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b) Fluxoid quantization:
∮

ds (dϕ/ds) = 2πm

ΦB = LgI + Φex ≃ Φex

• Superconducting nano-rings (Lk ≫ Lg)

ΦB

R

B

2e

Im = (Φ0/Lk)
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)

ց

kinetic inductance

• Josephson junction rings (LJ ≫ Lk ≫ Lg)
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Current eigenstates in JJ rings
Homogeneous ring

BΦθn

ϕn

ϕn+1

HJJ = −EJ

∑

n cos
(

θn − 2π ΦB

NΦ0

)

constraint
ϕN+1 = ϕ0 + 2πm −→

∑

n θn = 2πm

Current states |m〉 : minima of HJJ , θ
(m)
n = 2πm/N

Ground state
EGS = EJ

2N
minm

(

2πm− 2πΦB

Φ0

)2

IGS = ∂EGS/∂ΦB

-1 0 1

 

ΦΒ/Φ0

m=-1 m= 0 m=+1

EGS

-1 0 1

 

ΦΒ/Φ0

m=-1 m= 0 m=+1

IGS / I0



2. Josephson junction chains
(theory & experiments)



Microscopic model for a JJ ring

JE C

C0

n+1

n

ΦB

Ĥ = ĤJJ + Ĥelec.

Josephson coupling
ĤJJ = −EJ

∑

n cos
(

ϕ̂n − ϕ̂n−1 −
2πΦB

NΦ0

)

electrostatic interaction
Ĥelec. =

1
2

∑

n,n′
¯̄C−1nn′Q̂nQ̂m

Quantum Phase Model
[

ϕ̂n, Q̂n

]

= 2e i
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Phase-current relation

Perturbative regime: Em, Em+1 ≫ υring ΦΒΦΒ

-1 -1/2 0 1/2 1

ΦΒ/Φ0

EGS

˜ υring

-1 1/2 0 1/2 1

ΦΒ/Φ0

I / I0

classical

QPS

General

Ĥ =
∑

mEm |m〉〈m| − υring
∑

m (|m+ 1〉〈m|+ h.c.)

EGS(ΦB) −→ I(ΦB) −→ •Imax

[Matveev,Larkin,Glazman, PRL 2002; Orlando, Mooij et al., PRB 1999]



Single tunneling amplitude υ

One particle coupled to an external bath

θn0 : center pf QPS

{θn 6=n0} : N-1 harmonic oscillators

Regime EJ ≫ EC , E0, instanton technique (Path Integral)

Finite size effects υ = υ(N)

Harmonic modes υ = υ({ωk})

n=n0

== −→ LC-line
electrodynamic modes
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Theoretical results: Imax/I0
Example (C = 2C0)

0.7

0.8

0.9

1.0

 10  100  1000  10000

N

EJ/EC= 11.0
     = 7.0
     = 6.5
     = 5.5
     = 5.0  0.4

 0.6

 0.8

 1

 4  5  6  7  8  9

EJ/EC

N=∞ 
Korshunov
JETP 1989

N= 2000
N=    500
N=    100

Finite size effects: non-monotonic behavior

Superconductor/Insulator:
Quantum phase transition for N → ∞

[Rastelli et al., PRB 2013]



Experiments: setup

Samples
N = 10, 20, 30, . . . , 110

Voltage-bias configuration
single JJ JJ chains

1
R

(

V − ~

2e
dθ
dt

)

= IJ sin (θ) 1
R

(

V − ~

2e
dδ
dt

)

= I (δ)

V
R

EJθ V
R

δ E
GS
(δ)(θ)

Mechanical analog



Experiments: caveats

Zener-transitions

Pc = 1
2
= e

−2π
υ2
ring

EJ (2eVc) −→ Vc threshold υ ring

Charged impurities

υring = υ
∑

n ei
2π
2e

qn = υNeff

(Pop,Douçot,Ioffe,et al., PRB 2012)

Thermal fluctuations

(Texp ∼ 50− 100mK)

1 junction EJ ≃ 1000mK JJ Chains EGS ∼ 100mk

Bk  T



Experiments: results
Example N = 50
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3. Non-adiabatic dynamics
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Dynamics
Incoherent QPSs

~Vθ

∆=0
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V = Φ0Γ −→ rate

(T=0K)

Coherent QPSs υ −→ quantum amplitude

QPS in JJ rings
1 Josephson junction coupled

to the harmonic modes {ωk} BΦθn

n

n+1

a) Adiabatic coherent b) Incoherent dynamics in the
dynamics υ ≪ ωmin thermodynamic limit N=∞

• finite-size systems • Caldeira-Leggett dissipative model

• renormalized υN • ω = vk ohmic friction, Zline =
√

LJ/C0
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a) Adiabatic coherent b) Incoherent dynamics in the

dynamics υ ≪ ωmin ∼ 1/N thermodynamic limit N=∞
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ω1 ω2 ω3 ω4 ω5 ωn

υ

ω-1

 0

 1

0 2π 4π 6π 8π 10π 12π

ωR t

PL-PR    

revivals



Systems

Inhomogeneous ring with a weak element

υ ≫ υring: QPSs only in 1JJ N ring: LC-line,electrodynamic modes {ωk}

C0

C

E0 Φ

n=0
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n=N−1

θ
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Superconducting loop with a weak link

short coherent conductor

finite loop L: Mooij-Schön modes {ωk}
ΦΒ

L



Results (example)
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QPS junction

system
υ

superconducting loop

L

(t)=VtΦ δ(t) = 2πΦ(t)
Φ0

Ĥ =
(

~

2e

)2 (δ(t)−2πm̂)2

2L + υ
∑

m (|m〉 〈m+ 1|+ h.c.)

conjugate (charge) operator

[m̂, q̂] = 2ei ei
2π
2e

q̂ = |m〉 〈m+ 1| dq̂
dt

= ∂Ĥ
∂Φ

= Î

Ĥ = −
(

~
2

2L

)

∂2

∂q̂2 − 2υ cos
(

2π
2e q̂

)

− Vbiasq̂

duality with current-bias Josephson Junction

Ĥ = Q̂2

2C − EJ cos(θ̂)−
~

2eIθ̂

(Likharev & Zorin, J. Low Temp. Phys. 1985)

(Mooij & Nazarov, Nat. Phys. 2006)



Quantum metrology

classical dynamics for θ in JJ → Shapiro steps V = n ~

2e ω

I + Imw (ω) = ~/2e
R

dθ
dt

+ C ~

2e
d2θ
dt2

+ IJ sin (θ)

I

V

classical dynamics for q in QPS-J → dual steps I = n 2e
2π ω

V + Vmw (ω) = R dq
dt

+ L d2q
dt2

+ Vx sin
(

2π
2e
q
)

R L υV V

I



Experiments QPS Junction

Inhomogeneous chains
N = 18, 28, 38, 48, 88, 108

+1 weak element EJ ≪ E0
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[Guichard, Rastelli et al., unpublished]
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