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1 Introduction

Electrons in one-dimensional systems form a quantum liquid which can not be described with
the Fermi-liquid theory, for the reason that there are no single electron quasi-particles: the
quasi-particles d-function peak in the spectral function disappears and is replaced by a power-
law divergence. It is due to the presence of the Coulomb electron-electron interactions. To
describe the dynamic of electrons in one-dimensional systems, we must use Luttinger liquid
theory for which the low energy excitations are collective (density waves), rather than single-
particle like. As a consequence, one-dimensional systems have specific properties, in particular:

e absence of quasi-particles carrying electron quantum number in the vicinity of Fermi
surface ;

e importance of low energy collective excitations ;
e spin-charge separation ;
e power-law dependence of the density of states, electrical current and conductance ;
e possibility to evaluate exactly all correlation functions.
In condensed matter systems, there are several systems which behave as a Luttinger liquid:
e semiconductor wire where spin-charge separation has been experimentally observed[1].

e quasi-1D system: organic crystals with very large anisotropies have a conduction along
one crystal direction which is much larger that along the others. Optical response of such
systems can be described by power laws that are characteristic of Luttinger liquid[2].

e edge states in the fractional quantum Hall effect.
e metallic wire and carbon nanotube.

The aim of this lecture is to present the Luttinger liquid theory (section 2) and to applied
it first, in the fractional quantum Hall regime (section 3) and second, for cabon nanotubes
(section 4).

2 Luttinger liquid theory

2.1 Non-interacting Hamiltonian

We consider a one-dimensional metallic wire with parabolic dispersion band as shown on Fig. 1.
In this section, we do not include spin degree of freedom. Thus, the kinetic part of the Hamil-
tonian reads:

h2k2

2m

Hy = B(k)al (K)a(k) = 3 oal (k)a(k) | (1)
k k

where af(k) is the creation operator and a(k) is the destruction operator of one electron in a
k-state.



The approximation done in the Tomonaga model[3] is to linearize the dispersion relation E(k)
in the vicinity of Fermi energy Ep: E.(k) = Ep + hvp(k — kp) for k = kp and E_(k) =
Er — hvp(k + kp) for k = —kp. As a consequence, there is a finite energy (or momentum)
range where the linear dispersion relations are applicable.

E(k)

E_(k)

_/h kVF

v

Figure 1: Parabolic band structure of metallic wire and linearization.

In the Luttinger model[4], the linearization is extended to all values of k, including negative
values. An infinite number of fictive states are added which have no physical signification.
However, Luttinger model has an important advantage over Tomonaga model: it is exactly
solvable using a bosonization technique as seen below.

After linearization, we have two kinds of electron: the right moving electrons with dispersion
relation E (k) and the left moving ones with dispersion relation E_ (k). We rewrite the electron
creation operator as:

a'(k) = a\ (K)O(k) + o’ (k)O(~k) , (2)
where © is the Heaviside function and a/ (k) is the creation operator for right (r = +) or left
(r = —) moving electrons which obeys to the anti-commutation relations:

{ar(k), an(K)} = 0, (3)
{al(k),al(K)} = 0, (4)
{a;[(k)a ar/(kl)} = 5r,r/5k:,k’ . (5)

Neglecting the constant terms in energy, we obtain after linearization[5] and extension to all
values of k:

Ho=hop >k <a1(k;)a+(k;) . ai(k;)a,(k;)) , (6)

which can be simply written under the form Hy = hvp Y., rkal(k)a, (k).

We want now to rewrite this non-interacting Hamiltonian in term of electron density operator
pr(x) = Ui(z)V,(x), where the fermionic operators Wi(x) and W, (x) are the Fourier transform
of al (k) and a,(k):

1 ikax

Ul(z) = NG Ek e *al (k) (7)
1 ikx

U, (z) = NG Ek e a, (k) , (8)
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where L is the length of the wire. The operators ¥l and W, obey to the anti-commutation
relation {V}(x), ¥,/ (z)} = d,,6(z — 2’) [EXERCISE 1].

