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Romain Jacquet, Jérôme Rech, Thibaut Jonckheere, Alex Zazunov, and Thierry Martin

https://epjb.epj.org/
https://doi.org/10.1140/epjb/e2019-90461-y


Eur. Phys. J. B (2019) 92: 59
https://doi.org/10.1140/epjb/e2019-90461-y THE EUROPEAN

PHYSICAL JOURNAL B
Regular Article

Unified scattering approach to Josephson current and thermal
noise in BCS and topological superconducting junctions
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Abstract. We present a unified description of a junction between s-wave (BCS) superconductors and a
junction between p-wave superconductors in a topologically nontrivial phase, which relies on a scattering
state expansion. We compute Josephson current and thermal noise in the two kinds of junction and exhibit
some characteristic features for a junction of two topological superconductors hosting Majorana zero-energy
modes.

1 Introduction

The idea for the possible existence of Majorana fermions,
particles which are their own antiparticles [1], originates
in particle physics. Despite some candidates, they have
not been confirmed as elementary particles yet [2]. Nev-
ertheless, it has been realized that they can occur as
collective excitations in many-body electronic systems [3].
The lattice toy model of a spinless chain with p-wave
pairing proposed by Kitaev [4] exhibits two topologically
distinct phases, one of which supporting zero-energy end
states with Majorana properties. The proposals for prac-
tical realizations of topologically nontrivial phases hosting
Majorana fermions are numerous and followed the original
proposal by Fu and Kane [5] whose idea was to circum-
vent the problem of knowing whether the elusive p-wave
superconductivity does exist or not in Nature by instead
using proximity effect with an s-wave superconductor.
At the view of the growing interest rising in the con-
densed matter community, some dedicated reviews have
been published [6–8].

In the context of condensed matter physics, the moti-
vation for the search of Majorana fermions goes beyond
the intriguing new fundamental physics that these exotic
particles will inevitably provide if they are identified.
The exchange of Majorana fermions bound to topological
defects in a 2D system results in non-Abelian statistics
[3,9] so that Majorana qubits can be used as a fault-
tolerant building block for a universal quantum computer
[10,11]. Indeed, the nonlocal storage of the quantum infor-
mation in such qubits addresses in an alternative way the
issue of decoherence that practical implementations face.

Among all solid-state settings for the synthesis of
Majorana fermions as emergent quasiparticle excitations,
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semiconductor–superconductor hybrid systems [12,13]
and especially proposals based on 1D semiconducting
wires [14,15], the so-called Majorana wires, have received
a lot of attention. Indeed, spinless p-wave superconductiv-
ity can be mimicked with materials which are commonly
used in nanofabrication. Strong Rashba spin–orbit cou-
pling together with a Zeeman splitting for time-reversal
symmetry breaking are the key ingredients to create an
isolated spin band inside which superconductivity can be
proximity-induced using a conventional s-wave supercon-
ductor. Moreover, braiding of non-Abelian anyons can be
achieved in an effective 2D network of Majorana wires [16].

Considering the relative ease to design Majorana wires
and their versatility for future quantum computation
schemes, several experiments have implemented these
proposals and have quite rapidly reported a zero-bias
conductance peak [17–21] compatible with the presence
of Majorana zero-energy modes. Fractional 4π periodic
Josephson current [4,5,22] has also been observed [23] but
does not give decisive evidence for Majorana fermions
neither [24–26]. Potential non-topological origins for such
signatures have to be ruled out. In particular, discriminat-
ing features in conductance measurements have motivated
a lot of works. For example, recent theoretical predic-
tions [27,28] have followed the experimental study in
reference [29] which has reported exponential suppres-
sion of energy splitting with wire length compatible with
the hybridization of Majorana end states in a Coulomb
blockaded nanowire. At the cutting edge of experimental
progress in the search for Majorana fermions, a proper
quantization of zero-bias conductance has recently been
reported [30,31].

Non-Abelian exchange statistics would be the ulti-
mate compelling proof for the observation of Majorana
fermions. Before the implementation of T-junctions [16]
for braiding experiments, quantum transport in systems
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supporting Majorana states can be investigated in the aim
to propose other kinds of signature for the presence of
Majorana fermions. The study of a junction between two
p-wave superconductors in a topologically nontrivial phase
(TS–TS junction) is motivated by the inherent presence
of Majorana fermions at the interface [4].

Short BCS superconducting constrictions (junctions in
which the contact length is much shorter than the super-
conducting coherence length) have extensively been stud-
ied in the literature, including computations of Josephson
current [32–34] and thermal noise [35]. Quasiclassical
helical mode expansion and Dirac potential modelization
for backscattering at the contact point between wires [36]
are well suited to describe a junction between two BCS
superconductors (S–S junction). This framework has been
adopted to address decoherence issues of the so-called
Andreev level qubit [37], including interactions with
acoustic phonons [38], quasiparticle poisoning [39–41]
and the effect of impurities in junctions involving heli-
cal metals [42]. The complete description in terms of
scattering eigenstates has been provided in the form of
bispinors [39,40] (which collect right or left movers with
spin up or down). A very close description for a (chiral)
TS–TS junction using (constrained) bispinors is possible.

In this work, we investigate a unified treatment of both
one-dimensional short S–S and TS–TS junctions, and we
focus on the computation of the electronic current statis-
tics at equilibrium: the Josephson current and the thermal
noise. Our calculations are based on the matching of
the scattering states of the Bogoliubov–de Gennes (BdG)
equation. While Green’s function based theoretical frame-
works (e.g. Ref. [43]) have been used to study TS–TS
junctions, our approach has the advantage that TS–TS
junctions and S–S junctions can be treated in parallel,
which offers a global picture of both type of junctions.

