�FM~7�GF!p�J��$J!�GK�UTÁ�BGP�N�JVDGWGKHC���UTPOP }&DGF!F�KMLqJH}MCTLiJ!F!NOIGD�JVNOCELGp7WGKM}&F!KjUÇp!KMp��
p!K&}MCELGW���J!�GK�p!Á�C$CTJ!�GN�L�RlC��;JV��K I inel

L
NOprF�KMWGD�}MKMW�I K&}jUTDGp�K�J!�GK�F!UTLGREK�C��;KMLGK&F!RENOKMpxUjÆTUÇN�P�UÇIGP�K>J!C

UTIGp�CEF!B�J!N�CELeUÇLGWzK&Á�NOp!p�N�CELÉNOp�F!KMW�DG}MK&W+Ê
±µLrI�F!N�K�� �&J!�GKÐp!DGÁ�C��$J!�GK,}MCTLiJ!F!NOIGD�JVNOCELGp��hCTF+KMÁ�N�p�p!N�CTL�UTLGWrUTIGp�CEF!B�J!N�CELSNOL I inel

L
�4UÇp�U;J!KMLGW�KMLG}¶�

JVC�}MCTÁ�B�KMLGp!UÇJVK�J!�GKHKMP�UÇp�JVNO}�}MDGF�F!K&LiJ7UÇJÐÆTCEPOJVUTREKMp 
H��KMF!K©pVU3JVDGF!UÇJVNOCEL�N�p,F!KMUT} �GK&W+Ê�Ë
F�CEÁ�J!�GK©UTI�C
ÆTK
}MCEL�p!N�W�KMFVU3JVN�CTLGp�� 
7KÅ}jUTLÕJ!�GKMF�K%�hCEF�KÂN�LqJ!KMF!B�F!K&J½JV�GK>}MDGF¬ÆEKÂC�� ∆IPAT

� UTLGW,
7KÂDGLGW�KMF!p¬J UTL�W�
H��KML
JV�GK>WGK&J!KM}&J!CEFS}MNOF!}&DGNOJ°UTIGp�CEF!IGpSCTF"KMÁ�NOJ!p°KML�KMF!RÇ�$�hF�CEÁ CTF°JVC J!�GKÅÁ�KMp!CTp!}MCTBGN�}ÂW�K&Æ�N�}&KT~ 
H��KML eVN�p©LGKMREUÇJVN�ÆEK��
JV��KÂ� ®,� }&DGF!F�KMLqJSNOp½Á�UTN�L�PO�ÉWGD�KxJVCvUTIGp!CTF!B�J!N�CELA�hCEF |eV | < εD

UÇLGW`KMÁ�N�p�p!NOCEL$�hCEF
|eV | > εD

Ê
²½CTJ!K"JV�4UÇJQN�LeUTPOP CED�FQLiDGÁ�K&F!NO}jUTP F!KMp�DGPOJ!p���J!�GK�� ®,� }MD�F!F!K&LqJ½NOpQN�LÉD�LGNOJ!pQC�� 2e3R2γ2

1γ
2
2T (1−

T )/π3
~

2∆3RK
Ê���C:} ��KM}���J!�GKvCEIGp�KMF¬ÆTUÇIGN�PONOJµ��C��HJV�GK&p!KÉBGF�KMWGNO}&J!N�CELGp(
;KÉK&p�J!N�Á�UÇJVK γ1 = 0.2∆ �

γ2 = 0.02∆ � ∆ = 240 µeV � R = 0.03RK
��UÇLGW T = 0.5 � p�KMKvUÇP�p!Cz¯HK%�hpMÊ ' ÃTÄ���Ã7G���ÃEÃB� DEÃ ( � Ê

���GN�p°N�Á�BGP�NOKMp��
KÇÊ RGÊ ���hCEF½JV�GK���®,��}&DGF!F�KMLqJ�N�L�Ë�NOREDGF�K ?$Ê G1Ä�
H�GK&L�J!�GKÅWGK&J!KM}¶JVCEFSIGN�UTp"NOp"}MPOCEp!K>J!C
±εD JV�4U3J IPAT ' 5 − 10 pA 
HNOJV��JV�GK�WGK&Æ�NO}MKvIGN�UTp Vd = 0.8∆/e = 48 µV Ê����GN�prÆÇUTP�DGK�N�p

?�I



UT}M}&KMB�JVUTIGPOKÅN@�=
;K�}MCEÁ�B4UTF�KÅNOJE
HN�JV��JV�GKÅÆÇUTPODGKÅC��7}MDGF�F!KMLqJ(
H�GN�} ���4UTp�I�KMK&L�K&p�JVNOÁ U3JVKMW�NOL�¯HK%�bÊ
' ÃÇÄ (|Ê4± JHN�p©UTP�p�C�UT}M}&KMB�JVUTIGPOK 
HN�JV�eBGF�KMp!K&LqJ°W4Uj�ÉW�K&JVK&}&J!N�CELeJVK&} �GLGN��iDGK&pMÊ

� � � � � �	� � ������� �
±µLÅ}MCEL�}MP�D�p!N�CTL)�

7K��4UjÆEK�B�F!KMp�KMLqJVK&W U½}jUTB4UÇ}MNOJ!NOÆTK;}MCTDGBGP�NOLGR"p�} �GKMÁ�KQJVC"p¬JVDGW$�>JV��KQ�GN�RT�:�hF!K&��D�KMLG}¶�
p!B�KM}¶JVFVUÇP�W�KMLGp�NOJµ��C��[LGCTN�p!K©C��+UxÁ�KMp!CTp!}MCTBGN�}©WGK&Æ�NO}MKTÊ�®°p�N�L�JV�GK©N�L�NOJVN�UTP�B�F!CEB�CEpVUÇP�C���¯©K��bÊ ' ÃTÄ (8�iJV��K
K%� KM}¶JHC��[JV�GKSL�CEN�p�K"CEF!NOREN�LGUÇJVNOLGR(�hF�CEÁ UÂÁ�K&p!CEp�}MCEBGNO}"WGK¶Æ$NO}MK"J!F!N�RTREKMF�pQUTLÉNOLGKMP�UTp�J!N�}°W�}S}MDGF�F!KMLqJHNOL
JV�GKrWGK¶JVKM}¶JVCEF©}MNOF!}&DGNOJMÊ4���GN�p©N�LGK&P�UTp¬JVNO}S}MCELqJVF�N�IGD$JVN�CTLz}MUTLÕI�KrJ!�GCEDGRT�iJ°UTp½U�W$�$LGUTÁ�NO}jUTP ³ CTDGP�CEÁ>I
IGP�C�}��3UTWGK�K%� KM}¶J 
H�GK&F!KrJV�GKrBG�4UTp�K��4D�}&JVDGUÇJVNOCELGp½UÇJ"U�p!B�KM}&N@�4}�È�DGLG}¶JVN�CTLzNOLlJ!�GK>WGK¶JVK&}&JVCTF½}&N�F!}&DGNOJ
È�DGLG}¶JVN�CTL>UTF�K7F�KMP�UÇJVK&WxJVC©ÆECEP�J UTRTK3�GDG}&J!D4UÇJVNOCELGp�N�LrJV�GK�pVUTÁ�K+È�DGLG}&J!N�CEL9Ê3±µLrJVDGF�L)�3p!DG} �>ÆTCEPOJVUTREK3�4DG} ´
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p!DGB�KMF�}MCEL�WGDG}&J!CEF;}&N�F�}MDGN�J�J!CÂUrÁ�K&p!CEp�}MCEBGNO}½W�K&Æ�N�}&K"
HNOJ!��J!�GK°RECEUTP4C��[DGL�WGKMF�p�J UÇLGWGN�L�R>JV�GK©LGCENOp!K½C��
JV�GK�P�U3J!JVK&FMÊ1���GK7BGF!K&p!K&LiJ�p!K¶JVDGBÅp�DGREREK&p�JVp�JV�4U3J�N�J�NOp�BGP�UTD�p!N�I�P�K/JVC½K���JVF!UT}&J�N�L��hCTF!Á�UÇJVNOCELSUTI�CED�J��GN�RT�
�hF!K&��D�KMLG}¶�2LGCEN�p�KTÊ Ô N�RE� �hF!K&�iDGKMLG}¶� LGCEN�p�KeWGK&J!KM}&J!N�CEL LGC�
 }&CELGp¬JVNOJ!D�JVK&p UÇL5NOÁ�B�CEF�JVUTLqJÂp�DGI��4K&P�W
C��HL4UTL�CEp!}&CEBGN�}ÉCTFÂÁ�K&p!CEp�}MCEB�N�}vBG�q��p!NO}Mp&Ê�­zKjUTp�DGF!K&Á�K&LqJ�p!K&J!DGB p!} �GK&Á�K&p 
H�GN�} �2}jUÇL I�KvBGP�UT}MK&W
�bCEL�} �GN�B��©L�K���JQJVCxJV�GK½}MN�F�}MDGN�J7J!CÂI�K°Á�KjUTp�DGF!K&WeUTF!K½DGp!K��hDGP �hCEF;U(�hDGF¬JV�GK&FQDGLGW�KMF!p¬J UTL�WGN�LGR>C����GN�RT�
�hF!K&��D�KMLG}¶�e}MDGF�F!KMLqJ½Á�CTÁ�K&LiJ!pMÊ

� � � � ��� � � ��� �
��� ����� � �,� ��! ��
 � �

±µLÉJV�GNOp½UÇBGB K&LGWGN ���7
;Kr}MCEL�p!N�W�KMF�JV�GKrUjÆEK&FVUTRTKrC���K���B�CELGK&LqJVp°C���J!�GK�BG�4UTp�KxU3JHWGN@� KMF�KMLqJHJVN�Á�KTÊ
Ë
CTP�P�C�
HNOLGR�J!�GKÕJ!�GKMCEF�KMÁ N�L �iD4UTLqJVD�Á Á�KM} �4UTL�N�},�hCEF�CEB�KMFVU3JVCEF�p��;N � C ≡ [A,B] pVUÇJ!N�p��4KMp

[A,C] = [B,C] = 0 ��JV��KML
eAeB = eA+BeC/2 , � ?$Ê ?EÃ �

AEÄ



UTLGWeN@� A N�p�PON�LGKMUTFQNOLzÎ7CEp!K�}MF�KjUÇJ!N�CELlUTL�WÕUTL�LGN��GNOP�UÇJ!N�CEL�CEB�KMF!UÇJVCEF�p���
7K��4UjÆEK

〈eA〉 = e〈A
2〉/2 . � ?$Ê ?�H �

Ë4F!CEÁ J!�GKMp�KxJ*
7CvBGF�CEB K&F�J!N�KMp%�
N@� C NOp°U���´µLiDGÁÂI�KMFHJV�GK&L C = 〈C〉 = 〈AB〉 − 〈BA〉 �6
7K>KMUTp!NOPO�CEI�JVUTN�L
〈eAeB〉 = exp

[〈

AB +
A2 +B2

2

〉]

. � ?$Ê ? � �
À$N�Á�N�P�UTF����hCEFHU �hCED�F¬´µB�CENOLiJQ}MCEF�F!KMP�UÇJVNOCEL �hDGL�}&JVNOCEL)�

〈eA1eA2eA3eA4〉 = 〈eA1+A2eA3+A4〉e[A1,A2]/2e[A3,A4]/2 . � ?$Ê ? ? �
À$N�L�}MK Ai + Aj

� � i, j = 1, 2, 3, 4 ��NOp©UTP�p�C�PON�LGKMUTFQNOLzÎ7CEp!K�}MF�KjUÇJ!N�CELlUTL�WÕUTL�LGN��GNOP�UÇJ!N�CEL�CEB�KMFVU3JVCEF�p��

;K�}MUTLzB�KMF��hCEF!Á¤JV�GKrUjÆEK&FVUTRTKxC���JV��KrK��$B CEL�KMLqJVp½UTp

〈eA1+A2eA3+A4〉 = exp

[〈

(A1 + A2)(A3 + A4) +
(A1 + A2)

2 + (A3 + A4)
2

2

〉]

= exp

[〈

∑

i<j

AiAj +
1

2

∑

i

A2
i

〉]

. � ?$Ê ?GA �

	�K>UTBGBGP��ÉJV�GK&p!K>F�KMp�DGPOJ!p½JVC�CEDGF©}jUTPO}MDGP�UÇJVNOCELGp4
HN�JV�zJ!�GK>B��4UTp!K φ(t) = e
∫ t

−∞ dt
′V (t′) � V (t)ÆECEP�J UTRTK,C���J!�GKÐÁ�K&p!CEp�}MCEBGNO}ÐWGK&Æ�N�}&K=
H��KMF!K3
7K=
7CEDGPOWxPON �TK/J!C½Á�KjUÇp!DGF�K�L�CEN�p�KTÊ1± �GL�CEN�p�K�NOp�¸rUTD�p!p!N�UTL)�

φ(t) NOp7PON�LGKMUTFÐN�L�I CTp!CELGp&ÊF	�K"UÇP�p!C(�4LGW J!�4UÇJ [φ(t), φ(t′)] = 0 Êi���GKMp�KSBGF!CTB K&F�JVNOKMp�C�� φ(t) pVUÇJ!N�p��#�JV�GK�}&CELGWGN�JVN�CTLGp;JVC�UTB�BGPO�v»Ð�ip&Ê � ?$Ê ? � �QUTLGW � ?�ÊE?GA �¶ÊG±µLGW�KMKMW�� 〈φ2(t)〉 = 〈φ2(0)〉 �7
;Kr�4UjÆEK

〈eiφ(t)e−iφ(0)〉 = eJ(t) , � ?$Ê ?E¿ �
UTLGW

〈eiφ(t3)eiφ(t2)e−iφ(t1)e−iφ(0)〉 = exp[J(t3)+J(t2)+J(t3− t1)+J(t2− t1)−J(t3− t2)−J(t1)] ,� ?$Ê ?�I �

H�GKMF�K<
;KrF!K&}jUTPOP+�GKMF�K J(t) = 〈[φ(t)− φ(0)]φ(0)〉 Ê

��� ��� � � �,� ��! ��
 � �

±µL�J!�GN�prUTB�B K&LGWGN � �)
7K�W�K%�4LGK Ψ0←
� Kel

2e←(ω, eV, η) �9UTLGW K inel
2e←(Ω, eV, η) NOL�»Ð�ip&Ê�� ?$Ê ÃT¿ �"UTLGW� ?$Ê Ã�I �7UTp

Ψ0←=

∫ −∆−eV

∆+eV

dδ
√

(δ − eV )2 −∆2
√

(δ + eV )2 −∆2
1

δ + iη

(

1

δ + iη
− 1

δ − iη

)

, � ?$Ê ?�D �

Kel
2e←(ω, eV, η) =

∫ −∆−eV

∆+eV

dδ
√

(δ − eV )2 −∆2
√

(δ + eV )2 −∆2

×
[(

2
1

δ + iη
+

1

δ + ω + iη

)(

1

δ + iη
− 1

δ − iη

)

+
1

δ + iη

(

1

δ − ω + iη
− 1

δ + ω − iη

)]

,

� ?$Ê ATÄ �

Kinel
2e←(Ω, eV, η) =

∫ Ω−2∆−2eV

2∆+2eV−Ω

dδ
√

(Ω + δ − 2eV )2 − 4∆2
√

(Ω− δ − 2eV )2 − 4∆2

×
(

1
Ω+δ

2
+ iη

− 1
Ω−δ

2
− iη

)(

1
Ω−δ

2
− iη +

1
Ω+δ

2
− iη −

1
Ω+δ

2
+ iη

− 1
Ω−δ

2
+ iη

)

. � ?$Ê<A�G �

A�G



��� ����� � �,� ��! ��
 � �

±µLÉJV�GNOp½UÇBGB K&LGWGN ���7
;KrF!K&}jUTPOP9JV�GK�WGK��4LGN�JVN�CTLÉC�� Ó K&P�W���p!�`¸�F�KMK&L)1 p �hDGL�}&JVNOCELGp�' D�D ( Ê
Ë�N�F�p�J!� 
7KÉWGK%�GLGK JV��KÉUTLGCEÁ�UTPOCEDGpx¸�F�KMK&L)1 p��hDGLG}&J!N�CEL���WGK&p!}&F!N�I�N�LGRÕJ!�GKvB4UÇN�F!NOLGRlC��HKMPOKM}&J!F!CEL�p


HNOJ!�lCTBGB CTp!NOJ!KSp!BGNOLGpHN�LvJ!�GK�p!DGB�KMF�}MCELGW�DG}&J!CEF��

Fσ(q, t− t′) ≡ −〈TKc−q,−σ(t)cq,σ(t
′)〉 ,

F ∗σ (q, t− t′) ≡ 〈TKc
†
q,σ(t)c

†
−q,−σ(t

′)〉 .
± �©I CTJ!� t UTL�W t′ UTF�KvN�L J!�GKÉDGBGB�KMFÅIGF!UTLG} �)�ÐUÇLGW t > t′ CEFÂI�CTJV� t UTLGW t′ UTF!K N�L JV�GKÉPOC�
;K&FIGFVUÇLG} �)�,UTL�W t′ > t JV�GK&L Fσ(q, t+ − t′+) = F ∗σ (q, t− − t′−) = p�REL (σ)uqvqe

−iEq(t−t′) Ê����GK&p!K
¸�F�KMK&L)1 p>�hDGLG}¶JVN�CTLGp°K&LiJ!KMF©JV�GKÂW�KMp!}&F!NOB�JVNOCELÕC���JV�GKx®°LGWGF�KMK¶Æ`BGF�C$}&KMp!p&Ê9± � 
7KÂ}&CELGp!NOWGKMF©JV�GKxp!NOLGREP�K
�iD4UTp!NOB4UTF¬JVN�}&P�K>J!DGLGLGK&P�NOLGRÉN�L:JV��K�p�DGB�KMF!}&CELGWGD�}&JVCTF�� 
;K�DGp�K�J!�GK�}MCELqÆTKMLqJVNOCEL4UTPÐWGK��4LGNOJ!N�CEL:C��;JV��K
¸�F�KMK&L)1 p �hDGL�}&JVNOCELlUTp �hCEF�LGCEF�Á UÇP9Á�K&J UÇP�pMÊ

À$KM}&CELGWGP�����
7KrW�K%�4LGK�JV��K>¸SF!K&KML)1 p?�hDGLG}&J!N�CELeC���JV��KrCTLGKSP�K¶ÆEKMP = ¨

GDσ(t− t′) ≡ 〈TKcDσ(t)c
†
Dσ(t′)〉 . � ?�Ê AqÃ �

À$N�Á�BGPON@�4}MUÇJVNOCELGp�C$}&}MDGF�I K&}jUTDGp�K�JV�GK��iD4UTLqJ!DGÁ¦WGCTJ/�4UTpÐUSp!NOLGREPO�rC�}M}&DGBGN�K&W�P�K&ÆTKMP�
HN�JV�ÅK&LGKMF�RT� εD Ê���GK?�4F!p¬JQKMPOKM}¶JVF!CTL N�p,J!FVUTLGp��hKMF�F!KMW�JVCxJ!�GK©P�KjUÇW�I�K%�hCEF�K©J!�GK°p�KM}&CELGWv�GCTBGp;CEL�JV��K°�iD4UTLqJVD�Á¤W�CTJ;p�C
JV�4U3JQN�L CEDGF 
7CEF/�.�7
;KSCEL�PO��}MCEL�p!N�W�KMF;J!�GK = ¨ ¸�F�KMK&L)1 p4�hD�LG}&J!N�CEL 
H��KMF!KSI�CTJ!� JVNOÁ�K©�iD4UTLqJVN�JVN�K&p tUTLGW t′ UÇF!K"NOL JV�GKSD�BGB K&FQCEFQPOC�
;K&FQIGFVUÇLG} �)�4UTL�WvJV�GK�¸SF!K&KML)1 p4�hDGLG}¶JVNOCELvÆÇUTP�DGK&pQCELGP��;
H�GKML t > t′N@� t � t′ N�LÉJV�GKrDGBGB�KMFHIGF!UTLG} � Gt

Dσ(t− t′) = e−iεD(t−t′) UTL�W t′ > t N � t � t′ N�LeJV��KrPOC�
;K&F©I�FVUTLG} ���JV�GK&L Gt̃
Dσ(t− t′) = e−iεD(t−t′) Ê

���GKx¸�F�KMKML�1 p?�hDGLG}¶JVN�CTLlNOLÉJV�GKSLGCTF!Á�UTP+Á�K&J UÇP+P�KMUTWeF!KjUÇWGp

GLσ(k, t− t′) ≡ 〈TKckσ(t)c
†
kσ(t′)〉 . � ?�Ê A�H �

±µL`CEDGF>
;CTF �6��
7KÂ}MCEL�p!N�W�KMF°J!�GK>}MUTp!K&pE
H�GKMF�K>J*
;CÉK&P�K&}&JVF�CELGp°J!DGLGLGK&P�NOLGR��hF�CEÁ CEF½J!C JV�GK>LGCEF!Á�UTP
Á�K¶J UTP
POKjUTW)�ip�C>JV�4U3J 
7K"CELGP���}MCELGp�N�WGK&FQLGCEF�Á UÇP4Á�K¶J UTP9¸�F�KMK&L)1 p=�hDGLG}¶JVN�CTLGp 
H�GK&F!K t UÇLGW t′ UTF�K°NOLJV�GK©WGN �9K&F!KMLqJ7IGFVUÇLG} �GKMp&ÊGË4CEFÐJV�GK©}jUÇp!K°C��[KMPOKM}&J!F!CEL�p7JVD�LGLGKMPON�LGR �hF!CTÁ¦JV�GK©p!DGB�KMF�}MCEL�WGDG}&J!CEF;J!CxJV��K
LGCEF�Á UTP�Á�K¶J UTP9�)
;K�DGp!K�JV�GK�REF!KMUÇJVK&FÂ¸SF!K&KML)1 p �hDGLG}&J!N�CEL G>

Lσ(k, t − t′) = e−i(εk−µL)(t−t′) �)
HNOJ!�
εk > µL

ÊqË4CEF�J!�GK�}jUÇp!KHC�� KMP�K&}&J!F!CELGp/J!DGLGLGK&P�NOLGRE�hF!CEÁ JV�GK�L�CEF!Á�UTP�Á�K&JVUTP$J!CSJV�GKHp!D�B K&F!}MCTLGWGDG}¶JVCEF%�

;K;DGp!K;J!�GKQPOKMp!p�KMFÐ¸SF!K&KML)1 p �hDGLG}¶JVNOCEL G<

Lσ(k, t−t′) = −〈c†kσ(t
′)ckσ(t)〉 = −e−i(εk−µL)(t−t′) ��
HNOJ!�

εk ≤ µL
Ê

��� ����� � �,� ��! ��
 � �

±µLvJV�GNOpQB4UTF¬J!�F
;KSBGF�KMp�KMLqJHJV�GKSWGK&LGCEÁ�N�L4U3JVCEF�BGF!C�WGDG}¶JVp4
H�GNO} �lUTBGB�KjUTFQNOL JV��K"JVDGLGL�KMP�NOLGRÂ}&DGF!F�KMLqJ
JV�GF�CEDGRE� JV�GK`²"À:È�DGL�}&JVNOCEL UTp U ³ C�CEB�KMF BGUTN�F&Ê;À�DG} � WGKML�CEÁ�NOL4UÇJ!CEF!p�}MCEÁ�K$�hF�CEÁ JV�GKzKMLGK&F!RT�
WGKML�CEÁ�NOL4UÇJ!CEF!pQC���J!�GKSJVFVUÇLGp!N�JVN�CTLÉCEB K&FVUÇJ!CEF T ~

(D0
←)−1=

1

E ′ + ε+ iη

(

1

E − ε− iη +
1

E + ε− iη

)

, � ?$Ê<AG� �

(Del
←)−1 =

1

E ′ + ε + ω + iη

(

1

E − ε− iη +
1

E + ε− iη

)

+
1

E ′ + ε+ iη

(

1

E − ε+ ω − iη +
1

E + ε+ ω − iη

)

, � ?$Ê<A ? �

AqÃ



(Dinel
← )−1 =

(

1

E ′ − ε′ + iη
+

1

E ′ + ε + iη

)

×
(

1

E + ε′ − iη +
1

E + ε− iη +
1

E − ε− iη +
1

E − ε′ − iη

)

. � ?$Ê<A A �

	�K�} �4UTL�REKSÆTUÇF!N�UÇIGP�K&pQN�L I inel
→
� I inel
←

UTp
{

Ω = ε+ ε′ ,
δ = ε− ε′ .

