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Periodic Boundary 
Conditions 

⇒ Sub-bands in 1D.

Nanotubes

Ethan Minot, “Tuning the band structure of carbon nanotubes”, PhD Thesis, Cornell 2004.
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Modelling Quantum Dot Carbon Nanotubes I

K
K’

τ3 = ±1

�

also becomes quantized due to the finite length (quantum dot). 

H0 = �vF (k⊥τ3 ⊗ σ1 + k||τ0 ⊗ σ2)

K and K’ are degenerate owing to time-reversal symmetry (isospin)

k⊥ = τ3kg

k||

Small bandgap nanotubes
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Modelling Quantum Dot Carbon Nanotubes II

Large orbital moments couple to 
parallel magnetic fieldsB||t

k⊥ = τ3kg + ΦAB/DΦ0

ΦAB = B||πD
2

Determination of electron orbital magnetic moments in carbon nanotubes,
E. D. Minot, Yuval Yaish, Vera Sazonova & Paul L. McEuen, Nature, 428, 536 (2004)
See News&Views Nanoscale physics: M. Chiao, Big moment for nanotubes (2004)

HZ =
1

2
gµBB||τ0 ⊗ σ0 ⊗ s3

B||

E

µorb = eDνF /4

Horb = τ3µorbB|| = τ3�νFπB||D/2Φ0
variability to accept from the data4. This may
be a good compromise between enforcing a
general molecular clock (which is still most
commonly done) and allowing random 
variation of evolutionary rates.

What about the progress in analysing
evolutionary trees? Until recently, it has been
computationally almost impossible to reli-
ably analyse the relationships of large num-
bers of species using model-based methods,
such as ‘maximum likelihood’, which aims to
find the statistically most likely tree. Model-
based estimates of the amount of evolution
on the trees (branch lengths) seem prefer-
able, and new software with the ‘bayesian
inference of phylogeny’ — as applied by
Schneider et al. — is becoming increasingly
used5,6. This is partly because such methods
can deal with the really large data sets that are

now being assembled, and still give informa-
tion on how reliable the trees are. But there
are also other reasons7,8. One is that a
bayesian-inference analysis yields not only a
tree, but a sample of trees and model para-
meters, and this sample can be analysed to
investigate various aspects of evolution.
Schneider et al. used this sample in a novel
way for the crucial purpose of obtaining
standard deviations for their age estimates.

So,what about the results? Schneider et al.
have added data on ferns to the huge database
of sequence information on plant DNA that
has built up during the past two decades. In
their initial analysis, they dated the diversifi-
cation of extant ferns as later than expected
— around 80 million years ago, rather than
perhaps three to four times that age. But they
also went further to try to explain what made

news and views
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that relatively recent diversification possible.
By performing the same analysis on the
flowering plants (angiosperms), they were
able to correlate the age of the evolutionary
‘radiations’of ferns and flowering plants,and
they conclude that the extant ferns diversified
after the angiosperms. The chronograms
they produced appear on page 556.

Schneider and colleagues’ explanation
for fern diversification adds credibility to
their conclusion: they argue that the expan-
sion of flowering plants,and in particular the
forests they created, increased environmen-
tal complexity and thereby the variety of
habitats that could be explored by oppor-
tunistic organisms. Among such organisms
were ferns,which in consequence underwent
an evolutionary reawakening. It seems rea-
sonable to assume that this could happen in
any group when the opportunity arises, and
it has indeed been shown to occur in certain
tropical clubmosses (lycopods) that grow on
trees9. Perhaps the whole idea of the evolu-
tionary cul-de-sac is basically flawed. !