The paper is organized as follows. In Section 2, we
introduce the BdG Hamiltonian which describes either a
BCS or a topological superconducting wire as well as the
junction backscattering modelization leading to a match-
ing condition for scattering eigenstates which encodes the
nature of the superconductors in contact. Section 3 is
devoted to the emergence of zero-energy bound states in a
TS–TS junction and their Majorana properties. Then, we
introduce in Section 4 the current operator and the statis-
tics we want to investigate. The Andreev sector is studied
in Section 5. Transitions involving continuum states give
rise to a non-resonant noise that we calculate in Section 6.
Finally, we give some concluding remarks in Section 7.

We consider units in which Planck and Boltzmann con-
stants together with the elementary charge are unity, i.e.
~ = 1, kB = 1, e = 1.

2 Unified description of S–S and TS–TS
junctions in terms of BdG scattering
eigenstates

2.1 BCS Hamiltonian and spinor structure

We consider first a one-dimensional BCS superconductor
with Fermi energy EF = k2

F /(2m), gap energy ∆ and

position dependent superconducting phase φ(x). In the
quasiclassical approximation [36], the fermionic annihi-
lation operator ψσ(x), for a particle with spin σ = ↑, ↓
at position x, is expanded around Fermi points (with
momenta ±kF ), introducing slowly varying (i.e. vary-
ing on a scale much larger than λF = 2π/kF ) envelope
operators ψjσ(x) (j = R,L), according to

ψσ(x) = eikF xψRσ(x) + e−ikF xψLσ(x). (1)

We define the following Nambu spinors which collect
these right and left movers (with Fermi velocity vF =√

2EF /m)

ψ+ =

(
ψR↑
ψ†L↓

)
and ψ− =

(
ψL↑
ψ†R↓

)
. (2)

These spinors have given ± helicity and are combined into
the bispinor

Ψ =

(
ψ+

ψ−

)
. (3)

We define the Pauli matrices τi and σi (i = x, y, z) which
act respectively in Nambu and right/left-mover spaces.
Then, the Hamiltonian can be written as

HBCS =

∫
dxΨ†(x)

[
−ivF∂x σzτz + ∆τx eiφ(x)τz

]
Ψ(x).

(4)

If the phase is homogeneous across the material, that
is φ(x) = ϕ, we can gauge it out with the substitution

Ψ← ei
ϕ
2 τzΨ, so that we obtain

HBCS =

∫
dxΨ†(x)HBdG (∂x) Ψ(x), (5)

where the BdG Hamiltonian reads

HBdG (∂x) = −ivF∂x σzτz + ∆τx. (6)

2.2 TS Hamiltonian and spinor structure

We now turn to the case of a topological superconductor,
focusing on wires with broken time-reversal and spin-
rotation symmetries (corresponding to symmetry class
D [44]). Indeed, this corresponds to the most relevant
situation experimentally [45]. Starting from the Kitaev
chain model [4], and setting the chemical potential to
zero, one enters a topologically nontrivial phase which
supports zero-energy Majorana end states. A linearization
around Fermi points yields the following Hamiltonian for
a topological superconducting wire [see e.g. Eq. (A3) in
Ref. [43]]

HTS =
∑
q

Φ†q
[
vF q τz + ∆ eiϕτzτx

]
Φq, (7)
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with Φ†q =
(
c†kF+q,↑, c−kF−q,↓

)
. Note that this

Hamiltonian corresponds to an effectively spinless
p-wave superconductor.

We introduce right and left movers ψj (j = R,L) by the
following Fourier transforms (l is the wire length)

ckF+q,↑ =

∫
dx√
l

e−i(kF+q)xψR,↑(x),

c−kF−q,↓ =

∫
dx√
l

ei(kF+q)xψL,↓(x),

(8)

and collect them into the Nambu spinors

ψ =

(
ψR,↑
ψ†L,↓

)
, ψ = iτyψ

∗ =

(
ψL,↓
−ψ†R,↑

)
. (9)

The ∗ operation on a vector consists in the Hermitian
conjugation of its components. Then, if we define the
bispinor

Ψ =
1√
2

(
ψ
ψ

)
, (10)

and gauge out the homogenous phase Ψ← ei
ϕ
2 τzΨ, we can

write the TS wire Hamiltonian as

HTS =

∫
dxΨ†(x)HBdG (∂x) Ψ(x). (11)

Note that the Hamiltonians of equations (5) and (11)
describing respectively the BCS and the topological super-
conductors have the same overall shape. The fundamental
difference lies in the structure and the symmetry prop-
erties of the bispinors. Indeed, an important distinction
with the BCS case resides in the reality constraint that
the bispinor Ψ describing a TS wire must obey

[CΨ]∗ = Ψ (12)

with C = σyτy. In the aim to provide a unified descrip-
tion of BCS and TS wires, we have artificially doubled
the number of degrees of freedom for a TS wire and this
double counting issue has to be carefully considered when
calculating expectation values.

2.3 Energy eigenstates and matching condition

Expanding the bispinor Ψ(x) (or Ψ(x)) as
∑
ν χν(x)cν

where cν is a fermionic annihilation operator for a quasi-
particle in the energy state Eν , the diagonalization of the
Hamiltonian HBCS (or HTS) as

∑
ν Eνc

†
νcν is effective if

the wavefunctions χν are eigenstates of the BdG equation:

{HBdG(∂x)− Eν}χν(x) = 0, (13a)∫
dxχ†µ(x)χν(x) = δµν . (13b)

There are continuum plane wave states proportional to
e±ikEx with dispersion relation E2 = ∆2 + (vF kE)2. Such

a state can be written as a sum of incoming and outgo-
ing waves and four possibilities of scattering states can be
distinguished at a given energy E: the incoming wave can
be an electron-like or a hole-like excitation coming from
the left or from the right. A label s = 1..4 is used and
p stands for the couple (E, s). There also exist subgap
bound states proportional to e−κEx, κE > 0, with disper-
sion relation E2 = ∆2 − (vFκE)2. The general form for
these wavefunctions is given in Appendix A.