	�KSW�K%�4LGK

χ(x, η) ≡
∫ ∞

∆

dE
1√

E2 −∆2

1

E − x− iη =
π + 2 arcsin(x+iη

∆
)

2
√

∆2 − (x + iη)2
, � ?$Ê<Aq¿ �

JV�GK&L)��
7KrW�K%�4LGK�JV��K 
7KMNORE�qJ?�hDGLG}&J!N�CEL�pHUTp

Kel(ω, eV, η) =

∫ eV

−eV

dε {[2χ(−ε,−η) + χ(−ε− ω,−η)] [χ(ε, η) + χ(−ε, η)]

+ χ(−ε,−η) [χ(ε− ω, η) + χ(−ε− ω, η)]} , � ?$Ê<A�I �

Kinel(Ω, eV, η) =

∫ Ω−2eV

2eV−Ω

dδ

[

χ(
Ω− δ

2
,−η) + χ(−Ω + δ

2
,−η)

]

×
[

χ(−Ω− δ
2

, η) + χ(−Ω + δ

2
, η) + χ(

Ω + δ

2
, η) + χ(

Ω− δ
2

, η)

]

.� ?$Ê<A�D �

��� ����� � �,� ��! ��
 � �
±µL�JV�GNOpvUTB�B K&LGWGN � �=
;K:}&CEÁ�B�D�JVKÕJ!�GK`BGF�C$W�DG}&JÉC��SJVDGLGL�KMP�NOLGR Ô UTÁ�NOPOJ!CELGN�UÇL CTB K&FVUÇJ!CEF!pvNOL JV��K
� NOLGNOJ!N�UTP��,RTF!CEDGL�Wzp¬J UÇJ!K���
H�GNO} �zNOp�p!�GC�
HLÕNOLe»,��Ê � ?$Ê<� A �¶Ê

〈H†T1(t− t′1 − t′2 − t′3)H†T2(t− t′2 − t′3)H†T1(t− t′3)H†T2(t)

×HT2(t1 + t2 + t3)HT1(t1 + t2)HT2(t1)HT1(0)〉
= T 4

1 T
4
2

∑

k1..k4,q1..q4,σ1..σ8

〈c†q1σ1
(t− t′1 − t′2 − t′3)c†q2σ3

(t− t′3)cq3σ6
(t1 + t2)cq4σ8

(0)〉

×〈ck1σ2
(t− t′2 − t′3)ck2σ4

(t)c†k3σ5
(t1 + t2 + t3)c

†
k4σ7

(t1)〉
×〈cDσ1

(t− t′1 − t′2 − t′3)c†Dσ2
(t− t′2 − t′3)cDσ3

(t− t′3)c†Dσ4
(t)

×cDσ5
(t1 + t2 + t3)c

†
Dσ6

(t1 + t2)cDσ7
(t1)c

†
Dσ8

(0)〉
×〈eiφ(t−t′

1
−t′

2
−t′

3
)eiφ(t−t′

3
)e−iφ(t1+t2)e−iφ(0)〉 . � ?$Ê ¿TÄ �

À$N�Á�BGP�N �4}jU3JVN�CTLGp�C�}M}&DGFÐI K&}jUTD�p!K�JV�GKH�iD4UTLqJ!DGÁ¡WGCTJÐ�4UÇp7USp�N�LGREP��>C�}M}&DGBGNOKMW�P�K&ÆTKMP�
HN�JV��KMLGK&F!RT�
εD
Ê4®½p½NOLz¯HK%�bÊ ' DEÄ (9�4JV�GK<�4F�p�J½KMPOKM}&J!F!CELlN�p�J!FVUTLGp��hKMF�F!KMWlJVC�JV�GK�POKjUTWlI K��hCEF!KSJ!�GKxp�KM}&CELGWÕ��CEBGp©CEL

JV�GK��iD4UTLqJ!DGÁ WGCTJMÊ4���GKMF�K%�hCEF�K��

〈cDσ1
(t− t′1 − t′2 − t′3)c†Dσ2

(t− t′2 − t′3)cDσ3
(t− t′3)c†Dσ4

(t)

×cDσ5
(t1 + t2 + t3)c

†
Dσ6

(t1 + t2)cDσ7
(t1)c

†
Dσ8

(0)〉
= 〈cDσ1

(t− t′1 − t′2 − t′3)c†Dσ2
(t− t′2 − t′3)〉〈cDσ3

(t− t′3))c†Dσ4
(t)〉

×〈cDσ5
(t1 + t2 + t3)c

†
Dσ6

(t1 + t2)〉〈cDσ7
(t1)c

†
Dσ8

(0)〉
= Gt̃

Dσ1
(−t′1)δσ1σ2

Gt̃
Dσ3

(−t′3)δσ3σ4
Gt

Dσ5
(t3)δσ5σ6

Gt
Dσ7

(t1)δσ7σ8
, � ?$Ê ¿7G �

A�H



¨ KMp�}MF!NOIGN�L�R�J!�GK�®°LGW�F!KMK¶ÆeBGF!C�}MK&p!p%�6
7KxUTp!p�DGÁ�K
∑

q1..q4

〈c†q1σ1
(t− t′1 − t′2 − t′3)c†q2σ3

(t− t′3)cq3σ6
(t1 + t2)cq4σ8

(0)〉

=
∑

q1..q4

〈c†q1σ1
(t− t′1 − t′2 − t′3)c†q2σ3

(t− t′3)〉〈cq3σ6
(t1 + t2)cq4σ8

(0)〉

=
∑

q1,q4

F ∗σ1
(q1,−t′1 − t′2)δσ3,−σ1

Fσ8
(q4, t1 + t2)δσ6,−σ8

, � ?$Ê ¿EÃ �

Ë
CTF°JV�GKÅ}&CEF!F�KMP�UÇJVNOCEL`C���CEB�KMF!UÇJVCEF�p"N�L:L�CEF!Á�UTP�Á�K&JVUTP�POKjUTW��9DGp�N�LGRÉJV��K 	 N�}��61 p"J!�GKMCTF!KMÁC��
7K
CEI�JVUTN�L

∑

k1..k4

〈ck1σ2
(t− t′2 − t′3)ck2σ4

(t)c†k3σ5
(t1 + t2 + t3)c

†
k4σ7

(t1)〉

=
∑

k1..k4

[−〈ck1σ2
(t− t′2 − t′3)c†k3σ5

(t1 + t2 + t3)〉〈ck2σ4
(t)c†k4σ7

(t1)〉

+〈ck1σ2
(t− t′2 − t′3)c†k4σ7

(t1)〉〈ck2σ4
(t)c†k3σ5

(t1 + t2 + t3)〉]
= −G>

Lσ2
(t− t′2 − t′3 − t1 − t2 − t3)δσ2,σ5

G>
Lσ4

(t− t1)δσ4,σ7

+G>
Lσ2

(t− t′2 − t′3 − t1)δσ2,σ7
G>

Lσ4
(t− t1 − t2 − t3)δσ4,σ5

, � ?$Ê ¿�H �
³ CELG}MK&F!LGNOLGRvJV��KÅBG�4UTp�K �4DG}&J!D4UÇJ!N�CELGp%� J!�GK:�hCEDGFb´µB�CEN�LqJ°}MCEF�F!KMP�UÇJVCTF��6
H�GN�} �:NOp"N�Á�BGP�NO}MN�JHN�L`JV��K

K��$BGF�KMp!p�N�CEL�C��ÐJV��KÂJVDGLGL�KMP�NOLGRÉ}MD�F!F!K&LqJxNOp 
HF!N�J!J!KML�UTpSUvJVNOÁ�KxCEF!W�KMF!K&W�B�F!C�WGDG}&JMÊ�Ì"LG}MKÅCTF!WGK&F!KMW��
JV�GKÅB�F!C�WGDG}&JrC���JV��K�K��$B CEL�KMLqJVN�UTP,RENOÆTKMpSJV��K�K��$B CEL�KMLqJVN�UTP/C���JV�GK�p�DGÁ C��;UTP�P�B4UTN�F�N�LGRTp"I K¶J*
;K&KML
BG�4UTp�KÅCEB�KMFVU3JVCEF�pSUTp"p��GC�
HL�NOL`®°BGB�KML�WGN �`®>Ê9®½p�UvF!K&p!DGP�J!� 
HN�JV�`J!�GKÅWGK%�GLGNOJ!N�CEL`C��;»,�
Ê�� H�Ê@G@? ���
�hF!CEÁ »,��Ê � ?$Ê ?�I ���7
;KrREK&J

〈eiφ(t−t′
1
−t′

2
−t′

3
)eiφ(t−t′

3
)e−iφ(t1+t2)e−iφ(0)〉

=
eJ(t−t′

1
−t′

2
−t′

3
)+J(t−t′

3
)+J(t−t′

1
−t′

2
−t′

3
−t1−t2)+J(t−t′

3
−t1−t2)

eJ(−t′
1
−t′

2
)+J(t1+t2)

. � ?$Ê ¿ � �

��� ��� 4 � �,� ��! ��
 � �

±µL JV�GNOpÅUTBGB�KMLGW�N � ��
7KlB�F!KMp�KMLqJ�JV�GKÉW�KMLGCEÁ�N�LGUÇJVCEFxBGF!C�WGDG}¶JVp 
H�GNO} � UÇBGB KMUTFÂNOL�JV�GKvJ!DGLGLGK&P�N�L�R
}MDGF�F!K&LiJHJ!�GF!CED�RE�lJ!�GKr² ¨ ÀxÈ�DGLG}¶JVNOCEL+Ê

D0 NOpQJV�GK�CEF�N�RENOL4UTP�WGKML�CEÁ�NOL4UÇJ!CEF 
H�GNO} �zNOp�LGCTJ©U�� KM}¶JVKMWlIq�ÉJV�GK�K&LiÆ�NOF!CELGÁ�KMLqJ

(D0
←)−1 =

1

(E ′ + ε+ iη)(E ′ + εD + iη)(ε+ εD + iη)(E + εD − iη)

×
[

1

(−ε + εD − iη)(E − ε− iη)
+

1

(ε + εD − iη)(E + ε− iη)

]

, � ?$Ê ¿ ? �

UTLGW Del
←
NOpQJV�GK�WGK&LGCEÁ�N�L4U3JVCEFQB�F!C�WGDG}&J½U�� KM}¶JVK&WzIq�ÉJV��KrK&LqÆ$NOF!CEL�Á�K&LiJ��

(Del
←)−1 =

1

(E ′ + ε + ω + iη)(E ′ + εD + ω + iη)(ε + εD + iη)(E + εD − iη)

×
[

1

(−ε + εD − iη)(E − ε− iη)
+

1

(ε + εD − iη)(E + ε− iη)

]

+
1

(E ′ + ε+ iη)(E ′ + εD + iη)(ε + εD + iη)(E + εD + ω − iη)

×
[

1

(−ε + εD − iη)(E − ε + ω − iη) +
1

(ε+ εD − iη)(E + ε + ω − iη)

]

,� ?$Ê ¿GA �

AG�




H�GKMF�K Dinel NOprJ!�GK W�KMLGCEÁ�N�LGUÇJVCEFSB�F!C�WGDG}&JÂUÇJ!J!F!NOIGD�JVK&W�J!CzJV��K N�L�KMP�UÇp�JVNO}�}MDGF�F!KMLqJ �|U�� KM}¶JVKMW�Ii�
KMLqÆ�N�F�CELGÁ�KMLqJ��QUTL�WzNOp�WGK%�4L�KMW`UÇp

(Dinel
← )−1 =

[

1

(E ′ + εD − ε− ε′ + iη)(E ′ − ε′ + iη)
+

1

(E ′ + εD + iη)(E ′ + ε + iη)

]

×
{

1

(εD − ε′ + iη)(εD − ε− iη)

[

1

(E + εD − ε− ε′ − iη)(E − ε− iη)

+
1

(E + εD − iη)(E + ε′ − iη)

]

+
1

(εD − ε′ + iη)(εD − ε′ − iη)

×
[

1

(E + εD − ε− ε′ − iη)(E − ε′ − iη)
+

1

(E + εD − iη)(E + ε− iη)

]}

. � ?$Ê ¿E¿ �
	�K�WGK��4LGK

Π(x1, x2, η)=

∫ ∞

∆

dE
1√

E2 −∆2

1

(E − x1 − iη)(E − x2 − iη)
. � ?$Ê ¿�I �

± � x1 6= x2
�GJ!�GKML

Π(x1, x2, η) =
1

2(x1 − x2)

(

π + 2 arcsin(x1+iη
∆

)
√

∆2 − (x1 + iη)2
− π + 2 arcsin(x2+iη

∆
)

√

∆2 − (x2 + iη)2

)

,

CEF�KMPOp!K��

Π(x1, x2, η) =
(x1 + iη)(π + 2 arcsin(x1+iη

∆
))

2(∆2 − (x1 + iη)2)3/2
+

1

∆2 − (x1 + iη)2
.

���GKML���
;KrWGK%�GLGK
Ψ0
←(ε, εD, η)

=

∫ ∞

∆

dE

∫ ∞

∆

dE ′
1

√
E2 −∆2

√

E ′2 −∆2

1

D0
←

= Π(−ε,−εD,−η)
{

Π(ε,−εD, η)
(ε+ εD + iη)(−ε + εD − iη)

+
Π(−ε,−εD, η)

(ε+ εD + iη)(ε+ εD − iη)

}

,

� ?$Ê ¿�D �

Ψel
←(ε, εD, ω, η)

=

∫ ∞

∆

dE

∫ ∞

∆

dE ′
1

√
E2 −∆2

√

E ′2 −∆2

1

Del
←

=
Π(−ε− ω,−εD − ω,−η)Π(ε,−εD, η) + Π(ε− ω,−εD − ω, η)Π(−ε,−εD,−η)

(ε + εD + iη)(−ε + εD − iη)

+
Π(−ε− ω,−εD − ω,−η)Π(−ε,−εD, η) + Π(−ε− ω,−εD − ω, η)Π(−ε,−εD,−η)

(ε + εD + iη)(ε + εD − iη)
,

� ?$Ê IEÄ �

Ψinel
← (ε, ε′, εD, η)

=

∫ ∞

∆

dE

∫ ∞

∆

dE ′
1

√
E2 −∆2

√

E ′2 −∆2

1

Dinel
←

= (Π(ε + ε′ − εD, ε′,−η) + Π(−εD,−ε,−η))

×
{

Π(ε+ ε′ − εD, ε, η) + Π(−εD,−ε′, η)
(εD − ε′ + iη)(εD − ε− iη)

+
Π(ε+ ε′ − εD, ε′, η) + Π(−εD,−ε, η)

(εD − ε′ + iη)(εD − ε′ − iη)

}

.

� ?$Ê I�G �

A ?



À$N�L�}MK D0
→(ε) = D0

←(−ε) UTLGW Del
→(ε) = Del

←(−ε) � Ψ0
→(ε) = Ψ0

←(−ε) UTL�W Ψel
→(ε) = Ψel

←(−ε) ÊÔ C�
7K&ÆEK&F�� N�LA� UT}&J���N ��
7Kx} �GUTLGREKrJV�GKxL4UTÁ�KrC���ÆÇUTF!N�UTIGPOK ε → ε′ J!�GKMLÕ} �4UTLGREK�ÆÇUTF!N�UTIGPOK ε′ = −ε �

;K;
HN�POP�CEI$J UTNOL�J!�GK�pVUTÁ�K �hCEF!Á>DGP�U �hCEF�I�CTJV��}MUTp!K&p eV > 0 UÇLGW eV < 0 Ê�À$NOLG}MK ε UTLGW ε′ UTF�KN�LGW�KMB�KMLGWGK&LqJVPO�ÂKM�iDGNOÆÇUTPOKMLqJ!�TNOJÐN�p,K¶Æ�N�WGK&LiJÐJ!�4UÇJ Ψinel

→ (ε, ε′, εD, η) = Ψinel
← (ε, ε′, εD, η)

Ê Ô K&F!KjU
�#JVKMF%�

;K�LGK&REP�K&}&JHJV��K ← CEF → N�L�WGK��eNOLÉJV�GK&p!K<�hDGLG}¶JVN�CTLGpMÊ

± � eV > 0 �GJV�GKrKMP�UTp�J!N�}S}&DGF!F�KMLqJ"}&CELqJVF!NOIGD�J!N�CELGpHNOL I→ K��$N�p¬J½I�D�J½J!�GKrKMP�UÇp�JVNO}S}MDGF�F!K&LiJ°}MCELqJ!F!N�´
IGD�J!N�CELGp�NOL I← ÆTUÇLGN�p�� �hN�Le}MCTLiJ!FVUTp¬JHJVCÅJV�GK�}MUTp!KrC�� eV < 0 � Ê
	�K�} �4UTL�REKSÆTUÇF!N�UÇIGP�K&pQN�LeN�L�KMP�UÇp�JVNO}"}MCTLiJ!F!NOIGD�JVNOCELGpHUTp

{

Ω = ε+ ε′ ,
δ = ε− ε′ ,

UTLGWeWGK��4LGK
Kel

NDS(ω, eV, εD, η)=

∫ eV

−eV

dεΨel.tot(ε, εD, η) ,
� ?�Ê IqÃ �

Kinel
NDS(Ω, eV, εD, η) =

∫ Ω−2eV

2eV−Ω

dδΨinel(
Ω + δ

2
,
Ω− δ

2
, εD, η) ,

� ?�Ê I�H �

HNOJ!� Ψel.tot(ε, εD, ω, η) = 2Ψ0(ε, εD, η) + Ψel(ε, εD, ω, η)

Ê

A A
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4 � ����� L *��(� �.������
.��� � � � � � �	� ���7�

���GK Ô UTPOPGK%� KM}¶J!��WGN�p�}MC1ÆEK&F!KMW Ii��»,W�
HNOL Ô UTP�P4NOLCG!Iq¿�D��q�4UÇBGB K&LGp3
H�GKMLÉUÇL�K&P�KM}¶JVF�N�}H}MDGF�F!K&LiJ �4C�
Hp
JV�GF�CEDGRE�eUÂ}&CELGWGD�}&JVNOLGR�BGP�U3JVK°NOLeUÅÁ UTRTLGK&J!N�}"�GKMP�WÉB�KMF�B K&LGWGNO}MDGP�UTF;JVCÂJ!�GKSBGP�UTLGKTÊ$���GKSÁ�UTRELGK¶JVN�}
�4KMPOW�K��$KMF¬JVpÂUlÍ[CEF!K&LqJ �;�hCEF!}&K�CTL�J!�GK�Á�C1Æ�N�LGRe} �4UÇF!REK�}jUTF�F!NOKMF!p<
H�GNO} ��J!KMLGWGp�JVCeBGD�p!��J!�GKMÁ J!C
CELGK½p!N�W�K"C��[JV��K°}MCTLGWGDG}¶JVCEF&Ê�®¼IGD�N�P�W�DGB C���} �GUTF!REK"UÇJ;J!�GK"p!NOWGKMp;C��[JV�GK°}MCELGW�DG}&J!CEF!p 
HNOP�P
I4UTP�UTLG}&K
JV�GNOp Á�UTRELGK¶JVNO}zNOL��4DGK&LG}MK��;BGF�C$WGD�}MN�L�R U�Á�KjUTp�DGFVUTI�P�KzÆTCEPOJVUTREK VH

I K¶J*
;K&KML J*
;C2p�N�WGK&pvC��SJV��K
}MCEL�WGDG}&J!CEF �hp!K&KvË�NOREDGF!K A�Ê G � Ê�����K Ô UTPOP,F!K&p!N�p¬JVN�Æ$N�Jµ��N�prBGF!CTB CEF¬JVNOCEL4UTP�J!CÕJV��K UTÁ�BGPONOJVD�WGK�C��QJV��K
Á UÇRELGK&J!N�} �GKMP�W9Ê

4 � ��� � � !"����-�� � 23����!"���
� � � � � �	� ��� �

±µL G�D�IEÄ�� Ó P�UTD�p©ÆTCEL Ó P�N�J �MNOLGR �
� 
	��
 ' G1ÄEÄ (&�hCEDGLGWÕJ!�4UÇJ°UÇJHJVK&Á�B�KMF!UÇJVDGF�KMp½C��,CELGP��eU �hK�
 Ó KMPOÆ�NOL
UTLGW���N�RE��Á�UTREL�K&JVNO}C�GKMP�W �9H�´�G1Ä���KMp!P�U ����JV�GK Ô UTPOP½F�KMp�N�p�JVUTLG}&K`WGN�W LGCTJ ÆÇUTF¬� PON�LGKMUTF!P�� 
HNOJ!�
JV�GK �4KMPOW+Ê�± J>ÆÇUTF!NOKMW�N�L�Uzp�JVK&B�
HN�p!K�� UTp!�GNOCEL �hp!K&KÉË�N�RTDGF!K A�Ê Ã �¶Ê�± J:
;UTpÅUÇP�p!CC�hCEDGLGW�JV�4UÇJ�
H�GKMF�K
JV�GK Ô UTP�P,F�KMp!NOp�JVUTLG}MK;
;UTp(�4UÇJ!�[JV��K�POCELGREN�JVDGW�N�L4UTP�F!K&p!N�p¬J UTL�}MK�WGN�p!UTBGB�KjUTF�KMW+Ê����GK;�4KMPOW�U3J�
H�GNO} �
JV�GK°BGP�UÇJ!KjUTD�pQUTBGB�KjUÇF!KMW���CEF=
H�GKMF�K"JV�GK"POCELGREN�JVDGW�N�L4UTP4F�KMp�N�p�JVUTLG}&K°ÆÇUTLGN�p��GKMW��7
;UTp�N�LGW�KMB�KMLGWGK&LqJHC��
JV�GK�Á U3JVKMF�N�UTP9�+JVK&Á�B�KMF!UÇJVDGF�K���CEF>CÇJV�GK&F>ÆÇUTF!N�UTIGP�K&pxC���JV�GKvK��$B K&F!N�Á�KMLqJ���IGD$JÅCELGP���W�KMB�KMLGWGK&W2CEL
UÕ}MCTÁÂIGN�LGUÇJVNOCEL�C��?�hDGL�W4UTÁ�KMLqJ UTP7}MCEL�p�J UÇLiJ!p h/e2 Ê/���GNOpÂBG�GK&LGCEÁ�KMLGCTL }jUTL I�KvDGLGW�KMF!p¬JVC�C$W2NOLJVK&F!Á�p�C���J!�GKrÍ�UTLGW4UTDlP�K¶ÆEK&P�p4�hCEF�Á�K&WlNOLlU�Á�UTREL�K&JVNO} �4K&P�W+Ê

���GK Ô UTÁ�N�POJ!CELGN�UTL#�hCEFeU2B4UTF¬JVNO}MP�KÕp!DGI�È�K&}&J!KMW J!C5U2Á�UTRELGK¶JVN�}'�GKMP�W B�KMF�B K&LGWGN�}&DGP�UÇFvJVC NOJVp
WGN�F�KM}¶JVN�CTLÉC���Á�CTJ!N�CELv}MUTLlI K<
HF!N�J!J!KMLeWGC�
HL`UTp

H =
N
∑

i

pi − eA(ri)
2

2m
, � A$Ê@G �


HNOJ!�eJ!�GKSÆEK&}&JVCTF©B�CTJ!KMLqJVN�UTP A(r) } ��CEp!K&LÕN�LÉJ!�GK<�hCEP�POC�
HNOLGR>REUTDGREK

A(ri) =
1

2
B(yi,−xi) , B = Bẑ . � A�Ê Ã �

���GK�KMLGK&F!RT�eK&N�REK&LiÆÇUTPODGKMp�C���J!�GKrUTI C1ÆTK Ô UTÁ�NOPOJ!CELGN�UÇL UTF�K

En,ky = (n+ 1/2)ωc ,
� A$Ê H �

A�I



B

+ + + + + + +

______ _
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��m������� �<;=;Q� � �1�%� 'j�1�����	� �q����� ���S��; �1�%�-�E� ���<; �����h�	�����4� � �1��G �#�1�%�D�13H�D' �.�?�C�����D5(���`�0�/* �������%�?� �
����; 3 � � �$�,�#'��-��� ��'��������ZF !E'����1��6��?����� �<;=;�5('�; �O�����4� � 2(�	'I3����1�13oG��%��� �1���4��� '>�%� 3��%� '(! �?�$�,�1'���3����%�D'��`���


HNOJ!� ωc = eB/mc N�p½J!�GK>}¶��}MP�CÇJVF!CTL$�hF!K&�iDGKMLG}¶��� n = 0, 1, 2, ... Ê »ÐUT} �zÆTUÇP�DGKxC�� n }&CEF!F�KMp�B CEL�WGpJVCÕUÕÍ�UTLGW4UÇD�P�K¶ÆEK&P Ê�À$N�L�}MK�J!�GK�Í�UÇLGW4UTD�POK&ÆTKMP�prWGC`L�CTJ>W�KMB�KMLGW�CTL�JV�GK��iD4UTLqJVD�Á·LiDGÁÂI�KMF ky
�

JV�GK¶�2UTF�Kl��N�RE�GP���WGK&REKML�KMFVU3JVKTÊÐ���GNOp�WGKMREK&LGKMF!UT}&���ÐWGK%�4L�KMW�UÇp�J!�GKlL�D�ÁÂI K&F�C��°p¬J UÇJ!KMp�B K&F�DGLGNOJ
UTF!KMU��9Á�Uj�ÕI�KÅ�iD4UTLqJVN �4KMW�Iq�`J!�GKÅF!K&P�UÇJ!N�CEL ρB = eB/hc Ê+± J�N�p"D�p!K%�hD�P/JVCÉWGK&p!}MF�N�I�KÂJV�GKÅNOLqJVKMRTKMF�iD4UTLqJVDGÁ Ô UTPOP+K%� KM}¶J �h±'= Ô » �QIi�ÉJ!�GK<�4P�PON�LGR(� UT}&J!CEF

ν = ρ/ρB , � A$Ê<� �

H�GN�} �:NOp°JV��KÂLiDGÁÂI�KMF"C���K&P�KM}¶JVF�CELGp"B�KMF�Í�UTLGWGUTD:P�K¶ÆEKMP�UTLGW�UT}¶JVp�UTp"UvÁ�KMUTp!DGF�KÂC��ÐJV��KÅUTBGBGPON�K&W
Á UÇRELGK&J!N�} �GKMP�W9Ê

±µLeË�N�RED�F!K A�Ê Ã7�iJV�GKSB�P�UÇJ!KjUTDGp;C$}&}MDGF�U3J�KjUT} �eNOLiJ!KMREK&F;ÆÇUTP�D�K"C���JV�GK"�4P�PON�LGR(� UT}&J!CEF ν Ê$���GN�p�}MUTLI KÉD�LGWGKMF�p�J!C$C�W JV�4UÇJ 
H��KML KjUT} �2C��©JV�GKÉW�KMREK&LGKMF!UÇJVKep�JVUÇJVK&p�C��½U�Í�UTL�W4UTD2P�K¶ÆEKMP;N�p �4POP�KMW���JV��K
F!K&p!N�p¬JVN�Æ$N�Jµ�ÅN�L�}MF!KMUTp!K&p7I�KM}MUTDGp�K"�hK%
7KMF;UTLGW;�hK%
7KMF7p�J U3JVKMp�F!K&Á UÇN�L�DGLGC�}M}&DGBGN�K&W�
HN�JV�GNOL�J!�4UÇJ�KMLGK&F!RT�
P�K¶ÆEKMP|Ê 	 �GKML�J!�GKvÍ�UTL�W4UTD�POK&ÆTKMP�N�pr}MCEÁ�BGP�K¶JVK&PO�'�hDGPOP8��UlRqUTB�K��$N�p�J!p>F�KM�iDGN�F�N�LGRÕUC�4L�NOJVK"È�DGÁ�B�NOL
KMLGK&F!RT� JVC�F!KMUT} �zJ!�GK�LGK���J©p!K¶J½C���WGK&REKML�KMFVU3JVKrKMLGK&F!RT�ep¬J UÇJ!KMp � N|Ê KÇÊ@��J!�GK�LGK���J°Í�UTLGW4UTDePOK&ÆEK&P � Ê

Ô C�
;K¶ÆEK&F���WGDGKÅJVCeN�Á�BGDGF�NOJ!N�KMp½N�L�UÉpVUÇÁ�BGPOK��9J!�GK�WGKML�p!NOJµ�`C��;p¬J UÇJ!KMp<
HN�POP�K¶ÆECEP�ÆEK �hF!CEÁ p!�4UTF�B
Í�UTLGW4UTD�P�K&ÆTKMPOp>JVC:UzIGF!CqUÇWGKMFÂp�B K&}&J!F!DGÁ«C��©P�K¶ÆEKMPOp �hp!KMKeË�N�REDGF�K&A$Ê H � Ê�����KMF!KeUÇF!K�J*
7C��iN�LGWGp>C��
P�K¶ÆEKMPOp���P�C�}jUTPON �&KMWvUÇLGWÉK���JVK&LGWGK&W)�GN�L�JV�GK"L�K%
�p!B�KM}&J!F!DGÁC�GUÇLGWÉNOJ;N�p;K��$B K&}&JVK&WÉJV�4UÇJ;JV�GK"K���JVKML�WGKMW
p�JVUÇJVK&pÂC$}&}MDGBq��UÕ}MCEF�KvLGKMUTF>JV��KvCEF!NOREN�LGUTPÐÍ�UTLGW4UTD POK&ÆTKMP 
H��N�P�K�JV�GK P�C�}jUTPON �MK&W�p¬J UÇJ!KMpÂJ!F!N�RTREKMFxU
IGF!CEUTWGKML�N�LGReC��7JV�GK�WGKML�p!NOJµ��C��Qp�JVUÇJVK&pMÊ�Ì"LGPO�zJV�GK�K���JVK&LGWGK&W p�J U3JVKMpr}jUÇL�}MUTF!F¬��}MDGF�F!KMLqJÂUÇJ �MKMF�C
JVK&Á�B�KMF!UÇJVDGF�KTÊE����K©K��$N�p�J!KMLG}&K½C�� J!�GKHP�C�}jUTPON �MK&WÂp�JVUÇJVK&pÐ}jUTL�K��$BGP�UTN�LÅJV��KHUTBGB�KjUTF!UTLG}MKHC�� BGP�UÇJVKMUTDGpMÊ
®°prJV�GK�WGKMLGp�NOJµ��N�pxN�LG}&F!KjUÇp!KMW�JV�GK�P�C�}jUTPON �MK&W�p¬J UÇJ!KMpÂRTFVUTWGDGUTP�P��'�4P�PÐDGB 
HNOJV��CED�JÅUÇLi��} �4UÇLGREKvNOL
C$}&}MDGBGUÇJVNOCEL>C��4J!�GKQK��$J!KMLGW�KMW�p�JVUÇJVK&p��ÇJ!�iDGp 
HNOJ!�GCED�J/UTLq�>} �4UÇLGREKQNOL>JV�GK Ô UTPOP$F�KMp�N�p�JVUTLG}&KTÊT±µLÂJ!�GKMp�K
}jUTp�KMp%��JV��K Ô UTPOPÐF!KMp�N�p¬J UTLG}&KvN�prCEL Uzp�JVK&B2UTLGW�J!�GKvPOCELGREN�JVDGWGNOL4UTP/F�KMp�N�p�JVUTLG}&K ÆÇUTLGN�p��GKMp �|UÇJ �MKMF�C
JVK&Á�B�KMF!UÇJVDGF�K�� Ê

