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|. Ultrasmall Josephson junctions

Some basic notions



Small Josephson junction

Josephson relations:

S S [ = Ir:, sin @
¢ =2eV/h
Small Josephson junction: two energy scales I, I
Ec = (2e)*/2C |
L N\
B = T /N
EJ — hjfz/(ze) |

Hamiltonian Commutator

H = E.(Q/2e)* — Ejcos ¢ — I ¢, Q] = 2ie



- Superconductor vs. insulator behavior:

consequence of phase-charge duality

H = E.(Q/2e)* — Ejcos ¢
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- Effect of environment; RCSJ model
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Dynamics of fictitious phase particle




Effect of environment: RCSJ model

° do .
. iI. / +01E+sm<5‘zo

v X C.E; R @ |O displacement currenttrhu  supercurrent

current resistor
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wy = (2el./RC)/? o = G(h/2el.C)"/? io = Io/1.

Overdamped limit: effect of thermal noise
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- Effect of microwaves: Shapiro voltage steps

Dynamics of phase

d? O
dt2

d{f}
+ 00—
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+ sin @ = i + 71 sin (241,

Finite voltage: Josephson oscillations

Phase-locking: voltage-Shapiro steps at
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Duality: Josephson junction versus phase-slip junction

Cooper pair tunneling Phase-slip
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- Consequences of duality: 1V characteristics & Shapiro steps

d*q  dg
V, R dt2+pdt+bmq—vg
| =E—-o-ri e/ | N
L inductance resistor  phase slip element

= (7V./eL)/? vo = Vo/V.  p= R(e/nV.L)'/?

Phase vs. charge particle




- Consequences of duality: 1V characteristics & Shapiro steps
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L inductance resistor  phase slip element

= (7V./eL)/? vo = Vo/V.  p= R(e/nV.L)'/?

Expected I-V characteristics Effect of microwaves: current-Shapiro steps
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[1. VVoltage-biased junction in an
Inductive environment

Single Josephson junction as a phase-slip element



- CJRL-model: Apenko (1989), Schon & Zaikin (1990),
Circuit & Hamiltonian  Zazunov, Didier & FH (2008), Guichard & FH (2009)
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- Single junction: Bloch Bands Likharev,Averin,Zorin (1985)

’ | . Q7 : Tight-Binding
Periodic Hamiltonian: -~ _ K 560 >> - )
Hi=355—Ercost E>>Ec Model

U(0)=(E /E)cos(6)

E/E.
4 Sinusoidal lowest band:
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Phase-slip amplitude:
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Quasicharge

ST s L . gy
H :E—EJ C030+I(¢b_¢R_‘9) +Hbath

Dynamics in lowest Bloch band
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- Equation of motion for quasicharge

Guichard & FH (2009)
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- Equation of motion for quasicharge:
quasiclassical approach Guichard & FH (2009)

LG+ Rj+ V.sinmg/e =V, + 0

Quasiclassical Narrow wave packets,
dynamics

thermal noise

Ignore wave-packet spreading on Classical noise:
scale 1/a,, L/IR
A £(0) q
mex (w(t)v(0)) = 2kpTR(t)
> eV,
o, RIL< T<A4,

v



: i ~c Corlevi, Guichard, FH & Haviland
Overdamped quaSICharge dynamlcs (2006); Beloborodov, FH & Pistolesi

In a phase-slip junction: experiment (2002)
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[11. One-dimensional junction arrays

Josephson junction chain as a phase-slip element
(providing its own inductance)



- Phase-biased Josephson junction array

Matveev, Larkin, Glazman (2002)

>
I Ignore self-capacitance:  F . > E; E.

@ }]}

TT TTfG Action: f dfz{

N
Phase bias leads to constraint: Z #,(t)= ¢
n=|

Strong Josephson coupling & long array: £ ; > E. N > 1

Classical energy of chain: minimize potential energy for large N,
Imposing the constraint

0, =o¢/N <1 »  FEllass = QNQ) (inductor)




- Phase-slips in phase-biased arrays

Matveev, Larkin, Glazman (2002)
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- Hamiltonian for quantum phase-slip array

Matveev, Larkin, Glazman (2002)

Classical energy for m phase slips:

3 : = E;(¢ — 2rm)2/2N
% N N
ZAN ZAN 7\ _ |
BN G, [ Effectof capacitance: quantum fluctuations
Ie 1 |l
§ w  E(9)

Phase slip at junction k: A
SN P

6,(t) = 4 arctan exp[/E;E- (t — 1')], > 27
| -  Phase-sli uncti
Phase slip amplitude: Hamiltonian: BEsip Cjn oceuron any junction
3 /4
Ao ~ (EJ EC)l , B, NA,
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- Phase-slip array In quasi-charge representation
Guichard & FH (2009)

Introduce « quasicharge representation » [(j-, ?’?’L} = —€ / Tr

P

Rewrite Hamiltonian H.. = (E;/2N)(2rm — ¢)? — NAgcos /e

Quasicharge dynamics related to current q’“ = (2¢/h) dﬁ/(ﬁ

_Elxlj_dxlj_ _Elxlj_ Larﬁ 4 Ré‘r + Vearsinmg/e =V + 0
= Liw =hN/[2el. Vear = NV

Vi Tunable parameters!

Again exactly dual to usual RCSJ model!



V. Phase-slip junction under
microwave Irradiation

Current Shapiro steps: towards a current standard?



- Microwaves & Shapiro steps

Guichard & FH (2009)

d’q  dg _
- T + sinq = v Vo = ViV,

Vb(f) = V 4+ Vuw Siﬂ(uﬁﬁ{w’t)

Overdamped case Underdamped case
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- Phase-slip junctions, Shapiro steps & the metrological triangle

Josephson junction PHrgpe-slip junction
V=nhft/2e "I=mef

Quantum Hall effect
| =pe?V/h
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- Conclusions

|. Ultrasmall Josephson junctions
Some basic notions:

-Junction in electromagnetic environment
-Voltage-Shapiro steps

-Duality

[1. Voltage-biased junction in an inductive environment
Single Josephson junction as a phase-slip element:

- Hamiltonian

- Duality with an external inductance

[11. One-dimensional junction arrays
Josephson junction chain as a phase-slip element:
- Quantum phase-slips in a phase-biased array

- Duality with intrinsic inductance

V. Effect of microwaves
- Current-Shapiro steps: closing the metrological triangle?
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