By introducing a potential barrier that allows backscat-
tering (right mover into a left mover or vice versa) in the
middle x = 0 of the 1D superconductor, we modelize a
junction between two superconducting wires with identi-
cal parameters. While this process is assumed to hold in
a spin-preserving way in an S–S junction [36,38–41], spin
flip is necessarily required in a TS–TS junction as a con-
sequence of spin-momentum locking (only one helicity is
present).

If described by a Dirac delta function, this barrier yields
the following matching condition for the BdG eigenstates
entering the mode expansion

χν(0−) = Ť?χν(0+), Ť? =
ei
ϕ
2 τz

√
T

(
1 +
√

1− Tσxτ?
)
,

(14)

where τ? = τz in a TS–TS junction and τ? = 1 in an S–S
junction. Because of this single difference between the two
cases of junction under study, a description using a few
case-dependent functions is possible. Indeed, all results
presented in this article only depend on the two functions
f and g which are given in Table 1. Remark that, in the
limit of perfect transparency T → 1, the matching equa-
tion is the same in the two cases so that the BdG solutions
must coincide. A first consequence of the matching con-
dition is the quantization of subgap states according to
Eσ = σEA with σ = ± and

EA(ϕ) = ∆

√
cos2

ϕ

2
− (1− T )f2(ϕ). (15)

In Table 1, we give the expressions of the Andreev energy
EA, of its phase derivative

δA(ϕ) = − ∂EA
∂(ϕ/2)

=
T∆2 sinϕ

2EA(ϕ)
, (16)

and of the damping parameter (ξ0 = vF
∆ is the supercon-

ducting coherence length)

κ(ϕ) = ξ−1
0

√
sin2 ϕ

2
+ (1− T )f2(ϕ), (17)

the inverse of which, referred in the following as damping
length, gives the extension of the bound states (larger than
ξ0). These quantities are displayed in Figure 1. Andreev
energy and damping length are smaller in the topologi-
cal case than in the BCS one. Consequently, the Andreev
levels in a TS–TS junction reside more deeply inside the
gap and their associated spatial wavefunctions are more
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Table 1. Expressions of the case-dependent functions
f and g along with the Andreev energy EA, its phase
derivative δA and the damping parameter κ, all given in
the case of both a topological and a conventional BCS
superconductor.

Topological BCS

f(ϕ) cos ϕ
2

i sin ϕ
2

g(θ) cosh θ sinh θ

EA(ϕ)∆−1
√
T
∣∣cos ϕ

2

∣∣ √
1− T sin2 ϕ

2

δA(ϕ)∆−1
√
T sign

[
cos ϕ

2

]
sin ϕ

2
T
2

sinϕ√
1− T sin2 ϕ

2

κ(ϕ)ξ0
√

1− T cos2 ϕ
2

√
T
∣∣sin ϕ

2

∣∣

Fig. 1. Andreev energy EA, its phase derivative δA and damp-
ing parameter κ in TS–TS (full red) and S–S (dashed green)
junctions, and for several transparencies.

strongly localized around the junction. In both cases,
ϕ = 0 is the maximum of the Andreev energy and, con-
sequently, a zero of the δA quantity and a maximum of
the damping length (zero phase difference is a peculiar
point in an S–S junction: Andreev levels are ejected at the
boundary of the gap and the damping length diverges). In
the BCS case, the Andreev energy has a strictly positive
minimum in ϕ = π (and consequently the δA quantity
vanishes). In the topological case, the Andreev energy
vanishes for ϕ = π (which goes with a discontinuity of
the δA quantity). To provide a good decoupling of the
Andreev pair from continuum states, large transparency
T ∼ 1 and bias operating point ϕ = π were envisioned in
an S–S junction [37]. In a TS–TS junction, a good decou-
pling can always be achieved (whatever the transparency)
around the zero ϕ = π of the Andreev energy. Remark
that, within our convention, see equation (15), in a TS–
TS junction, the evolution with conserved fermion parity
leads to a change from one Andreev level branch to the

other (Eσ → E−σ) through the crossing ϕ = π, at the
origin of fractional (4π periodic) Josephson effect [4].

The wavefunctions which respect the matching condi-
tion (14) are given in Appendix A.

3 Majorana states in a TS–TS junction

The annihilation operator cσ for the quasiparticle with
energy Eσ = σEA is obtained through the projection

cσ =

∫
dxχ†σ(x)Ψ(x). (18)

Because we have [Cχσ]
∗

= −iχ−σ (cf. Appendix A), the
reality constraint [CΨ]∗ = Ψ yields c†σ = ic−σ. Majorana
wavefunctions are obtained as the following superpositions
of zero-energy Andreev wavefunctions

µσ(x) = χ̂σ(x;ϕ = π) with χ̂σ =
χσ − i χ−σ

2
. (19)

They verify the reality constraint [Cµσ]
∗

= µσ so that the
associated operators are Majorana fermions

γσ = 2

∫
dxµ†σ(x)Ψ(x;ϕ = π) = (γσ)†, (γσ)2 = 1.

(20)

These operators enter the definition of the Dirac fermion
c+ according to

c+ =
γ+ − iγ−

2
. (21)

The Majorana wavefunctions read

µσ(x) =
e−
|x|
ξ0

4
√
ξ0
mσ(x) eiσ sign(x)π4 τz

 1
σ
σ
−1

, (22)

with

mσ(x) =

√
1− σ

√
T − σ sign(x)

√
1 + σ

√
T . (23)

The probability density µ†+µ+ is displayed in Figure 2

(µ†−µ− is symmetric with respect to the junction position).
In the limit T → 0, each Majorana wavefunction localizes
on a single side of the junction.