The commutation relation between the fermionic operator and the density operator is [EX-
ERCISE 2]

(W, (2), pre(2")] = 00 (T — )W, (z) . (9)

We will first express the electron density operator p,(k) in term of a,(k) operator, and next,
calculate the commutation relation between H, and the density operator [Hy, p.(k)]. We have:

1 L/2 . ;
(k) = — dze"™ VU] (2)¥, (x
p®) = oz [ de @)
L/2

]. / 1"
= — dre!FF Dzt (N a, (K

VL ,;;/ —L/2
_ % ST Atk + k), (k) | (10)

and, it can be shown that:

rk
[pr(k‘), pr’(k,)] = _2_57",T’5k,—k’ . (11)
T
The commutator we have to evaluate is:
Hoopr(B)] = 2557 vk [ad, (K )an (K, al (8" + k)a, (K")] (12)

\/z T/k/k//
After some lines of calculation, and with the help of Egs. (3,4,5), we obtain [EXERCISE 3]:
[Ho, pr(k)] = hvprkp.(k) . (13)

From this result, we conclude that the operator p,.(k) put the system in an eigenstate of Hy
with eigenvalue equals to hvprk. As a consequence, we have[5]:

L)2

Hy = mhop Z/ dxp?(z) . (14)

LJ2

From this expression, it is possible to check Eq. (13) with the help of Eq. (11) [EXERCISE
4].

2.2 Bosonization

We define the non-chiral bosonic field:

i 27 —ikx tkx\ ,—alk|/2
‘br(x):ﬁ(go?(’”(k)e — prl(—k)e*T)e ez (15)



where a — 0 is a distance cutoff which is introduced in every Luttinger liquid theory to
insure the convergence of the integrals. This convergence cutoff has been introduced due to
the negative energy states that have been added in the model. With the help of Eq. (11), we
calculate the commutation relations between the density operator p, and the bosonic field ¢,

[Qbr(l‘)vpr(k)] == e (16)

In real space, it leads to:

[6r (), pr(2")] = —ird(z —2') | (17)
which allows to conclude that r¢, and —p, are canonical conjugate fields. When two fields ¢
and p are canonical conjugate: [¢(x), p(2’)] = id(x — '), we have the identity: [p(z),e™@)] =
§(z—1')e’®) . By using this identity and comparing Egs. (9) and (17), we deduce the bosonized
form of the fermionic operator W,

‘;[]r<~r) — —eirkFerir(br(:v) ) (18)

The factor F,./v/2ma allows to obtain the adequate anticommutation relations, and the kr term
in the exponential is needed to described correctly the energy band.
Taking the derivative of Eq. (15), we show that:

Our() = 2mpy (1) - (19)
Thus, the kinetic part of the Hamiltonian given by Eq. (14) reduces to:

UF /2
h Z / (0,6, (2))? . (20)

We define the total fields:

d(x) = ¢r(z) + o (2 (21)
0(x) = ¢4 (z) — ¢ (x (22)
Thus,
hop [
Hy = — _L/de ((0:0(2))* + (9:0(x))) (23)

2.3 Interacting Hamiltonian

We shall now include the Coulomb interactions between the electrons. The total Hamiltonian
becomes H = Hy + Hj,; with:

L2 L2
Hiyy = / dx/ dr' p(x)U(x — 2")p(2') , (24)
2 Jorp

where p(x) = pi(x) + p_(z) is the total electron density operator and U is the Coulomb
interactions potential. From Eq. (19), we deduces:
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) = 5-0.(64(2) + 6. (2)) = 5-0,6(x) (25)

We assume a short range Coulomb potential U(z — z') = Upd(x — '), it leads to:

L/2
Hy — 20 /_ dz(9,6(x))? . (26)

47'('2 L/2
Finally, the total Hamiltonian reads:

ho (L2 1 : 9
H - da (;axasu)) +g<a$e<x>>) , (27)

8 —L/2

where g = 1/1/(1 +2Uy/mhvr) is the Coulomb interaction parameter and v = vg/g is the
velocity of the collective excitations in the wire. The parameter g depends of Coulomb inter-
actions:

e for Uy = 0: g =1 (non-interacting system) ;
e for Uy > 0: g <1 (repulsive interactions) ;
o for Uy < 0: g > 1 (attractive interactions).

