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Scattering approach in mesoscopic physics

— Coherent transport : [-A + V(X)]ve(Xx) = Eve(X)

Stationary scattering states : w(Ea)(x)
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For N open channels :

N x N scattering matrix S(E)

— Current (Landauer/Bdttiker), shot noise, Gys, etc
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Temporal aspect of quantum scattering : time delay

""mesoscopic

e2im W, (x): o~ ik(x=L)
L\ e+ik(x—L)+i2n

AN

eZinN [ x

1) Partial time delays

o def d(2na)
T

2) Wigner-Smith matrix & Proper time delays
dS(E)

Q(E) ¥ _iS(E)T? — eigenvalues {7,}

3) Wigner time delay (+» DoS of open cavity)

id 2
—NﬁlndetS(E) =N

w(E) = LT {Q(E)) =

Christophe Texier Nanophysics: from fund. to appl. - Quy Nhon, Vietnam - 07/08/2013



Application : Quantum R-C circuit

AC transport — Admittance G(w)

1 1
Gw) ~ Twe, T

{ra} — C, & Ry (Buttiker ’93, etc)

mesoscopic B e@ N 11 N 1
capacitance : B T dp C,. Coco €2p(er)
~—~— ——
electrostat. Fermi gas
al LPA’s experiment (ENS, Paris) :
S8
56 J. Gabelli, G. Féve, B. Placais,...
Q4
-0.85 -0.84 -0.83
V,; (Volis) - |
J. Gabelli et al, Science 313, 499 (2006) (Problem 10.2,
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Questions :

Mesoscopic cavity = complex dynamics (chaos)

Q : What are the statistical properties of mw ?
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Chaotic cavities - RMT approach

Several formulations
of Random Matrix Theory :

@ Stochastic approach (SA) : S — COE, CUE or CSE
— no E-structure !

@ Hamiltonian approach, or « Heidelberg » formulation (HA) :

. 1 H=H & W
— _ -t
S(E) = 1JF21WE —H+iWwtw w 2 random matrices
© « Alternative » stochastic approach (ASA) :
idea of HA within SA

Brouwer & Bluttiker, Europhys. Lett. (1997)

| P(r1,--+ ,7v) : Brouwer, Frahm & Beenakker, PRL (1997) |

Christophe Texier Nanophysics: from fund. to appl. - Quy Nhon, Vietnam - 07/08/2013



@ Coulomb gas formulation
© Freezing transition
© Numerics

@ Concluding remarks
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|. Coulomb gas formulation
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Laguerre ensemble : (for 75’s in units of 7y = h/A)

Py, ) o [ i —7/|BH7,€N/26_%W with 8 € {1, 2, 4}
i<j K

Brouwer, Frahm & Beenakker, ‘97

{va = 1/7a} are eigenvalues of Wishart matrices XX

Coulomb gas method (F. Dyson, '62)

P(ry1 g 7ny) o< e_BE(’Yh"' 7'YN)

with E(y1, -+ , ) 2ka—52|nw—zlnlm il

i<j
H/_/ %,_/
~N~; ~N21n ~N21In ~;

Scaling
N~ ~ N2 = ~; £ Nx; with x; = O(N°)
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Rescaling x; = vi/N = 1/(7iN) & s = Nty

8

P(xi, -, xn) < e N6l where  p(x) = %Zé(x — X))
i

Elpl = /0Oo dx (x —Inx) p(x) — /OOO dxdx’ p(x) p(x") In |x — x|

V)

Confinment | & logarithmic repulsion

- def DoS 1
TW:%E/WI1—> SZN%:2W<D05>:1NZI'XI :deXp(X)

mu = h/A : Heisenberg time
A = 1/(DoS) : mean level spacing
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Path integral — Saddle point approximation (N > 1)

v 9 o) s )
/Dpe ZNE ST <1 /pr(x)>

= Minimize &'[p] under two constraints — two Lagrange multipliers

F= 0+ o ( [axot) 1) i  [ox 2 - )

671l _
dp(x)
p

Pu(s) x|l

PN(S

Optimal distribution p.(x; s) solves
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Equilibrium condition

0F .
o] =0 gives
dp(x)
chemical potential b
i+ ’u—1 +x—Inx —2/ dx'p(x') In|x = x| =0  forx € [a, b]
\—,_/ a
Veont (X)=V (X)+11/x interaction with bulk
1 p(X')
—1+ + +2 dx - =0]| forxc[a,b]
— X
—/—/ %,_/
Feont(X) Foulk (X)

P, (X35)

AN

= Solution
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Tool : Tricomi’s theorem

Given a function g, consider the integral equation for p
TX—1

][bdt(t) =g(x) forxelab]

Assuming that p has a compact support [a, b], then

1 bat/(t—a)b—t)
p(x) = )(bx){CwL]é Wg(t)}

(x—a t—x
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Maximum of Py(s)