4 Current operator and statistics

Moving to the Heisenberg picture leads to the time
dependence for the operators cν → cνe−iEνt. The current
flowing through the junction is given by

I(t) =
∑
ν,ν′

Iνν′c†νcν′ei(Eν−Eν′ )t (24)

https://epjb.epj.org/
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Fig. 2. Majorana probability density at ϕ = π around the
junction position x = 0 for several transparencies.

where the current matrix elements read

Iνν′ = vFχ
†
ν(0+)σzχν′(0

+). (25)

The equilibrium Josephson current is given by

I =
〈I〉
d?

with 〈I〉 =
∑
ν

Iννn(Eν), (26)

where n(E) = [1 + exp(βE)]−1 is the Fermi–Dirac distri-
bution at temperature β−1. d? = 1 in an S–S junction
while d? = 2 in a TS–TS junction to avoid double
counting. The (unsymmetrized) noise is defined as

S(t, t′) =
〈δI(t)δI(t′)〉

d?
with δI(t) = I(t)− 〈I〉. (27)

Its Fourier transform is given by

S(ω) =
2π

d?

∑
ν,ν′

|Iνν′ |2 n(Eν)

× [1− n(Eν′)] δ [ω − (Eν′ − Eν)]. (28)

Zero frequency noise (obtained for Eν = Eν′ in the last
sum) has a part SA(ω, ϕ) due to Andreev bound states
that we will briefly discuss. Finite frequency noise can be
decomposed as the sum of contributions originated from
transitions between Andreev levels (AA), between con-
tinuum states (CC) or between an Andreev level and a
continuum state (AC), as follows

S(ω 6= 0, ϕ) = SAA(ω, ϕ) + SCC(ω, ϕ) + SAC(ω, ϕ). (29)

5 Andreev sector

At a given energy E, electron-like and hole-like excitations
propagating in the same direction carry opposite cur-
rents so that the continuum contribution to the Josephson

Fig. 3. Josephson current in TS–TS and S–S junctions for
several transparencies and two different temperatures.

current vanishes(∑
s

I(E,s)(E,s)

)
n(E) = 0. (30)

Then, the Josephson current is entirely carried by Andreev
bound states, as expected in short constrictions [32–34],
and reads

I(ϕ) =
δA(ϕ)

d?
tanh

βEA(ϕ)

2
. (31)

This result is displayed in Figure 3 for two different tem-
peratures. For low temperatures, d?I is given by the
function δA (given in Fig. 1) except around the vanish-
ing point of the Andreev energy in a TS–TS junction
(for ϕ = π) where finite temperature effects are notice-
able. In the zero-temperature limit, the critical current
scales as the “universal limit” ∆ [33,34]. It is multiplied

by
√
T/2 in a TS–TS junction (the δA quantity is an

increasing function on the interval [0, π] reaching its max-

imum
√
T in π) and by

√
−T cosϕ0 in an S–S junction,

where ϕ0 ∈ [π/2, π] is the position of the inflexion point of
the BCS Andreev energy (maximum of the δA quantity).
Although the current in a TS–TS junction is 4π periodic
as long as fermion parity is conserved (fractional Joseph-
son effect), the average (over all parity states) results in a
2π periodicity [22,43].

Restricting to the Andreev subspace, in the basis σ =
(+,−), the current matrix is given in Table 2. The
Josephson current originates in diagonal elements of this
matrix. Because current and Hamiltonian eigenstates are
different in the BCS case, the currents carried by Andreev
levels ±δA(ϕ) do not coincide with the current opera-
tor eigenvalues ±T∆ sin ϕ

2 [38]. Consequently, transitions
between BCS Andreev levels give rise to a noise consisting
in Dirac delta peaks at frequency ω = ±2EA

https://epjb.epj.org/
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Fig. 4. Phase dependence of the noise at ω = ±2EA due
to transitions between Andreev levels in an S–S junction, for
several transparencies.

Table 2. Current matrix elements [Eq. (25)] in the
Andreev sector, normalized by δA, in the topological and
BCS cases.

Topological BCS

IA(ϕ)
δA(ϕ)

−1 0

0 1

  −1 −i
√

1− T tan ϕ
2

i
√

1− T tan ϕ
2

1



SAA(ω, ϕ) =
2π

d?
|I+−(ϕ)|2

×
{(

1− n[EA(ϕ)]
)2
δ [ω − 2EA(ϕ)]

+
(
n[EA(ϕ)]

)2
δ [ω + 2EA(ϕ)]

}
. (32)

The (non-vanishing) squared modulus of the out-of-
diagonal element reads

|I+−(ϕ)|2
∣∣∣
S–S

=
T 2(1− T ) sin4 ϕ

2

1− T sin2 ϕ
2

∆2. (33)

This result has been obtained in reference [35] and we
display the phase dependence in Figure 4. Remark that
it vanishes for ϕ = 0 as a consequence of the expulsion
of Andreev levels to the continuum and that it reaches
a maximum T 2∆2 in ϕ = π. In the topological case, the
current matrix is diagonal in the basis of Andreev states
so that there is no contribution to the noise at ω = ±2EA:

SAA(ω, ϕ)|TS–TS = 0. (34)

This is closely related to the emergence of zero-energy
Majorana fermions. More precisely, the relation [Cχσ]

∗ ∝
χ−σ crucial in the construction of Majorana wavefunc-
tions (cf. Sect. 3) and the result I+− = 0 both originate

in a single relation between Andreev state coefficients
(cf. Appendix A). Physically, the absence of direct tran-
sitions between Andreev levels in the topological case is
related to fermion-parity conservation [22].

Let us conclude our study of the Andreev sector by
giving the zero frequency noise

SA(ω, ϕ) =
4πδ2

A(ϕ)

d?
n[EA(ϕ)]

(
1− n[EA(ϕ)]

)
δ(ω). (35)

This result has also been obtained in reference [35] for an
S–S junction. In such a junction with transparency T < 1,
lowering temperature suppresses this noise resonance since
the occupation factor n(1− n) vanishes. For TS–TS junc-
tions, due to fermion parity conservation, equation (35)
predicts SA = 0 for all ϕ except ϕ = πmod(2π). At
the points of Andreev level crossings the zero-frequency
noise (35) may be present at any low temperature pro-
vided that the junction is in a mixed parity state, with
(temperature independent) n(0) = 1/2.