4 � ����� � �����7��
'#�!�� � 23����!"���
� � � � � �	� ��� �

±µL G�D�IqÃ7� ¨ Ê ³ ÊÇ��p!DGN �
� 
	��
 ' G1Ä�G�($F!K&B KMUÇJVK&W Ó P�N�J �MNOLGR�1 p�KjUTF�P�N�K&F�K��$B K&F!NOÁ�K&LiJ!p 
HN�JV�>��N�RE�GK&F�Á�CEIGNOP�N�Jµ�
p!K&Á�NO}MCELGW�DG}&J!CEF��GK&J!KMF!C3´µp�J!F!DG}¶JVDGF�KMp,UÇLGW>�GNORE�GK&F�Á�UTRELGK¶JVNO} �4KMPOW+Ê
���GKMNOF�RECEUTP�
QUÇp�JVC½Á�NOLGN�Á�N �&K�JV��K
F!CEPOK�C��,N�Á�BGDGF�NOJ!N�KMpHUÇLGWÕJVC�KMLG�GUTLG}MKxJV�GKrK%� KM}¶JVp"C��/KMP�K&}&J!F!CEL$´ KMPOKM}&J!F!CELzN�LqJVK&FVUT}¶JVNOCELGpMÊ
���GK¶�Õ�GU1ÆTK
�hCEDGLGW�JV�GUÇJ�JV�GK�BGP�UÇJVKMUTDGprUÇJrN�LqJVK&REKMF<�4POP�NOLGR � UT}¶JVCEF�pxUÇF!K�ÁÂDG} ��L4UTF!F�C�
;K&F���UTLGW�I K¶J*
;K&KML�J!�GKMÁ
Á�CTF!K©BGP�UÇJ!KjUTD�p;UTF�K°p�KMKMLlUÇJ=�hFVUÇ}&JVNOCEL4UTP �4POP�NOLGR<� UT}&J!CEF���KMp�B K&}MN�UÇP�PO� 1/3 UTLGW 2/3 �hp!KMK�Ë�N�REDGF�K A�Ê<� �¶Ê
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ν
�

���GKMp�KvCEIGp�KMF¬ÆTU3JVN�CTLGp>}&CEDGP�W�LGCTJÂI�K K��$BGP�UTNOLGKMW�Iq��J!�GKvLGCEL�´µN�LqJ!KMFVUÇ}&JVNOLGRl��DGUTLqJVDGÁ«Á�K&} �4UTLGNO}jUTP
JV�GK&CEF��TÊ$����K&� UTF!K½F!KjUÇP�N �&KMW�JVCÂI�K"U>F�KMp�DGPOJ;C��+JV��K°Á�UTLq�i´ I C�W���K%� KM}¶JVpQCTLvN�LqJVK&FVUT}¶JVNOLGR>K&P�KM}¶JVF�CELGpMÊ
���4UÇJ©Á�KjUTLGpHLGC�
 � 
7KxLGK&KMWlJVC�N�LG}&P�DGW�K�J!�GK�K%� KM}¶JVp°C���NOLiJ!KMF!UT}&J!N�CELGpHNOLeJ!�GK Ô UTÁ�N�P�JVCEL�N�UTL�� A�Ê G ���
JV�GK&L

H =
N
∑

i

pi − eA(ri)
2

2m
+

N
∑

i<j

e2

|ri − rj|
. � A$ÊE? �

±µL�J!�GN�p Ô UTÁ�N�P�JVCEL�N�UTL)�
JV��K�B�CTJVK&LqJVN�UÇP�K&LGKMF�RT��N�p�LGCzP�CELGRTKMFrUzp�Á UTPOP/JVK&F!Á }MCTÁ�B4UÇF!KMW0
HNOJ!��JV��K
�iN�LGK¶JVN�}ÐJVK&F!ÁlÊÇ± J�N�LGW�DG}MK&p�JV�GK=�hFVUT}¶JVNOCEL4UTPi�iD4UTLqJVD�Á Ô UÇP�PiK%� KM}¶J �|Ë = Ô » ��I�KMNOLGR°CTLGKQC��GJ!�GKQp¬JVF!CTLGR
}MCEF�F!K&P�UÇJ!N�CELvB�F!CEIGPOKMÁ�pMÊ

<>=�A � m4]�� =�_ f|d5g�mG^3f m \ f Y d�m4_��>mqg A 
 ]�d ZT\ f Y d
±µL G�D�I�H7��¯HCEI�KMF�J�Í�UÇDGRE�GPON�L ' G1ÄqÃ (+BGF�CEB�CEp!K&Wl��N�pQUÇLGpVUÇJ �E�hCEFQU>ÆÇUTF�N�UÇJ!N�CELGUTP�
QUjÆTK �hD�LG}&J!N�CEL�
H�GNO} �
}MCELqJVUTN�LGK&WeLGC �hF�KMK�B4UTF!UTÁ�K&JVK&F!p&~

ψ =
∏

i<j

(zi − zj)
2p+1 exp

(

−
∑

i

|zi|2
4l2

)

, � A$Ê A �


H�GKMF�K zi = xi + iyi
N�pSJV�GK�}MCTÁ�BGPOK���}&C$CTF!WGNOL4UÇJVKÅC��;JV��K ith B4UTF¬JVN�}&P�K�UTL�W l2 = hc/eB NOp�J!�GK

Á UÇRELGK&J!N�}ÅPOKMLGRTJ!�+Ê����GKvÍ�UTD�RE�GP�NOL0
;UjÆEK �hD�LG}&J!N�CEL�RqUjÆEK UTL�UT}&}MDGF!UÇJVK�WGKMp�}MF�N�B�J!N�CEL�C��HUTPOP �4P�PON�LGR
�hFVUT}¶JVNOCELGp ν = 1/(2p+ 1) UÇLGW 
QUTp©p!��C�
HLlJVC�UTPOÁ�CEp¬J�K���UT}¶JVP��ÉÁ U3JV} �eLiDGÁ�K&F!NO}jUTP+RTF!CEDGL�Wzp¬J UÇJ!K

QUjÆTK �hD�LG}&J!N�CELGp �hCEDGLGW��hCEF7p!Á�UTP�P Ë = Ô »2p���p�J!KMÁ�pMÊ Ô C�
7K&ÆTKMF��GJ!�GK�Í�UTDGRE��P�N�L 
QUjÆTK �hD�LG}&J!N�CELÉ}MUTL
LGCTJHI�K�DGp!K&WlJ!C�K���B�P�UTNOLvJV�GK�F!K&Á UÇN�LGNOLGR:�4POP�N�L�R:�hFVUT}¶JVNOCELGp���p!DG} �ÕUTp 2/5 � 3/7 �+ÊOÊ�Ê���GKÂÍ�UTDGRT�GP�NOLGR�UTBGBGF�CqUT} �ÕUTP�POC�
7KMWeJVC�Á U��TK�BGF!K&WGN�}¶JVNOCELGp½UTI CTD�JHJV�GKrK��$}MN�J UÇJ!N�CEL�p©C��,U �hF!UT}¶´
JVNOCEL4UTP
�iD4UTLqJVD�Á Ô UÇP�P�p���p�J!KMÁlÊG���GKMp�KSK��$}MN�J UÇJ!N�CEL�p 
;K&F!KSp��GC�
HLeJ!CÂ}jUÇF!F�� UTLGCTÁ UTPOCEDGp3�hFVUT}¶JVNOCEL4UTP
} �4UTF�REK νe ��UTL�W�J!CÉ�4UjÆEK �hFVUÇ}&JVNOCEL4UTP�p�JVUÇJVNOp�JVNO}Mp&Ê[Ì"L�REKMLGK&FVUTP�REF!CED�LGWGp�� JV�GK�Í�UTDGRE��P�N�L`UTBGBGF�CqUT} �
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PSfrag replacements

ωc

E

Extended states

Localized states

N(E)

��� �����	� ������� �)� �������<* '(! ������3j���S; �-5$��; � 3����:�D'.�b* 2����E� �&� �%�q�+�:�?�$� �&��* 2�; ���

}jUTL�I�KÅDGLGWGK&F!p¬JVC�C$W�N�L`J!KMF�Á�pSC���K&P�KM}¶JVF�CELGp�UTW3È�D�p�JVNOLGRvJVCÉJ!�GKÅÁ UÇRELGK&J!N�}(�4KMPOW)��
H�GNO} ��NOpSF!K&BGF!K ´
p!K&LiJ!KMWeIq���GD7� J!DGI�KMp;J!�GF!KMUTWGN�L�R>JV�GK½J*
;CÅWGNOÁ�K&LGp!NOCEL4UTP
BGP�UTLGKÇÊ�»,P�K&}&J!F!CELGpQUTW3È�DGp¬JQJV�GK&N�F�P�C�}jUÇJ!N�CEL
N�LÉCEF�WGKMF�J!C�Á�N�L�N�Á�N �MKHJV��KrRTF!CEDGL�Wzp¬J UÇJ!KrK&LGKMF�RT��
HN�JV�ÉJV�GK&p!KrÁ UÇRELGK&J!N�} �GKMP�Wl}MCTLGp�J!FVUTNOLGpMÊ
�xY { 6,Y @Mf \ A 
 Ai^3{�f Y d�@Âm4d X � =�Ai^3d ��� f|{ Y d�@ \ =�A Y ^@9
±µL G!D�I�D��ÐÒEUÇN�LGK&LGWGFVU�ÒEUTNOL ' G1Ä�H (HN�WGK&LqJVN@�GKMW5U�p�DGNOJVUTIGP�KÉp�K&J�C��½��DGUTp!N8´µB4UTF¬JVNO}MP�K&p �hCEFÂJV��KÕË = Ô »
p���p�J!KMÁC�Q}jUÇP�P�NOLGR�J!�GKMÁ �b}MCTÁ�B�CEp!N�JVKC�hKMF!Á�N�CTLGp �V~7K&P�KM}¶JVF�CELGp�
HNOJ!� 2n �4DF� �iD4UTLqJ U2UÇJ�J UT} �GK&W JVCKjUT} �lC���JV�GK&ÁzÊ�	 ��KMLÕKMUT} �ÕC���J!�GK�}MCEÁ�B CTp!NOJ!KE�hKMF�Á�NOCELeÍ�UTLGW4UTDlP�K¶ÆEK&P�pHN�p4�4POP�K&WeJ!�GKMF�KxK��$N�p�J!p©UTL
KMLGK&F!RT��RqUÇB p!K&B4UTF!UÇJVNOLGR>N�J �hF�CEÁ¦JV�GK½LGK���J;}MCEÁ�B CTp!NOJ!K°Í�UTL�W4UTD POK&ÆTKMP Êi���GK"Ë = Ô »2C���ÒEUTN�L�p�JVUÇJVK&p
}jUTL:I�KÂDGL�WGKMF�p�JVC�C�W�UTpSUTL:±'= Ô » C���}MCTÁ�B�CEp!N�JVK(�hKMF!Á�N�CTLGp°U3J�UTL:K%� KM}¶JVN�ÆEKÅN�LqJ!KMREK&F"�4POP�N�L�RG~ p =LiDGÁÂI�KMF�C���}MCEÁ�B CTp!NOJ!K �hKMF�Á�NOCEL / LiDGÁÂI�KMFHC���DGL4UÇJ�J UT} ��KMW$�GD7�e�iD4UTLqJ U = ν/(1−2nν) Ê1���GKML�JV��KF!K&P�UÇJ!N�CELxI K¶J*
;K&KML�JV�GK4�4POP�NOLGR>� UÇ}&JVCTF ν UTLGWÅNOLiJ!KMREK&F!p n UÇLGW p �hCEF,ÒEUTNOLÅp�JVUÇJVK&p,N�p ν = p/(2np+1) Ê���GN�p©}MCTÁ�B�CEp!N�JVKE�hK&F!Á�N�CELlBGN�}¶JVDGF�K�N�p½UTIGP�KSJ!C K��$BGP�UTN�LlI�CTJV�eJV�GKxÍ�UTDGRE��P�N�LA�hFVUÇ}&JVNOCELGp � p = 1 �HUTp

;K&P�P[UÇp©Á�UTLq�ÉC���JV��KrF�KMÁ�UTN�L�N�LGR:�hF!UT}&J!N�CEL�p�� p 6= 1 �¶Ê���GK��iD4UÇp!N�´ B4UTF¬JVN�}&P�K&pSN�L:JV�GK�}MCTÁ�B�CEp!N�JVK �hK&F!Á�N�CEL:p¬�$p¬JVK&Á·UÇF!K�}MCEÁ�B�CEp!K&W�C��;I CÇJV��B4UTF�J!N�}&P�KMp
�hJ!�GKvKMPOKM}¶JVF!CTLGp��>UÇLGW �4KMPOW �hJ!�GK �4DF� �iD4UTLqJ U �¶Ê�± JÂF!KM�iDGNOF!K&p�UÕRqUTDGRTK JVF!UTLGp/�hCTF!Á�UÇJVNOCEL�J!C:Á�C1ÆTK
B4UTF¬JVN�}&P�K&p;JVC��iD4UTp�N�´µBGUTF�J!N�}MPOKMp%��
H�GN�} �lN�p �iLGC�
HLÕUTpQJV�GK ³ �GK&F!L$´bÀ$N�Á�CELGpQJ!�GKMCTF�� ' G1ÄG� (|Ê

�$�	� � � ��� � 
 
�
����
±µL�JV�GKzJV�GK&F!Á�C$W���L4UÇÁ�NO}ÕP�NOÁ�N�J�U�LGCELGNOLqJVKMF!UT}&J!N�LGR�J*
;CÇ´ WGN�Á�KML�p!N�CTL4UTPHKMPOKM}&J!F!CEL REUTpv�4UTpvUTL N�L$´
}MCEÁ�BGF�KMp!p�N�IGPOKxRTF!CEDGL�WÕp�JVUÇJVK(
H�GKML�K&ÆEK&F�UTL`NOLiJ!KMREF!UTP[LiDGÁÂI�KMF½C��ÐÍ�UTLGW4UÇD`P�K¶ÆEKMPOp°NOp>�hDGPOP8�GN|Ê KÇÊ@�
JV��K
} �GKMÁ�N�}MUTP/B�CTJVK&LqJVN�UÇP
È�DGÁ�BGp<�hF!CEÁ ωc(n + 1/2) J!C ωc(n + 3/2) U��#JVK&F"JV�GK nth Í�UTLGWGUTD�P�K&ÆTKMPÐN�p
�4P�POKMW+Ê1± J �hCEP�POC�
Hp�J!�4UÇJ��hCTF�U"�GLGNOJ!K7p!UTÁ�B�P�K7UTP�Pip!NOLGREPOK¶´µBGUTF�J!N�}MPOK,p�JVUÇJVK&p�
H�GN�} �>C$}&}MDGF�p,UÇJ�KMLGK&F!RENOKMp/NOL
JV�GK&p!K½RqUTBGp�ÁÂDGp¬J;I�K½POC$}MUTP�N��MK&W�U3J�J!�GK°K&WGREK©C��+J!�GK½p!UTÁ�BGP�KÇÊq���GK°�iD4UTLqJ!DGÁ Ô UTP�P4K&WGREK©p�JVUÇJVK&pQUTF�K
} �GN�F!UTP��hp!K&K�Ë�N�REDGF�K A�Ê ? � Ê+���GK&�`}MCELGp¬JVN�JVD�J!KÂJV�GKÅ�iD4UTLqJ!N �MK&W�UTL4UTPOCEREDGKÂC���J!�GK�}MP�UTp!p�N�}jUÇP�p �iNOBGBGN�L�R
CEF!I�NOJVp;C���} �GUTF!REK&WÕB4UÇF�JVNO}MPOKMpQNOLzU�Á�UTRELGK¶JVN�}"�4KMPOWlp�DGI�È�K&}&J©JVC�KMPOKM}&J!F!CEp¬J UÇJ!N�}S}&CEL��4LGK&Á�K&LqJjÊ
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� R � ��� � !#���$�%�&� '�� '(!.* �������%�?� � ����; 3 � �q��� 2�; ���#���<��� '(!8�-��� �-���<���D5$���`�0� �	�%�%� �O�&� 5�� � A �1'I�b���(� 3�� ��� �-� �-���3�� �O�%�b2$���?� '���; �%�O�qG����$��5�� '<�m'(! �?����; '������ �-��3��+�$�<; �	�%�%� �O�?� 5<� � A8��� !D�����%�?� '���� '(!

ν
�

B

v

F q>0

q<0

q=0

��� �����	� ������� �q���,�����+����;=� � A8'(! �?�$�:@��$�<���-��* � �<;=;<�13����:�O�D���#�%� � � 3 ���,�D'��?��� �('<�	�����#F ! '<�	�1���

4 ������� L *��(
.!"����-�� � 23����!����,� � � � � ���,-��(� ���)�����
Ô UTPOB K&F!NOL ' G1Ä ? ( �GF!p�J�NOLqJVF!C�WGDG}&KMW�UÉp!NOÁ�B�P�K>B�N�}&J!DGF!K>C��ÐJV�GKÅNOLiJ!KMREK&FS�iD4UTLqJVDGÁ Ô UTPOP�K&WGREKÅp�JVUÇJVK&p
C��ÐLGCEL�´µN�LqJ!KMFVUÇ}&JVNOLGRvK&P�KM}¶JVF�CELGpSN�L`U �GP�P�K&W:Í�UTLGW4UÇD:P�K&ÆTKMP,UÇLGW'�hCEDGLGW:J!�4UÇJ"J!�GKÅKMWGRTKÅK��$}MN�J UÇJ!N�CELGp
}jUTLÕI KxF!KMB�F!KMp�KMLqJVK&W�Ii�ÕU CEL�K>WGNOÁ�K&LGp!NOCEL4UTP[} �GNOFVUTP�Ë4KMF�Á�N�P�NO�iDGN�W+Ê4±µLzJV�GNOp½BGNO}&J!DGF!K���J!�GKÂIGDGP@�eC��
Í�UTLGW4UTDePOK&ÆEK&P�p 
HNOJ!�lUTLeKMLGK&F!RT�ep�B4UT}MNOLGR�C�� ωc

UTF�KSI K&LiJ½DGB�
;UTF!WlLGKjUÇFHJ!�GK�KMWGRTKrC���J!�GK�pVUTÁ�BGP�K
Iq� JV��KS}MCEL��GLGN�LGRÅB�CTJ!KMLqJVN�UTP 
HN�JV�eUTLÉK&P�KM}¶JVF�N�} �4K&P�W w �hp!KMKrË�NOREDGF�K
A�Ê<A �¶Ê�Ë4CEF�UÂÁ�UT}MF�CEp!}&CEBGN�}MUTP�P��
P�UTF�REK;p!UTÁ�BGP�K��ÇJV��KMF!KHUÇF!K�Á�UTLq�ÂKMW�REK�p�JVUÇJVK&p,LGKjUTF/J!�GKHË4KMF�Á�N$KMLGK&F!RT� EF

C�� KMPOKM}&J!F!CEL�p,K&ÆEK&L 
H��KML
JV�GK&F!KrUTF�KSLGC�p¬J UÇJ!KMpHLGKMUTF EF

N�LÉJ!�GK�IGDGP �
Ê
Ë
CTP�P�C�
HNOLGRÅÀ�J!CELGK ' G1Ä A)( 
7K�}MCELGp�N�WGK&F�JV�GK ν = 1 �iD4UTLqJVD�Á Ô UTPOP+REF!CTDGLGWlp�J U3JVK<
HNOJ!�zUÅp�N�LGREPOK

B4UTF¬JVN�}&P�K 
;UjÆEK��hD�LG}&J!N�CEL��hCEFrKjUT} � ky
K&N�REK&LGp�JVUÇJVK ψk(x, y) = eikxe−eB(y−k/eB)2/2 NOL�J!�GK�P�N�L�KjUTF

RqUTDGRTK Ax = −By Ê�± �7U P�NOLGKjUTF©}MCTL��4LGNOLGRvB�CTJVK&LiJ!N�UTP V (y) = Ey NOp°BGD$JSN�L)�
JV��K>WGK&REKMLGK&FVUT}¶�:N�pP�N �#JVKMW��9JV�GK�KML�KMF!RÇ��C���Uep�J U3JVK;
HNOJV� kx = k I�KM}&CEÁ�K&p ε(k) = Ek/B ��UTLGW�KMUT} ��p¬J UÇJ!K�}MUTF!F�N�K&pU Ô UTP�P;}MDGF�F!KMLqJMÊ7Ë4DGF¬JV�GK&F��,JV��KzBG�q��p!NO}jUTPHp�DGF/� UT}&KzC��°JV��KeJ*
7C�W�N�Á�KMLGp�N�CEL4UÇPQKMPOKM}&J!F!CEL RqUTp�N�p�U3J
y = 0 JV��KML�J!�GK°p¬J U3JVKMp�JVC�JV�GK½P�K��#J;UÇF!K?�hDGP�P
UTL�W�JV��CEp!K°UÇJÐJV�GK½F!N�RT�iJ7UTF�K½K&Á�B$Jµ� � p!K&KSË�NOREDGF!K A$Ê A � Ê���GKrBG�q�$p�N�}MUTP�K&WGREKrC���J!�GKrWGF!CEB�P�K&J©NOL y p!B4UT}&K>}MUTLÕI�KxNOWGKMLqJ!N@�4K&WC
HN�JV�eJV�GK �¬Ë4KMF�Á�N9p!DGF�� UT}MK �xUÇJ

¿EÃ



PSfrag replacements

bulk edge

(1/2)ωc

(3/2)ωc

(5/2)ωc

kx

EF

E

��� �����	� ������� ������3j��� ; �-5$��; �,�<��3/�?�$�4�13������O�D���#�%�q! '<�c�p��'����O�b���D�����$�%�&�+���/��� 'p3��+*������%� '��$�<;���; �1�%�?��'��4�<���:���
ν = 1

�+� �8�1'�� �9���+���H2�'��D�����?� �<; ��� �-�>�(����*:�I�������`��A
EF

�<��3.�-A(��; '��-�	'��,!D�	�1@��������-A
ωc
�

��� �����	� ��� ��� �����"�<�<2�; �%�O�8�13����>�����(� �O���?� '����8�(���"�1����!����1� �n��5$�%��'(! �13����.3�� �O�D'��	�&� '����16 �+� ���W6 �/3�� �12�; �$�1��*������
h(x)

��� 2�'I�b���
x
�<; '����B�-���,�13����B2$�	'�2(���<���&�+�����q� �-�,5$��; 'I�(� � A

v
�

k = 0 
HN�JV�:U��¬Ë4KMF�Á�N[ÆEK&P�C�}MN�Jµ� �xI�KMNOLGR JV��KÂWGF!N �#J½ÆTKMPOC$}&NOJµ� E/B Ê[À$NOLG}MK>UTP�P�JV��KÂp�JVUÇJVK&p"Á�C1ÆTKÂN�LJV�GK°pVUTÁ�K°WGNOF!K&}&JVNOCEL)�iJV�GK°K��$}MN�J UÇJ!N�CELGp7}jUTLÉI�K"WGK&p!}&F!N�I�KMWeIq� U ¨ N�F!UT}°K&��DGUÇJVNOCEL+Ê����GN�pQK&WGREKSp¬J UÇJ!K
WGKMp�}MF�N�B�J!N�CELz�4UTpSUTPOP�C�
7KMWÕJ!CvK��$BGP�UTN�LzN�L:U F!UÇJV��KMF"NOLiJ!DGNOJ!NOÆTKxÁ�UTLGLGK&F½J!�GKÂBG�q��p!NO}MpSC��,J!�GKÂ±'= Ô »
' GjÄq¿F�&G1Ä�I (8�
UÇp©J!�GK&�lBGF�C
Æ�NOWGKrU�WGNOF!KM}¶J©F!KMB�F!KMp�KMLqJ U3JVN�CTLÕC���JV�GKxÍ�UTLGW4UTD�KMF¬´µÎ���J�JVN �ÇKMF?�hCEF!Á>DGP�UÂC��/U
Á�K&p!CEp�}MCEB�N�}S}MCTLGWGDG}¶JVCEF&Ê

4 ����� � L *��(%0�1���7��
.#�!,� � 23�,��!"���,� � � � � ���,-�� � ���)�����

±µL�J!�GK©Ë = Ô » �EJV�GK½Í�UTLGW4UTD�P�K¶ÆEK&P4N�p �4P�POKMW�B4UTF¬JVN�UTP�P��EÊ3±µL�J!�GK©UTIGp!K&LG}MK½C��+K&P�K&}&JVF�CEL$´ KMP�K&}&J!F!CEL�N�LqJ!KMF¬´
UT}&J!N�CEL�p°JV�GK&F!K 
7CEDGP�W�JV��KML�I K�UTL�KML�CEF!Á�CEDGpSREF�CEDGLGW�p¬J UÇJ!K�W�KMREK&LGKMF!UT}&����I�D�JSJV�GNOpSWGKMRTKMLGK&FVUT}¶�
N�p�P�N �#JVKMW2Iq� JV�GKzN�LqJVK&FVUT}¶JVN�CTLGpMÊÐ®QJ�p!B�KM}MN�UTP?�4P�PON�LGR � UT}¶JVCEF�p��Ðp!DG} � UÇp ν = 1/3 �,JV�GKzp���p�J!KMÁ N�p
K��$B�KM}&J!KMW�J!C`}MCEL�WGKMLGp�KÉN�LqJVCÕUz}&CEF!F�KMP�U3JVKMW�P�N��iDGNOW�p¬J UÇJ!KTÊ����GN�pxP�NO��D�N�W�p�J U3JVKvNOpxNOLG}MCEÁ�BGF�KMp!p�N�IGPOK��
UTLGW��4UTpxUlREUTB0�hCTFxUÇP�P/K���}&NOJVUÇJVNOCELGpMÊ[±µL�JV��K�BGF�KMp�KMLG}&KvC��QK&WGREK&p(
7K UÇLiJ!N�}&N�B4UÇJ!K�P�C�
¦P��$NOLGRÉKMW�REK
K��$}MN�J UÇJ!N�CEL�p��[UTp�NOL�J!�GK�±'= Ô »�Ê����GKMF�K UTF�K�p!K&ÆTKMF!UTP 
QUj��pxJ!CzWGK&p!}&F!N�I�KÅJV�GK �hF!UT}&J!N�CEL4UÇP/�iD4UTLqJVDGÁ
Ô UTPOP
KMWGREK°p�J U3JVKMp&Ê4Î;D�J7JV�GK"�4F!p¬JHUTLGWvp�N�Á�BGP�K&p�J 
QUj��JVCÅDGLGW�KMF!p¬J UTL�WvJV�GK"W$�$LGUTÁ�NO}Mp7C�� �hFVUT}¶JVNOCEL4UTP
�iD4UTLqJVDGÁ Ô UTPOP;K&WGREKeK��$}MN�J UÇJ!N�CEL�pÂN�p>J!C:DGp!KÉJ!�GKÉ�q�$W�F!C�W���L4UTÁ�N�}vBGNO}&J!DGF!KÉNOLiJ!F!C�WGDG}&KMW2Iq� 	�KML
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PSfrag replacements

E

EF

E
−

(k) E+(k)

kkF−kF

kvF−kvF

0

��� �����	� ��� ��� � �(���<G�'�; � ��G$���$3>�O�-�����%�-���	� '(! *��%�O��;b; � � ���+�	�:���$3 ; �+�����(�E� F1���?� '��<�

' GjÄ�D ([NOL 
H�GN�} �eJV�GK�LGK&D�JVF!UTP[KMW�REK�K��$}MN�J UÇJ!N�CELÉNOpHU�W�K%�hCEF�Á UÇJ!N�CELÉC���J!�GK�KMWGRTKxUÇp©p��GC�
HL`UTp4
;UjÆi�
p!CEPON�WzP�N�L�K>N�LzJV�GK�Ë�NOREDGF�K A�Ê ¿$Ê9����KÅKMP�K&}&J!F!CEp¬J UÇJ!N�}>B�CTJ!KMLqJVN�UTP�}MUTL�I K>K��$BGF!K&p!p�KMW�NOLÕJVK&F!Á�p"C��ÐJV��K
P�C�}jUTP;WGN�p�BGP�UT}&KMÁ�KMLqJ � CEF��GK&N�RE�qJ��ÅC��"J!�GKA�4DGN�W h UÇJ�U�B�CEN�LqJ x UTPOCELGR:JV�GKzKMWGRTKTÊÐ���GK`UÇD�JV�GCTF
p!�GC�
7KMW�JV�4U3J"JV�GKÅW$�$LGUTÁ�NO}jUTP�BGF�CEB K&F�J!N�KMp°C��ÐJV�GKÅK&WGREKÅK��$}&NOJ U3JVN�CTLGpSUTF�KÂWGKMp�}MF�N�I�KMW�Iq�`JV�GKÂ¹ ��G��
Ó UT}¶´b­zC$C�W��ÂUTP�REK&IGFVUÇpMÊq���GK&p!K°K&WGREK©K��$}MN�J UÇJ!N�CEL�p7UÇF!KHp!�GC�
HL�JVC �hCEF!Á¡UrLGK%
 ��NOLGW�C��+p¬J UÇJ!K>
H�GNO} �
N�p"}MUTP�POKMW`J!�GKÅ} �GN�F!UTP/Í[D�J�JVNOLGREKMF°P�N��iDGNOW � p�KMK�UTPOp!Ce¯HK%�bÊ ' HEÄ (��¶Ê9���GN�p"J!�GKMCEF¬�'
HN�POP�I�KÅWGNOp!}MD�p!p!K&W�NOL
JV�GK�LGK���J½p�KM}¶JVN�CTL+Ê