General solution :

X+cC 1
«(X;8) = —a)(b—x)|;, c=-—
pu(xi8) = 53 V(x—a)(b—x) Ne

Most probable mw : remove constraint = ;4 = 0 leading to

a=3-2V2 §
{ b—312/2 (Marcenko-Pastur law)

= s= [ 2= — { most probable value

Pl

For s ~ 1 one finds : &[p.(x; 8)] — &[p«(x;1)] = (s— 1)‘ x

Pu(s) ~ oxp—M (s 12| = Var(ry) ~ i
~ I - ar
N s~1 p 8 ™w BN“
i.e. Var(DoS) ~ BN2A2
Lehmann et al 95 and Mezzadri & Simm "12 : Var(rw) = 4y

(N+1)(NB—2)N2
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Large deviations for s — 0

1 71 1 .
() SZNZX’ -0 = x,-wg—>ooV/
I

~W,/x
l X §—=0= 1 ~1/8% = o0
Vconf(x)

=  Ep«(x;8)]~1/s

—~ls

Py T :

1/s

Detailed analysis :

) 1 2 ) 1. 3 1+1In2
p*(x,s)szogy/Zs—(xs—U & é”[p*(x,s)]szog+2lns+ 5

(like Wigner semi-circle law for GE)
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Large deviations for s > 1?

5.7 [p]
dp(x)

s>1=pu1 <0

= 0 : no real solution for s > s,

1/3 2/3 NMI/X
_ 10+6x2/°—11x2 _
So = 102N 4 4738,

1,650 [

1645

1.640 F

1.635F
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Elp.(x;9)]

1625F

1620

1615F
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Il. Large deviations for s > 1 : freezing transition
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New scenario : splitting of a single charge

1 y ~
p(x) = Né(X—)q)_,_ 5(x)
isolated charge continuous

Saddle point egs. :
0F1p] _ 07l _

Sp(x) x4

Equilibrium condition :

_1+1+’L1+NX7+2][(1’p =0 for x € [a, b]
— X1

1 ! :
_1+i+'u71_~_2/ dx’ p(X)/:O with x; < a
a X1 — X

= 4 egs. for a, b, 1 & xq
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Freezing transition for s > 1

1 1 _ 1
(5) S=2—+x> X' 200 = one charge xi ~ 1= — 0

@ 1~ —x3— 0"

@ j(x;s) e p«(x;1) for s > 1

A(x; s) freezes to the MP law p..(x; 1)

1 1
Elp«(x;8)] = N(X1 —Inx))+(--) SN Ins + Cste

Power law tail

InPN(s)N—%Iner---

Scattering interpretation : a single time 7 dominates = | resonance
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Large deviation functions

0.04
f
l
003+ = *
Energy of the gas : 3 |
(g)[p*] — CSt + ¢7(S) ;I/ 002 K&
éo[p*] = cst + 1N¢+(S) ooil \ ”1/ s
metastable/
Ve i
sk | i | n I/N corréctlon |
0.6 08 1.0 1.2 1.4 1.6 1.8 20
N
Pu(s) exp [~ SN2 d_(s)] for s < sy
n(S) ~
Nooo | N= % exp[ngHbJr(s)} for s > sy
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A second order phase transition

p.(x:5)
New phase exists for s > 1 ]_Q S 0,539
0 a b
(and not only s > s) 3 M
X1
x* /
3 s
1 Sy

Crossover at sy

Elp.(x:9)]

1

s<ov b Elp(xs] -l )] =, 4(s- 17
s>ov = (69— Sl ] = po

sy~ 1+ (4/N)'/3

SN N—> 1+ : Freezing is here a 2nd order phase transition
— 00
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[1l. Numerics
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Monte Carlo simulation of the gas

Demonstrates the phase transition :

162
. 1,618 fi
10 A% 1616 |+
1614 [+

Elp(x)]
Elp(x)]

1.612
1.61

el //‘é

o, P 1.606 J
1.604
0.1 1 1 15 2 25 3 35 4 45 5
s=Nrt for N=800 s=Nrt for N=800

For s going from co — 17 : force the existence of one isolated charge
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s=Nt for N=200, 400, 800 and 1600
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V. Conclusions

Christophe Texier Nanophysics: from fund. to appl. - Quy Nhon, Vietnam - 07/08/2013



Gaussian

P,(x38) w
—~ B ﬂ o
3 e ' E 1/3 | ¢ S/\
“ 1 isyxl+@/N) | E =
l|_L e~ 3N2/25 : ;_—'f i
\'/2 Gaussian pOEVeE}s/vg
i | uN | Vi
0 ! 2 S = NTW :275 DoS
TH <DoS>

Power law Py(s) ~ s~27#N/2 : one narrow resonance

CT & S. N. Majumdar, Phys. Rev. Lett. 110, 250602 (2013)
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