Under this quadratic form of Eq. (27), the total Hamiltonian is exactly solvable and its eigen-
states are similar to the eigenstates of harmonic oscillator.

3 Application to the FQHE

3.1 Introduction to fractional quantum Hall effect

The fractional quantum Hall effect has been discovered in 1981 by Tsui, Stormer and Gossard|6]
in GaAs/AlGaAs junction at high magnetic field: they observed plateaus in the Hall resistivity
associated with fractional filling factor v = ny/ns where ng is the electronic density and n
is the quantum flux. This effect can not be explained with a single electron theory. It is a
many-body effect dues to Coulomb interactions between electrons[7] which propagate along the
edges of the sample (see Fig. 2). These edge states can be modeled with the help of chiral
Luttinger liquid theory.

A Hall Bar .
P CV - ‘&?nic comacts
\ Drain

Source

I"‘Il

1 N I
— —
Edge states
"

Figure 2: A quantum Hall bar for which the electrons flow along the edges.




3.2 Chiral Luttinger liquid

The Hamiltonian which describes one propagating edge mode is simply an electrostatic term|8]:

1

= /0 Viz)ep(z)dz | (28)

where x a curvilinear coordinate along the edge, L is the length of the edge and V(z) the
confining potential related to the applied magnetic field[9]: V(z) = vpBp(z)/ns. Thus, the
Hamiltonian can be rewrite as:

= /0 () (29)

2w

where v = ng/ng with the quantum flux defines as n, = Be/h. We introduce the chiral bosonic
field:

o) = —= 3 (ke e, (30)

which leads to 0,¢(x) = 27p(x)//v. Thus[12]:

i hUF

H="r /O (0, (x))d (31)

The form of the electron operator ¥ (z) is found by an analogy with the properties of canonical
conjugate variables p and ¢:

[a(x), p(a")] = id(x — ') — [p(x), 1] = 6(x — a)e ") . (32)
The density operator p(x) = U'(z)¥(z) obeys to the commutation relation:
[W(z), p(z')] = 6(x — 2')U(x) . (33)

As we have [¢(z), p(2')] = iy/vd(x — ') because [p(k), p(k")] = —vkdp i /27, we can identify p
as p and ¢ as ¢/+/v. Next, comparing Egs. (33) and (32), we obtain:

F
V2ma

In order to obtain information on the dynamics of fractional quasiparticles, one needs to specify
the Green’s function. For this, we follow Ref. [9] and first write the Lagrangian which is defined
as L = —i fOL dxpd;q — H where p = p = /vd,¢/7 and ¢ = ¢//v are canonical conjugate
variables, thus:

U(zx) = @V (34)

L= _l/o (0pp(z,7) (00, + 10, ) (2, 7)) d | (35)

™

and the action reads:

S = /O Yt — —% / dr /0 ’ (Bp(, 7) (0D, + 0, )l 7)) da . (36)
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We perform integrations by parts using periodic conditions, thus:

/dT/gbe (v, + i0;) deg;_/dT/qsxT (z,7)b(z, T)dz , (37)

where G(z,7) = (T-¢(z, 7)$(0,0)) is the bosonic Green’s function which obeys to the differential
equation:

(v0, +10,)0,G(x,7) = T (x)d(T) . (38)

The solution of this equation is obtained by setting —0,G = f, and using the complex variables
z = x/v+ir. The equation for f becomes:

O:f(z) = vmd(z) . (39)

For two dimensional electrostatics, it can be justified that f(z) = 1/z. Yet, one is dealing here
with the thermal Green’s function, which must be periodic function of 7 with period (3, so the
periodic extension of f(z) is given by:

. 1 1 Tz
f(z+zﬁ):f(z):;+nzﬂz_mﬁ—wcoth(ﬁ) : (40)

The thermal Green’s function is subsequently obtained by integrating over x:

G(z,7) = —In (sinh QW)) . (41)

3.3 Back-scattering current and noise

We consider a 2D-electron gas in a high perpendicular magnetic field in the fractional quantum
Hall regime. When a constriction is added, it acts as an impurity which couples left edge state
(L) and right edge state (R) as depicted on Fig. 3. In this section, we calculate the back-
scattering current between the two edge states and the noise (fluctuations of back-scattering
current) by considering the back-scattering perturbatively.

O

r—..
ﬂ_lv e oy o

oy i
(e

Figure 3: Constriction in a 2D electron gas and definition of back-scattering current.

The Hamiltonian which describes this system is H = H;, + Hg + Hp with:

Ho= 55 [ 0oy, (42)
o = 5= [ @onte.0)dr. (43)
Hy = DOWROTL() + T ()W (0)Wa(t) (44)
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where ¢r and ¢, are the chiral bosonic fields for excitations with charge ve, and:

Fy

U, (1) = eiﬁqu(O,t)’ 45
F )
Tp(t) = ﬁezﬁw»t) . (46)

['(t) = Toexp(—iervx(t)/hc) is the tunneling amplitude between the edge states with y(t) =
—c [V (t). For V(t) = Vp, it leads to ['(t) = I'g exp(ievVyt/h) = I'g exp(iwpt) which has a time
dependence due to the voltage which is applied to the constriction. We have introduced the
frequency wy = evVy /h.

The back-scattering current operator can be derived from the Heisenberg equation of motion
for the density operator, or alternatively by calculating I = —cOHp/0x, then:

In(t) = ie’ (TOWRETL0) T OV Ta()) | (47)

with e* = ve is the fractional charge. The average back-scattering current is expressed using
Keldysh contour (see Fig. 4) which allows to treat non-equilibrium situation:

1

(Ip(t)) = 5 Z<TK{[B(tn)e—z’fKdtlHB(m)}> ) (48)
n
T (time order) o)
-0 t= +00

= ©
T (inverse—time order)

Figure 4: Keldysh contour: the n index refers to the upper branch (n = +) or to the lower branch

(n=—1) [10].
To the lowest order with the back-scattering amplitude I'(¢), it gives:

Tt (Tae{ L () Hy (7))

+
—00

) = 3> m |

nm

- %* Z €M /+°O dtll—‘(ﬁ)(t)f‘(m)(tl)<TK{[\I;J}f%(tn)\PL(tn)](a)[\I,J}r%(t?l)\IIL(t,lh)](51)}> ’

nniEeEL

(49)

where the superscript ¢ leaves either the operators in bracket unchanged (¢ = +) or transform
them into their hermitian conjugate (¢ = —). The correlator in Eq. (49) is different from zero
only when €, = —¢. The sum over ¢ gives:

e

1) =5 m [t (PO )T U0 YR

—00

—F*(t)T(h)(TK{‘IJTL(t")‘I’R(t")‘I’E(tT)‘I’L(t’fl)}>) - (50)
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We insert the chiral bosonic fields ¢r and ¢, (in order to simplify the notations, only time-
dependence is indicated):

* 12 172 +oo
(Is(0) = LS [ (DT (1) (T PPV Ponn) o inoonltl) iveontei

_ F*(t)F(tl)<TK{e*i\/;¢L(t77)ei\/ﬂq&R(tn)e,i\/;d)R(t?l)ei\/;(bL(t;]l)})) |
(51)
We use F' f =F }2% = 1 and, when the condition Zn e, = 0 applies, the relation:
H eiendn(tn) _ o= X0 Xprsn eneps (T Adn ()b (6, ) — (T {67 (t0)}) 2Tk {62, (£,)}1)/2) (52)