Torsten Eriksson is at the Bergius Foundation,
Royal Swedish Academy of Sciences, Box 50017,
SE-10405 Stockholm, Sweden.
e-mail: torsten.eriksson@bergianska.se
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Figure 2 The long and the short of it. Two extreme outcomes following the time calibration of an
evolutionary tree for a hypothetical group of organisms (shown in green). Diversification of the
group was earlier in chronogram a than in chronogram b. As far as ferns are concerned, the results of
Schneider et al.1 indicate that the extant fern diversification pattern is more like that in b, whereas the
traditional expectation would be that in a.
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As an electron whizzes around the
nucleus of an atom, it develops a
magnetic signal known as an orbital
magnetic moment. The size of the
moment depends on the outer
diameter of the electron’s orbit, which
is fixed by the size of the atom.
Electrons orbiting around the walls of
a carbon nanotube (right) should also
have an orbital magnetic moment,
but this had previously never been
detected. In this week’s issue, E. D.
Minot et al. are at last able to show
that the resulting magnetic signal is
exactly what’s predicted (Nature 428,
536–539; 2004).

Magnetic signals have been
picked up in carbon nanotubes
before, but because nanotubes
come in several flavours (from
metallic to semiconducting) and can
have several layers (like a rolled
cigar), it was not clear where the

magnetic moment was coming
from. Minot et al. address this
problem by using individual ‘quasi-
metallic’ carbon nanotubes —
which means that, although the
nanotubes are not strictly metallic,
it still takes only a small amount 
of energy to excite an electron 
so that it becomes a moving
conduction electron.

Electrons on the threshold of
freedom can orbit around the
nanotube in a clockwise or
anticlockwise direction; the orbital
magnetic moments have the same
magnitude for both directions,
although their orientations are
opposite. But when a magnetic field
is applied, the electron energies are
shifted. The clockwise orbits now
have a different energy from the
anticlockwise ones: half the
electrons are shifted closer to the

conducting ‘edge’, while the others
become harder to kick free.

The value of the energy shift
depends on the strength of the
applied field and on the orbital
magnetic moment of the electrons,
and Minot et al. were able to
determine this precisely by
measuring the conductance of 
a single nanotube suspended
between two electrodes. The 
orbital magnetic moment derived
for an electron traversing the
waistline of a nanotube is about 
10 to 20 times larger than that 

for an electron in an atom —
consistent with the difference in
their diameters.

Minot and colleagues’
conductance measurements are 
clear proof that orbital magnetic
moments influence a nanotube’s
electron-energy levels in a magnetic
field. They also raise the possibility 
of controlling the energy levels
through an external magnetic field,
opening the door to further studies 
of the fundamental properties of
nanotubes, as well as technological
applications. May Chiao 

Nanoscale physics 

Big moment for nanotubes

1.4 n&v 475 MH  26/3/04  5:08 pm  Page 481

©  2004 Nature  Publishing Group

Charge and heat dynamics in nano-systems

Tuesday, October 11, 2011



SPIN KONDO EFFECT AND 
ISOSPIN KONDO EFFECT

SU(4) SYMMETRY
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Experiment: “Orbital Kondo effect in Carbon Nanotubes”, 
Pablo Jarillo-Herrero, Jing Kong, Herre S.J. van der Zant, 
Cees Dekker, Leo P. Kouwenhoven, Silvano De Franceschi, 
Nature, 434, 484  (2005). 

Theory: “SU(4) Kondo effect in carbon nanotubes, 
Mahn-Soo Choi, Rosa López and Ramón Aguado,
PRL, 95,067204 (2005)

Zeeman orbital

Low temperature transport: evidence of SU(4) symmetry
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Coupling of spin and orbital motion of electrons in carbon 
nanotubes, F. Kuemmeth, S. Ilani, D. C. Ralph & P.L.McEuen, 
Nature, 452, 448, 2008.

•The orbital motion of electrons also couples 
to a curvature-induced radial electric field. 
This creates an effective axial magnetic field 
which polarizes the spins along the NT axis 
and favors parallel alignment of the spin and 
orbital magnetic momenta or antiparallel 
depending on the sign of this spin-orbit 
coupling.  

•As a result, the fourfold degeneracy breaks 
into two Kramers doublets (time-reversed 
electrons pairs). Spin-orbit interaction can be 
understood as an effective exchange field 
between Kramers pairs.