�$��� � � 
 
�� � ��� � � � ��� � � 
 !�� � � "
»,P�KM}¶JVF�CELGp°NOL`CELGK ´µWGNOÁ�K&LGp!NOCEL4UTP � G ¨ �½p¬��p�JVK&Á�p"�hCEF!Á U �iD4UTLqJ!DGÁ PON��iDGN�WA
H�GNO} �:}jUTL`L�CTJSI�K>WGK ´
p!}&F!N�I�KMW 
HNOJ!� J!�GKÕË4K&F!Á�N�P�N��iDGNOW JV�GK&CEF��2p�N�LG}&KlJ!�GKMF�K`UTF�KlL�C�p!NOLGREPOKlK&P�K&}&JVF�CEL ��DGUTp!N8´µB4UTF¬JVNO}MP�K&pMÊ
± JrN�pSWGDGK�JVCeJV��K�B�F!KMp�KMLG}&K C��7JV�GK ³ CED�P�CEÁÂI�K&P�KM}¶JVF�CEL$´µK&P�K&}&JVF�CEL�N�LqJVK&FVUT}¶JVN�CTLGpMÊ+��ClWGKMp�}MF!NOI K�JV��K
W���L4UTÁ�N�}ÂC��;K&P�KM}¶JVF�CELGp�N�L G ¨ p���p¬JVKMÁ�p�� 
7K�ÁÂDGp�JrDGp�KÅJV�GK�Í[D�J!J!N�LGRTKMF"PON��iDGN�W`J!�GKMCTF�� ' G�G1ÄF� G�G�G�(
N�L 
H�GNO} �zJV��KrK��$}MNOJVUÇJVNOCELGpH}MCTLGp!NOp�J©C��/}&CEP�POKM}¶JVNOÆTKSKMPOKM}&J!F!CEL�´µ�GCEPOKSK��$}MN�J UÇJ!N�CEL�p©C���J!�GK(
H��CEP�KrË4KMF�Á�N
p!KMU�Ê

4 � � ��� � #�! �F��*,
��1� ��� � � ��
.!,-�� � �.
.23��
 �/��*���#	� �

	�K�}&CELGp!NOWGKMFrU�G ¨ Á�K¶J UTPOP�N�}(
HN�F�K;
HN�JV��B4UTF!UTI�CEP�NO}ÂWGN�p�B K&F!p�N�CEL�I4UTL�W�UTp�p!��C�
HL�N�L�Ë�NOREDGF!K A$Ê I�Ê
���GK �iN�LGK¶JVN�}SBGUTF�JHC���JV��K Ô UTÁ�N�POJ!CELGN�UTL F�KjUTWGp&~

H0 =
∑

k

E(k)a†kak ,
� A$Ê ¿ �


HNOJ!� E(k) = k2/2m UTLGW a†k � ak
��N�p�JV�GKv}&F!KMUÇJVNOCEL � UTLGLGNO�GN�P�UÇJVNOCEL��½CEB�KMF!UÇJVCTFxC��HCTLGK K&P�KM}¶JVF�CEL

N�L:p¬J UÇJ!K;
HN�JV��Á�CEÁ�K&LqJVDGÁ k Ê[²½CÇJVN�}&KÂJV�4U3J(
7K�WGClLGCTJ�N�L�}MP�D�WGKÅp!BGNOL�W�KMREF�KMK�C��=�hF!KMK&WGCEÁ ��KMF!KÇÊ
±µLzJ!�GKx��CEÁ�CEL4UTREU�Á�C$W�KMP ' G�G1Ä)(�JV��KxWGNOp!B�KMF�p!N�CTLÕF!K&P�UÇJ!N�CEL E(k) NOp©PON�LGKMUTF!N��MK&WzNOLlJ!�GKxÆ�N�}&N�LGN�Jµ�ÉC��Ë4KMF!Á�N�KMLGK&F!RT� EF

~ E+(k) = EF + vF (k − kF ) �hCTF k ≈ kF
UTLGW E−(k) = EF − vF (k + kF )

�hCEF k ≈ −kF
Ê,±µL JV�GKlÍ[D�J!J!N�LGRTKMFÅÁ�C$WGK&P ' G�G�G�(9�/JV�GKlP�NOLGKjUÇF!N �MUÇJVNOCEL�NOp�K���JVK&LGWGKMW5JVC�UTP�P7ÆTUÇP�DGK&p

¿ �



C�� k Ê ®½L`N�L��GLGNOJ!KxLiDGÁÂI�KMF½C�� �4}¶JVNOÆTKÂp�JVUÇJVK&p"UTF�KÂUTW�WGKMW'
H�GNO} �`�4UjÆEK>LGCvBG�q��p!NO}jUTP�p!N�RTLGN@�4}MUÇJVNOCEL+ÊÔ C�
7K&ÆEK&F���Í�D$J!JVNOLGREK&FrÁ�C�WGKMP,�4UÇp>UTL�N�Á�B�CEF�JVUTLqJrUTW�ÆÇUTLqJ UTRTK�C1ÆEK&FrJ!�GK���CEÁ�CEL4UÇRqUlÁ�C�WGKMP|~+NOJrN�p
K���UT}¶JVPO� p!CEP�ÆÇUTIGP�KSD�p!N�L�R�J!�GK�I CTp!CELGN��jUÇJ!N�CELvJ!KM} �GL�N��iDGKTÊ
	�K�F!K�
HF!N�JVK"JV��KrK&P�K&}&JVF�CELl}MF!KMUÇJVNOCELeCEB�KMFVU3JVCEF�U
�#JVKMFHPON�LGKMUTF!N��jUÇJ!N�CEL UTp

a†k = a†+,kΘ(k) + a†−,kΘ(−k) , � A�Ê I �


H�GKMF�K Θ(k) N�p°J!�GK Ô KjUjÆ�N�p�N�WGK �hD�LG}&J!N�CEL�UTL�W a†r,k � 
HN�JV� r = ± �°NOp°JV��KÅ}MF!KMUÇJVNOCEL�CEB�KMFVU3JVCEF �hCTFF!NORE�qJ�CEFxPOK%�#JrÁ�C
Æ�NOLGReKMP�K&}&J!F!CELGpr}MCTF!F!K&p!B�CELGWGNOLGRzJ!ClJ!�GK W�N�p!B�KMF�p!NOCEL�F�KMP�UÇJVNOCEL E+(k) CEF E−(k) �

H�GN�} �lCEI�K&��p�JVCÅJV��KxUÇLiJ!N�´ }MCEÁ�ÁÂD�JVUÇJVNOCEL F�KMP�U3JVN�CTLGpMÊ

²½KMRTP�KM}¶JVNOLGR©J!�GK�}MCELGp¬J UTLqJ�JVKMF�Á�p�N�LxKMLGK&F!RT���3J!�GK=��NOLGK&J!N�} Ô UTÁ�N�P�JVCEL�N�UTL"}MUTL>I�K;p�N�Á�BGPO�"
HF!N�J!JVK&L
UTp

H0 = vF

∑

r,k

rka†r,kar,k .
� A$Ê D �

ÌSL J!�GK:CTJV��KMFÉ�4UTL�W)�;JV��N�pÉLGCEL�´µN�LqJ!KMFVUÇ}&JVNOLGR Ô UTÁ�NOPOJ!CELGN�UÇL5}MUTL I K:K���B�F!KMp�p!K&W¼N�L�J!KMF!Á C��
KMPOKM}&J!F!CELeWGK&LGp!N�Jµ�ÉCEB�KMF!UÇJVCEFHUÇp

H0 = πvF

∑

r

∫ L/2

−L/2

dxρ2
r(x) ,

� A$Ê@G1Ä �


HNOJ!� ρr(x) = ψ†r(x)ψr(x)
� 
H�GK&F!K ψ†r(x) UÇLGW ψr(x)

UTF�K�J!�GKÉË4CEDGF�N�KMFSJ!FVUTLGp��hCEF!Á«C�� a†r,k UÇLGW
ar,k

~

ψ†r(x) =
1√
L

∑

k

e−ikxa†r,k ,
� A�Ê G�G �

ψr(x) =
1√
L

∑

k

eikxar,k ,
� A�Ê G
Ã �

UTLGW L NOpQJV�GK�P�K&LGRTJ!�lC�� 
HNOF!KTÊ
	�K�WGK��4LGK�JV�GK�LGCEL�´µ} �GNOFVUTP I CEp�CELGNO}E�4KMPOW+~

φr(x) =
i√
L

∑

k>0

2π

k
[ρr(k)e

−ikx − ρr(−k)eikx]e−α|k|/2 , � A�Ê G�H �


H�GKMF�K α→ 0 N�pHUÅWGNOp�JVUTLG}MK�}&D�JVC��,
H�GN�} �lN�p�NOLiJ!F!C�WGDG}&KMWlN�LlÍ[D�J!J!N�LGREK&FQP�NO�iDGN�WvJ!�GKMCEF¬�vJVC�NOLGp!DGF�KJV�GK�}&CELqÆEKMF�REKML�}MK>C���J!�GK�N�LqJVK&REFVUTPOpMÊ
���GK<�hKMF!Á�N�CTLGN�}"CTB K&FVUÇJ!CEF ψr

NOp4
HF!NOJ�JVK&LzNOLeJ!�GK�I CTp!CELGN��MK&WA�hCTF!Á UÇp

ψr(x) =
Mr√
2πα

eirkF x+irφr(x) . � A�Ê GB� �

���GK � UT}&J!CEF Mr/
√

2πα UTP�POC�
Hp½JVClCEI�J UÇN�L`JV��K�UÇWGKM�iD4UÇJ!K UÇLiJ!N�}&CEÁ�Á>D�J UÇJ!N�CELÕF!KMP�UÇJVNOCELGp%�+UTLGW kFN�LvJ!�GK�K��$B CTLGKMLqJ½N�p�LGK&KMWGK&WzJVC�WGK&p!}MF�N�I�K�}MCEF�F!KM}¶JVP�� JV��KrK&LGKMF�RT�eI4UTL�W+Ê
��U��iNOLGR JV��KÂWGKMF�NOÆÇUÇJ!NOÆEKxC���»,�
Ê � A$Ê@G�H ���6
;KÂ�GU1ÆTK ∂xφr(x) = 2πρr(x)

� J!�GKML'
7KÂ}MUTL:F!K�
HF!NOJ!K
JV�GK�LGCTL$´µNOLiJ!KMF!UT}&J!N�LGR Ô UTÁ�N�POJ!CELGN�UTL REN�ÆEK&LzIq�e»,�
Ê � A�Ê G1Ä �QUTp

H0 =
vF

4π

∑

r

∫ L/2

−L/2

dx(∂xφr(x))
2 . � A�Ê G ? �

¿ ?



± � 
7KrWGK%�4L�K�J!�GKSJVCTJVUTP��4K&P�W

φ(x) = φ+(x) + φ−(x) , � A$Ê@G@A �
ϕ(x) = φ+(x)− φ−(x) , � A$Ê@G
¿ �

JV�GK&L
H0 =

vF

8π

∫ L/2

−L/2

dx[(∂xφ(x))2 + (∂xϕ(x))2] . � A�Ê G�I �
	�KxN�LG}&P�DGWGKxLGC�
 JV�GK ³ CEDGPOCEÁÂIÕNOLqJVKMF!UT}&J!N�CEL�p°I�K&J*
7KMKML:J!�GK>K&P�KM}¶JVF�CELGpMÊ����GK>J!CTJ UÇP Ô UTÁ�NOPOJ!CÇ´

LGN�UÇLÉN�p H = H0 +Hint

HNOJ!�

Hint =

∫ L/2

−L/2

dx

∫ L/2

−L/2

dx′ρ(x)U(x − x′)ρ(x′) , � A�Ê G�D �


H�GKMF�K½J!�GK°K&P�KM}¶JVF�CELvWGK&LGp!N�Jµ��CTB K&FVUÇJ!CEF ρ(x) }&CELqJ UTNOLGpQUrp!POC�
 ÆÇUTF�N�UÇJ!N�CEL ρ+(x)+ ρ−(x) UTLGW � UTp¬J
2kF

CEp�}MN�POP�UÇJ!N�CEL�p=
HN�JV�eUÂLGCEL�´µP�NOLGKjUÇF;WGK&B K&LGWGKML�}MKrCEL φ± Ê�± � 
7K�LGKMRTP�KM}¶J�JV�GK&p!KE� UTp¬JHCEp!}&N�POP�UÇJ!N�CELGp%�JV�GKÉNOLqJVKMF!UT}&J!N�CEL Ô UTÁ�N�P�JVCELGN�UTL�I K&}MCEÁ�KMpÅ�iD4UTW�FVUÇJ!N�}vNOL�JV�GKÉI�CEp!CTLGN�} �GKMP�W9Ê U NOp>JV�GK ³ CTDGP�CEÁ>I
N�LqJVK&FVUT}¶JVNOCELzB�CTJ!KMLqJVN�UTP Ê4± �,J!�GK ³ CED�P�CEÁÂIlB�CTJVK&LiJ!N�UTP�NOp°p!��CTJ"F!UTLGREK U(x − x′) = U0δ(x − x′) ��NOJP�KMUTWGpQJVC

Hint =
U0

4π2

∫ L/2

−L/2

dx(∂xφ(x))2 , � A�Ê ÃTÄ �
UTLGWÉJV��K�J!CTJ UÇP Ô UTÁ�N�P�JVCEL�N�UTL�F!KjUÇWGp

H =
vF

8πg

∫ L/2

−L/2

dx

[

1

g
(∂xφ(x))2 + g(∂xϕ(x))2

]

, � A�Ê Ã7G �


H�GKMF�K g = 1/
√

(1 + 2U0/πvF ) NOprJ!�GK ³ CEDGP�CTÁÂI�NOLiJ!KMF!UT}&J!N�CEL�B4UTF!UTÁ�K¶JVK&FMÊ 	�K;�4LGW�JV�4UÇJ>»,�
Ê� A�Ê Ã7G ��N�pH�iD4UTWGF!UÇJVNO}���J!�GKMLlJV�GKSJVCÇJ UTP Ô UTÁ�N�POJ!CELGN�UTL NOp�K���UT}&J!PO�Ép�CEPOÆÇUTI�P�K�UTLGWlNOJ!p�KMNOREKMLGp¬J UÇJ!KMp©UTF�K
p!NOÁ�NOP�UTFÐJVCÅJV��KrK&N�REK&LGp�JVUÇJVK&pHC����GUTÁ�CTLGN�}"CTp!}MNOP�P�UÇJVCEF&Ê

4 � � � � ��*,
��1� � � � � ��
.!�-�� � �.
.23��
 � 
.! ��*,��%0�1��� ��
.#�!,� �323����!"���
� � � � � �	� ��� �

���GK Ô UTÁ�N�P�JVCEL�N�UTL 
H�GN�} �lWGKMp�}MF�N�I�KMp�JV�GK�K&WGREK�Á�C�WGK&p©NOp�p!NOÁ�BGP��vUÇLlK&P�K&}&JVF�CEp�JVUÇJVNO}"JVK&F!Á�' H�H)(|~

H =
1

2

∫ L

0

dxV (x)eρ(x) , � A�Ê ÃEÃ �


H�GKMF�K x NOp°U�}MDGF¬Æ�N�P�NOLGKjUÇF�}MC�CEF!WGNOL4UÇJ!KxUÇP�CELGRÅJ!�GK>K&WGREK�� L N�pHJV��KxPOKMLGRTJ!�zC��/JV�GKrKMW�REKÂUTL�W V (x)N�pQJ!�GKS}MCEL7�4LGN�L�R�B�CTJVK&LqJVN�UÇP9F!K&P�UÇJ!KMWÉJVCÅJ!�GKrUTBGBGPON�KMWeK&P�KM}¶JVF�N�} �4K&P�W w ' HEÄF�6Iq¿ (|~ V (x) = Eh(x) =
vFBρ(x)/ns


HNOJ!� ns
N�pÅJV�GKlJ*
;C�WGN�Á�KML�p!N�CTL4UTPQK&P�KM}¶JVF�CEL WGK&LGp!N�Jµ�EÊ����GK Ô UTÁ�N�POJ!CELGN�UTL�}jUÇL I�K

F!K�
HF!NOJ�JVK&LzUÇp
H =

πvF

ν

∫ L

0

dxρ2(x)dx , � A$Ê Ã�H �
UTLGWeN�LÉJ!�GKrË
CTDGF!NOKMFQp�B4UT}MKrNOJQN�pQJVF!UTLGp��hCEF!Á�KMWlUTp

H =
πvF

ν

∑

k

ρkρ−k ,
� A�Ê Ã � �


HNOJ!� ρk
NOp½J!�GKÅË4CEDGF�N�KMFHJVF!UTLGp��hCEF!Á C�� ρ(x) ~ ρ(x) = 1/

√
L
∑

k e
−ikxρk

Ê9���GK>}MCELqJVNOLiDGNOJµ�lKM�iD4U
´
JVNOCEL �hCEF;J!�GN�p�} ��N�FVUÇP9WGK&LGp!N�Jµ�vF!KMUTWGp ρ̇k = ivFkρk

Ê4Î7� }MCEÁ�B4UTF�N�LGRÂ»Ð�
Ê � A�Ê Ã � �=
HN�JV�ÉJV�GKS}&P�UTp�p!NO}jUTP

¿GA



Ô UTÁ�N�P�JVCEL�N�UTLÂK&�iD4UÇJVNOCEL C��[Á�CÇJVN�CTL)��
;K>�4LGW J!�4UÇJ=
;K½}jUTL N�WGK&LiJ!N@�#� ρk
UTp7J!�GK©}jUTLGCTLGN�}MUTP �b}MC�CEF�WGN�´

L4UÇJ!K � qk UTLGWÂJ!�GK;}&CEF!F�KMp!B�CELGW�N�LGR"}MUTLGCEL�N�}jUÇP �µÁ�CEÁ�KMLqJVU �Ð}jUÇLÂI K7N�WGK&LqJVN@�GKMWÅUTp pk = −i2πρk/νk
Ê

���iDGp���U��#J!KMF��iD4UTLqJVN��jUÇJ!N�CEL���
;K��4UjÆTK

[ρk, ρk′] = −νk
2π
δk′−k .

� A�Ê Ã ? �
���GN�prN�pSJ!�GK Ó UT} ´¬­zC�C$W$�:}MCEÁ�ÁÂD�JVUÇJVNOCEL�F!K&P�UÇJ!N�CEL�UTLGW�NOJrN�prCEI�JVUTN�L�KMW�WGDGK�J!CzJ!�GK�} ��N�FVUÇP�NOJµ�`C��
KMWGRTK 
;UjÆEKrWGK&J!KMF�Á�NOLGKMWeIq�eÁ UÇRELGK&J!N�} �GKMP�W9ÊG���GKrKMP�K&}&J!F!CELe}MF�KjUÇJ!N�CELeCEB�KMF!UÇJVCTF�pVUÇJ!N�p/�GKMp

[ρ(x′), ψ†(x)] = δ(x− x′)ψ†(x) , � A$Ê ÃGA �

H�GN�} �ÕN�Á�BGP�NOKMp�JV�4U3J°JV��KÂÁ�KMUTp!D�F!KMÁ�KMLqJ°C��,JV�GK>KMP�K&}&J!F!CELGNO}xW�KMLGp�NOJµ�`CTL:U p�JVUÇJVKxCEL'
H�GNO} � ψ†(x)N�pHUT}¶JVNOLGRÂJVK&P�P�p�D�pHJ!�4UÇJ©UTLlKMPOKM}¶JVF!CTLl�GUTpHI K&KMLzUTWGWGK&W+Ê
	�K�N�LqJ!F!C�WGDG}MK"J!�GK�} �GN�F!UTP[Í[D�J�JVN�L�REKMF�I�CEp!CTLGN�}E�4K&P�W

φ(x) =
i√
L

π√
ν

∑

k

e−α|k|/2

k
e−ikxρk .

� A�Ê ÃE¿ �

Ô K&F!K;J!�GK�p!Á�UTP�PB� UT}¶JVCEF α N�p/U"p�B4UT}&N�UTP$}MD�J!C���
H�GNO} �ÅN�p/NOLiJ!F!C�WGDG}&KMWÅN�L�Í[D�J�JVNOLGREKMF�P�NO��D�N�W>J!�GKMCEF¬�xJ!CN�LGp�DGF!KHJV��K°}MCTLiÆTKMF�REKMLG}&K�C��+JV��K°N�LqJ!KMREF!UTP�p&Êq���GK"WGK&F!NOÆÇUÇJ!NOÆTK½C�� φ N�p�BGF�CEB CTF�JVNOCEL4UTPGJ!CxJ!�GK°WGK&LGp!N�Jµ��~

∂xφ(x) =
π√
ν
ρ(x) . � A$Ê Ã�I �

���GN�pHUÇP�P�C�
HpQJ!C�F�K¶´ K��$BGF!K&p!pHJV�GK Ô UTÁ�NOPOJ!CELGN�UÇL N�LÉJ!KMF!Á C�� φ ' HEÄ)(

H =
vF

π

∫ L

0

(∂xφ(x))2dx . � A$Ê Ã�D �

���GK �hCEF!Á·C��©JV�GKeKMPOKM}¶JVF!CTL CTB K&FVUÇJ!CEF ψ(x) N�p �hCTDGLGW Ii� UTL UTL4UTPOCERT�0
HNOJV� J!�GKeBGF!CEB�KMF¬JVNOKMp�C��}jUTL�CELGN�}MUTP+}&CEL3È�DGRqU3JVK"ÆÇUTF!N�UTIGPOKMpM~ p(x) UÇLGW q(x) ��
H�GNO} �ÕUTF�KSN�WGK&LqJVN@�GKMWzUTp ρ(x) UTL�W φ(x)/
√
ν ~

ψ(x) =
1√
2πa

e−ikxeiφ(x)/
√

ν . � A�Ê HEÄ �

���GN�p�CEB�KMF!UÇJVCTF[CEIqÆ$NOCEDGp�PO�"W�KMB�KMLGWGp�CEL�JV�GK �4POP�N�L�R � UT}&J!CEFMÊ
Ë4K&F!Á�N�CELSCEB�KMF!UÇJVCTF!p�UTF!K3�iLGC�
HLxJ!C©UTLqJVN�´
}MCEÁ�ÁÂD�J!K���p!C�
H�4U3JSN�p©JV�GKÂ}&CELGWGN�JVNOCEL,�hCEF>�4P�PON�LGR;� UT}&J!CEF°NOL`CEF�WGKMF°J!CÉN�LGp�DGF!KÂUTLqJVN�´ }MCEÁ�ÁÂD�JVUÇJVNOCEL
F!K&P�UÇJ!N�CELGp {ψ(x), ψ(x′)} = 0 %l���GN�p�UTLqJ!N�´µ}&CEÁ�ÁÂD�J U3JVCEFx}jUTL I Ke}&CEÁ�B�D�JVK&W5DGp�N�LGR�JV��KzÎ;U��TK&F¬´³ UTÁ�BGI K&P�P8´ Ô UÇDGp!WGCTF/� �hCEF!ÁÂD�P�U eAeB = eA+B−[A,B]/2 N@� [A,B] N�p�U:}¶´µLiDGÁ>I K&FMÊÐ���GKlI CEp�CELGNO}
�4KMPOWeLGKMK&WGp©J!C�pVUÇJ!N�p/�#� JV�GK�}MCTÁ�ÁÂD$J UÇJ!N�CELvF�KMP�UÇJVNOCEL

[φ(x), φ(x′)] = −iπsgn(x− x′) , � A�Ê H�G �

H�GN�} �lN�L�WGDG}MK&p�JVC

ψ(x)ψ(x′) = e±iπ/νψ(x′)ψ(x) . � A$Ê HqÃ �
Ë4F!CEÁ JV�GK�»,��Ê � A�Ê HEÃ ����
7K;�4LGW�J!�4UÇJ�JVCeNOLGp!DGF�K�J!�GK�UTLqJVN8´µ}MCTÁ�ÁÂD$J UÇJ!N�CEL`F�KMP�UÇJVNOCELGpE�hCEFSK&P�KM}¶JVF�CEL
CEB�KMFVU3JVCEF�p���
7K"LGKMK&W JVCxp!K¶J ν = 1/m 
HNOJ!� m NOp;UÇL C�WGW NOLiJ!KMREK&FMÊi���GNOp7}&CELG}MPODGp!NOCEL�N�p�}MCELGp�N�p¬JVKMLqJ

HNOJ!�eJ!�GKrUTp!p�DGÁ�B�JVNOCELvJV�4U3J½NOLÉJV�GK�IGDGP@�6��
;KrWGKMUTP)
HNOJ!�zU �hF!UT}&J!N�CEL4UÇP9�iD4UTLqJVD�Á Ô UTPOP �4DGNOW+Ê

±µL�CEF!W�KMFxJ!C`CEI�JVUTN�L�N�L��hCTF!Á�UÇJVNOCEL:CEL�J!�GKvW���L4UTÁ�N�}&pxC��HKMP�K&}&J!F!CELGp � CEFxC��4�hF!UT}&J!N�CEL4UÇP��iD4UÇp!N�´
B4UTF¬JVN�}&P�K&p����B
7KSLGKMK&WeJ!CÂp!B�KM}&N@�#��JV�GK"I�CEp�CELGN�}"¸�F�KMK&L)1 p4�hD�LG}&J!N�CEL+Ê$���GK�»,DG}MPON�WGKMUTLÉUT}¶JVNOCEL �hCEF�JV�GNOp
I CTp!CELGNO}E�4KMPOWeN�p ' Iq¿ (

S = − 1

π

∫

dτ

∫

dx[∂xφ(x, τ)(vF∂x + i∂τ )φ(x, τ)] . � A$Ê H�H �

¿E¿
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���GKÐCEB�KMFVU3JVCEF�
H��N�} �rN�p[N�Á�BGPON�}MN�J�N�LSJV�GNOp[�iD4UTWGF!UÇJVNO}ÐUT}&J!N�CEL�UTPOP�C�
Hp9J!C©W�K%�4LGKÐJV��K�¸�F�KMKML�1 p&�hDGLG}¶JVN�CTL
G(x, τ) = 〈Tτφ(x, τ)φ(0, 0)〉 *lJ!�GKÂ}MCTF!F!K&P�UÇJ!N�CELA�hDGLG}¶JVNOCEL:C��,JV��KÂI CTp!CELGNO}��4K&P�W+Ê����GNOp�¸�F�KMK&L)1 p
�hDGLG}¶JVN�CTLlNOp�WGK%�GLGKMWzIi� JV�GK�WGN �9K&F!KMLqJ!N�UTP+K&�iD4UÇJVNOCEL

(i∂τ + vF∂x)∂xG(x, τ) = 2πδ(x)δ(τ) . � A�Ê HG� �
���GKSJV�GK&F!Á�UTP�¸SF!K&KML)1 p �hDGLG}&J!N�CELeNOp�CEI�J UÇN�LGK&WzUÇp

G(x, τ) = − ln

[

sinh

(

π
x/vF + iτ

β

)]