It allows to introduce the chiral Green’s function:

G (¢~ 1) = (Tl ()6, (4701 = STl N = 5Tl (53)

which does not depend of the chirality » = R, L. We get the final expression for the backscat-
tering current:

Us(t)) = goaga Zm [ e ) - e (54)
We have:
LT (t1) — T*()D(t;) = 2iTgsin(wo(t — t1)) (55)
Inserting this in Eq. (54), it gives:
FQ M1
(Ig(t)) = ZZ me/ dre® "™ Msin(wyr) (56)
2a

The Keldysh Green’s functions are given by:
(610 Gy (ol o -
G (1) G (7) 9(r) g(=I7])
where at finite temperature, g(7) is given by Ref. [9]:
sinh (%(—7‘ + iTO))

g(r) = —In , ,
sinh (23

where 79 = a/vp and § = 1/kgT. We remark that G""(1) = g(—nT).
Only the terms 7, = —n contribute to the integral because, for 17, = 7, the Keldysh Green’s
functions are even according to the time dependence. Thus:

e’il'g W (=17
(Ig(t)) = — Zn dre"9 " sin(woT)
n —0o0

(58)

47202

. 2v
;T2 +00 sinh <M)
- %0 Zn/ dr ’ sin(woT) . (59)
n — 0

2,2 . - .
4mla sinh (E(nTJrZTo))
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Using the identity sinh(a) = —isin(ia), we obtain:

(I5(t)) = “ng / T (%) sin(wor) - (60)

Am*a? —sin (%(iT]T — 7'0))

We perform the change of variables: ¢t = —7 — in1y + in3/2 with dt = —dr, thus:

2v
e Z1’\2 +oo—inTo+ins/2 ' . . ﬁ sin (Wg())
(Ip(t) 47‘[‘2&02 Z / dt sin (wo (t + Ty — m§>) o » (61)

co—inTo+in3/2 (% (znt + g))

We remark that: sin (% (int + g)) = Cos (%int) = cosh (%t) and we take the limit 70 — 0 in

the function sin ((wy + nw) (t + inm — in2)), then:

e*il2 T
[ t — 0 : 2uv _0
(Ip(t) = S5 5sin ( 5 ) ;n

y /+°°_i”70+i"5/2 5 sin(wopt) cos(inwo3/2) — cos(wot) sin(inwoe/2)
—oco—inTo-+ing/2 cosh? (%)

(62)

As the integration contour in the complex plane does not contain any poles of the function

1/ cosh® (%), we can remove the imaginary part —in7y + in/2 in the integral boundaries.

The only non-vanishing contribution comes from the cos(wyt) factor:

eIy (77 o wo3 oo cos(wot)
(Ip(t)) = 92,7 (7) sinh (7) /Oo dtw ; (63)

where we have expanded the function sin® (%) in the limit 79 — 0. For Re[b] > 0 and
Re[u] > 0, we have:

2

: (64)

/+oo gt cos(at) 2071
cosh”(bt) — bI'(p)

r (M +z%>

where I is the Gamma function. With the help of this integral, we obtain the final result:

—00

e*I? a\? [2m\* ! wo 3 wo B
Ipt) = ——2 [ — — inh { — | |T —
050) = sri (o) (7)o (53 )’ (v+i 2w) (95)
Next, we calculate the symmetrized noise:
1 ,
S(t.t) = 3 Z<TK{IB(tn)IB(t/_n)€_ZdetlHB(tl)}> : (66)

n

11



To the lowest order with the back-scattering amplitude I', we have:

S(t) = 5 S TelIn()In(t "))

_ _@;)2 3 e TEOTE (N T [Wh ()0 (#7) @ [ ()WL (] . (67)

nee’

The correlator is different from zero only when ¢’ = —e. The sum over € gives:

S(.0) =X (CO TV L))

n

+ F*(t)T(t')(TK{‘IJTL(t")‘I’R(t”)‘I’E(t'_”)‘I’L(t'_")H) : (68)