6 Transitions involving continuum states

In this section, we provide some analytical results includ-
ing some interesting limits. The sums over continuum
indexes can be decomposed as

∑
p =

∑
E

∑
s and we use

the dispersion relation to perform the substitution
∑
E →

l
2πvF

∫
dEΘ (|E| −∆) |E|√

E2−∆2
. We also give some numer-

ical results obtained for a low temperature β−1 = 0.01∆
except when specified (during the investigation of finite
temperature effects at the end of this section). Remark
that, in all figures, noise quantities are multiplied by d?/2
so that the physical quantities are readily obtained for a
TS–TS junction (while for an S–S junction, data are to be
doubled).

Calculating the current matrix elements between con-
tinuum states, we can write the contribution to the noise
due to both intraband and interband transitions as

SCC(ω, ϕ) =
2

d?

T

π

∫
dE n(E) [1− n(ω + E)]

×
[
E(ω + E) + ρ(ϕ)E2

A(ϕ)
]

×R [E,EA(ϕ)]R [ω + E,EA(ϕ)]. (36)

The ρ function is defined as

ρ = 1− (1− ε)1− T
T

∆2 − E2
A

E2
A

(37)

where ε = 1 in a TS–TS junction and ε = −1 in an S–S
junction (it appears in calculations as ε = f(−ϕ)/f(ϕ) =
g(−θ)/g(θ)). Notice that ρ is simply 1 in a TS–TS junc-
tion. In the integrand (36), the following function is
involved

R(E1, E2) = Θ (|E1| −∆) sign(E1)

√
E2

1 −∆2

E2
1 − E2

2

. (38)
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It immediately follows that in the zero-temperature limit,
as expected, this noise contribution has a 2∆ frequency
threshold and

SCC(ω, ϕ) ∼
β∆>>1

Θ(ω − 2∆)S?CC(ω, ϕ) (39)

where

S?CC(ω, ϕ) =
2

d?

T

π

∫ ω−∆

∆

dE
[
E(ω − E)− ρ(ϕ)E2

A(ϕ)
]

×
√

[E2 −∆2] [(ω − E)2 −∆2]

[E2 − E2
A(ϕ)] [(ω − E)2 − E2

A(ϕ)]
. (40)

In Figure 5, constant ϕ cuts are displayed with differ-
ent energy evolutions depending on the phase difference.
Nevertheless, in a TS–TS junction, lowering transparency
reduces Andreev energy variations (EA(ϕ) → 0) and the
noise is therefore essentially phase independent (constant
ϕ cuts collapse on a single curve). The 2∆ threshold is
clearly noticeable in Figure 5. Near the threshold, we have
(generally) a parabolic behavior

d?
2
S?CC(ω, ϕ) ∼

ω/∆→2+

T∆

4

∆2 − ρ(ϕ)E2
A(ϕ)

[vFκ(ϕ)]
4 (ω − 2∆)

2
.

(41)

In the topological case, it can be further simplified into

S?CC(ω, ϕ)|TS–TS ∼
ω/∆→2+

T∆

4 [vFκ(ϕ)]
2 (ω − 2∆)

2
. (42)

This approximation is compared to the numerical results
in the insets of Figure 5. It is very accurate in a TS–TS
junction (except for parameters such that κ → 0, i.e. for
T → 1 and ϕ → 0). In the BCS case, this is not valid
for ϕ = 0 whatever the transparency since the κ function
vanishes. Instead, we have a linear behavior

S?CC(ω, ϕ = 0)|S–S ∼
ω/∆→2+

T (ω − 2∆), (43)

as also checked in Figure 5. For a given phase ϕ 6= 0 in a
S–S junction, the parabolic approximation (41) has a more
restricted domain of validity for small transparency since
the κ function is proportional to

√
T . Whatever the set

of parameters such that the approximation (41) is valid,
this is responsible for a smooth cut-off (since there is zero
slope at threshold). For large energies, we obtain

d?
2
S?CC(ω, ϕ) ∼

ω/∆>>1
T
[ω
π
− vFκ(ϕ)

]
+O

(
∆2

ω

)
. (44)

In Figure 6, we verify the validity of this expansion by
substracting the expected linear term and checking that
the result is compatible for sufficiently high energies with
the κ(ϕ) profile (given in Fig. 1). We see that the conver-
gence is slower in an S–S junction with small transparency
as κ takes lower values.

Concerning the contribution to the noise due to tran-
sitions between an Andreev level and a continuum state,

Fig. 5. Constant ϕ cuts (the key is given in the first panel)
of the CC contribution to the noise in TS–TS (top) and S–S
(bottom) junctions, and for several transparencies. The insets
are enlargements just above the threshold 2∆ and the black
lines are the parabolic approximations (41). In an S–S junction
with ϕ = 0, the expected linear behaviors (43) are given by the
black lines in the main panels.

Fig. 6. Constant ω cuts (the key is given in the first panel)
of the CC contribution to the noise in TS–TS (top) and
S–S (bottom) junctions, and for several transparencies. The
noise has been renormalized by the transparency and the lin-
ear predominant term at large energies has been substracted:
the black lines give the high energy expectation according to
equation (44) which is −vFκ(ϕ).

we obtain

SAC(ω, ϕ) =
1

d?