, � A�Ê H ? �


HNOJ!� β = 1/kBθ
Ê

�$� � � � 
 �	��� � � 
 � ��
�
 � � � 
 
 � ����
 � 
 ��
 � 
 � � � � �����
	�K�}&CELGp�N�WGK&F�L�C�
�USB CENOLqJ,}MCELqJVUT}&J�N�LÂJ!�GK �hFVUT}¶JVNOCEL4UTP$��DGUTLqJVDGÁ Ô UTP�P�F!KMRTN�Á�K���
H��N�} ��N�p�Jµ��BGNO}jUTPOPO�
UT} �GNOK&ÆEK&W�Iq�:B�P�UT}&N�LGRÉÁ�K&JVUTP�PON�}rRqUÇJVK&p�CEL:JVCEB�C���JV�GKÅJ*
7CzW�N�Á�KMLGp�N�CEL4UÇP�KMPOKM}¶JVF!CTL�REUTpSN�L�UÉ�GN�RT�
B K&F!B�KMLGW�N�}MD�P�UTF/Á�UTREL�K&JVNO} �4K&P�W+Ê�	�K©UTBGBGP��ÅU"ÆECEP�J UTRTK�I K¶J*
;K&KML J!�GK�J*
;CrRqUÇJ!KMp���
H��N�} ��UTF!K�BGP�UT}MK&W
CELzJ*
7CÉKMW�REKMp"C�� �hFVUT}¶JVNOCEL4UTP��iD4UTLqJVD�Á Ô UTP�P �4DGNOW � Ë�N�RED�F!K A�Ê D �¶Ê�Î7�lÆTUÇF���N�LGR�JV�GKxRqUÇJ!KxÆECTPOJ UÇREK��

;K�}MUTLzp�
HNOJ!} �$�hF!CTÁ U 
;KMU��ÉI4UT}��ip!}MUÇJ!J!KMF�N�LGR�p!N�JVD4UÇJ!N�CELvJ!C UÅp¬JVF!CTLGR�IGUT}��ip!}jU3J!JVK&F!NOLGR p�NOJVDGUÇJVNOCEL+Ê
±µL JV�GK �hCEF�Á�K&FÂ}jUTp�K��,JV��K Ô UTP�P7P�NO��D�N�W F!K&Á UÇN�LGpÂNOL2CELGKÉBGNOKM}MK��/JV�GKeK&LiJ!NOJ!N�KMp 
H��N�} �2JVDGLGL�KMPHUTF�K
KMWGRTK½�iD4UTp�N�B4UÇF�JVNO}MPOK�K��$}MN�J UÇJ!N�CELGp&Êq±µL JV��K½P�UÇJ!J!KMF,}jUÇp!K��iJV��K Ô UTP�P��4D�N�W�N�p�p!BGPONOJÐN�LqJ!CrJ*
7C>BGNOKM}&KMpQUÇLGW
I K¶J*
;K&KMLlJV�GK&p!K�J*
;C;�4DGNOWGp��4CEL�PO�vK&P�K&}&JVF�CELGpH}jUÇLlJ!DGLGLGK&P Ê

Ô KMF�KjU��#J!KMF 
7K>
HNOP�P�W�N�p!}&DGp!p3�hCEF/J!�GK 
;KMU��ÅI4UT}��ip!}MUÇJ!J!KMF�N�LGRx}jUTp�K���
H�GK&F!KHJV�GKHBG�q��p!NO}Mp;C��+Ë = Ô »
�iD4UTp!NOB4UTF¬JVN�}&P�K�N�prÁ�CEp�JrCEIqÆ�N�CED�pMÊ����GK WGK&p!}&F!N�B$JVN�CTL�C��QJ!�GK p¬JVF�CELGR`I4UÇ}���p�}jUÇJ�JVK&F!N�L�R`}jUTp�K }MUTL�I�K
F!KMUTWGN�P��rCEI�J UÇN�LGK&WÅDGp!NOLGRrU"WGD4UTPONOJµ�rJVFVUÇLGp/�hCEF�Á U3JVN�CTL+ÊTÎ7KM}jUÇDGp!K�JV��KQJVFVUÇLGp!B�CEF�JÐI�K&J*
7KMK&L�J*
7C�KMWGREK&p
N�pQCTD�J©C���K&�iDGN�PON�IGF�N�DGÁC�iNOJ�NOp�LGKM}&KMp!p!UTF��eJ!C�F�KMp�DGÁ�KSJ!�GK Ó KMP�W$�$p��C�hCTF!ÁÂDGP�UÇJVNOCELvNOLvJV�GK�LGK��$J©B4UÇF�JjÊ

4 � � ��� � ��� � � ��* ��
.-���� �+% #	�+����!,!,���.
.!,-

Í[K&J�DGp�}MCELGp�N�WGK&F�U©p���p�J!KMÁ F!K&BGF!K&p!K&LiJ!KMWÅIq��JV�GKÐJVNOÁ�K ´µNOLGWGKMB�KML�WGKMLqJ Ô UÇÁ�NOPOJVCTLGN�UTL H = H0+Hint
�


H�GKMF�K H0
F!K&BGF!K&p!K&LiJ!p �hF!KMK B4UTF�J!N�}&P�KMpxUTLGW Hint

WGK&p!}MF�N�I�KMpÅUÇL�N�LqJVK&FVUT}¶JVNOCEL 
H�GNO} � N�p �bWGN���}&DGPOJ �
JVC UTWGW�F!KMp�pMÊH±µL Á UTLq� I C�W���B��i��p�N�}Mp ' G�G
Ã7�EG�G�H)(9�QNOJeNOpÉ}MCELqÆEK&LGN�K&LqJzJ!C 
7CEF/� 
HNOJV� U 	 N�}��61 p
JV�GK&CEF!K&Á � CTF,CELGK�C�� NOJ!p,REKMLGK&FVUTPON �MUÇJVNOCELGp���N�L�CEF�WGKMF/J!Cr}&CEÁ�BGD�JVKHBGF�C$W�DG}&J!p�C�� �hK&F!Á�N�CEL�UTL�W�I�CEp�CEL
CEB�KMFVU3JVCEF�p=
H�GK&F!K©JV�GK½CEB K&FVUÇJ!CEF!p7UTF�K½JVNOÁ�K ´µWGK&B K&LGWGK&LiJM~ AH(t) = eiHtAe−iHt N�L�JV�GK Ô K&N�p!K&LiI K&F!R
BGN�}¶JVDGF�KTÊ[���GK�BGF�CEIGP�K&Á 
HN�JV��JV�GK Ô K&N�p�KMLiI K&F!RzF!KMB�F!KMp�KMLqJ U3JVN�CTL�N�p"J!�4UÇJ�JV��K�CTB K&FVUÇJ!CEF!p�}MCTLiJVUTN�L�p
JV�GK �µWGN���}&DGPOJ ��B4UTF�J �#JV�GK N�LqJVK&FVUT}¶JVN�CTL B4UTF�J��xC��HJV��K Ô UTÁ�N�P�JVCELGN�UTL+Ê[± JÅNOLGWGDG}&KvJV�GKÉB�F!CEIGPOKMÁ·C��
JVF!UTLGp!P�UÇJVNOLGRvJV��KMp!K�BGF!C�WGDG}¶JVprN�LqJVClN�LqJ!KMFVUÇ}&JVNOCEL�F!K&BGF!K&p!KMLqJVUÇJVNOCEL�BGF�C$W�DG}&J!p�
H�GK&F!K�JV�GK�CEB�KMFVU3JVCEF�p

¿�I



PSfrag replacements

µ1

µ1

µ1

µ2

µ2

µ2

t = −∞

OFF

OFF

|G〉

t ∼ 0

ON

t = +∞

|G′〉

|G′〉 6= eiη |G〉

��� �����	� ����
 ���j�����q���	'�����3��O�D���#�%�)'(! �?���q�DA��O�D��* �q��� ���8� �c'���� '(! �1@����+; �+G$�E�+��* ���q��������'�����3��O�O���D�����
t = +∞� � �$'/; '�������� ����; ���#�13"�D'��-��� ���	'�����3��O�D���#� ���

t = −∞ G&A"�>2<�$���0�,!E�$�%�#'<�h�

WGK&ÆTKMPOCEB�DGLGW�KMFxJ!�GK NOL��4DGK&LG}MK�C��QJ!�GK �µKjUTp¬� ��L�CEL$´µNOLqJVKMF!UT}&J!N�LGR Ô UÇÁ�NOPOJVCTLGN�UTL H0
CTLGPO��~ A(t) =

eiH0tAe−iH0t Ê
³ CELGp!NOWGKMF�JV�GK°REF!CED�LGWvp�JVUÇJVK"U1ÆTKMF!UTREK"C��[UxJVNOÁ�K ´µCEF�WGKMF�KMW B�F!C�WGDG}&JQC�� Ô K&N�p�KMLiI K&F!RÅCEB�KMF!UÇJVCTF!pM~

〈AH(t0)BH(t1)CH(t2)DH(t3) . . .〉 
HN�JV� t0 > t1 > t2 > t3 > . . . � A$Ê H A �
	 �GKMLeJVF!UTLGp�P�UÇJ!N�LGRÂJ!C�J!�GK�N�LqJVK&FVUT}¶JVNOCELÉF!K&BGF!K&p!KMLqJVUÇJVNOCEL)�GJV��KrK¶ÆECEPOD�JVNOCELeCEB�KMFVU3JVCEF�F�KjUTWGp&~

S(t, t′) = T exp

{

−i
∫ t

t′
dt1Hint(t1)

}

. � A�Ê Hq¿ �

���GK�BGF!C�WGDG}¶J©C���CTF!WGK&F!KMWlCEB�KMF!UÇJVCEF�pQJV�GK&LzI�KM}&CEÁ�KMpM~

〈S(−∞,+∞)T (AI(t0)BI(t1)CI(t2)DI(t3) . . . S(+∞,−∞))〉 , � A�Ê H�I �

H�GKMF�K T N�pQJ!�GKSJVN�Á�K"CEF�WGKMF�N�LGRÅCTB K&FVUÇJ!CEFMÊ

���GK½}&KMLqJVF!UTP���DGUTLqJVNOJµ�ÅJ!C>}&CEÁ�B�D�JVK�JV��K½BGF�C$W�DG}&J7N�L�»,��Ê � A$Ê H�I �,Iq��DGp�N�LGR(	 N�}��61 p�J!�GKMCEF�KMÁ N�p
JV�GK½Ài´ Á U3JVF!N � S(+∞,−∞) Ê�	 �GK&L�J!�GKHp���p�J!KMÁ N�p�UÇJ �MK&F!C�JVK&Á�B�KMF!UÇJVDGF�KHCEFÐN�L�KM�iDGNOP�N�I�F!N�D�Á$�3JV�GK
REF!CTDGLGWÉp�JVUÇJVK �hCEF;J!�GKMF�Á UTP��ÐK��$B K&}&J U3JVN�CTLlC���J!�GN�p�À *�Á�UÇJVF�N ��N�p�È�DGp�J©UÂBG�GUTp!KE� UT}¶JVCEF%��I�KM}MUTDGp!K<
7K
UTp!p�DGÁ�KÐJ!�4UÇJ�JV��K7B�KMF¬JVDGF�I4UÇJVNOCEL�N�p+J!DGF!LGK&W>CELxUTWGN�UTI4UÇJ!N�}MUTP�P��EÊ¶���GN�p�Á�KjUTLGp[J!�4UÇJ 〈S(+∞,−∞)〉 =
eiη ÊG���GKMF�K%�hCEF�KrJ!�GK�� *�BGF�C$WGD�}&J©N�p�KMUTp!NOPO�v}&CEÁ�BGD�JVK&W 
HNOJV�ÉJ!�GK��GKMPOBzC�� 	 N�}��61 p�JV�GK&CEF!K&ÁzÊ

¿�D



Ô C�
;K¶ÆEK&F��/N �QJV�GK p���p�J!KMÁ�NOpxCTD�JÂC��HK&�iDGN�PON�IGF�N�DGÁC�9JV��KMF!K N�prLGC`RED4UÇFVUTLqJVK&K JV�GUÇJ>J!�GK p¬�$p¬JVK&Á
F!K¶JVDGF�L�JVCzNOJ!prNOLGNOJ!N�UTP�p�JVUÇJVK �hCEFrUTp���Á�B�JVCTJ!N�}MUTP�P��`P�UÇF!REKÅJVNOÁ�KÇÊ�Ë4CEF�K���UTÁ�BGP�K��[N�L�Ë�N�REDGF�K A�Ê@GjÄA
7K
N�POP�DGp¬JVFVU3JVK�JV�GNOp[BG�GKML�CEÁ�K&LGCEL<
HNOJ!��U��i��WGF�C$W$�$LGUTÁ�NO}jUTPÇBGN�}¶JVDGF�KTÊj�&
7C½F�KMp!K&F�ÆTCEN�F�p��j�4UjÆ�N�L�R©W�N@� KMF!K&LqJ
P�K¶ÆEKMPOp��TUTF!K7LGCTJ,}&CELGLGK&}&JVK&W U3J t = −∞ �#JV�GK � UTDG}MK¶J,N�p�p/
HN�JV} �GK&W�C�� �¶Ê
	�KQp�
HNOJ!} � � UTWGN�UTI4UÇJ!N�}jUÇP�PO� �
JV�GK � UTDG}&K&J½CELÕI�K&J*
7KMK&L`JV�GKrJ*
;C�F!K&p!KMF¬ÆECENOF!p%�9UTL�W`U�p¬J UÇJ!N�CELGUTF����GC�
 NOpHKMp�JVUTIGPON�p!��KMW+Ê
± �ÐUÇJ½P�U3JVKMF
JVNOÁ�K t = +∞ �.
;KÅp�
HNOJV} ��C���JV��K � UTDG}MK¶J�UTRqUÇN�L)�6
;KÅL�CTJVNO}MK>J!�4UÇJ"J!�GK>J*
7ClF�KMp�KMF�ÆTCEN�F�p�UTF!K>LGC�
UÇJ�JV�GK�pVUÇÁ�K�P�K¶ÆEKMPÐIGD$J>WGN �9K&F!K&LiJ(�hF!CTÁ JV�GK�P�K¶ÆEKMPOpxNOL�J!�GK�p�J U3JVK�UÇJ t = −∞ Ê 	�K�DGLGWGK&F!p¬J UTLGWN�L�JV�GNOp>BGNO}&J!DGF!K�JV�4U3J>JV��K�
;UÇJVK&F��4C�
¡JV��F!CEDGRT��JV�GK � UTDG}&K&JÂÁ�KjUÇLGprJ!�GK�J!DGLGLGK&P�NOLGRÕC��QB4UTF�J!N�}&P�KMp
�hF!CEÁ«CELGKÉF�KMp�KMF�ÆTCEN�FÂJ!C`JV�GKÉCÇJV�GK&F�� 
H��N�} � N�pÂWGK&p!}&F!N�I�KMW2NOL�JV�GKvJ!DGLGLGK&P�N�L�R Ô UTÁ�N�P�JVCEL�N�UTL Hint

Ê
²½C�
 �[JV�GK�REF�CEDGLGW�p�JVUÇJVK�UÇJ t = +∞ NOprL�CÕP�CTLGREKMFSF�KMP�UÇJVK&W�J!ClJ!�GK�RTF!CEDGL�W�p¬J UÇJ!K UÇJ t = −∞Iq�zJ!�GKÂBG�4UÇp!K:� UT}¶JVCEF&~ S(+∞,−∞)|G〉 = |G′〉 6= eiη|G〉 Ê ��CvF!K&Á�K&W��lJV�GNOp°BGF�CEIGP�K&Á$� Ó KMPOW���p!�BGF!CTB CEp�KMWeU>L�K%
 }MCELqJ!CEDGF��7
H�GN�} �ÉNOp;p!��C�
HLeNOLvË�NOREDGF!K,A�Ê G�GEÊ����GN�pQ}&CELqJVCED�F���}&CEF!F�KMp�B CEL�WGN�LGR>LGK%

JVNOÁ�KÅCEF�WGKMF�N�LGReCEB�KMF!UÇJVCTF TK

�[REC�KMp �hF!CTÁ t = −∞ JVC t = +∞ UTLGW�IGUT}��:JVC t = −∞ ' G�GB� ( ÊÎ;KM}MUTDGp�KeJ!N�Á�KMpÂCTL2J!�GKeP�C�
7KMFÅ}MCTLiJ!CEDGF�UTF�K �bP�UTF!REK&F ��JV�GUTL JVN�Á�KMp>CEL JV�GKeDGBGB�KMFÅ}&CELqJVCED�F��/JV��K
BGF!C�WGDG}¶JHC���CEB K&FVUÇJ!CEF!pH}MUTLeI K<
HF!N�J!J!KMLzUTpM~

〈TK(AI(t0)BI(t1)CI(t2)DI(t3) . . . SK(−∞,−∞))〉 , � A�Ê H�D �

H�GKMF�K>JV��K>N�LqJ!KMREF!UTP�C
ÆTKMF°J!�GK Ó K&P�W���p!�Õ}MCELqJVCTDGF K REC�KMp>�hF!CEÁ −∞ JVC +∞ UTLGWzJV�GK&L:I4UT}��ÉJVC
−∞ ÊG±µLlJ!�GN�p�}MUTp!K�� 
;K��4UjÆEK

SK(−∞,−∞) = TK exp

{

−i
∫

K

dt1Hint(t1)

}

= TK exp

{

−i
∑

η=±
η

∫ +∞

−∞
dt1Hint(t1)

}

. � A�Ê �qÄ �

²½CTJ!K�JV�GUÇJ�N�L2REK&LGKMF!UTP8�MJ!�GK/JVNOÁ�K&p[UTBGB�KjUÇF!N�L�RQN�L"J!�GK,CEB�KMFVU3JVCEF+B�F!C�WGDG}&J AI(t0)BI(t1)CI(t2)DI(t3)}jUTLeI�K�P�C�}jUÇJ!KMWeKMN�JV�GK&F�CELlJ!�GKSDGBGB�KMF©CEF�CELÉJ!�GK�P�C�
;K&FH}MCELqJVCTDGFMÊ
���GKÅ¸SF!K&KML)1 p"�hDGL�}&JVNOCELlN�p½UTLÕK��GUÇÁ�BGPOK�C��ÐUÅJVN�Á�K�CEF!W�KMF!K&W`BGF�C$WGD�}&JjÊ
���GKÂ¸�F�KMK&L)1 p>�hDGLG}¶JVN�CTL

UTp!p�C$}&N�UÇJ!KMW 
HNOJ!��JV�GKÉJ*
7CÇ´µI�FVUTLG} ��KMp Ó K&P�W���p��5}&CELqJVCEDGFÅNOpÂJV�GK&F!K��hCEF!KlU 2 × 2 Á�UÇJ!F!N ��I�KM}jUÇDGp!K
JV�GK&F!KrUTF�KE�hCEDGFHB CTp!p!NOIGP�K°CEF!WGK&F!NOLGREpM~

G(t− t′) =

(

G++(t− t′) G+−(t− t′)
G−+(t− t′) G−−(t− t′)

)

=

(

G0(|t− t′|) G0(t
′ − t)

G0(t− t′) G0(−|t− t′|)

)

, � A�Ê ��G �


H�GKMF�K G0(t)
}jUTLlI�Kr}&CEÁ�BGD�JVK&WC�hF�CEÁ J!�GKSJV�GK&F!Á�UTP�¸SF!K&KML)1 p �hDGLG}&J!N�CELeDGp�N�LGR�U 	 N�}��vF�CTJ U3JVN�CTL+Ê

²½CTJ!KQJV�4UÇJ,J!�GK�DGp�K©C�� Ó K&P�W���p!��¸SF!K&KML)1 p �hDGLG}&J!N�CEL�UÇP�P�C�
Hp/D�pÐJ!CE
HF!N�JVK�WGNOF!KM}¶JVP��xJ!�GK�CEB�KMFVU3JVCEF�p
P�N@�TK°J!�GK�}MDGF�F!KMLqJ���Iq�É} ��C$CEp�N�LGR�UTBGB�F!CEBGF�N�UÇJ!KMP���J!�GKSJVN�Á�KMp;CELlJ!�GK�}MCELqJ!CEDGFMÊ
Ë4CEF;K���UTÁ�BGP�K��

〈ψ†2(t)ψ1(t)〉 = 〈TK

{

ψ1(t+)ψ†2(t−)SK(−∞,−∞)
}

〉 . � A�Ê �iÃ �
±µL:JV�GNOpSKM�iD4UÇJ!N�CEL)� JV�GK�CEB�KMF!UÇJVCEF�pSN�L:POK%�#JS�4UÇLGW�p�N�WGK�UÇF!KÅN�L:J!�GK Ô K&N�p!K&LiI K&F!RlBGF!K&p!KMLqJVUÇJVNOCEL�UÇLGW
CELGK&p;N�L�JV�GK°F!N�RT�iJ7�4UTL�Wvp!NOWGK"UTF�K°NOL�JV��K°N�LqJ!KMFVUÇ}&JVNOCEL B�F!KMp�KMLqJ U3JVN�CTL 
HNOJ!� JV�GK©JVNOÁ�KHCEF�WGKMF=�hCEP�POC�
Hp
JV�GK Ó K&P�W���p��:}MCELqJVCTDGFMÊ ���GK�UjÆEKMF!UTREKÂC��ÐCEB K&FVUÇJ!CEF!p°BGF!C�WGDG}¶JSCELÕJ!�GKÂF!NORE�qJ"�4UÇLGW:p!NOWGKÂN�p°U�JVNOÁ�K
CEF!W�KMF!K&Wz�iD4UÇLiJ!NOJµ����
H�GN�} �l}jUTLlI�KS}jUTPO}MDGP�UÇJVK&WlIq�ÉD�p!N�L�R 	 NO}��.1 p�JV�GK&CEF!K&ÁzÊ

4 � � � � � ����� �����)� ��� �1
.!,- ��� ���1��!��

±µLvJV�GNOpQp!K&}&J!N�CEL)�F
;KS}&CELGp�N�WGK&F;JV�GKSp¬J UÇJ!N�CELGUTF���}MD�F!F!K&LqJ �4C�
HN�LGRÅI�K&J*
7KMK&LlJ*
7C�KMWGREKSp¬J UÇJ!KMp4
H�GNO} �
N�pÐ}jUÇP�P�K&W�I4UT}��ip!}MUÇJ!J!KMF!NOLGR>}&DGF!F�KMLqJjÊ����GK½KMWGREK©p�JVUÇJVK&p7NOp7NOLÅJV�GK>�hFVUT}¶JVN�CTL4UTPG�iD4UTLqJ!DGÁ Ô UTPOPGF!K&REN�Á�KTÊ

IEÄ



PSfrag replacements

K

−

+

−∞ +∞××

t t
′

��� �����	� ����
�
�� �����,���n' �0G(�����$�����%� '(! �-����� ��; 3�A��1� �1'����#'����Z�

���GK Ô UTÁ�NOPOJ!CELGN�UÇLE
H�GN�} �ÅWGK&p!}&F!N�I�KMp/J!�GKQp¬�$p¬JVK&Á�N�p H = H1+H2+HB

HNOJ!� H1/2

WGKMp�}MF�N�I�KMp/JV��K
P�K��#J � F�N�RE�qJHKMW�REKxp¬J UÇJ!KMp H1/2 = (vF/π)

∫ L

0
(∂xφ1/2(x, t))

2dx �6
HN�JV� φ1/2
UTF�KrJ!�GKx} ��N�FVUÇP�I�CEp�CELGN�}

�4KMPOWGp �hCEFxK��$}MNOJVUÇJVNOCELGp<
HNOJ!��} �4UÇF!REK νe ��UTLGW�J!�GK�J!DGLGLGK&P�NOLGR Ô UTÁ�N�POJ!CELGN�UTL HB
WGKMp�}MF!NOIGN�L�RzJV��K

}MCED�BGP�NOLGRÅI K¶J*
;K&KMLlJV�GKSJ*
7C�K&WGREKMp 1 UTLGW 2 ~

HB = Γ(t)ψ†2(t)ψ1(t) + Γ∗(t)ψ†1(t)ψ2(t) ,
� A$Ê<��H �


H�GKMF�K
ψ1/2(t) =

M1/2√
2πα

ei
√

νφ1/2(t) , � A�Ê � � �

HNOJ!�GN�L M1/2

N�pHU Ó POKMN�L�� UÇ}&JVCTF���
H�GNO} � 
HN�P�P I KSCTÁ�N�J!JVK&WÉ�GKMF�KjU��#J!KMF�Iq�ÉLGCÇJVN�}&N�LGRÂJ!�4UÇJ M2
1/2 = 1 Ê

¹½B�CELÂJV��K�RqUTDGREK7JVFVUÇLGp/�hCEF�Á U3JVN�CTLxJV��KQJVDGLGL�KMP�NOLGRSUTÁ�BGPONOJVD�WGK7I�K&J*
7KMK&L�J!�GKQKMW�REK�p�JVUÇJVK&p�NOp Γ(t) =
Γ0e

−ie∗χ(t)/c 
H�GKMF�K e∗ = νe N�p,JV�GK?�hFVUÇ}&JVNOCEL4UTP�} �4UTF!RTKTÊ����GK½REUTDGREK �hDGLG}¶JVNOCEL χ WGKMB�KMLGW�p;CELGP��ÅCELJVNOÁ�K �hCEFSUv}&CELGp�JVUTLqJ�WG}ÅIGN�UTp V0
N�Á�B CEp�KMW`I�K&J*
7KMK&L�J*
7CeKMWGRTKMpM~ χ(t) = cV0t

�9p!CvJV�GUÇJSN�LzJV�GNOp
}jUTp�K Γ(t) = Γ0e

iω0t 
HNOJ!� ω0 = e∗V0
Ê

���GKÂI4UT}��ip�}jUÇJ�JVKMF�N�LGRÉ}&DGF!F�KMLqJ�CEB�KMF!UÇJVCEF½}jUTLÕI KÂW�KMF!N�ÆEK&W'�hF!CEÁ JV��K Ô K&N�p!K&LiI K&F!RÉKM�iD4U3JVN�CTL:C��
Á�CÇJVN�CTL �hCEFQJV��KrW�KMLGp�NOJµ�ÉCEB�KMF!UÇJVCTF��GCEF©UTP�JVK&F!L4UÇJ!NOÆTKMPO��Iq�É}jUÇP�}MD�P�UÇJ!N�LGR IB = −c∂HB/∂χ

�GJV�GK&L

IB(t) = ie∗
(

Γ(t)ψ†2(t)ψ1(t)− Γ∗(t)ψ†1(t)ψ2(t)
)

. � A�Ê � ? �
���GK�U1ÆTKMF!UTREK IGUT}��ip!}jU3J!JVK&F!NOLGRÕ}&DGF!F�KMLqJÂNOprK��$BGF!K&p!p!K&W DGp!NOLGR Ó K&P�W���p!��}MCELqJ!CEDGF 
H�GN�} ��UTP�POC�
Hp"J!C
JVF�KjUÇJHLGCTLGKM�iDGNOP�N�I�F!N�D�Á p�NOJVDGUÇJVNOCEL+~

〈IB(t)〉 =
1

2

∑

η

〈TK

{

IB(tη)e−i
R

K dt1HB(t1)
}

〉 . � A�Ê � A �

��C�POC�
7KMp¬J©CEF!WGK&FHN�LÉJV�GKSJ!DGLGLGK&P�N�L�R�UTÁ�B�P�NOJ!DGWGK Γ0
��
7K��4UjÆEK

〈IB(t)〉 =
e∗Γ2

0

2

∑

ηη1εε1

εη1e
iεω0t+iε1ω0t1

×
〈

TK

{

[

ψ†2(t
η)ψ1(t

η)
](ε) [

ψ†2(t
η1

1 )ψ1(t
η1

1 )
](ε1)

}〉

. � A�Ê �i¿ �

���GK©}MCEF�F!KMP�UÇJVCTF/N�pÐWGN �9K&F!KMLqJ3�hF!CTÁ �MK&F!C>CTLGPO��
H�GKML ε1 = −ε �iJ!�4UÇJ�Á�KjUTLGp,J!�GK½�iD4UÇp!N�BGUTF�J!N�}MPOKMpÐUTF�K}MCEL�p!KMF¬ÆEK&W:N�LeJV�GKrJVDGLGL�KMP�NOLGR�BGF!C�}MK&p!pMÊ ±µLzJ!�GK>}MUTP�}&DGP�UÇJ!N�CEL���
;K>UTF!KrP�K&WzJ!C N�LqJ!F!C�WGDG}MK�JV��Kx} �GNOFVUTP
¸�F�KMK&L)1 p��hDGLG}&J!N�CEL�C��QJV��KvI CTp!CELGNO}��4K&P�W U3JÂB�CEp!N�JVN�CTL x = 0 � 
H��N�} � WGC�KMpÂL�CTJÂWGK&B K&LGW CEL�J!�GK} �GN�F!UTP�N�Jµ� 1/2 ~