Carbon Nanotube with Spin-orbit coupling I

THEORY: T. Ando, J. Phys. Soc. Jpn. 69, 1757 (2000). 
D. Huertas-hernando et al, Phys. Rev. B, 74, 155426 (2006).
D. V. Bulaev et al, Phys. Rev. B 77, 235301 (2008)
 L. Chico et al, Phys. Rev. B, 79 , 235423 (2009).
J. Jeong and H. Lee, Phys. Rev. B, 80 , 075409 (2009).
W. Izumida, K. Sato and R. Saito, J. Phys. Soc. Jpn., 78 , 074707 (2009).

�BSO = �v × �E
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Carbon Nanotube with Spin-orbit coupling II

HSO =
�
∆1

SOτ3 ⊗ σ1 ⊗ s3 +∆0
SOτ3 ⊗ σ0 ⊗ s3

�

•The orbital motion of electrons also couples 
to a curvature-induced radial electric field. 
This creates an effective axial magnetic field 
which polarizes the spins along the NT axis 
and favors parallel alignment of the spin and 
orbital magnetic momenta or antiparallel 
depending on the sign of this spin-orbit 
coupling.  

•As a result, SU(4) degeneracy breaks into 
two Kramers doublets (time-reversed 
electrons pairs). Spin-orbit interaction can be 
understood as an effective exchange field 
between these Kramers pairs (J-S Lim, R. López, 
G-L Giorgi, D. Sánchez Phys. Rev. B 83, 155325 (2011))

Coupling of spin and orbital motion of electrons in carbon 
nanotubes, F. Kuemmeth, S. Ilani, D. C. Ralph & P.L.McEuen, 
Nature, 452, 448, 2008.
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Nanotubes can be contacted with superconducting leads

Pillet et al, Nature Physics, 6, 965, (2010).

J. P. Cleuziou et al,  Nature Nanotech.,  1, 53, (2006)
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Superconducting 
Contact

Carbon Nanotube 
QD

Superconducting 
Contact
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Superconducting 
Contact

Carbon Nanotube 
QD

Superconducting 
Contact

Andreev Bound states (ABS): 
entangled time-reversed 
electron-hole Kramers pairs. 

 Recently measured in nanotubes and graphene
Pillet et al, Nature Physics, 6, 965, 2010 (nanotubes);

T. Dirks, et al, Nature Physics, 6 February 2011 (graphene)
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Superconducting 
Contact

Carbon Nanotube 
QD

Superconducting 
Contact

The Josephson current is 
mainly given by resonant 
tunneling of Cooper pairs 

through these bound states 
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Nanotubes can be contacted with superconducting leads

Quantum supercurrent transistors in carbon nanotubes, 
Pablo Jarillo-Herrero, Jorden van Dam and Leo Kouwenhoven, Nature 439, 953 (2006).

For a review, see “Hybrid superconductor–quantum dot devices”, 
Silvano de Franceschi et al, Nature Nanotechnology, 5, 703 (2010)
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As both phenomena, spin-orbit and the 
formation of Andreev bound states, are related 
to time-reversed Kramers pairs, it is interesting 

to address the following question: 
what happens to the Josephson effect in QD 

carbon nanotubes in the presence of spin-orbit?
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HC =
�

α=L/R,k,τ,s

ξkc
†
αkτscαkτs

−
�

α,k,τ

�
∆αe

iφαc
†
αkτ↑c

†
αk̄τ̄↓ + h.c.

�

HD =
�

τ,s

ετsd
†
τsdτs + U

�

(τ,s) �=(τ �,s�)

nτsnτ �s�

HT =
�

α=L/R,k,τ,s

�
Vαc

†
αkτsdτs + h.c.