∑
σ=±

n [σEA(ϕ)]
(
1− n [ω + σEA(ϕ)]

)
×Qσ [ω + σEA(ϕ), ϕ]. (45)

The function Qσ is given by

Qσ(ω, ϕ) = 2T vFκ(ϕ) [ω + σρ(ϕ)EA(ϕ)]R [ω,EA(ϕ)] ,
(46)
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where ρ and R functions have already been introduced in
equations (37) and (38), respectively. In an S–S junction
with zero phase difference, this noise contribution vanishes
as the Andreev levels are expelled to the continuum. In the
low temperature limit, there is a ∆ + EA(ϕ) (∈ [∆, 2∆])
frequency threshold and

SAC(ω, ϕ) ∼
βEA(ϕ)>>1

Θ (ω − [∆ + EA(ϕ)])S?AC(ω, ϕ)

(47)
where

S?AC(ω, ϕ) =
2

d?

T vFκ(ϕ)

ω

√
[ω − EA(ϕ)]

2 −∆2

× ω − [1 + ρ(ϕ)]EA(ϕ)

ω − 2EA(ϕ)
. (48)

Notice that in the topological case, the last fraction is sim-
ply 1. The constant ϕ cuts of Figure 7 show sharp cut-offs
(the infinite slope at threshold is due to the square root
function in Eq. (48)). On the constant ω cuts of Figure 8,
the influence of the threshold can be noticed for the value
ω0 = 1.5∆ ∈ [∆, 2∆]: the threshold could be below (first
panel) or above (fourth and fifth panels) ω0 whatever ϕ
or the threshold can be crossed for a given ϕ0 accord-
ing to ω0 = ∆ + EA(ϕ0) (other panels). These constant
ω cuts provide another signature for a TS–TS junction
when looking at finite energies ω & ∆ and turning the
phase difference across ϕ = π: there is a cusp reminiscent
of the Andreev energy singular vanishing (when consider-
ing EA(π± δϕ) = ε± such that ε±/∆ << 1 and βε± >> 1,
the local slopes on both sides involve the Andreev energy
in a linear way). For an S–S junction with transparency
T < 1, the Andreev energy has a non-vanishing minimum
and we can do the approximation (47)–(48). In a TS–TS
junction, the Andreev energy vanishes for ϕ = π and we
get

SAC(ω, ϕ = π)|TS–TS ∼
β∆>>1

T∆
Θ(ω −∆)

ω

√
ω2 −∆2.

(49)

Around the value ϕ = π, more precisely as long as the
Andreev energy EA(ϕ) is not large compared to the tem-
perature β−1, we have to conserve the full expression for
the low temperature limit

SAC(ω, ϕ) ∼
β∆>>1

∑
σ=±

Θ (ω − [∆− σEA(ϕ)])

× n [σEA(ϕ)]S?σAC(ω, ϕ), (50)

where S?−AC = S?AC and S?+AC is obtained from S?AC by sub-
stituting EA → −EA. Remark that the threshold is then
lowered to ∆−EA(ϕ). For sufficiently large energies, the
ϕ cuts of Figure 7 reach a finite limit which depends on ϕ
according to

d?
2
SAC(ω, ϕ) ∼

β∆>>1
ω/∆>>1

T vFκ(ϕ) +O
(

∆2

ω

)
. (51)

Fig. 7. Constant ϕ cuts (the key is given in the first panel)
of the AC contribution to the noise in TS–TS (top) and S–S
(bottom) junctions, and for several transparencies.

Fig. 8. Constant ω cuts (the key is given in the first panel)
of the AC contribution to the noise in TS–TS (top) and S–S
(bottom) junctions, and for several transparencies. The noise
has been renormalized by the transparency. The black lines
give the high energy expectation according to equation (51)
which is vFκ(ϕ).

The constant ω cuts given in Figure 8 confirm this expec-
tation as they converge to the κ(ϕ) profile (given in Fig. 1)
if properly renormalized by the transparency.

Now, we consider the sum of CC and AC contribu-
tions which constitutes the non-resonant part of the noise
Snr = SCC + SAC. In a TS–TS junction, this is the total
finite frequency noise since transitions inside the Andreev
sector are noiseless due to topological protection. In an
S–S junction, two Dirac delta peaks at ω = ±ωAA, with
ωAA = 2EA, emerge on top of that as a consequence of
transitions between Andreev states.

Let us focus first on the low temperature limit. For ener-
gies lower than ωCC = 2∆ only AC transitions contribute
to the non-resonant noise for energies above the threshold
ωAC = ∆ +EA (this threshold is lowered to ∆−EA in the

https://epjb.epj.org/
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Fig. 9. Non-resonant noise d?
2
Snr(ω, ϕ) in TS–TS (top) and

S–S (bottom) junctions, and for several transparencies.

case where the condition βEA << 1 is not fulfilled, which
occurs around the vanishing point ϕ = π of the Andreev
energy in a TS–TS junction). For sufficiently high ener-
gies, the contribution due to CC transitions predominate
and as the result of summing the equivalents (44) and (51),
we find

d?
2
Snr(ω, ϕ) ∼

β∆>>1
ω/∆>>1

Tω

π
+O

(
∆2

ω

)
. (52)

In Figures 9 and 10, the non-resonant noise is given as a
map in the (ϕ, ω) plane. On a large scale of energies, as
proposed in Figure 9, there seems to be little dependence
on the phase ϕ, while the transparency seems to only
affect the magnitude, in agreement with equation (52).
An enlargement around the gap region is proposed in
Figure 10 where we see a stronger dependence on the ϕ
parameter. The (sharp) cut-off reproduces the Andreev
energy profile (given in Fig. 1). The transient regime
between AC dominated regime (for ∆+EA(ϕ) < ω . 2∆)
and CC dominated regime (for ω >> 2∆) is clearly notice-
able on constant ϕ cuts of this map given in Figure 11,
except in an S–S junction with ϕ = 0 or T → 0 and in
a TS–TS junction with ϕ = 0 and T → 1 for which the
Andreev states are expelled to the continuum (closing
the transcient interval). Remark that in an S–S junction
with ϕ = 0, the three frequencies collapse ωAA = ωAC =
ωCC = 2∆, both AA and AC noise contributions vanish
and rather than inheriting the smooth parabolic cut-off
generally obtained for CC transitions, a linear behavior is
recovered above the threshold 2∆. Let us emphasize on the
increasing behavior of the non-resonant noise as a function
of the energy. It is not evident in the BCS case because of
the non-monotonic behavior of the contribution due to AC
transitions (cf. Fig. 7). Nevertheless, we have no evidence
of parameters leading to a decreasing behavior.

