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a) Magnetic flux quantization
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b) Fluxoid quantization: ¢ds (dy/ds) = 2mm
Op = Lyl 4 Doy ~ Doy

e Superconducting nano-rings (Li, > L)
() Tt e

kmetlc inductance
e Josephson junction rings (Ly > L > L)

LT ey
® ~ > Josephson inductance



Current eigenstatesin JJ rings

# Homogeneous ring
Hy;=—-Ej5), cos (9n — QW%)

constraint
ON+1 = po +2mrm — > 0, =2mm

o Current states |m) :  minimaof Hy;, 6" =2xm/N
# Ground state

2
FEqs = QE—]‘\], min,,, (27Tm — 27‘('(1)—?) Igs = (9Egs/8CDB

o Egs / les! I/
. | -




2.Josephson junction chains
(theory & experiments)



Microscopic model for aJJring

6 U H HJJ + Helec
Cy@\ _
Josephson coupling

electrostatlc Interaction

. 1A A
% // elec — 9 Zn n' nn/Qan

Quantum Phase Model [g?;n, Qn} = 2¢i

Hyy=—E;Y", cos (¢n — Pp1 —

27'('(1)3
N®g

)
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® Regime E; > Eg = %,Eo = 205

# Current states |m) (unperturbed)

# Electrostatic energy = kinetic energy —> quantum tunneling
Ec/E;
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v = tunneling amplitude for 6,,,
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Phase-current relation

o Perturbative regime: E,,, E11 > Uring @ @

| /
EGS\\/ 0
classical] ———
QPS =
R | g/,
# General

H = D Em m)(m| = Vping 3, (Im + 1)(m[ + h.c.)
Egs((bB) — [((I)B) — ol

[Matveev,Larkin,Glazman, PRL 2002; Orlando, Mooij et al., PRB 1999]



Single tunneling amplitude v

# One particle coupled to an external bath

LEELRELLE

0n, : center pf QPS
{0n+n, } : N-1 harmonic oscillators

W
gl
u

o0y & Ly

#® Regime E; > E¢, Ey, Instanton technigue (Path Integral)
# Finite size effects v = v(N)

# Harmonic modes v = v({wy})

3
%ﬁ = %}ﬁ — 5 LC-line 3 A\ f‘

nzn, electrodynamic modes e e

0
-0.5 0 0.5




Example (C = 2C))
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® Finite size effects: non-monotonic behavior
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# Superconductor/Insulator:

Quantum phase transition for N — oo

[Rastelli et al., PRB 2013]
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Experiments. setup

o Samples
N =10,20,30,...,110

# \oltage-bias configuration

single JJ JJ chains
7 (V=) = 1rsin(0) R (V= acw) =10)
R 1 R T 2§
v 0| K Es(6) VT 5| XE®
X ©S
v \% ><

#® Mechanical analog



Experiments. caveats

® Zener-transitions

2
_on Uring

-PC — = e EJ(QGVC) ) VC

1
2

# Charged impurities

. 27T
;2m
Uring = vzne 2¢ " = YNcyy

® Thermal fluctuations

(Teap ~ 50 — 100mK)

1 junction Ej; ~ 1000mK

threshold

JJ Chains

EGS ~ 100mk



Experiments. results

Example N = 50

0.035 T T - T 0 1 T
‘ Experiment Ej/E.=3 — — - : Experlment ,,,,,,,,,,,,,,,,,
0.03 | | Theory 1 05 Theory — |
0.025 |
04 F
0.02 |
I(nA) I(nA)os |
0.015 | max
02 f
0.01 |
0.005 0.1F
° %02 0.25 0.3 0.3 0.4 = 0.45 05
f= q)Squid/q)O
#® Chains of SQUIDS: 1 element = 1 SQUID

EJ = E?qmd COS (W(I)Squid/q)o)

- cDsquid - ™ m

experimentally tunable

#® Current-scale: 1junction I, ~ 50nA  — JJ chains I e ~ 0.1nA

[Weissl, Rastelli et al., (unpublished)]



3. Non-adiabatic dynamics



Dynamics

® Incoherent QPSs '-’L%z \/}Rﬁg

V = &g' — rate
(T=0K)
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Dynamics
V = ogl' — rate

® [ncoherent QPSs '_’%"’ \‘/}Qﬁ@/ (T=0K)

RN -
® Coherent QPSs v — quantum amplitude

#® OPSinJJrings
1 Josephson junction coupled
to the harmonic modes {wy }

SE R 8B
3 3 333 3

(&)
a) Adiabatic coherent b) Incoherent dynamics in the
dynamics v < wpin thermodynamic limit N=co
e finite-size systems e Caldeira-Leggett dissipative model

e renormalized vy e w = vk ohmic friction, Z;;n. = /Ls/Co

1 1
PL-Pr P-Pr weak dissipation ——
strong dissipation ——
0 o \//\
\’/ . \/")R t 1t . . . Rt
[ g 2m 3n an 0 s 2mn 3n 4t




a) Adiabatic coherent b) Incoherent dynamics in the
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a) Adiabatic coherent

dynamics v <« wmin ~ 1/N

NN/
0

b) Incoherent dynamics in the

"N PLPr

P

weak dissipation ——

strong dissipation ——

4

. Ot
3n an

+ Intermediate regime —

N* < N < o0

c) Non-adiabatic dynamics

® N discrete: no dissipation

v

@0y W3 O 05 Gy
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0 2m 41 61 81

__ ort
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Systems

#® Inhomogeneous ring with a weak element

® US> Uring: QPSsonlyin1J) s Nring: LC-line,electrodynamic modes {wy }

CICy=1 ——

S K/N

#® Superconducting loop with a weak link

® short coherent conductor

# finite loop L: Mooij-Schon modes {wy, }




o(t)/a(0)

Results (example)

Awt

[Rastelli, Vanevic, Belzig, unpublished]
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QPSjunction

00090~ OO
® system /\/N 6(t) = 27r¢q)(§)

VU <«—»

superconducting loop

= (£)? O_2Tm) S~ () (m+ 1] + hec.)

# conjugate (charge) operator

i, =2¢i  @FI=|m)(m+1] =30 =]
o 2\ 9° 9 2T A Vo d
— \2L ) 93z — U COS (2_65.7) — Vbiasq

# duality with current-bias Josephson Junction
H = 5=~ — Ejcos(0) — 5-10

(Likharev & Zorin, J. Low Temp. Phys. 1985)
(Mooij & Nazarov, Nat. Phys. 2006)



Quantum metrology

# classical dynamics for 6 in JJ — Shapiro steps V = n 2—@ W

I+ I (w) = 2L2¢ do +COLLo 4T, sin ()

R 2e dt2

AV

#® classical dynamics for ¢ in QPS-J — dual steps / = n 3¢ w

V 4+ Vinw (w qu—l—qu+Vsm(2 q) |

dt2

4F@MNJWW<]>—I




Experiments QPS Junction

a) Lo E, b )
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A5 quantum/ thermal fluctuations

structures under microwaves irradiation (but no steps...)

[Guichard, Rastelli et al., unpublished]
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