Gηη′

(t− t′) =
〈

TK

{

φ1/2(t
η)φ1/2(t

′η′

)
}〉

− 1

2

〈

TK

{

φ2
1/2(t

η)
}〉

− 1

2

〈

TK

{

φ2
1/2(t

′η′

)
}〉

.
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���GN�pÂ¸�F�KMK&L)1 p��hDGLG}&J!N�CEL�N�pÂUÇp!p!C�}MN�UÇJVK&W 
HNOJ!��JV��K�J*
7CÇ´µIGF!UTLG} �GK&p Ó KMP�W$�$p�� }MCELqJ!CEDGFÅUTp(
;KÉ�GU1ÆTK
WGN�p�}MDGp�p!K&W�I�K%�hCEF�KTÊ[���GK�UjÆEKMF!UTREK�}MDGF�F!K&LiJx}jUÇL�LGC�
¡I�K�K��$BGF�KMp!p�KMW2UTprUTL�N�LqJ!KMREF!UTP/C1ÆEK&FrJ!N�Á�KÅC��
Ó KMP�W$�$p��`¸SF!K&KML)1 p �hDGLG}¶JVN�CTL

〈IB(t)〉 = − ie
∗Γ2

0

4π2α2

∑

η

η

∫ +∞

−∞
dτ sin(ω0τ)e

2νGη−η(τ) , � A�Ê ��D �


H�GKMF�K τ = t− t1 Êi®QJ=�4LGN�JVK�JVK&Á�B�KMF!UÇJVDGF�KMp%�iJ!�GK°¸�F�KMKML�1 p=�hDGLG}&J!N�CEL�N�pÐREN�ÆEK&L�Iq� � p�KMK½»Ð�
Ê � A�Ê H ? � �¶~

Gη−η(τ) = − ln





sinh
(

π
β
(ητ + iτ0)

)

sinh
(

iπτ0
β

)



 , � A�Ê ?TÄ �


H�GKMF�K τ0 = α/vF
Êi®½BGBGPO��NOLGRSJV�GNOp;¸SF!K&KML)1 p �hD�LG}&J!N�CEL)��
7K©}jUTL�CEI�J UÇN�LÅJV�GK½UTL4UÇPO�iJVNO}jUTPGK��$BGF!K&p!p!NOCEL

�hCEFQJV��KxUjÆTKMFVUÇREK�}MDGF�F!KMLqJ°UTp

〈IB(t)〉 =
e∗Γ2

0

2π2α2Γ(2ν)

(

α

vF

)2ν (
2π

β

)2ν−1

sinh

(

ω0β

2

) ∣

∣

∣

∣

Γ

(

ν + i
ω0β

2π

)∣

∣

∣

∣

2

, � A�Ê ?7G �


H�GKMF�K Γ N�pQJV��KrREUTÁ�Á�U:�hDGLG}¶JVNOCEL+ÊG®QJ �&KMF!C�JVK&Á�B�KMF!UÇJVD�F!K��GJ!�GKrUjÆEKMF!UTREK�}MD�F!F!K&LqJ°NOp

〈IB(t)〉 =
e∗Γ2

0

2πα2Γ(2ν)

(

a

vF

)2ν p�REL (ω0)|ω0|2ν−1 . � A�Ê ?EÃ �

4 � � ��� � ����� �����)� ��� �1
.!,- ��� ���1��!�� !�#�
.���

±µL JV�GNOpÅp!KM}¶JVNOCEL 
;Ke}MCTLGp!NOWGKMFÂJ!�GKep���Á�Á�K&J!F!N��MKMW2LGCTN�p!KÉI�KM}MUTDGp�KlP�UÇJ!J!KMFÂCTL L�CEN�p�KeUÇJ ω = 0 NOp
}MCEL�p!N�W�KMF!K&W)�4p!C�JV�GK�NOp!p!D�KxC���p���Á�Á�K¶JVF�N �MK&WlÆTKMF�p!DGp°UTp���Á�Á�K¶JVF!N��MK&WlW�C$K&p½LGCÇJ½Á�UÇJ�JVKMF&Ê4¹½p�N�LGR�JV��K
p���Á�Á�K¶JVF!NO}"}MCTÁÂIGN�LGUÇJVNOCELÉC���}MDGF�F!KMLqJ *v}MDGF�F!KMLqJ©}MCTF!F!K&P�UÇJ!CEF!p

S(t, t′) = 〈IB(t)IB(t′)〉+ 〈IB(t′)IB(t)〉 − 2〈IB(t)〉〈IB(t′)〉
=

∑

η

〈

TK

{

IB(tη)IB(t′−η)e−i
R

K dt1HB(t1)
}〉

− 2〈IB〉2 , � A�Ê ?�H �

JVC�P�C�
7KMp¬J°CEF�WGKMFHNOLeJ!�GKSJVDGL�LGKMPON�LGR�UTÁ�BGP�N�JVDGW�K Γ0
�4NOJHNOp©L�CTJHLGKM}&KMp�pVUTF¬�zJ!C�K��$B4UTLGWlJV�GK Ó KMP�W$�$p��

K&ÆTCEP�D�J!N�CELÉCTB K&FVUÇJ!CEF�I K&}jUTD�p!K�JV�GK�}MD�F!F!K&LqJ½N�JVp�KMP@��}MCTLiJVUTN�L Γ0
Ê

S(t, t′) = −(e∗)2Γ2
0

∑

ηεε1

εε1e
iεω0t+iε1ω0t′

×
〈

TK

{

[

ψ†2(t
η)ψ1(t

η)
](ε) [

ψ†2(t
′−η)ψ1(t

′−η)
](ε1)

}〉

=
(e∗)2Γ2

0

2π2α2

∑

η

cos(ω0(t− t′))e2νGη−η(t−t′) = S(t− t′) . � A�Ê ? � �

Ë4F!CEÁ J!�GN�p©K��$BGF�KMp!p�N�CEL�� JV��K>p!B�KM}¶JVF!UTP�W�KMLGp�NOJµ�zC��,I4UT}��ip�}jUÇJ�JVKMF�N�LGR }MDGF�F!KMLqJSL�CEN�p�KxNOp½CEI$J UTNOLGKMWzIi�
}jUTPO}MDGP�UÇJVNOLGR>J!�GKrË
CTDGF!NOKMF;J!FVUTLGp��hCEF!ÁlÊ�®QJ?�4L�NOJVKSJ!KMÁ�B K&FVUÇJ!DGF!K���JV�GK�LGCTN�p!K�U3J �&KMF�CÇ´ �hF�KM�iDGKML�}&�eN�p

S(ω = 0) =
(e∗)2Γ2

0

π2α2Γ(2ν)

(

α

vF

)2ν (
2π

β

)2ν−1

cosh

(

ω0β

2

) ∣

∣

∣

∣

Γ

(

ν + i
ω0β

2π

)∣

∣

∣

∣

2
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��� �����	� ����
�
�� �m�<������; �+���.���<���	����� ��'I� �0�8���
ν = 1/3 � νL = 2/3 � 5$���`�1���:G$�$���-�0�����#�#���E�+���>�����h�	����� IB � ��;=; �13�(�+�	��; �%� � !#�	'�* 	9�-!O� � � � �Z������� �1; '�2��%� !E'��

e/3
@��(���%�+2$�(�`�?� ��; �%� � 3<���1���13p;=�b��� � �<��3B��; �1�%�-�	'���� � 3�'��#�#�13 ; �b�$� � �(�	��1��' �q�<�j�����q�#��* 2����C���-���	�

θ �

���* �c� �W���0�%�%��3<���D� �+�q�-��� �&�<*��,�<��� �#�16���; �1�%�-�	'���� �-�����$��;<�+�q�-��� � � � � �	�%���+*��

� νL = 4 � � ����� �D��*82��������-���	� θ �
�<
I* � �

UTLGWeN�LÉJ!�GK�P�N�Á�NOJ��MK&F!C�JVK&Á�B�KMF!UÇJVDGF�K

S(ω = 0) =
(e∗)2Γ2

0

πα2Γ(2ν)

(

α

vF

)2ν

|ω0|2ν−1 . � A�Ê ?GA �

±µL }&CELG}&P�DGp�N�CEL)�;UÇJ �MK&F!C JVK&Á�B�KMF!UÇJVD�F!K�� 
;K:F�KM}MC1ÆTKMFeJV�GK�À$} ��CTJ!J �i�q´ P�N �ÇK:F!K&P�UÇJ!N�CEL 
HN�JV� JV��K
�hFVUT}¶JVNOCEL4UTP } �4UTF!RTK e∗ = νe ~

S(ω = 0) = 2e∗〈IB(t)〉 . � A$ÊE?E¿ �
®QJ �4LGN�JVKSJVK&Á�B�KMF!UÇJVDGF�K���J!�GK�p!�GCÇJ � J!�GKMF�Á UTP9LGCEN�p�K�}MF!CTp!p!C1ÆTKMF©N�p�F!K&}MC1ÆEK&F!K&W

S(ω = 0) = 2e∗〈IB(t)〉 coth(ω0β/2) . � A$ÊE?�I �
���GKMp�K7F�KMp�DGPOJ!p�UTF�KÐ}MCELGp�N�p¬JVKMLqJ 
HNOJ!�rJ!�GK7F�KMp�DGPOJ!p�p��GC�
HLÂN�Lr¯HK%�bÊ ' HqÃ (iNOL�J!�GK�REKMLGK&FVUTP��hF!UTÁ�K%
7CEF �E�hCEF
JVF�KjUÇJ!N�LGR�LGCEL�KM�iDGN�PON�IGF�N�DGÁ JVF!UTLGp!B�CEF¬J;BG��KMLGCEÁ�KMLGUxN�L Í[D�J!J!N�LGREK&FÐP�N��iDGNOWGpMÊq����K"À$} ��CTJ!J �i��F!K&P�UÇJ!N�CEL
N�LlJV�GK(�hFVUT}¶JVN�CTL4UTP[�iD4UTLqJVD�Á Ô UTP�P�K%� KM}¶J�UTPOP�C�
Hp�JV�GKxWGN�F�KM}&J°CEIGp�KMF�ÆÇUÇJ!N�CELzC���U �hF!UT}&J!N�CELGUTP[} �4UTF�REK

H�GN�} �A
7KrW�N�p!}&DGp!p©N�LÉJ!�GK�LGK���J©p!K&}&JVNOCEL+Ê

4 � � ��� L *�� �,
������ � # �
��� ��� �	��
.#�! #�% � %0����� ��
.#�!�� � ��*,�	�1-��
³ UTL'�hFVUÇ}&JVNOCEL4UTP�} �4UTF�REKÅ}jUTF�F��zJV�GKÅ}&DGF!F�KMLqJ %����GK �4F!p¬J�BGF!CEB�CEp!UTP�C��3�hF!UT}&J!N�CEL4UÇP�PO�e} �GUTF!REK&W�K��$}MN8´
J UÇJ!N�CEL�p"UTI�C1ÆEK>J!�GKÂRqUTB'
;UTpSp��GC�
HL�Iq�`¯rÊ Í�UTDGRE�GPON�L ' G1ÄqÃ ( Ê+À$C�CEL:U��#J!KMF ¨ Ê ³ Ê+��p!DGN/p�DGREREK&p�J!KMW
JV�4U3JQp!��CTJ�LGCENOp!K"}&CEDGPOWÉF!K&ÆTKjUTP JV�GK"} �GUTF!REK°C���JV�GK&p!KSDGLiDGp�D4UTP+K���}&NOJVUÇJVNOCELGp ' G1Ä�G (8��UTLGWvÑÂÊG¸�ÊB	�KML
K���JVK&LGWGK&WzJV��N�pH}MCEL�}MKMB$J°C�� �hFVUÇ}&JVNOCEL4UTP K��$}MN�J UÇJ!N�CEL�pQJVC�JV�GK�RqUTB�P�KMp�pHÁ�C�WGKMp�}MUTF!F¬��N�LGR�JV�GK�}&DGF!F�KMLqJ
UÇJ©JV�GKxKMWGREKxC��Ð}MPOKjUTLzpVUTÁ�BGPOKMp©DGp!NOLGRÉU Í[D�J�JVNOLGREKMF©P�NO�iDGN�WlÁ�C�WGK&P ' HEÄ)(|Ê
±µL`JV�GNOp>�hF!UTÁ�K�� ³ Ê Ó UTL�K
UTLGW�­�Ê[Ë�N�p��GKMF�' HEÃ (/BGF�CEB�CEp!K&W`JVCÉWGK¶JVKM}¶J"JV��KÅ��DGUTp!NOB4UTF�J!N�}&P�KMp½DGp!NOLGR J!�GKÂp!��CTJ�LGCENOp!KÂUÇp!p!C�}MN�UÇJVK&W

HNOJ!��U<
7KjU��ÅJVD�LGLGKMP
}&DGF!F�KMLqJ;I�K&J*
7KMK&L��hFVUT}¶JVNOCEL4UTP$KMWGREK&p7J!�GF!CED�RE��J!�GK½Ë = Ô » �4DGNOW+Êq���GKMF�KjU��#J!KMF%�

I�H



N�Le¯HK%�hp&Ê�' H�H��)G�G ? (8�4N�J4
;UTpHp!�GC�
HLeJV�4UÇJ©U���CEN�p�p!CELGN�UTLÉ�iD4UTp�N�B4UTF¬JVNO}MP�K°p!�GCTJHL�CEN�p�KSÁÂDGp�JHI�KSF!K&}MC1Æq´
KMF�KMW �hCTF 
7KjU���}&CEDGBGPON�LGRlUTL�W�JV�GUÇJ>N�JVp�Á�KjUTp�DGF!K&Á�K&LiJxp!��CEDGP�W�REN�ÆEK�UlWGNOF!K&}&JxWGK&J!KMF!Á�N�LGUÇJVNOCEL�C��
JV�GK<�hF!UT}&J!N�CEL4UÇP9} �4UTF�REKTÊ

���GKMp�KÕJV�GK&CEF!K¶JVNO}jUTP�BGF�KMWGNO}&J!N�CELGp�C��S}&DGF!F�KMLqJ *iLGCEN�p�Kz} �GUTFVUT}¶JVK&F!N�p¬JVNO}Mp NOL �hF!UT}&J!N�CELGUTP��iD4UTLqJVDGÁ
Ô UTPOP;K��9K&}&J��4UjÆEKlI K&KML2ÆEKMF�N@�4K&W NOL F�KMÁ�UTF �3UTI�P�KvB�CEN�LqJ�}&CELqJ UT}¶J�K��$B K&F!N�Á�KMLqJ!p�U3J �4P�PON�LGR'� UT}¶JVCEF
ν = 1/3 N�L 	�KMN��MÁ�UTLGL NOLGp�J!NOJVD$JVKvUÇLGW2N�L2À�UÇ}MP�Uj��UÇJÂJ!�GKÉpVUTÁ�K J!N�Á�K ' �qÄ�� ��G�(|Ê,¯©K��bÊ ' �qÄ)( 
QUTpB K&F/�hCEF�Á�K&WrUÇJ�P�C�
�J!KMÁ�B K&FVUÇJ!DGF!KÐN�L�JV��K7p��GCTJ�LGCENOp!KÐWGCEÁ�N�L4U3JVKMWrF!K&REN�Á�K��%
H�GN�POKÐ¯©K��bÊ ' ��G�(iDGp!K&WÅU?��J
JVCHJV�GK�JV�GK&F!Á�UTP�´ p!�GCÇJ�LGCEN�p�K7}&F!CEp�p!C1ÆEK&F/}MD�F�ÆEK�JVC½N�WGK&LiJ!N@�#�"J!�GK �hF!UT}&J!N�CELGUTPE} �4UTF�REKTÊ3���GK7W4UÇJ U©C��4¯HK%�bÊ
' �EÄ (4NOp�WGNOp!BGP�U1�TKMW�N�L�Ë�N�REDGF�K3A�Ê G
Ã$ÊÇ���GN�p�K��$B K&F!NOÁ�K&LiJ/p!�GC�
7KMW�J!�4UÇJ �hCTF�ÆEK&F��ÂPOC�
 J!DGLGLGK&PG}MCTDGBGP�NOLGR��
JVDGL�LGKMPON�LGR�N�pÐ}&CE�GKMF�KMLqJ!�$UTLGW�JV�GK 1/3 L�CEN�p�K©F�KMWGD�}&JVNOCEL NOp�UrWGNOF!K&}&J�K&Æ�N�W�KMLG}&K°C�� �hFVUT}¶JVN�CTL4UTPG} �4UÇF!REK
e/3 Ê$À$D�IGp!K&��D�KMLqJVP�����J!�GK"REF�CEDGB NOL�	�KMN��MÁ�UTLGLvUÇP�p!CxÁ�KMUTp!D�F!KMWvJ!�GK"�hF!UT}&J!N�CELGUTP4} �4UTF�REK e/5 N�L�JV�GK
ν = 2/5 �hF!UT}&J!N�CELGUTP9p¬J UÇJ!K ' �iÃ ( Ê
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���GKzJ!FVUTLGp�B CTF�J�BGF!CEB�KMF¬JVNOKMp C��SKMPOKM}&J!F!CEL�N�}eWGK&Æ�NO}MKMpvUTF!KzDGp!D4UÇP�PO��} �4UTFVUÇ}&JVK&F!N��MKMW CEL JV��KÕI4U3´
p!NO}ÅC��Q}&CELGWGDG}¶J UTL�}MK�Á�KMUTp!DGF�KMÁ�KMLqJVp&Ê�À$DG} ��Á�KjUÇp!DGF�KMÁ�KMLqJVpxUTF!K�UTW�KM�iD4UÇJ!K �hCEF�WGK¶Æ�N�}MK�NOL0
H�GNO} �
JVF!UTLGp!B�CEF¬J7C�}M}&DGF!p7N�LG}&CE�GK&F!KMLqJ!PO���iIGD$J �hCEFÐÆEK&F���p!Á�UTPOP4WGK&Æ�N�}&KMp%�$p�DG} �ÉUTp��iD4UTLqJVDGÁ WGCÇJVp��iJV��K>
;UjÆEK
L4UÇJ!DGF!K:C��xKMPOKM}¶JVF!CTLGpeBGP�Uj��peUTL N�Á�B CTF�J UÇLiJ F!CEPOKTÊ�Î7KM}jUÇDGp!K�JV�GK:B��4UTp!K�C��xUTL KMPOKM}¶JVF!CTL)1 p 
;UjÆEK
�hDGLG}¶JVN�CTLÉ} �4UTLGREK&p°UÇp©N�J�B4UTp�p!K&p©J!�GF!CED�RE�ep!DG} �ÕU�W�K&Æ�N�}&K��
BG�4UTp�K�Á�KMUTp!DGF�KMÁ�KMLqJVp©UTF�K�F!KM�iDGNOF!K&WeJ!C
} �4UTF!UT}&J!KMF!N��MKSJV��K�J!FVUTL�p!B�CEF�JHBGF�CEB�KMF�J!N�K&p4�hDGP�P��EÊ

±µLxUÇLrNOLqJVKMF��hKMF�KMLG}&K,K��$B K&F!NOÁ�K&LiJ 
HN�JV��U��iD4UTLqJVD�Á¼WGCTJ[NOÁÂI�KMWGWGK&W�N�LSCELGKÐUÇF!Á C��iJV�GKÐ®°�GUTF!CEL�C
Æq´
Î;CE�GÁ F!NOLGR�' ÃG?F��ÃGAF�
ÃE¿7�)G�G@A (9��JV��Kr}&CELGWGD�}&J UÇLG}MK 
QUÇp©p��GC�
HLlJ!C�WGKMB�KMLGWlLGCTJHCTLGPO��CELÉJV�GK�Á�UTRÇ´
LGNOJ!DGWGKxC��,JV�GKrJVF!UTLGp!Á�N�p�p!NOCELzJ!�GF!CED�RE�ÕJV��KÂ�iD4UTLqJVDGÁ WGCTJ��9IGD$JSUTPOp!CvCELzJV�GKxBG�4UTp�K�UT}M�iDGNOF!KMWÕIi�

I ?



KMPOKM}&J!F!CEL�p7JVF!UjÆEKMF�p!NOLGR>JV��K"�iD4UTLqJVDGÁ¤WGCTJMÊ�Ë4CEF�N�L�p�J UÇLG}MK��7
7K"}MCEL�p!N�W�KMF;��KMF!K"U��hCEDGFb´ JVK&F!Á�N�L4UÇPG}MCEL�´
�4REDGF!UÇJVNOCEL�J!C�Á�KjUÇp!DGF�KÉWGN�F�KM}&J!PO��JV�GKeÁ�UTRELGN�JVDGW�KvUTLGW J!�GKeBG�4UTp�KÉC��½J!FVUTL�p!Á�N�p!p�N�CEL�}MC�K ��}MNOKMLqJ
JV�GF�CEDGRE�eUÅ�iD4UTLqJ!DGÁ WGCTJQN�LÉJV�GK ³ CTDGP�CEÁ>IvIGP�C�}��3UTWGKSF�KMRENOÁ�K 
H��N�} �eN�pQK��$B K&F!N�Á�KMLqJVUTP�P���NOLqÆEKMp¬JVN8´
RqUÇJ!KMW`NOL`¯HK%�bÊ ' ÃE¿ (��hp!KMK�Ë�N�REDGF�KÂ¿�Ê@G � Ê ����KÂ}MCEL7�4REDGF!UÇJVNOCELÕ}&CELGp!NOp�J!p"C��ÐKMÁ�NOJ�JVK&F°» UTLGWÕ}MCEPOP�KM}¶JVCEF
³ }MCTLGp�J!F!N�}¶JVNOCELGp���UTL�W�U�IGUTp!KzF!KMRTN�CEL5Î NOL I�K&J*
7KMKML9Ê;���GKzI4UTp!Kz}MCELqJVUT}&J!p p!K&F�ÆTK:UTp W�FVUTNOLGN�LGR
F!K&p!KMF¬ÆECENOF!pE
HN�JV��Uv} �GKMÁ�N�}MUTP�B�CTJ!KMLqJVN�UTP µB = 0 Ê9���GKÅÆECTPOJ UÇREKÂWGN �9K&F!KML�}MKÅI�K&J*
7KMKML�» UTL�W�Î NOp
VEB

��UTLGWeI K¶J*
;K&KML ³ UTLGWlÎ�NOp VCB
ÊG����Kx»5UTLGW ³ }&CELGp¬JVF!NO}&J!N�CELGpQUTF!KSp�KMB4UTF!UÇJVK&WzIq�vU�IGUTF!F�N�KMF


HNOJ!�lJ*
7CvCEB�KMLGNOLGREp&~4CELGK>CTB K&LGN�LGR�}MCTLGp!NOp�JVp©C��/J!�GKr��DGUTLqJVDGÁ WGCTJ>
H�GCEp�K>I�KM�4UjÆ�N�CTF>
7K�
;UTLqJ½J!C
Á�KMUTp!D�F!K��TUTLGWÅJV��KQCTJV��KMF,N�p/U"F!K%�hK&F!K&LG}MKHCEB�KMLGNOLGR"NOL�U �hCEF!Á C�� UTLGCTJ!�GKMF���DGUTLqJVDGÁ¦B�CENOLiJ�}MCELqJVUT}&JMÊ
®QJ/POC�
 J!KMÁ�B K&FVUÇJ!DGF!K&p/I�CTJV�>J!�GK;B��4UTp!K�}&CE�GK&F!KMLqJ,POKMLGRÇJV�ÅUTL�W>JV�GK;KMP�UÇp�JVNO}7Á�KjUÇL:�hF!K&KQB4UÇJ!�ÂK��$}MK&KMW
JV�GK�KMLqJVNOF!K�pVUTÁ�BGP�K�p!N��MKÇÊ�¹©p!N�L�RzJV��KvÁÂDGP�JVN�B�F!CEI�K�}MCELGW�DG}&JVUTLG}MK��hCEF!ÁÂD�P�U ' G1ÄE¿ (9� 
7K �hCEDGL�W�JV�4U3J
JV�GK�}&DGF!F�KMLqJ½UÇJ�JV�GK�}&CEP�POKM}&J!CEFQNOp�RENOÆTKMLlIi�

IC =
e2

π
(τECVEB ± τCVCB) , � ¿�Ê@G �


H�GKMF�K τEC
UTLGW τC UTF!KQJ!�GKQJVF!UTLGp!Á�N�p�p!NOCELÂBGF�CEI4UTIGNOP�N�JVN�K&p �hF�CEÁ KMÁ�NOJ!J!KMF�J!CS}MCEPOP�K&}&JVCTF/UTLGWÅJ!�GF!CED�RE�

JV�GK�}&CEP�POKM}¶JVCEF/�iD4UÇLiJ!DGÁ¡B�CEN�LqJ,}&CELqJ UT}¶J7F�KMp�B K&}&JVN�ÆEK&PO�EÊ�	 ��KML�JV�GKH}MCTP�P�K&}&J!CEF/}MNOF!}&DGNOJ,NOp,CEB�KML � IC =
0 ���6
7KÂ}MUTL`Á�KjUTp�DGF!KxWGN�F�KM}&J!PO�ÉJ!�GK>JVF!UTLGp�Á�NOp!p!NOCELlBGF!CEIGUTIGN�PONOJµ� τEC

Iq�zÁ�KjUÇp!DGF�N�LGR�JV�GKx}MCEPOP�KM}¶JVCEF
ÆECEP�J UTRTK VCB = (VEB/τC)τEC

Ê
±µL � UT}¶JxJ!�GK�J!FVUTL�p!Á�N�p!p�N�CEL�BGF�CEI4UTI�N�P�N�Jµ� τEC

N�prUe}MCE��KMF!K&LqJÅp!DGÁ C1ÆTKMFÂUÇP�P,B4UÇJ!��UTÁ�BGPONOJVD�WGKMp
�hF!CEÁ KMÁ�NOJ!J!KMF�JVC�}MCTP�P�K&}&J!CEFMÊ4±µLlJV�GK�J*
;C3´µB4UÇJ!�Õ}MUTp!K τEC = |tEC|2 � 
H�GK&F!K tEC = tQD + tsl

� tQDN�pÂJ!�GKÉJVFVUÇLGp!Á�N�p�p!N�CTL2UTÁ�B�P�NOJ!DGWGK UTp!p�C$}&N�UÇJ!KMW 
HNOJ!� J!�GKeB4UÇJV� J!FVUTLGp¬ÆEK&F!p!NOLGR�JV�GKe�iD4UTLqJVD�Á WGCTJ!�
UTLGW tsl F�K%�hK&F!p�J!C�J!�GKeJVFVUÇLGp!Á�N�p�p!N�CTL2J!�GF!CTDGRE�2JV�GKlCTJV��KMF�B4UÇJV�9Ê 	 �GKML U�Á�UTRELGK¶JVN�}��GKMP�W 
;UTpUTBGBGPON�K&W)�/U:Á�UTRELGK¶JVN�}��GD7� Φ �/JV��F!KjUÇWGN�LGR:J!�GKlUTF!KMU�®��,KMLG}&P�CEp�KMW Ii��JV�GK&p!KeJ*
;C�B4UÇJV��p�F�KMp�DGPOJ!pN�L�UTL�®½�4UTF�CELGC1Æq´bÎ;CE��Á«B��4UTp!K�WGN@� KMF�KMLG}&K ∆φ = 2πΦ/Φ0

� Φ0 = h/e NOprJ!�GK��GD7����DGUTLqJVDGÁ��I K¶J*
;K&KMLlJV�GKSJ*
7C�NOLiJ!KMF��hKMF!NOLGR�B4UÇJ!�GpMÊ
Ë4CEF�p�N�LGREPOK¶´ } �4UTLGLGK&P9JVF!UTLGp�Á�NOp!p!NOCEL+~

τEC = |tQD + ei∆φtsl|2 . � ¿�Ê Ã �
®°p�p!DGÁ�N�LGR �hDGP�P��2}MCE�GK&F!K&LiJÉJ!FVUTL�p!B�CEF�J�JV�GF�CEDGRE��J!�GK`�iD4UTLqJVD�Á WGCTJ��7J!�GK`N�LqJ!KMF/�hK&F!K&LG}MKÕJ!KMF�Á N�p
BGF!CTB CEF¬JVNOCEL4UTP�JVC |tsl||tQD| cos[∆φ+θ(tsl)−θ(tQD)] ��
H�GK&F!K θ(tsl) UTLGW θ(tQD) UT}&}MCED�LiJ=�hCEF,JV��KBG�4UTp�K"UT}&}MDGÁ>DGP�UÇJ!KMW�N�L�JV�GK©J*
;CÂ}&CEF!F�KMp�B CEL�WGN�LGRxB4UÇJ!�GpMÊ�®°p�JV�GK θ(tsl) NOp;UrREC$C�W�UTBGBGF�C��$NOÁ UÇJ!N�CEL}MCEL�p�J UÇLiJ��QU�} �GUTLGREK`NOL5J!�GK`BG�4UÇp!K`C�� tQD