Let us briefly investigate finite temperature effects by
increasing temperature β−1 = 0.1∆. The main change
is the appearance of noise for energies ranging between
the curves ∆ − EA(ϕ) and ∆ + EA(ϕ), as illustrated in

Fig. 10. Enlargement of Figure 9 around the gap region.

Fig. 11. Constant ϕ cuts (the key is given in the first panel)
of the non-resonant noise in TS–TS (top) and S–S (bottom)
junctions, and for several transparencies.

Figure 12. More interestingly, let us also mention the
noticeable differences in a TS–TS junction just above
the gap and around ϕ = π (zero of the Andreev energy)
where finite values of β cannot reproduce the zero-
temperature limit.

A final remark is worthy. In the expression of the non-
resonant noise Snr in a TS–TS junction, the transparency
appears as an overall factor and in the Andreev energy
expression so that dependences on ϕ and T for Snr/T can
be recast in the Andreev energy dependence (contrary to
the case of an S–S junction where ρ(ϕ) given in equa-
tion (37) provides another dependence on T ). In Figure 13,
the map in the (EA, ω) plane is displayed. Remark that,
for a given transparency T , Andreev energies range in
[0,
√
T ].

7 Conclusion

More and more convincing signatures compatible with
the presence of Majorana fermions in 1D semiconducting

https://epjb.epj.org/
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Fig. 12. Relative difference |S(1)
nr − S

(2)
nr |/S(2)

nr between the

two non-resonant noises S
(1)
nr and S

(2)
nr obtained at two differ-

ent temperatures, β(1)∆ = 100 and β(2)∆ = 10 respectively,
in TS-TS (top) and S–S (bottom) junctions, and for several
transparencies.

Fig. 13. Non-resonant noise Snr/T in a TS–TS junction, as
a function of EA and ω. The first panel gives the map on a
large scale of energies while the second panel is an enlargement
around the gap region.

wires have been accumulated with recent observations
of quantized zero-bias conductance [30,31]. Despite the
fact that the confining potential has to be carefully set-
tled in order to avoid spurious non-topological subgap
states [46], 2D layouts of 1D p-wave superconductors [16]
are still serious candidates to provide the exchange
statistics decisive evidence for Majorana fermions. Before
the implementation of these networks, quantum transport
in 1D systems supporting Majorana fermions, e.g. the
junction between 1D topological superconducting wires
investigated in this article, deserves deeper study.

We have presented a unified description of S–S and TS–
TS junctions in terms of scattering eigenstates. We have
shown how Majorana fermions emerge in a TS–TS junc-
tion with phase difference ϕ = π by explicitly writting the

proper linear combinations of (degenerate) zero-energy
Andreev bound states. The Josephson current carried by
Andreev states can be written in a unified way as the
derivative of the Andreev energy 〈I〉 ∝ dEA

dϕ . Transitions

inside the Andreev sector are noiseless in the topological
case since Andreev states are current eigenstates (a result
which is closely related to the emergence of Majorana
fermions) in contrast with the BCS case for which a noise
resonance at energy ω = 2EA is expected for T < 1 (finite
backscattering). While resonant zero frequency noise is
suppressed by lowering temperature in an S–S junction, it
is expected to persist in a TS–TS junction operating with
ϕ = π. Transitions which involve continuum states give
rise to a non-resonant noise which has been computed. For
low temperatures, it exhibits a ∆ +EA frequency thresh-
old due to AC transitions. CC transitions which occur
for energies larger than 2∆ impose an asymptotic linear
behavior. A detailed comparison between the two types
of junction has been carried out and characteristic fea-
tures in a TS–TS junction have been highlighted, some of
them related to the existence of zero-energy modes in this
topologically nontrivial junction.

In the linear response framework, one can adress the
issue of computing the current susceptibility which is
closely related to the noise S(ω) studied in this article.
Indeed, the imaginary part of the current susceptibility,
which gives the linear absorption rate, is proportional
to the difference S(ω) − S(−ω). In an S–S junction, our
results coincide with those of reference [47]. More inter-
estingly, the noise calculations can be straightforwardly
used for computing the current susceptibility in a TS–TS
junction. The characteristic features detailed in the main
text of this article for the noise will be recovered for the
imaginary part of the susceptibility. Let us mention that
dynamic current susceptibility has recently been proposed
as a probing tool for the presence of Majorana bound
states in a superconducting ring geometry [48]. One can
also address the study of Andreev level qubit [37] popula-
tion dynamics. In a conventional Andreev qubit, long-lived
quasiparticles can be trapped [49], a phenomenon known
as quasiparticle poisoning. Within our framework, using
the calculations of current matrix elements, one can com-
pare the transition rates between quasiparticle states due
to the coupling of the junction to its environment (exter-
nal circuit, phonons) calculated in reference [39], with
those calculated in a topological Andreev qubit. When
considered as a function of Andreev energy, the latter are
simply given by the T → 1 limiting case given in refer-
ence [39] renormalized by an overall multiplication with
T/2. Indeed since d?Snr in both S–S and TS–TS junctions
coincide in the limit T = 1 and since (Snr/T )|TS–TS con-
sidered as function of EA and ω does not depend anymore
on T , we get

Snr(EA, ω)|TTS–TS = T Snr(EA, ω)|T=1
TS–TS

=
T

2
Snr(EA, ω)|T=1

S–S . (53)

