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Our strategy of control 1

original system controlled system
dx dx
E:X(X,t) —— E:Xc(xﬂf)
with X, = X + f
AN
control term

chaotic dynamics — regular dynamics

Aim:|find a small and apt control f

> small modification of the system / great influence on the dynamics



Our strategy of control 2

2.
3

H = H,+¢V chaotic H.=H,+V+f regular

f=—eV  obvious and useless solution

=> tailoring the control term f

Requirementson f : « small with respect to the perturbation e V'

> here, we require that f = O(¢*)

* localized in phase space
> accessible region, fewer energy for the control

 with a certain shape
> robustness ...

 other requirements ?



Physical situations

> electrostatic turbulence : £ x B drift motion

AN l

v S =«
4 :%EXB:£ 9y - a e s M
dt\Y B Bl 0V mt o o
ox "~ S B

t a1 a2

where E=-VV(z,y,t) - ==~ B
!“/- “-.'-ﬁ' - ::

> magnetic field lines

b _ _9oH
dy 00 H(‘P, 67 @) - HO (w) + 8]_Il (1‘)7 07 @>
do _ oH
do A

> atomic physics : atoms in external fields, traps

> particle accelerators, free electron laser, ....7



|. Global control of Hamiltonian systems :
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/,,,/ - method and illustration
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D

- application to edge plasma turbulence
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I1. Localised control of Hamiltonian systems

- method and illustration

- application to magnetic field lines




Lie formalism

In general In action-angle variables:
H=H +V H(A, @) = Hy(A)+ Y Vi(A)e™*
kezZ"

where (A, Lp) cR"” x T"

Ly, givenby L, V' = {H,,V} OH, OV 9V OH,
0 ' —) L,V = 2T

{,-} = Poisson bracket OA Op O0A Oy

=Y vk K (A) e

kez"

OH,
OA

where w =

I" pseudo inverse of £, : = ry - Z V. (A) R
EHOQ = CHO ez 1wk
wk=0

R projector: R=1— LHOF ) RV — Z Vk(A) ez’k-‘P
kezZ"
wk=0




Global control

Proposition 1: H, =H,+V + f and H, + RV are canonically conjugate

)14

if V isoforder ¢ = f isoforder O(c”)

> f=>_f  wheref, isofordere"

>If w= %AO IS non-resonant and in many other situations, H, + RV is integrable



Control of chaotic transport in a model for ExB drift in
magnetized plasmas

L c c| Oy
=—ExB=— where E = -V V(z,y,t) _ _ _
Yl B B| 0V V" 1s the Hamiltonian

x, y are conjugate variables

Algorithm for the computation of the control term f

Numerical investigation: - of the effect of the control term (in practice f,)

- of its robustness
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Control of ExB drift

Electrostatic potential V' (x,y,t) known

on a spatio-temporal grid.

1) EXpanSion of x y7 ZV T y zwkt

2) Computationof TV = Z Vilz,9) o'
o0 W
7 h(z,y,t =0)
3) Computation of |f, = —§{F V.V} -3 RS
Where{.’.}:i.i_i.i i
Oor Oy Oy Oz B y

4) Higherorders? |f.=-—{TV./.}

00 >
(I’ecalli f — Zf; ) 50 100 150‘. 200 - 250
n=2



_ ay, : B
Example: |V(®9:H)= ;k (0 + m2)? sin (2 (na + my) + @, — Wit)

P, Tandom phases

L'V(z,y,t =0)
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The control term is a small modification of the potential
V(z,y,1) V(z,y,t) + f(2,y,1)




Trajectories of particles

12— - y . - 12

10 100

> Poincaré surface

of section » ~ |
2r 2l s %
o ot
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* x
without control with control f,

> Projection on
the x axis

v 10



Diffusion of test particles

Diffusion coefficient without control
105 !

. 1 M 2 o
D= }Ho%ﬁtz x,(t) — XZ<O)H

i=1 10}

with control f

0.5 0.6 0.7 0.8 0.9 1
a

> significant reduction of diffusion by f

Probability Distribution Function of step sizes

0

Step size = distance between two el
. . . wo

successive sign reversals of the velocity Y
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Robustness of the control : a crucial requirement

experimentally accessible

\\ domain of efficient control
e

Hy+eVI+f o
Q _
Hy+eV+f
®
H,+eV
Ho +ecV uncontrolled Hamiltonian

Ho +eV + f controlled Hamiltonian, computed theoretically

H0 +eV + f controlled Hamiltonian, implemented experimentally



Robustness 1

> Modification of the amplitude of the control term: | f, — 8- f,

x10°

a=0.7

) H =H,+cV +0-f

without control

0.5r

> optimal control for &6 =1

1.5

> increasing its amplitude does not improve control

> decreasing the amplitude does still give a good control
> reducing energy to control the system (6 =0.5 = reduction of 30%)



Robustness 2

iIf the potential is known on a coarse grained grid:
truncation of the Fourier series of the control term f,

x 10~ | | | | | a;0.8

1.6

1.4 without control
1.2+
11
08+
06+
0.4r .