Such correlators have already been calculated, thus:

*\2
S(t, ) = 8(;222 > e T () + T () (69)
n
We have:
DO (t) + T (') = 2T2cos(wo(t — 1)) . (70)
Then,
/ ( )QPO 220G (t—t)
S(t—t) =5 Z cos(wo(t —t')) . (71)
The Fourier transform S(€2 f e S(7) is
21’\2
S(Q) = 4 5 20 Z/dTeZQT WETT) cos (woT)
2a
(72)
The consider only zero-frequency noise:
* 21’\2 +o00
S(Q=0) = (zw)ZaZO Z/ dre?9 =" cos (wor) . (73)

We report Eq. (58), use the identity sinh(a) = —isin(ia) and perform the change of variables:
t = —71 —inTo + inF/2 with dt = —dr, then we obtain:

7o

2v
*)21°2 +oo—inTo+ins/2 sin
S(Q1=0)= ()T Z/ dt cos <w0 <t + 1o — mg)) ' ( o ) (74)
1 sin

4m2a? —oco—inTo+inB/2 (% (Z?]t + g))
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We remark that: sin (% (int + g)) = Cos (%int) = cosh (%t) and we take the limit 70 — 0 in
the function cos (wo (t +1inTH — ing)), then:

S(Q=0) = % sin?” (@) Z /+°°_im°+i”ﬂ/2 dtcos(wot) cos(inwo3/2) + sin(wot) sin(inwe(3/2) .
g y J—oo—inmotin/2 cosh? (%)
(75)
As the integration contour in the complex plane does not contain any poles of the function

1/ cosh® (%), we can remove the imaginary part —inmy + in(3/2 in the integral boundaries.

The only non-vanishing contribution comes from the cos(wyt) factor:

oy (TR (wm\ woB\ [T cos(wpt)
S(1=0) = 922 (7) cosh (T) /_OO dtw, (76)

where we have expanded the function sin®” (%) in the limit 7y — 0. The summation over 7

gives a factor 2. Using the integral given by Eq. (64), we obtain the final result:

o (en)ry a " (2 \*! wo3 woB\ |
w00 gharin (o) (5) o (F) () m
In conclusion, we have:
S(Q = 0) = e*|(I5(t))| coth <¥) | (78)

In the limit 7" = 0, i.e. f — +o0, we simply get: S(Q = 0) = e*[(I5(t))|, in full agreement
with experiments of Ref. [11] depicted on Fig. 5.

58

I e=e3

Esr

oo<ﬂ .“"‘.

S ; g

<560 . :

el O BT e .

& 5,4—l:'/f’ aal o7 ]

§ }% ~ 500 1000
5310 °

0 100 200 300 400 500 600 700
Backscattering Current [, (pA)

Figure 5: Measured noise in a quantum Hall constriction as a function of back-scattering current at
25 mK and 45 mK (inset)[11].
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4 Application to metallic carbon nanotubes

In this section, I will start from the linear band structure of a metallic carbon nanotubes,
write its Hamiltonian and apply the bosonization procedure in order to obtain the bosonized
Hamiltonian in the presence of Coulomb interactions.

4.1 Band structure for metallic carbon nanotube

In Ref. [13], it is shown that metallic carbon nanotube exhibits a linear dispersion curves at
low energies as depicted on Fig. 6: the index r represents the direction of propagation (r = +
for right and r = — for left), the index « represents the mode and o the spin [14].