�
,

Anderson-like hamiltonian + BCS leads
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FIG. 2. SO-mediated supercurrent reversal. a, Total (top), discrete (middle) and continuous (bottom) Josephson current (units 2e∆/�) as a

function of phase and different B|| (in Tesla) for Γ = 0.1∆. At the highest magnetic field the system has π-junction behavior. b, Same as a

near the 0-π transition at B|| = Bc = 0.52T . c, ABS vs. φ for different B||. When B|| � Bc, the two inner ABS cross at EF = 0 resulting

in π behavior. d, ABS versus Vg for different B|| = 0, 0.5, 0.52 and 0.6 T, from left to right. At B|| = Bc the two inner ABS are degenerate

for all |Vg| < ∆. The π transition is robust as Vg is varied (direction of the arrow) either above (e) or below (f) Vg = 0.

tization in the longitudinal and perpendicular direction (due

to QD confinement [15] and the finite diameter of the NT)

and the SO coupling. The levels can be approximated as

ετ,σ = ε0 + στ∆SO + σ∆Z + τ∆orb, with ∆Z = µsB�,

and ∆orb = µorbB� (µs and µorb are the spin and orbital

magnetic momenta [11]). The gate voltage Vg is included as

a level shift in the QD spectrum (quantized level ε0). An ex-

ample of the spectrum for finite SO coupling as a function

of B� is shown in Fig.1b. Interaction effects are included by

using a standard Coulomb blockade model with charging en-

ergy U . Green’s function in Nambu representation are used

to obtain the ABS and the two contributions to the Josephson

current IJ = Idis
J

+ Icon
J

of this model (full details are given

in the supplementary material [16]). The discrete part Idis
J

is due to Cooper pair tunneling through the ABS and can be

written as Idis
J

= 2e
�
�

E1(2)
f(E1(2))

∂E1(2)

∂φ , with f(E) the

Fermi-Dirac function. Namely, the derivative with respect to

phase of the occupied ABS. The continuous part Icon
J

is due

to particle-hole excitations for energies larger than ∆. In the

noninteracting case, U = 0, the ABS can be obtained from

Tuesday, October 11, 2011





E1(2) − ε∓↑ +
ΓE1(2)�
∆2 − E2

1(2)







E1(2) + ε±↓ +
ΓE1(2)�
∆2 − E2

1(2)



− Γ2∆2 cos2(φ/2)

∆2 − E2
1(2)

= 0

Det[Gr
d(ω)

−1] = D+D− = 0

Calculation: Green’s functions in Nambu space. 
The poles of the retarded Green’s function give the Andreev bound states
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E1(2) − ε∓↑ +
ΓE1(2)�
∆2 − E2
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





E1(2) + ε±↓ +
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∆2 − E2
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
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∆2 − E2
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

E1(2) − ε∓↑ +
ΓE1(2)�
∆2 − E2

1(2)







E1(2) + ε±↓ +
ΓE1(2)�
∆2 − E2

1(2)



− Γ2∆2 cos2(φ/2)

∆2 − E2
1(2)

= 0, (1)

where Γ is the tunneling rate. The notation E1(2) indicates
whether the Kramers doublet which contributes to the ABS is
the ground (excited) state at B|| = 0 (Fig. 1b). Importantly,
each Kramers doublet gives two solutions in Eq. (1) so in
general we obtain four ABS. The two outer (inner) solutions
correspond to E1(2) (Fig. 1c).

The results for the Josephson current are shown in Figs. 2a
and 2b where a 0-π transition occurs for B� � Bc, where
Bc is the field at which (K, ↑) and (K �, ↑) cross, namely
2µorbBc = ∆SO [17]. The transition can be understood
by studying the ABS spectrum as a function of φ for dif-
ferent B�(Fig. 2c). When B|| � Bc, the two inner ABS
cross at EF = 0. Owing to this, the occupied ABS for
B|| � Bc belong to the same Kramers doublet (the one formed
by (K, ↑) and (K �, ↓) which are, of course, no longer degen-
erate). Importantly, they carry supercurrents of opposite sign
which leads to a negligible Idis. The main contribution is thus
given by the continuum part . This continuum current can be
understood as resulting from the breakdown of left and right
symmetry between moving quasiparticles owing to the super-
conducting phase (the physical mechanism for these finite cur-
rents being analogous to persistent currents flowing in normal
metal rings in the presence of a magnetic flux). Remarkably,
this continuum current tends to flow opposite to the one car-
ried by ABS, which results in π behavior [18]. In Fig. 2d we