0.2 L] ’ scontrol f

0 1 1 I | I |
0 100 200 300 400 500 600 700

n

> efficient control with few Fourier modes: 12 modes = reduction of 25%

> simplification of the control term
> reduction of the energy necessary for the control



|. Global control of Hamiltonian systems :
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- method and illustration

- application to edge plasma turbulence

I1. Localised control of Hamiltonian systems

- method and illustration

- application to magnetic field lines




Localised control : channeling chaos by building barriers

Proposition 2 : There exists a control term f of order <* such that

H,(A, @) = H(A, )+ f(¢)Q(|A + T, H(0,¢))

has an invariant torus at A = —I'0 _H (0 ,Lp).

Itis given by f(p)=—H(—<['0_H(0,),).

> expansion of H around A = A, ,eg,A, =0:
Remark: for 2 d.o.f. barrier to diffusion X

for n d.o.f. effective barriers noo2

v

Advantages:

> Explicit expression for the control term: existence and regularity
> Explicit expression for the invariant torus which has been created

> Persistence of the created torus for arbitrarily large values of € (provided || f[I<|V |}



Algorithm of construction of a localised control term
2

onan example: H(p,z,t) = % + eV (z,t)

1) translation of the momentum p by w

2

H(pE,xt) = wp + B +eV(at) + -
2) computation of I'0 )V = (I'0,V,I'0,V)

ro,v =31 g
o v Wk + K, k,
3) computation of f = —H (—<['d,V,—l['0,V,x,t)

2
2 k .
f — 82[ g 1 Vkle ez(klz—l—th)

ky K wk, + k,

i(kx+kyt)
Kk

4) equation of the invariant torus

; wk, + k, Vi, ©




Localised control: forced pendulum

2 2 2
H :%—I—e(cosx—l—cos(x—t))—% cosz | cos(x—1) Q

(‘p — Dy (xv t)‘)

c

w w—1

without control c = 0.05 with control

15

control

4% of V
on 1% phase space

v

m 05) e

1 trajectory

]

-0.5

c
=

§ control
§ 4% of V

c on 1% phase space
o

> uncontrolled case : no barrier for e > 0.028



Localised control: channelling chaos by building barriers

e Creation of barriers at different locations

tion

incaré sec

Po

e Creation of set of barriers

H

c

2 M

— % + e(cosz + cos(z — t)) + 82Zﬁ($, t)Q(‘P — Py (2, t)D

1=1

> Trapping of particles

UO1193S 9.Je2U10d

UO1193S 9.4e0U10d



Localised control: magnetic field lines

Magnetic field line dynamics in a toroidal geometry

V@ — +8_H
dy o
lav  oH
dp 9

Nearly axisymmetric case:  H (U, %, ) = H, (V) + eH, (1,9, )

v
q(b)

4
2-9)2-2¢+°)

« regular part: Ho(mp):f

« safety factor: ¢(V) =

* magnetic perturbation:

Hl(ﬂ% ﬁa Lp) - Z(_l)

m

. sin [(m — mo)ﬂd]

"2 cos(md — ne)

w(m —m,)



Localised control: magnetic field lines

around ¢ ~ v, :

H, (b, 9,) = Hy(b) +eH, (1, 9,) + " f(9,0)| b — ¥, + LI H, (1,,6,) [

control

5% Of V
on 7% phase space

v




Summary and outlook

> Global control of Hamiltonian systems R
- application to electrostatic turbulence
- robustness o

> Localised control of Hamiltonian systems
- application to magnetic field lines
- barrier to diffusion

> control of chaos in area-preserving maps |[cf. Poster]

> application on a TWT [cf. Doveil’s talk]

> extension to more realistic models in fusion plasmas

> other applications to atomic physics, particle accelerators, free electron laser..?



Robustness 3

- ~ L err
> phase errorin f, Py = P T NP
2X10_3 a=0.7
1.8+
1.6+

without control

control f,

0 0.02 0.04 0.06 0.08 0.1 0.12
Y

> 50% reduction of the diffusion coefficient for 5 % error in the phases