POKjUTW�p�JVC�U�p!NOÁ�NOP�UTFÅ} �4UÇLGREK`NOL JV�GKÕBG�4UTp�K`C��SJV��K
}MCEPOP�K&}&JVCTFQp!NOREL4UTP|Ê

±µL�JV�GK K��$B K&F!NOÁ�K&LiJ>C��Qº7UT}&CEIq� �
� 
	��
 ' Ã ? (8��JV�GK�®°�4UTF�CELGC1Æq´bÎ;CT�GÁ·B��4UTp!K }MCEDGPOW�J U��TKvCEL�PO�
J*
;CÂÆÇUTPODGKMp 0 UTLGW π UTp�UÂ}&CELGp�KM�iDGKML�}MKrC���Á�NO}MF!CTF!K&ÆTKMF�p!N�I�N�P�N�Jµ��N�LÉU>J*
7CÇ´ JVKMF�Á�NOL4UTP�}MCEL7�4REDGF!UÇJVNOCEL' Ã A7�.G�G
¿ (|Êi���GK"F�KMp!D�POJVp�C��+J!�GN�p3�hCEDGFb´ J!KMF!Á�N�LGUTPG}MCTL��4REDGF!UÇJVNOCELvUÇF!K©p!�GC�
HLÉK��$B�KMF�N�Á�KMLqJ UTPOPO�>N�Lv¯HK%�bÊ
' ÃT¿ (9�iUTP�POC�
HNOLGR�U�WGK&J!KMF!Á�N�LGUÇJVNOCELÂC�� JV�GKH}MCTLiJ!N�LiDGCED�p7BG�GUTp!K©p!�GN �#JÐC��9J!�GK�JVF!UTLGp!Á�N�p�p!NOCEL�UTÁ�B�P�NOJ!DGWGK
JV�GF�CEDGRE�ÂJ!�GKQ�iD4UTLqJ!DGÁ¦WGCTJMÊT���GK�p�DG}M}&KMp�p7C��
J!�GKMp�K�K��$B K&F!NOÁ�K&LiJ!p,RqUjÆEK�F�N�p!K7JVC�U"LiDGÁÂI�KMF/C�� CÇJV�GK&F

;CTF �ipMÊ Ô K&F!KjU
�#JVKMF%� 
;KC
HN�P�P;}MCELGp�N�WGK&F�J!�GKzB�F!CEIGPOKMÁ C��SWGKM}&CE�GK&F!KML�}MK`C��°KMPOKM}&J!F!CEL5BGF!CTB4UTRqUÇJ!N�CEL
JV�GF�CEDGRE�ÉJ!�GK���DGUTLqJVDGÁ WGCÇJHWGDGKSJVC�JV�GKSK��9K&}&J½C���KMLqÆ�N�F!CTLGÁ�K&LqJjÊ
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��F!UTLGp�B CEF¬J+JV��F!CEDGRT�xU��iD4UTLqJ!DGÁ¼WGCTJ+N�p+Jµ��BGN�}MUTP�P��½U��9K&}&J!KMWrIi�½JV�GKÐK&LiÆ�NOF!CELGÁ�KMLqJ 
H�GNO} ��p!DGF�F!CEDGL�WGp
NOJM~EJV�GK"POK&ÆTKMP�C���p!DG} �eUrWGCTJQUT}M�iDGNOF!KMpQU(�4LGN�JVK½P�N�L�K%
HN�W$JV��N@�+J!�GN�p�KMLqÆ�N�F�CELGÁ�KMLqJQ�4UÇpQp�J!F!CELGRx} �4UTF�REK
�4DG}¶JVD4UÇJ!N�CEL�pMÊ+���GKÅK&LqÆ$NOF!CEL�Á�K&LiJrC��ÐJ!�GKÅ�iD4UTLqJVDGÁ WGCTJ�}jUÇL�I�K�U�
HN�F�KÅ}MCELqJ UÇN�LGNOLGRÉUÉ�iD4UTLqJVDGÁ
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B CTN�LqJr}MCELqJ UÇ}&J!� 
H�GN�} ��N�p>}&P�CEp�K�CTF>}MCTDGBGP�K&W�}jUÇB4UT}MN�JVN�ÆEKMP��:JVClJV�GK���DGUTLqJVDGÁ«WGCTJ ' Ã�I7��Ã�D)( Ê����GNOp
BGF!CTB CEp!UTP+p�K&JVD�BzNOp�p!�GC�
HLÕNOLlË�N�RED�F!K�¿$Ê Ã$Ê ³ �GUTF!REK<�4D�}&JVDGUÇJVNOCELGpHN�LvJ!�GK���DGUTLqJVDGÁ B�CEN�LqJH}&CELqJ UT}¶J
}MF�KjUÇJ!KÕU �4DG}¶JVD4UÇJ!N�LGR�B�CTJVK&LiJ!N�UTPQUÇJ�JV�GKlWGCTJ��,Á�C�WGDGP�UÇJVKvJ!�GKzK&P�K&}&JVF�CEL P�K&ÆTKMPOp�NOL J!�GKlWGCTJ!�ÐUÇLGW
WGKMp¬JVF�C
��JV��Kv}MCE��KMF!K&LG}MKÉC���JV�GK J!FVUTL�p!Á�N�p!p�N�CEL�JV�GF�CEDGRE��J!�GK W�CTJjÊ�±µL�JV�GNOp>}jUÇp!K���JV�GKvUTÁ�B�P�NOJ!DGWGK
tQD

�GUTp�J!CxI�KHF!K&BGP�UT}&KMW�Iq��NOJVp�UjÆEK&FVUTRTK 〈tQD〉 
HN�JV��F!KMp�B K&}&J�JVCrK%� KM}¶J;C���JV��K½K&LiÆ�NOF!CELGÁ�KMLqJMÊq���GKWGKMp¬JVF�DG}&J!N�CEL�C��+}&CE�GK&F!KML�}MK°NOpÐLGCTJ�LGKM}&KMp�pVUTF¬� F�KMP�U3JVKMW�JVCrN�L�KMP�UÇp�JVNO}�p!}MUÇJ!J!KMF!NOLGRxUTLGW�JV�GNOp�NOp 
H�i�;
7K
}jUTPOP9N�J��bWGK&BG�4UTp�N�LGR �VÊ

ÌSL�J!�GKeCTJV��KMFÂ�4UÇLGW)��J!�GKÉKMPOKM}&J!F!CEp¬J UÇJ!N�} �GKMP�W2C��½UTL K���JVFVU:K&P�KM}¶JVF�CEL2CEL�JV�GKÉ�iD4UÇLiJ!DGÁ WGCÇJ
} �4UTLGRTKMp½J!�GKxJ!FVUTL�p!Á�N�p!p�N�CELeBGF�CEI4UTI�N�P�N�Jµ� T C���JV�GKxLGKjUTF�Iq�z�iD4UÇLiJ!DGÁ B CTN�LqJ°}&CELqJ UT}¶J!��UTLGWÕ�GKMLG}&K
} �4UTLGRTKMp�JV�GK�}MCEL�WGDG}&JVUTLG}&K C���JV�GK;
HN�F�KTÊ[���GK�} �4UTL�REK�NOL�J!�GK�}MDGF�F!KMLqJxN�L:JV��K 
HNOF!K �bÁ�KjUTp�DGF!K&p �

H�GN�} �ÅBGUÇJV�ÅJV��KQKMPOKM}&J!F!CELÂJ!C$C��>UTF�CEDGLGWÅJ!�GKQF!NOLGRGÊ3��C�K&p�JVNOÁ U3JVK7J!�GK�WGK&BG�4UTp�N�LGRSF!UÇJVK���
7K©}&CELGp�N�WGK&F
JV�GK �hCEPOP�C�
HN�LGR�UÇF!REDGÁ�KMLqJM~�®½L`KMPOKM}¶JVF!CTLÕKMLqJ!KMF!NOLGR�J!�GKr��DGUTLqJVDGÁ WGCTJ½} �4UTLGRTKMp½J!�GK�JVFVUÇLGp!Á�N�p�p!N�CTL
BGF!CTI4UTIGNOP�NOJµ�vC��ÐJV�GKÂ�iD4UÇLiJ!DGÁ B�CENOLiJ°}MCELqJVUT}&JSIq� ∆T Ê ���GKÂFVU3JVKÅUÇJ 
H�GN�} �:B4UÇF�JVNO}MPOKMp°B�F!CEI�K>JV��K�iD4UTLqJVDGÁ B�CEN�LqJ©}MCTLiJVUT}&J°UÇJ �MK&F!C J!KMÁ�B K&FVUÇJ!DGF!K�NOp 2eV/h ��
H�GK&F!K V NOp©J!�GKxI�N�UTp�ÆECTPOJ UÇREKxNOLlJ!�GK

HN�F�KTÊ ¨ DGF�N�LGR�JV��KlJ!N�Á�K τϕ C��°JV��KlK&P�K&}&JVF�CEL NOL JV�GKl�iD4UTLqJVDGÁ WGCÇJ!�/JV��KzLiDGÁÂI�KMF�C��°B4UTF�J!N�}&P�KMp
BGF!CTIGN�LGRÉJ!�GK��iD4UÇLiJ!DGÁ B CTN�LqJ�}MCELqJVUT}&JxN�p N = τϕ2eV/h � p�KMKvUÇP�p!ClË�NOREDGF�K�H$Ê<� � Ê ¨ K&J!KM}¶JVN�CTL�C��
UTL�KMP�K&}&J!F!CEL�N�L�JV�GK��iD4UTLqJVDGÁ WGCÇJxF�KM�iDGNOF!KMp�JV�GUÇJxJ!�GK�} �4UTLGREK�N�L�JV��N�prL�D�ÁÂI K&FxC��QB4UTF¬JVNO}MP�K&p NK��$}MK&KMWGp©JV�GKSJµ��BGNO}jUTP+�iD4UÇLiJ!DGÁ p!��CTJ©LGCEN�p�K

τϕ
2eV

h
∆T ≥

√

τϕ
2eV

h
T (1− T ) . �|¿$Ê H �

���GKQWGK&BG�4UTp�N�LGRSF!UÇJVK��ÇJ!�GKMF�K%�hCEF�K��EWGK&B K&LGWGp,CELÅI�CTJ!�ÂJV�GKQI�N�UTp�UT}MF�CEp!p/J!�GKQ�iD4UTLqJVD�Á¦B CTN�LqJ/}&CELqJ UT}¶J
UTLGWeNOJ!pQJVF!UTLGp!Á�N�p�p!NOCELÉ}MC�K ��}MNOKMLqJj~

(τϕ)−1 ∝ eV

h

(∆T )2

T (1− T )
. � ¿�Ê<� �

���GK<�hCEF!Á>DGP�U �|¿$Ê � �;�4UTp�I�KMK&LzCEI$J UTNOLGKMWeIq�É®°POKMNOLGKMF �
� 
	��
 N�Ll¯©K��bÊ�' Ã�D (|Ê4���GK&�vp!�GC�
7KMWÕJ!�4UÇJ�JV��K
BGF!K&p!K&LG}MK�C��,J!�GK 
HN�F�K>p!D�BGBGF!K&p!p�KMp�JV�GKÅ®½�4UTF!CTLGC1Æi´µÎ;CE�GÁ CEp�}MN�POP�UÇJ!N�CEL�p©NOLÕJ*
7CA
;Uj��pMÊ�Ë�NOF!p�J�� F�KjUTP
KMPOKM}&J!F!CEL�´µ�GCEPOK¶´ B4UTN�FÐ}&F!KjU3JVN�CTLÉN�LvJV��KE
HN�F!K°Á�KMUTp!DGF�KMp 
H�GNO} �lBGUÇJV�vJ!�GKSKMPOKM}&J!F!CELÉJ!C$C���UTF�CEDGLGWÉJV��K
F!NOLGR��3UTLGWÅp�CS}jUTDGp�KMp/J!�GKQB4UÇJ!�Gp�J!C"WGKM}&CE�GK&F!KML�}MKTÊ�À�KM}MCTLGW)�TÆ�N�F¬JVD4UÇP$K&P�KM}¶JVF�CEL$´µ��CEP�K ´µB4UTNOF�}MF!KMUÇJVNOCELÂNOL
JV�GK3
HN�F�KÐWGKM}&F!KjUÇp!KMp�JV�GKÐJVF!UTLGp!Á�N�p�p!NOCEL>UÇÁ�BGPONOJ!DGWGK�J!�GF!CED�RE�xJ!�GK7�iD4UÇLiJ!DGÁ WGCTJ��3POKjUTW�N�LGR�JVC½B C�
7KMFb´
P�U!
 WGKMB�KMLGW�KMLG}&K`C��°J!�GKe®°�4UÇF!CELGC1Æq´bÎ7CE�GÁ CEp�}MN�POP�UÇJ!N�CEL�p>CEL2JV�GKÉJ!KMÁ�B K&FVUÇJ!DGF!KeCEFÅJV��Kz}&DGF!F�KMLqJ

Iq¿



JV�GF�CEDGRE�vJ!�GK<
HN�F�KTÊ�����N�p�F!K&p!DGP�J©UTP�p�C 
QUÇp©CTI�J UTNOLGKMWÉNOLeK��$B K&F!NOÁ�K&LiJ ' G�G!I)()
H�GK&F!KSJV�GKSp�KMLGp�NOJ!NOÆ�NOJµ�
C���JV�GK��iD4UTLqJVD�Á B CTN�LqJH}MCELqJVUT}&J½U�� KM}¶JVp�JV�GKSÆ�N�p�N�IGNOP�N�Jµ��C���J!�GK�CEp!}&N�P�P�UÇJVCTF���N�LqJVK&F/�hK&F!KML�}MKrp!N�RTL4UTP Ê

®QJ�JV�GK"p!UTÁ�K"JVN�Á�K��$Í[K&Æ�N�L�p!CELe�4UTp;}jUTPO}MDGP�UÇJVK&WÉN�LGWGK&B K&LGWGK&LiJ!PO� WGKMBG�GUTp!NOLGR�FVUÇJ!K"C���UÂp�JVUÇJVKSNOL
�iD4UTLqJVDGÁ WGCTJ�N�L�WGDG}MK&WÂIq�>N�JVp�}jUTBGUT}MN�JVNOÆTK;}&CEDGBGPON�LGRHJVC°U°�iD4UTLqJVDGÁ B�CEN�LqJ�}MCELqJ UÇ}&J,UÇLGWÂN�LqJ!KMF!K&p�J!KMW
Á UÇN�LGP��eN�L:JV�GK�UÇWGWGNOJ!N�CELGUTP�}&CELqJVF�N�IGD�J!N�CEL`J!CvJV�GK�WGK&BG�4UTp�N�LGReF!UÇJVK:
H��N�} ��N�p"WGD�K�J!CÉJV�GKÅ}&DGF!F�KMLqJ
N�LvJ!�GK���DGUTLqJVDGÁ B�CEN�LqJH}&CELqJ UT}¶J�' Ã�I ( Ê

���GK°�iD4UTLqJ!DGÁ W�CTJQNOp;UTp�p!DGÁ�KMW�JVC>I�K°NOp!CEP�UÇJVK&W �hF�CEÁ¡JV�GK½P�KMUTWGp7UTLGWvCEL�PO��CELGK½p�JVUÇJVK½K��$N�p¬JVN�L�R

HNOJ!��KMLGK&F!RT� ε0

ÊQ���GK Ô UTÁ�N�POJ!CELGN�UTL2C���JV�GK`�iD4UÇLiJ!DGÁ WGCÇJÉN�p HQD = ε0c
†c �=
H�GKMF�K c NOpÉUTLCEB�KMFVU3JVCEF�F!K&Á�C1Æ�N�L�R�CELGKzKMPOKM}&J!F!CEL �hF!CEÁ J!�GKÕ�iD4UTLqJ!DGÁ W�CTJ p¬J UÇJ!KTÊ����GK`NOLiJ!KMF!UT}&J!N�CEL I K¶J*
;K&KML

JV�GK��iD4UTLqJVDGÁ«WGCTJ>UTLGW�JV�GK���DGUTLqJVDGÁ«B CTN�LqJ>}&CELqJ UT}¶J!��UTp!p�DGÁ�KMW�JVCzI K 
;KMU��6��NOpxWGK&p!}&F!N�I�KMp>Ii�
�4UTÁ�N�P�JVCELGN�UTL+~ Hint = c†cW Ê)	�K�}MUTL�p�KMK�JV�4UÇJ W NOpSJV�GK�} �4UTLGRTK�C��;JV�GK��iD4UTLqJVD�Á«W�CTJ>p¬J UÇJ!K
KMLGK&F!RT� ε0 WGD�KlJ!C�J!�GKeN�LqJVK&FVUT}¶JVNOCEL2C��½J!�GKlKMP�K&}&J!F!CEL2N�L J!�GKz�iD4UÇLiJ!DGÁ WGCTJ 
HN�JV�2JV�GKeK&P�KM}¶JVF�CEL
WGKML�p!NOJµ�vN�LÉJV�GK�B�CEN�LqJ�}&CELqJ UT}¶JjÊ

���GKv}MCT�GKMF�KMLG}&KvC���JV��K �iD4UTLqJVD�Á·WGCÇJÂp�JVUÇJVK�N�pxWGKMp�}MF!NOI K&W Iq��J!�GKÉUjÆEK&FVUTRTKÉUTÁ�BGP�N�JVDGWGK 〈c〉 �

H�GN�} ��}MCELqJVUTN�LGpeNOL��hCEF!Á�UÇJ!N�CEL UÇI CED$JlJ!�GK�BG�4UTp�K�C��xJV�GK��iD4UTLqJVDGÁ W�CTJ$
;UjÆEK0�hDGLG}&J!N�CEL9Ê����GK
�iD4UTLqJVDGÁ WGCTJH�4UTp©UÅ}MCT�GKMF�KMLqJ°BGUTF�JHN � 〈c〉 6= 0 ÊG���GK�JVNOÁ�K"K¶ÆECEPOD�JVNOCELÉC���JV�GK�}&CE�GKMF�KMLG}&KxNOp�RENOÆTKMLIq� 〈c(t)〉 ��
H�GKMF�K c(t) = eiHtce−iHt N�L Ô KMNOp!K&L�I�KMF�R�F!KMB�F!KMp�KMLqJ U3JVN�CTL;
HN�JV�ÂJ!�GK;JVCÇJ UTP Ô UTÁ�N�P�JVCELGN�UTL
H = HQPC +HQD +Hint


HNOJ!� HQPC
UTLGW HQD

UTF�K Ô UTÁ�N�POJ!CELGN�UTL>C��9�iD4UTLqJVDGÁ¡B�CENOLiJ�}&CELqJ UT}¶J
UTLGWÉ�iD4UTLqJ!DGÁ WGCTJ���F!K&p!B�KM}¶JVNOÆTKMP��EÊ4���GK Ô UÇÁ�NOPOJVCTLGN�UTL Hint

WGK&p!}&F!N�I�N�LGRÂJ!�GKSN�LqJVK&FVUT}¶JVNOCELÉI K¶J*
;K&KML
�iD4UTLqJVDGÁ¤WGCTJ�UTLGWÉ�iD4UTLqJVD�Á B�CEN�LqJQ}&CELqJ UT}¶J�N�p;UTp!p�DGÁ�KMWvJVCÅI�K 
7KjU��
ÊG����K"Á�CÇJVN�CTL KM�iD4U3JVN�CTLÉC��
JV�GK�CEB�KMF!UÇJVCTFQRENOÆTKMp

dc(t)

dt
= i[H, c(t)] = −i[ε0 +W (t)]c(t) , � ¿$Ê ? �


HNOJ!� W (t) = eiHtWe−iHt N�p�WGK&Á�CTLGp�J!FVUÇJ!KMWlN�LeJV�GNOp©}MUTp!KrUTpHJV��K�J!N�Á�KSWGKMB�KML�WGN�LGR�Á�C$WGD�P�UÇJ!N�CEL
C��[JV��K"KMLGK&F!RT� P�K¶ÆEKMP ε0 ÊG»,�
Ê �|¿$ÊE? ��REN�ÆEKMp7JV�GK"K��$BGF!K&p!p!NOCELeC�� c(t) �7
H�GCEp�K�UjÆEKMF!UTREK�UTÁ�BGPONOJVD�WGK½}MUTLI KE
HF�NOJ�JVKMLzUTp

〈c(t)〉 = 〈c(0)e−iε0tTte
−i

R t
0

dtW (t)〉 , � ¿�Ê A �

H�GKMF�K Tt

Á�KjUTLGpvJ!N�Á�KÕCEF�WGKMF�N�LGR�ÊQÎ7��UTp!p�DGÁ�NOLGR�JV�GUÇJÉJV�GK:POK&ÆTKMP"Á�C$W�DGP�UÇJ!N�CEL5N�pÉU ¸�UTDGp�p!N�UÇL
BGF!C�}MK&p!p�WGK&p!}MF�N�I�KMW Iq� U:�iD4UTLqJVDGÁ }&CEF!F�KMP�UÇJVCEF K(t) = [〈W (t)W (0)〉 + 〈W (0)W (t)〉]/2 �&
;K}jUTLeWGK&}MCED�BGP�KSJV��KxUjÆTKMFVUÇREKxNOLl»Ð�
Ê �|¿$Ê A �QUTp

〈c(t)〉 = 〈c(0)〉e−iε0te−Φ(t) , � ¿�Ê ¿ �

HNOJ!�

Φ(t) =

∫ t

0

dt′
∫ t

0

dt′′K(t′ − t′′) . � ¿�Ê I �
®°p�p!DGÁ�N�LGR"J!�4UÇJ,J!�GK��iD4UTLqJVDGÁ¡W�CTJ,WGC�KMpÐLGCTJÐB�KMF¬JVDGF�IÅJV�GKH�iD4UTLqJVD�Á¦B CTN�LqJ,}MCTLiJVUT}&J��EJV�GKHUjÆTKMFVUÇREK
N�L 〈W (t)W (t′)〉 F!K&WGDG}&KMp;J!C>JV�GK°UjÆEKMF!UTREK 
HN�JV�vF�KMp�B K&}&JQJ!CxJV��K"p�JVUÇJVK½C��+JV��K"B CTN�LqJ;}&CELqJ UT}¶JjÊ����GK}MCEF�F!K&P�UÇJ!CEF K(t) WGKM}MUj�$prN�L:J!N�Á�K�
HNOJ!��p!CEÁ�K>JVNOÁ�K>p!}jUÇP�K τC 
H�GNO} ��NOp°JV��K�}&CEF!F�KMP�UÇJVNOCELÕJVNOÁ�K>C��JV�GK��iD4UTLqJ!DGÁ WGCTJrp�JVUÇJVK�KMLGK&F!RT��Á�C$W�DGP�UÇJ!N�CEL9Ê9Ë4CEF t � τC

�+JV�GK�p!K&}MCELGW�N�LqJVK&REFVUTP,C1ÆTKMF t′′ 
HNOP�PpVUÇJ!DGFVU3JVK"JVC�UÅ}MCEL�p�J UÇLiJ���
;Kr�4UjÆEK

〈c(t)〉 = 〈c(0)〉e−iε0te−t/τϕ , � ¿�Ê D �

HNOJ!��UTp!p�DGÁ�NOLGRSJV�4U3J!���hCEF,POCELGR"J!N�Á�KMp��

;KH}MUTL�F�KMBGP�UT}MKQJ!�GKHp!K&}MCELGW�N�LqJ!KMREF!UTPGC�� t′′ C1ÆEK&F�J!�GK4
H�GCEPOKJVNOÁ�K"W�CEÁ UÇN�L+~

(τϕ)−1 =
1

2

∫ ∞

−∞
dtK(t) . �|¿$Ê@GjÄ �

I�I



���GK;W�KM}jUj�>C�� 〈c(t)〉 
HN�JV�xJ!�GK;J!N�Á�K�}&CELGp¬J UTLqJ τϕ NOp�WGK&BG�4UTp�N�LGR��ÇLGCÇJ/KML�KMF!RÇ�>F�KMP�U��GU3JVN�CTLxCEF�KMp�}jUTB�K�hF!CEÁ J!�GK���DGUTLqJVDGÁ«WGCTJ$' Ã�I)( Ê����GKvUTD�JV��CEFxp��GC�
;K&W�JV�4U3JxJ!�GK }&CELqJVF!NOIGD�J!N�CEL�JVClJV�GK�WGKMBG�GUTp!NOLGR
FVUÇJ!K½W�DGK½J!CxJV��K°IGN�UTp7W�KMB�KMLGWGp;CEL�J!KMÁ�B K&FVUÇJ!DGF!K θ UTL�W IGN�UTp eV N�L�JV�GK½pVUTÁ�K?
QUj� UTp7p��GCTJ;LGCEN�p�K
N�LlJV�GKÂB�CENOLiJ½}MCTLiJVUT}&JSUÇJ �&KMF!C3´ �hF!K&�iDGKMLG}¶���+I�D�J"WGCÉL�CTJ �hCEPOP�C�
 J!�GK T (1− T ) p�DGBGBGF�KMp!p�N�CEL9Ê9���GKLGCELGK&�iDGN�PON�IGF�N�DGÁ }MCTLiJ!F!NOIGD�JVNOCELvJVC�WGK&BG�4UTp�N�LGR�FVU3JVK�N�p�K&p�JVNOÁ U3JVKMWlUTp

(τ−1
ϕ )V ' λeV �hCTF��GN�RE�ÉI�N�UTp eV � θ , �|¿$Ê@G�G �

(τ−1
ϕ )V ' λ(eV )2/θ �hCEF�POC�
�IGN�UTp eV � θ , �|¿$Ê@G1Ã �


H�GKMF�K λ N�p�JV��K }MCTDGBGP�NOLGRl}MCELGp¬J UTLqJ�
H�GN�} ��W�KMp!}&F!NOI K&p>JV�GK�N�LqJ!KMFVUÇ}&JVNOCEL�I�K&J*
7KMK&L�JV�GK��iD4UTLqJVDGÁWGCTJ©UTL�WlJ!�GK���DGUTLqJVDGÁ B�CENOLiJH}&CELqJ UT}¶JjÊ
���GKeBGF!CEI�P�KMÁ«C��©WGK&BG�4UTp�N�LGR�FVU3JVKÉC��½UTL2KMPOKM}¶JVF!CTL p�J U3JVKÉN�L2U:BGNOLG} �GK&W �iD4UÇLiJ!DGÁ WGCÇJ�UTP�p�C

p�J!DGWGN�K&W:
HNOJ!�ÂU©LGKjUTF�Iq�xÆTCEPOJVUTREK¶´ IGN�UÇp!KMWxI4UTPOP�N�p¬JVNO}/L4UTLGCTp�JVF�DG}&J!DGF!K ' G�G!D (|ÊÇ±µL>J!�GN�p 
;CTF �6�3J!�GKQUÇD�JV�GCTF
BGF!K&p!K&LiJ!KMW U�REK&LGKMF!UTP�N��jUÇJ!N�CEL�C��½J!�GKÉJV�GK&CEF���RENOÆTKML N�L ¯©K��bÊ�' Ã�I (�JV�GUÇJÅJ U��ÇKMp�N�LqJVC�UT}&}MCED�LiJ�JV��K
p!B�KM}&N@�4}"K��9K&}&J!p�UTBGB�KjUTF�N�LGRxWGDGK°J!C>JV��K"}MCEÁ�BGPON�}jU3JVKMW�REKMCTÁ�K¶JVF�����UÇLGW JV��K"} �GN�F!UTP�N�Jµ��C��+J!�GK"p�JVUÇJVK&p
N�LvJ!�GK�L4UTLGCEp¬JVF�DG}&J!DGF!KÇÊ