plot the ABS as a function of gate voltage and different B�. At
zero magnetic field, the SO splitted ABS show a diamond-like
shape. As B� increases, the diamond closes and, ultimately,
the two inner ABS become degenerate when B� = Bc. When
B|| � Bc, the ABS cross at EF . After the crossing, the oc-
cupied ABS belong to the same Kramers doublet for a large
range of |Vg| < ∆ resulting in a π transition which is robust
as the gate voltage is varied (Figs. 2e,2f). Interestingly, one
can draw an analogy between SO splitted Kramers pairs in our
problem and spin-split ABS in standard QDs [19, 20] with the
role of Coulomb blockade (responsible for a finite exchange
between spins in standard QDs) being played here by SO (ef-
fective exchange between Kramers doublets).

We include the effect of Coulomb blockade, U �= 0, by
first considering the large gap limit, i.e., ∆ → ∞, where the
problem can be mapped onto an effective low-energy model
(U � ∆) with a superconducting pair potential due to the
proximity effect ∆D = Γcos(φ/2). Direct diagonalization
produces results for the ground state energy EGS(φ) and triv-
ially IJ = Idis

J
(in this limit, this is the only contribution to

the Josephson current). The total spin S and the valley isospin
T are no good quantum numbers. Instead, HD has a block di-
agonal form using the total projections (Sz, Tz)as a basis. For
φ = π, we find the analytical solution

EGS(φ = π) =






Vg − 1
2∆SO for U > −Vg +

1
2∆SO, (Sz, Tz) = (±1/2,∓1/2)

2Vg −∆SO + U for − 1
2Vg − 1

4∆SO < U < −Vg +
1
2∆SO, (Sz, Tz) = (0, 0),(1, 0),(0, 1)

3Vg − 1
2∆SO + 3U for − 1

3Vg − 1
6∆SO < U < − 1

2Vg − 1
4∆SO, (Sz, Tz) = (±1/2,±1/2)

4Vg + 6U for U < − 1
3Vg − 1

6∆SO, (Sz, Tz) = (0, 0)

(2)

The ground state for arbitrary φ has to be calculated nu-
merically (Fig. 3a shows the phase diagram for φ = 0).
Nevertheless, it can be shown (by comparing with the ap-
proximate boundaries obtained by perturbation theory in ∆D,
lines in Fig. 3a) that for low U the ground state is al-
ways (Sz, Tz) = (0, 0) with a small region (Sz, Tz) =
(±1/2,±1/2). For large U , the ground state is always
(Sz, Tz) = (±1/2,∓1/2) with energy EGS(φ) = 2Vg −
1/2(

�
4Γ2cos2(φ/2) + (∆SO + 2Vg + 3U)2 + 3U). While

we cannot identify this state with a π phase, it is likely that
the inclusion of quantum fluctuations, by considering a finite
gap, will stabilize the system towards this phase. Indeed, co-
tunneling corrections for (Γ � ∆), present π phases. This
can be shown by employing second-order perturbation theory
in Γ (namely fourth-order cotunneling processes [16, 21]). In

this limit, we find a supercurrent IJ = Ic sin(φ) such that the
overall sign of Ic governs the 0 or π-character. In particular,
the 0-π-junction transition takes place at gate voltages corre-
sponding to the resonant condition Vg −∆SO/2 = EF = 0,
with a π phase for Vg < ∆SO/2, such that the transition can
be tuned by Vg . Numerical results are shown in Fig. 3b.

Beyond cotunneling, higher order tunneling events lead to
Kondo physics. Here, we consider the large-U limit where si-
multaneous fluctuations in the spin and orbital quantum num-
bers lead to a highly symmetric SU(4) Kondo effect (for a
Kondo temperature TK,SU(4) >> ∆). When TK,SU(4) �
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•Each Kramer’s doublet 
produces two ABS (four in 
total).