N

G i /m
Figure 6: Band structure of metallic carbon nanotube.
The dispersion relations for the eight branches (r = £, a = £, 0 = %) are:

Eroo(k) = hopr(k — akp) . (79)

The kinetic part of the nanotube Hamiltonian can be written as:

Hy = Z Eraa(k)aiao(k)ama(k)

rack

= hop Z rkal,, (k)arao(k) (80)

rack

where we have dropped the constant terms. The fermionic operators al,, (k) and a,qq (k)
correspond to the creation or annihilation of one electron with wave vector k in the {rac}
channel, and obey to the anti-commutation relations:

{arcw<k)>ar a/o’( I)} = 0, (81)
{a’iom(k)? a’i’a’a’( I)} =0 ) (82)
{aiaa(k)7 ar’a’a’(k/)} = 57“7”50404’500’ 5kk’ . (83)

k
k

We introduce the density operator per channel p;.qq:
Proo(T) = \Il:[aa(:p)lllma(x) ) (84)

where U1

rooc

(z) and W, (z) are the Fourier transforms of operators af_ (k) and a,q,(k):

14



L/2
Ul e *al,,(x) (85)
7 AN

ror () = = / @) (36)

We have the commutation relation between the fermionic operator ¥, and the channel density
operator pPrqe:

[\I]Tao'<x)7 prcw<x/)] = 5rr/5aa’500/5<x - I/)\I/mw(l’) . (87>
The Fourier transform of the density operator is:
.
Prac (k) = — dze™ VU] ()00 (2
W=7/, (@) rea)

:L‘e (k—k'+ k”)a:aT (k’,)arag(k?”)

; /
d Troo
VL k,% —L/2
1
- Z al o (K + k)t (k') . (88)
VL~

It can be checked that the commutation relation for the density operator is:
, rk
[prcw(k>7 pWa’d(k )] = _2_5rr’5aa/500/5kk/ . (89>
T
4.2 Non-interacting Hamiltonian

To resolve this Hamiltonian, we need to transform it in order to obtain a quadratic form: it is the
bosonization procedure which is described in this section. First, we calculate the commutation
relation between Hy given by Eq. (80) and the operator p,., (k) given by Eq. (88):

h
[Hospras®)] = 25 37 1 [ahs (F)ayaer (F), Lo (K + K)arao (K] . (90)
r/alo-/k;/k‘//
After some lines of calculation, and with the help of Eqs. (81,82,83), we obtain:
[Ho, proo (k)] = hoprkpras(k) . (91)

This result shows that the states generated by p,..(k) are eigenstates of Hy with eigenvalues
equal to hvprk. The kinetic part of the Hamiltonian can thus be written as[5]:

Hy, = ﬂhva/ dxp?., (z) . (92)

rooc

We define the bosonic field:

) 2 . .
Pran(t) = = 3 T (prac(k)e™ = prag(—k)e)e /2 (93)



where a — 0 is a distance cutoff which is introduced in every Luttinger liquid theory. With
the help of Eq. (89), we calculate the commutation relations between the density operator p,q,
and the bosonic field ;.q0:

ke
[Prac(@); praa (k)] = _ﬁe . (94)
In the real space, it leads to:
[Prac (%), proo ()] = id(x — 2') (95)

which allows to conclude that rp,., and —p,., are canonical conjugate fields. When two fields
are conjugate: [q(z), p(z')] = id(z —2'), we have the identity: [p(z), )] = §(z —2')e™@). By
using this identity and comparing Eq. (87) and Eq. (95), we deduce the bosonized form of the
fermionic operator ¥, :

FTCVO’

eiak‘p$+i7"QF1'+i80ro¢o(x) . (96)
2ma

U,o(z) =

The factor F,.,/v2ma allows to obtain the adequate anticommutation relations, and the kg
and ¢ terms in the exponential are needed to described correctly the energy bands.
By taking the derivative with x of Eq. (93), we obtain:

0:Prac(T) = 27 pras(T) - (97)

Thus, the kinetic part of the nanotube Hamiltonian given by Eq. (92) reduces to:

Vp L/2 )
B = S5 [ dr @upnle)) (98)

47 L/2

rooc

4.3 Interacting Hamiltonian

Since the conduction of electrons is unidimensional in carbon nanotube, Coulomb interactions
play an important role. The total Hamiltonian is Hy = Hy + H,y with:

L/2 L/2
Hiyy = / dx/ dr' p(x)U(x — 2")p(2') , (99)
~L/2 ~L/2
where U is the Coulomb interactions potential and the total electron density operator is:

p() = 3 praole) (100)

rooc

We assume a short range Coulomb potential: U(x — 2’) = Upd(x — '), then:

L/2 L/2 2
H, = UO/ d:pr(x) :UO/ dx Z,oma(x)

L/2 L/2 roo
2
UO L/2
= — dx OrPrac (T) ) (101)
47T2 7L/2 ;
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Thus, the total Hamiltonian for the nanotube Hy = Hy + Hjy,; reads:

op L2 L 2
Hy = h— de(a$§0raa( )) +L dx (Zax(praa(x)> : (102)

47 —L/2 47T2 —L/2

roac roac

It is convenient to express the bosonic field ¢,., in terms of conventional non-chiral Luttinger
liquid fields 6,5 and ¢,5, with {jd} identifying the charge/spin and total/relative sectors:

Fraol —fzham (635(2) + 1035()) | (103)

where hager = 1, haoe = @, hpost = 0 and hgys— = ao.
We have:

Z(&v@ratf(x)f = 27"2 Oupjs(x (833«9]»5(:5))2) ) (104)

rooc

(Z amsomom) = 16m(Daer ()7 (105)

roac

Thus,
ho[t? 2, Yjs 2
Hy = 27 a0 S (vishs(@uin(@)? + 2 0,055(0)? ) | (106)
2 ) 1p - Kjs
/ jé J
with vjs = vp/Kjs, K. = Ky = K, =1 and K., = 1/y/1+ 8Uy/mhvp. This Hamiltonian

is quadratic with the bosonic fields and as a consequence, it can be exactly solvable.

4.4 Current and noise in the STM + Nanotube system

To calculate electric transport properties, see for example, Refs. [15] and [16] where the STM
tip + carbone nanotube system depicted on Fig. 7 is considered. Due to the applied voltage,
electrons can tunnel from the tip to the nanotube.

P Nanotube T

Figure 7: Schematic configuration of the nanotube-STM device: electrons are injected from the tip to
the nanotube at x = 0.
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The total Hamiltonian for this system is H = Hy + Hgrar+ Hyp where Hy is given by Eq. (106),
Hgryr is the Hamiltonian of the STM tip which is a Fermi liquid and Hy is the tunnel Hamil-
tonian:

= 3" TOW)[,,(0,)c(t)]" . (107)

rooe

The average current and noise are defined by:

(I, 0) = %Z@K{f@,meZ‘detIHT“”}m (108)

S(x, 2 t,t) = —Z<TK{ (z,t") (’,t’*n)efz‘dehHT(tl)}>’
(109)

where the current operator is I(z,t) = 2evp Oy¢or(2,t)/y/7. This relation can be derived from
the continuity equation.

We do not give here the details of the calculations, only the final results at order I'? in the
perturbative calculations at zero temperature:

) = 20 () el (10)
S(z,a'w=0) = K++Sgn2( Jse0@) ) i) (111)

where wy = eV/h and:

v o= —Z( j5+—) . (112)

The current and noise are power laws with the applied voltage and the noise obeys to a Schottky
relation with anomalous charges: QF, = e(1+ K., )/2. These anomalous charges are the charges
of the excitations which propagate in the nanotube[15].
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5 Books

o Quantum Theory of the Electron Liquid, G.F. Giuliani and G. Vignale, Cambridge Uni-
versity Press 2005 (Chapter 9).

o Many-Body Quantum Theory in Condensed Matter Physics: an Introduction, H. Bruus
and K. Flensberg, Oxford University Press 2004 (Chapter 19).

o Advanced Solid State Physics, P. Phillips, Westview Press 2003 (Chapter 9).

e Bosonization and Strongly Correlated Systems, A.O. Gogolin, A.A. Nersesyan and A.M.
Tsvelik, Cambridge University Press 1998 (Chapters 16-20).

e Many particule Physics, G.D. Mahan, Plenum Press 1990 (Chapter 4.5).
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