I�D
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®°p 
7KS�4UjÆEKSNOLqJVF!C�WGDG}&KMWÉNOL JV�GK°BGF!K¶Æ$NOCEDGpQ} �GUTB�JVK&F���J!�GK"WGK&}MCE��KMF!K&LG}MK�C��[J!�GKSKMPOKM}¶JVF!CTL JVF!UTLGp!B�CEF¬J
JV�GF�CEDGRE�vJ!�GK��iD4UTLqJVDGÁ WGCTJHN�p;WGDGKSJVCÂJ!�GK�} �4UTF!RTKE�4DG}&J!D4UÇJ!N�CELGp�NOLvJV�GKS�iD4UÇLiJ!DGÁ B�CEN�LqJ�}&CELqJ UT}¶J
' Ã�I7��Ã�D�� G�G�D7� G
ÃÇÄ (|Êq±µL�J!�GKMp�K½F�KMp!D�POJVp%�qJV�GKHWGK&BG�4UTp�N�LGRrFVUÇJ!K�Jµ�$B�N�}jUÇP�PO�>N�LG}&F!KMUTp!K&p3
H��KML�J!�GKHÆECEP�J UTREK
IGN�UÇp�C���J!�GK��iD4UTLqJVDGÁ B CENOLqJH}MCELqJ UÇ}&J©N�p�NOLG}MF�KjUTp�KMW+Ê

���GKÂBGDGF�B CTp!K>C��/JV�GK>BGF!K&p!KMLqJE
7CEF/�zNOp©J!CvWGN�p�}MDGp�p°JV��K>}jUÇp!K>C��ÐWGKMBG�GUTp!NOLGR �hF!CTÁ U �iD4UTLqJVDGÁ
B CTN�LqJH}MCELqJVUT}&J½N�LÉJV��K(�hF!UT}&J!N�CEL4UÇP+�iD4UTLqJVDGÁ Ô UTP�P9K%� KM}&J°F!K&REN�Á�K#' GjÄqÃ (|Ê ="D4UTLqJVDGÁ B�CENOLiJ©}&CELqJ UT}¶J
JVF!UTLGp!Á�N�p�p!NOCELe}jUTLlJV�GK&LÕI�KxWGK&p!}&F!N�I�KMWzIq�lJ!DGLGLGK&P�NOLGR�I K¶J*
;K&KML:KMW�REKxp¬J UÇJ!KMp�' HEÄ (8�4J!�GKx�iD4UÇLiJ!N �&KMW
UTL4UTPOCERSC��[}&P�UTp�p!NO}jUTP4p/��NOBGBGNOLGRxCTF!IGN�JVpÐC��+K&P�K&}&JVF�CELGp&Ê�±µL�JV�GNOpÐp�JVF�CELGREP��Å}MCTF!F!K&P�UÇJ!KMW�KMP�K&}&J!F!CEL�F!K&REN�Á�K��
KMWGRTK�p¬J UÇJ!KMp�F!K&BGF!K&p!K&LiJx}MCTP�P�K&}&J!NOÆEK>K��$}MN�J UÇJ!N�CELGpSC��7J!�GK���DGUTLqJVDGÁ Ô UTP�P �4DGN�W9~+WGKMB�KML�WGN�LGReCEL�JV��K
BGN�L�} �GN�LGRrC��+J!�GK°�iD4UÇLiJ!DGÁ¤B CENOLqJ;}&CELqJ UT}¶J!��NOJ�N�p�KMN�JV�GK&F �hFVUÇ}&JVNOCEL4UTP4�iD4UÇLiJ!DGÁ Ô UTPOP
��DGUTp!NOB4UTF�J!N�}&P�KMp
CEFSKMPOKM}¶JVF!CTLGp<
H�GN�} ��JVDGL�LGKMP|Ê+± JrN�pSB4UTF¬JVNO}MDGP�UTF!P��zNOLqJVKMF�KMp¬JVN�L�RlI�KM}MUTDGp�K�J!�GK�}MDGF�F!KMLqJ *iÆECEP�J UTRTK�UÇLGW
JV�GK°LGCEN�p�K"} �4UTF!UT}&J!KMF�N�p�J!N�}&pQWGK&Æ�N�UÇJVK"p¬JVF�CELGREP����hF�CEÁ¤J!�GK"}MUTp!KSC���LGCTF!Á�UTP }&CELGWGD�}&JVCTF!p ' H�G���HEÃF��H�H)( ~
�hCEF�JV�GK,
7KjU��5I4UÇ}���p�}jUÇJ�JVK&F!N�L�R }jUTp�K��7J!�GKÕ}&DGF!F�KMLqJlUÇJ �MK&F!C�JVK&Á�B�KMF!UÇJVD�F!KÕÁ�Uj�2N�LG}&F!KMUTp!K,
H��KML
JV�GKÉÆTCEPOJVUTREKÉIGN�UTpÅN�p�P�C�
7KMF�KMW)� 
H�GNOP�KÉNOL2J!�GKep�J!F!CELGR�I4UT}��ip�}jUÇJ�JVKMF�N�LGR�}jUTp�KlJ!�GK I(V ) NOpÅ�GN�RT�GPO�LGCELGPON�LGKMUTFMÊ�± J©N�p;J!�iDGp½NOÁ�B�CEF¬J UTLqJ;J!C�UTWGWGF�KMp!p�J!�GK�N�p!p�DGKSC���WGKMB��4UTp!NOLGR;�hF!CEÁ U�Í�D$J!JVNOLGREK&F�P�N��iDGNOW+Ê
Ô K&F!K��)
7K�}MCEL�p!N�W�KMFSJV�GK�}MUTp!K�C��7p!NOÁ�BGPOKÅÍ�UTDGRE��P�N�L$�hFVUT}¶JVN�CTLGp���
HN�JV� �4POP�N�L�R � UT}&J!CEF ν = 1/m � mC$W�W>N�LqJ!KMREK&F��¶Ê3®°p�N�L>¯©K��bÊ ' Ã�I)(9�3J!�GK;W�KMBG�4UÇp!N�L�R"C��
U°p¬J UÇJ!K;NOLxJV��K;WGCTJ�N�p�N�LGW�DG}MK&WÂIq�>N�JVp�}jUTB4UÇ}MNOJ!NOÆTK
}MCED�BGP�NOLGRxJ!C>JV�GK°IGN�UTp�KMWv�iD4UÇLiJ!DGÁ B�CENOLiJ;}MCELqJVUT}&J��GUTp�p!DGÁ�N�LGRxJV�4UÇJ7JV�GK°P�K&ÆTKMP Á�C�WGDGP�UÇJVNOCEL�NOL JV��K
WGCTJHNOpHU�¸�UTDGp�p!N�UTLeBGF!C�}MK&p!p½UTLGWlLGKMREPOKM}¶JVN�L�RÅI4UT}��E´bUT}¶JVNOCELeK%� KM}&J!pMÊ

±µL J!�GN�pe} �4UTB$JVKMF%� 
;K 
HN�POP �4F�p�Jl}MCEÁ�BGD�J!K:JV�GK�WGKMB��4UTp!NOLGR FVUÇJ!K:N�L JV�GK 
7KjU�� UTL�W�p¬JVF!CTLGR
I4UT}��ip!}MUÇJ!J!KMF�N�LGR�P�N�Á�NOJ�
HNOJ!� J!�GKlUTp!p�DGÁ�B$JVN�CTL J!�4UÇJ�JV�GK ³ CEDGPOCEÁÂI2N�LqJ!KMFVUÇ}&JVNOCEL N�p�p!}&F!KMK&LGKMW Ii�
LGKjUÇF!Iq�SÁ�K&J UÇP�P�NO}�REUÇJVKÇ~MJV�GK ³ CTDGP�CEÁ>ISN�LqJVK&FVUT}¶JVN�CTLSN�p+JV��KMLrF!KMW�DG}MK&WrJ!C½U�WGK&POJVU �hDGLG}&J!N�CEL�B�CTJVK&LqJVN�UÇP Ê
²½K��$J�� 
7K 
HN�POP�K��$J!KMLGW�CED�F"F!K&p!DGP�JVp°J!C JV�GKÅ}MUTp!KÅC���UTF!IGN�JVF!UTF��lI4UT}��ip�}jUÇJ�JVKMF�N�LGR��9DGp�N�LGRvJ!�GKÂK���UT}¶J
p!CEPOD�JVNOCELÕC���J!�GKÅI�CEDGLGW4UÇF���À�N�LGK�¸SCEF�WGKML:Á�C$W�KMP�WGK&ÆTKMP�CTB K&W�Iq�:Ë4K&LGWGP�K¶���9Í�D�W�
HN�R��9UTLGW�À�UTPOKMDGF
' G�G ? (|Ê�Ë�N�L4UTPOPO���)
;K 
HNOP�PÐp!��C�
 J!�4UÇJ>J!�GKMp�KÉF!K&p!DGP�JVp>}MUTL I�K K���J!KMLGWGK&W J!CÕJV��K }jUÇp!KvC��©UÇF!IGN�JVFVUÇF��
p!}&F!KMK&LGN�L�RGÊ

DEÄ
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QDQD

φ2φ2

φ1
φ1

IB IB

a) b)

��� �����	� ����
�� ��������* ���&� � 3��%�0���E�+2��?� '��H'(! �?�$�p�0�%�?�<2<� �-��� @��(�����-��* 3�'�� � �D'�2 � � �B�1'��<2�; �13 ����2(���(� �&� 5$��; AH�D'�/@��(�����-��* 2�'I�b��� �1'����D�$�%���b�S�?�$�H��� � � �	�%���+*���� � � 	 ���0�.'(! � ��� �HG(�����%�0�����Z�D���E�b����6cG ��	 ���0�>'(! �O�-�	'����G$�$���%�0�����#�D���E�b��� �

�$�	� � ��� � � ����
 � � 
 � � � 
	
 � ��
�� ��� 
 �
���! #"%$'&�(*),+.-0/'1324$5276*),839':06;27$3),<=93�56>(*9':%?#6*@�)A6>(*2'��?*BC"%?D?*"093�E"0�F6>@�),GH(*2'<=6*"%93��2':JIK&L27�K6*&�BNMO2':%:KPL&�"0Q
6>@�(D93&�$3@R6*@�)SIT&�2'�56>&�BVUW93"%�56X<=93�56;2'<Y6Z-\[X@�)S?*"0��$3:0)4:%)Y83)]:^MO2'B_"0:06*93��"`27�CGH93(A6*@�)SQ�9'6a(*)]2'Q�?

HQD = ε0c
†c , � +J-0/ �

b @�)](D) c† <=(*)Z2c6>)]?d27�e)]:%)=<=6*(*93�f-7[X@�"%?#Q�9'6g"0?h<]93&.U�:%)=Qe<Z2'UL27<]"06*"08')]:0iS6*946>@�)A��2'��93?j6>(*&.<=6>&.(*) * 2SUW93"0�K6<]93�56>2'<=6k"%�C6>@�)O = MOlX-J[X@�)mMm2'BC"%:n6>93�."`2'� b @."%<;@oQ�)=?*<=(*"%pW)]?q6>@�)a)]Q.$3)mBC9JQ.)]?q"%�!6>@�)m2'p�?*)=��<])m9'G
6>&��.��)]:0"%��$e"0?

H0 =
vF

π

∫

dx[(∂xφ1)
2 + (∂xφ2)

2] , � +J-sr �
b "06*@ φi(x)

� i = 1, 2 � 6*@�)utv&J6*6>"0��$3)=(epw93?D93��"0<oxL)]:0Qf1 b @�"0<;@y(D)]:`2c6>)]?F6*9z6*@�){)]:0)]<=6*(*93�|Q�)=��?*"n6�i93UW)](>2c6>93(
ρi(x)

p5i
∂xφi(x) = π√

ν
ρi(x)

-
}kiR872'(DiT"%�.$!6*@�)~$5276>)SUW9'6>)=�56>"`27:�9'GhIK&L2'�56*&�B�Uw93"0�56�<]93�56;27<=6Z1\93�.)�<]2'��? b "06*<;@�GH(*93B�2 b )Z2'�

pL2'<;�K?*<]276*6*)](D"%��$�?*"06*&L276*"%93�f1 b @.)](*)C6>@�)_Mm27:%:g:%"0IK&�"%Qz(*)=B�2'"0��?S"%�z93��)CU�"%)=<]) �  #"0$3&�(D)_+J-0/�2 � 1�6>9�2
?D6*(*93��$!pL27<;�T?D<Z276D6>)=(*"%�.$�?*"n6>&L2c6>"%9'� b @�)](D)~6*@�)EMO2':%:�:%"%IK&�"0Qo"%?�?DU�:%"n6X"%�{6 b 9 �  �"%$3&�(D)S+.-n/Zp � -.����6>@.)
GH93(*BC)](!<]2'?*)71k6>@.)�)]�56*"06>"0)]? b @�"%<;@�6*&�����)=:42'(D)�)=Q�$3)�IK&L27?*"%U�2'(D6*"%<]:0){)Y�J<]"n6;276*"%93��?=-k���y6>@�)�:`276D6>)](
<Z2'?D)'1wpw)Y6 b )=)]��6>@�)�6 b 9oPL&."%Q�?=1w93�.:0iu)]:0)]<=6*(*93�.?4<Z2'��6>&����.)]:�-wMO)=(*)71 b )e<]93��?D"%Q�)=(OxL(D?D646*@�) b )Z2'�
pL2'<;�K?*<]276*6*)](D"%��$�<]2'?*)71X2'��Q�6*@�)]� b )�&�?*)�2�Q.&L2':%"n6�i|6>(>27��?DGH93(DB�2c6>"%9'� '�� /c1,�3+ ( 6>9�Q�)=?*<=(*"%pW)�6>@.)
?D6*(*93��$!pL27<;�T?D<Z276D6>)=(*"%�.$_<]2'?*)7-W[X@.)S6*&�����)=:%"0��$CMm2'BC"%:n6>93��"%2'��pW)=6 b )])=��)=Q�$3)]?~/~2'��Q�rF(*)Z27Q�?]�

Ht = eiω0tΓ0ψ
†
2(0)ψ1(0) +

M�-�<'-
, � +.- � �

b @�)](D) b )a@L2Z83)m&.?*)]QC6>@�)O��)="%)=(*:%?d?D&�p�?D6*"06*&.6>"093�e6>9~"%��<=:%&�Q�)X6*@�)a8'93:06>2'$3)7�'GH93(g6>@�) b )Z2'�epL27<;�T?D<Z276j�
6>)=(*"%�.$�1

ω0 = e?V
1 � e? = νe

"0?v6*@�)d)=�w)]<Y6>"08')k<;@�2'(*$3)q2'�.Q
ν
6>@.)dx�:%:%"0��$,G�2'<Y6>93( � 1 b @�"0:%) ω0 = eV

GH9'(
6>@�)�?D6*(*93��$�pL2'<;�K?*<]276*6*)](*"0��$R<Z27?*)'-w[X@�)FIK&L2'?D"%UL27(D6>"0<]:0)~9'Uw)=(>276*93(m"0��6>@.)E<Z27?*)F9'G b )Z27��pL27<;�T?D<Z276j�
6>)=(*"%�.$�"%?

ψi(x) = ei
√

νφi(x)/
√

2πα � 6>@�)o?DUL276*"`2':k<]&.6*9'��"0?
α = vF τ0

1 b "06>@ τ0
6>@�)o6*)]BCUw9'(>2':

<]&.6*9'� � 1w27��Q�"%�u6>@�)�?D6*(*93��$_pL2'<;�K?*<]276*6*)](D"%��$R<]2'?*)~6>@�)�)]:%)=<=6*(*93��9'Uw)=(>276*93(�"%?a93p.6;27"%��)=Q b "06*@�6>@.)
?*&�p.?D6>"n6>&.6*"%93�

ν → 1/ν
-

[X@�)aMm2'BC"%:n6>93��"%2'�~Q�)]?D<](*"0p�"%�.$S6*@�)�"%�56>)=(>2'<Y6>"093�f1327?*?*&.B_)=QC6*9~pW) b )Z2'�\1Kpw)Y6 b )=)]�C6>@�)�Q�9'6q27��Q
IK&L2'�56>&�B�Uw93"0�56�<]93�56;27<=6a(*)]2'Q�?

Hint = c†cW ≡ c†c

∫

dxf(x)ρ1(x) ,
� +.- � �

�./



b "06*@ f(x)
"%?a2��,93&.:%93BFpu"%�56*)](>27<=6>"093�u�')](D��)]: 1 b @�"%<;@�"0?a2'?*?D&�B_)=Q�6*9�"%�.<]:%&.Q�)S?*<](D)])=��"%��$�pKi{6*@�)

��)Z27(*p5iR$5276*)]?

f(x) ' e2 e−|x|/λs

√
x2 + d2

, � +J- ? �
b @�)](D) d "0?O6>@.)EQ�"0?D6;27��<])~GH(*93BV6>@.)EQ�9'6O6>9�6*@�)E)=Q�$3)e27��Q

λs

"%?�6>@.)E?*<=(*)=)]��"0��$R:%)=��$'6>@�-�� )F<]2'�
?*)=)O6>@�276

W
"0?k6>@.)m<;@L2'�.$3)m9'G�6*@�)mIK&L27�K6*&�B Q�9'6k?D6;2c6>)4)=��)](D$'i

ε0
Q�&�)a6>9E6*@�)m"0�K6*)](*2'<=6*"%93�C9'G�6>@.)

)]:0)]<=6*(*93�{"0�{6*@�)SIK&L2'�56>&�BVQ.9'6 b "06*@{6*@�)S)]:0)]<=6*(*93�{Q�)=��?*"n6�i{"%�R6>@.)~IK&L27�K6*&�B�UW93"%�56�<=93�56;2'<Y6Z-

�$��� � � ��!�
���� � � � 
�
��
[X@�)RQ�)=U�@L2'?D"%��$�9'GO2'��)=:%)=<=6>(D93��?D6>276>)R"0��2�Q�9'6!<=93&�U�:0)]Q�6*9�2�PL&�<=6*&L276*"%��$�<=&�(*(D)]�56!"%?F<]2'&�?D)]Q
p5i 6>@.)R)]:%)=<=6*(*93��Q�)=��?*"n6�i�PL&�<Y6>&L2c6>"%9'��?]1 b @�"%<;@|$3)=��)](*276>){2�PL&�<Y6>&L2c6>"%�.$�Uw9'6*)]�56>"%2':q"%��6>@.)RQ�9'6Z1
(*)=?*&�:n6>"%�.$e"%�u2ep�:%&�(D(*"0��$e9'G^6>@�)S)]�.)](*$7i{:%)=8')]:

ε0
-

[X@�)SQ�)]U�@�2'?*"0��$_(*276>)71L)Y�JU�(D)]?*?D)]Q�"0�R6>)](DB_?X97G#"0(*(*)=Q�&�<="%p�:0) <;@L2'(*$')SP�&�<=6*&L276>"093��?X"0�{6*@�)~2'Q��*2c�
<])=�K6 b "0(*) "%�R6*@�) GH(>2'<Y6>"%9'�L2':�IK&L27�K6*&�B�Mm27:%:f)Y��)=<=6Z1L"0? b (*"n6*6>)=��27? ' r'+J1�/3/�� (

τ−1
ϕ =

1

4

∫ ∞

−∞
dt

∫

dxf(x)

∫

dx′f(x′)〈〈ρ1(x, t)ρ1(x
′, 0) + ρ1(x

′, 0)ρ1(x, t)〉〉 . � +.- A �
������93(DB�27:�27��Q�?*&�UW)](D<]93�.Q�&�<=6*"%��$R?jiT?D6>)=B_?=1w6*@�)FQ�)=U�@L2'?D"%��$o(*276>)E<Z2'��pW)E<]2':%<=&�:`2c6>)]Q�&�?*"0��$�6>@.)
?*<]276*6*)](*"0��$�2'U�U.(*952'<;@�-d \9'(et�&.6*6*"%��$3)=(e:%"0IT&."%Q�?E2'��Q "%��UL2'(j6>"0<]&�:%2'(�GH93(F6*@�)u = MOlX1hpw)=<Z2'&.?*)u9'G
6>@�)�)]:%)=<=6*(*93��"0<�"0�56>)](*2'<=6*"%93��1k"n6�"0?o<]93�58')]��"0)]�56R6>9�&.?*)�6>@.)�� )]:%QJiJ?D@ 2'U�U�(D952'<;@ '��3� 1k+	� ( -,� 6�"%�J�
Q�&�<=)]?,6*9E$3)=��)](*276>)a6>@�)O?DiTB_BC)=6*(*" � )]Q�<;@L2'(*$')mQ�)=��?*"n6�i * Q�)]��?D"06�i_<]93(D(*)=:`276*93(]156;27�T"0��$~"%�56>9E2'<]<=93&��56
pL2'<;�K?*<]276*6*)](D"%��$

〈〈ρ1(x, t)ρ1(x
′, t′)〉〉sym =

∑

η=±
〈TKρ1(x, t

η)ρ1(x
′, t′−η)e−i

R

K Htdt1〉

−1

2

[

∑

η=±
〈TKρ1(x, t

η)e−i
R

K Htdt1〉
][

∑

η=±
〈TKρ1(x

′, t′η)e−i
R

K Htdt1〉
]

. � +J-
� �

MO)](D)e2_6*&�����)=:%"%�.$o)=8')]�56 � 276 x = 0 � <=(*)Z2c6>)]?42'��)Y�J<]"n6;276*"%93� b @�"%<;@��.)])]Q.?46>9oU�(D93UL2'$3276>)~6>96>@�)E:%9T<Z276*"%93�u9'Gg6>@.)FQ�9'6]-�[X@�)F)=IK&�"%:0"%p�(D"%&�B � � )](D9RUw9'"%�56 � <]93�56*(*"%p.&.6>"093��6>9_6>@�)FQ.)]U�@L27?*"%�.$R(>276*)
<]93(D(*)=?*UW93��Q�?A6*9E6>@�) � )](D9e93(*Q�)=(A"%�o6*@�)m6*&�����)=:%"%�.$e2'BCU�:%"n6>&�Q�) Γ0

' "n6A"0?A:`2'pW)]:0)]Q (τ−1
ϕ )(0) ( -J[X@�)](D)

"%?d��9~<]93�56*(*"%p.&.6>"093�e6>9SxL(*?j6,93(DQ�)](q"%�e6*@�)a6*&�����)=:%"0��$EMO2'BC"%:06*93��"%2'�E?D"%��<=) b )42'?D?*&�BC) 〈φ(x)〉 = 0
1

b @�"%:0)m6>@.)~�.93��)]IK&�"0:%"0p�(*"0&�B <=93�56>(D"%p�&.6*"%93�R<=93(*(D)]?DUw93�.Q�"%��$e6*9C6*@�)S?*)]<=93��Qu93(*Q.)](�"%�
Γ0

) �J"%?D6*?]1

τ−1
ϕ = (τ−1

ϕ )(0) + (τ−1
ϕ )(2) + · · · . � +.- + �

[X@�)XQ�)=U�@L2'?D"%��$S(>2c6>)X<]9'�K6*(*"0p�&.6>"093��?g"0�F6>@�) b )Z2'�EpL2'<;�K?*<]276*6*)](*"0��$~<Z2'?D)O27(*)X<Z27:%<]&.:`276*)]Q!2'?hGH93:0:%9 b �
 \9'(A6>@�) � )=(*97� 93(*Q.)](X<]9'�K6*(*"0p�&.6>"093�f1 b )S@L2Z83)

〈TKρ1(x, t
η)ρ1(x

′, t′−η)〉 =
ν

π2
〈TK∂xφ1(x, t

η)∂x′φ1(x
′, t′−η)〉

=
ν

π2

1

γγ′
∂2

xx′〈TKe
γφ1(x,tη)eγ′φ1(x′,t−η)〉|γ,γ′=0 .

� +J- � �
����6>@�"0?mGH93(*BE&�:`2 b )FxL��Q γ′ = −γ GH93:%:09 b "0��$_6*@�)eIK&L2'?D"%UL2'(j6>"0<]:%)�<]93�.?*)](j87276>"093�f1�6*@T&.?46>@�)e)=IT&."n�:%"0p�(*"0&�B Q�)]U�@�2'?*"0��$_(*276>) "0?X93p.6>2'"%��)=Qu2'? ' / rJ/ ( �

(τ−1
ϕ )(0) =

ν

4π2

∫ ∞

−∞
dt

∫

dxf(x)

∫

dx′f(x′)
∑

η=±
∂2

xx′G
η−η
1 (x− x′, t) . � +.-n/�� �

�5r



[X@�)gpW93?*93�."%<�� (*)=)]����?�GH&���<=6*"%93� 97GJ)=Q�$3)
i � i = 1, 2 � "%? Gη1η2

i (x−x′, t1−t2) = 〈φi(x, t
η1

1 )φi(x
′, tη2

2 )−
φ2

i 〉
-5[X@�)O<=9J) � <]"%)=�56>? η 1 η1,2 = ± "0Q�)]�56>"nG iE6*@�)O&.U�Uw)=(q2'��Q�:09 b )=(qp.(>2'��<;@.)]?,97Gw6*@�) � )=:%Q.iT?*@C<]9'�J�

6>93&.(]-
 \9'(m?*)=<]93�.Q 93(DQ�)]( <=93�56>(D"%p�&.6*"%93��6>9o6>@.)eQ�)]U�@�2'?*"0��$R(>276*)'1w?*"%�.<])

ψ1, ψ2

2'(*)E"%��Q�)=Uw)=��Q�)=�K6~"0�
6>@�)~2'p.?*)]�.<])~9'G�6*&�����)=:%"0��$�1 b )~93p.6;27"%�

∑

η=±

〈

TKρ1(x, t
η)ρ1(x

′, t′−η)
(−i)2

2

∫

K

dt1

∫

K

dt2Ht(t1)Ht(t2)

〉

=−Γ2
0

2

∑

η=±;ε1,ε2=±
〈TKρ1(x, t

η)ρ1(x
′, t′−η)

∫

K

dt1

∫

K

dt2e
i(ε1ω0t1+ε2ω0t2)

[ψ†2(t1)ψ1(t1)]
ε1[ψ†2(t2)ψ1(t2)]

ε2〉

= − Γ2
0ν

2π2(2πα)2

∑

η,η1,η2,ε1,ε2

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2e

i(ε1ω0t1+ε2ω0t2)η1η2

×
〈

TK∂xφ1(x, t
η)∂x′φ1(x

′, t′−η)ei
√

νε1φ1(0,t
η1

1
)ei
√

νε2φ1(0,t
η2

2
)
〉

×
〈

TKe
−i
√

νε1φ2(0,t
η1

1
)e−i

√
νε2φ2(0,t

η2

2
)
〉

. � +.-n/3/ �
= &L2'?*"0UL2'(j6>"%<=:%)O<]93��?D)](j8'2c6>"%9'�u"0B_UW93?D)]? ε1 = −ε2 ≡ ε

1L?*9

(τ−1
ϕ )(2) = − ν

4π2

Γ2
0

2(2πα)2

∫ ∞

−∞
dt

∫

dxf(x)

∫

dx′f(x′)
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C(0) = e2vF

∫ A

−∞
dθρ(θ)|S+−(θ − θB)|2[1− |S+−(θ − θB)|2] . � +.- r � �
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ν
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= ∂θB
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C(0) = − eν

2(1− ν)TB∂TB
I(V, TB) . � +.- r'� �
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I(V, TB)/V
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∂

∂TB
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V
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∂

∂V

I(V, TB)

V
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b @�)](D) Gdiff = ∂V I
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e3τ 2
0
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ν

1− ν (V Gdiff − I) , � +J- � r �
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(τ−1
ϕ )(2)=− ν2Γ2

0

4β2π2v2
Fα

2

∫

dx

∫

dx′f(x)f(x′)

×
∑

η

∫ ∞

−∞
dτ cos[ω0τ ]





sinh2ν
(

π
β
iτ0

)

sinh2ν
[

π
β
(ητ + iτ0)

] +
sinh2ν

(

π
β
iτ0

)

sinh2ν
[

π
β
(−ητ + iτ0)

]





×
∫ ∞

−∞
dτ1
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sgn(τ1) coth
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π

β
[−ηsgn(τ1)(x/vF − τ1) + iτ0]
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+ coth
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π

β
(−η(x/vF − τ1) + iτ0)
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π
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∣

∣

∣
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∣

∣
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


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
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∣

∣

∣

Γ

(

ν + i
ω0β

2π

)∣

∣
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