•At B=Bc, the ABS 
corresponding to different 
Kramers doublets cross. 
After the crossing, the two 
ABS below EF belong to 
the same Kramers doublet.
•



E1(2) − ε∓↑ +
ΓE1(2)�
∆2 − E2

1(2)






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Josephson current in terms of Green’s functions (both discrete and 
continuum contribution calculated on the same footing)

Idis = − eΓ2

� sin(φ)
��

E2

f(E2)∆
2

(∆2−E2
2)D

�
+(E2)

+
�

E1

f(E1)∆
2

(∆2−E2
1)D

�
−(E1)

�

I =
2e

� �
�

dω

2π
Tr

�
σ̂3

�
Σ̂<

0 Ĝ
a(ω) + Σ̂r

0Ĝ
<(ω)

��
= Idis + Icon

Discrete Josephson current (resonant Cooper pairs)
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Discrete Josephson current (resonant Cooper pairs)

The discrete Josephson current is given by the derivative of the 
occupied (i. e. below EF) ABS with respect to phase 

Idis = − eΓ2

� sin(φ)
��

E2

f(E2)∆
2

(∆2−E2
2)D

�
+(E2)

+
�

E1

f(E1)∆
2

(∆2−E2
1)D

�
−(E1)

�

Idis =
2e

�
�

E1(2)

f(E1(2))
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Non-interacting regime 

0-pi transition: 
reversal of the supercurrent due 

to the combined effect of SO 
and external magnetic field. 

This is very unusual in a non-
interacting system. 
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Non-interacting regime II
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0-pi transition: 
reversal of the supercurrent due 

to the combined effect of SO 
and external magnetic field. 

This is very unusual in a non-
interacting system. 

Charge and heat dynamics in nano-systems
Tuesday, October 11, 2011



Non-interacting regime II
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Magnetic field where spin-
polarized orbital states 
become degenerate

-4 -2 0 2 4
B|| [T]

-10

-5

0

5

E
/

Bc

Charge and heat dynamics in nano-systems
Tuesday, October 11, 2011



0 1

-1

1

0

B||=0

0 2

B||=0.5

0 2

c

B||=0.6

0 2

After the crossing, the occupied ABS belong to the 
same Kramers doublet. Importantly, they have 
opposite derivative with respect to phase which 
gives discrete supercurrents of opposite sign.

Only the continuous current (states above the gap) 
contributes. This reverses the sign of the supercurrent.

 In standard QDs this happens in the cotunneling 
regime only, see Supercurrent reversal in quantum dots, 

J. van Dam et al, Nature 442, 667 (2006).
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Gate tunability

At zero magnetic field, the SO 
splitted ABS show a diamond-
like shape, similarly to spin-slit 
ABS due to Coulomb Blockade
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Gate tunability

At zero magnetic field, the SO 
splitted ABS show a diamond-
like shape, similarly to spin-slit 
ABS due to Coulomb Blockade

E. Vecino, A. Martín Rodero and A. L. Yeyati, Phys. 
Rev. B, 68,035105, 2003
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Cotunneling regime (fourth 
order perturbation theory)
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Kondo regime (slave boson)

IdisJ =
e∆

2�
�
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Without  SO we recover the results 
of:

Zazunov, Levy-Yeyati and Egger, 
PRB 81, 012502 (2010)
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Kondo regime
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CONCLUSIONS
•The relatively small SO coupling in quantum dot 
carbon nanotubes induces a 0-pi transition in the 
Josephson current  when an external magnetic field 
brings spin-polarized orbital levels to degeneracy.

•The transition is also tunable by a gate voltage. This is 
relevant in view of recent transport experiments in 
quantum dot carbon nanotubes.

•Cotunneling regime: the transition occurs even at 
zero magnetic field.

• Kondo regime: the Josephson current is always in the 
0 phase for both SU(4) and SU(2) symmetries.
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