The same argument holds for the squared current matrix
elements involved in the transition rates of reference [39].

https://epjb.epj.org/
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Stationary occupation probabilities can be computed by
adapting the calculation of reference [40].
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Appendix A: BdG scattering eigenstates

A continuum state can be written as a sum of incoming
and outgoing waves according to χp = χin

p + χout
p . If we

define ηE = sign(E), and the angle θE such that cosh θE =

|E|/∆, sinh θE =

√
(E/∆)

2 − 1 = ηEkEξ0, the associated

bispinors read

χin
p=(E,s)(x) = Θ(−x)

eikEx√
l

(
δs,1[χe]E
δs,2[χh]E

)
+Θ(x)

e−ikEx√
l

(
δs,4[χh]E
δs,3[χe]E

)
, (A.1)

χout
p=(E,s)(x) = Θ(−x)

e−ikEx√
l

(
ap[χh]E
bp[χe]E

)
+ Θ(x)

eikEx√
l

(
cp[χe]E
dp[χh]E

)
, (A.2)

with the following spinors which describe electron-like or
hole-like excitations

[χe,h]E =
e±

θE
2 τz

√
2 cosh θE

(
1
ηE

)
, (A.3)

and where l >> ξ0 is the wire length. Proceeding in the
same way for subgap states, we define σE = sign(E),

cos γE = |E|/∆, sin γE = σE

√
1− (E/∆)

2
= σEκEξ0.

Subgap bound states can be written as

χE(x) =
e−κE |x|√

ξ0

[
Θ(−x)

(
aE [χ̃h]E
bE [χ̃e]E

)
+ Θ(x)

(
cE [χ̃e]E
dE [χ̃h]E

)]
(A.4)

with

Table A.1. Coefficients defining the bispinor for contin-
uum wavefunctions [Eq. (A.2)] for all possible scattering
states.

s = 1 s = 2 s = 3 s = 4

a(E,s)(ϕ) A(θE , ϕ) B(−θE , ϕ) −D(θE ,−ϕ) C(−θE ,−ϕ)

b(E,s)(ϕ) B(θE , ϕ) A(−θE , ϕ) C(θE ,−ϕ) −D(−θE ,−ϕ)

c(E,s)(ϕ) C(θE , ϕ) D(−θE , ϕ) −B(θE ,−ϕ) A(−θE ,−ϕ)

d(E,s)(ϕ) D(θE , ϕ) C(−θE , ϕ) A(θE ,−ϕ) −B(−θE ,−ϕ)

[χ̃e,h]E =
e±

iγE
2 τz

√
2

(
1
σE

)
. (A.5)

The matching condition (14) written for continuum wave-
functions (A.2) leads to symmetries between the coeffi-
cients of different scattering states s which are given in
Table A.1 One can easily prove that this table constitutes
a unitary matrix. In particular, because of the orthonor-
mality between the columns, the scattering states (E, s)
for s = 1..4 form a basis of a given energy E subspace.
The four functions A,B,C,D are given by the resolution
of the linear system (14) for s = 1. If we define Q(θ, ϕ) =

g2(θ)−Tf2(ϕ) and X̃ = QX for X = A,B,C,D, we have

Ã(θ, ϕ) = −
[
cosh θ κ2(ϕ)ξ2

0 + i sinh θ EA(ϕ)δA(ϕ)∆−2
]
,

(A.6a)

B̃(θ, ϕ) =
√

(1− T ) sinh θ g(θ), (A.6b)

C̃(θ, ϕ) =
√
T sinh θ sinh

(
θ − iϕ

2

)
, (A.6c)

D̃(θ, ϕ) =
√
T (1− T ) sinh θ f(ϕ). (A.6d)

The matching condition (14) written for subgap wave-
functions (A.5) provides a homogeneous linear system
for aE , bE , cE , dE coefficients which leads to the quanti-
zation of the energy: the so-called Andreev levels have
opposite energies Eσ = σEA with σ = ± and where the
Andreev energy EA is given in equation (15). The coeffi-
cients aσ, bσ, cσ, dσ (quantities which were labeled with
Eσ appear now with an index σ) can be conveniently
expressed thanks to the quantity Rσ = ξ0κ − σ∆−1δA,
where κ and δA are defined in equations (17) and (16),
respectively. They are given in Table A.2. Notice the
important relation which holds for topological Andreev
states

a∗σa−σ + b∗σb−σ = c∗σc−σ + d∗σd−σ = 0, (A.7)

at the origin of the construction of Majorana wave-
functions (because it yields [Cχσ]

∗ ∝ χ−σ) and of the
cancellation of the noise due to Andreev transitions:
SAA = 0.
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Table A.2. Coefficients defining the bispinor for subgap
bound states [Eq. (A.4)] in the topological and BCS cases.

Topological BCS

s(ϕ) sign
[
cos ϕ

2

]
sign

[
sin ϕ

2

]
aσ(ϕ) s(ϕ)

√
Rσ(ϕ)

2
−σ s(ϕ)

√
Rσ(ϕ)

2

bσ(ϕ) −iσ s(ϕ)

√
R−σ(ϕ)

2
−σ s(ϕ)

√
R−σ(ϕ)

2

cσ(ϕ)
√
Rσ(ϕ)

2

√
Rσ(ϕ)

2

dσ(ϕ) −iσ
√
R−σ(ϕ)

2
−
√
R−σ(ϕ)

2
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Rev. B 53, R8891 (1996)
36. V.S. Shumeiko, G. Wendin, E.N. Bratus’, Phys. Rev. B

48, 13129 (1993)
37. A. Zazunov, V.S. Shumeiko, E.N. Bratus’, J. Lantz, G.

Wendin, Phys. Rev. Lett. 90, 087003 (2003)
38. A. Zazunov, V.S. Shumeiko, G. Wendin, E.N. Bratus’,

Phys. Rev. B 71, 214505 (2005)

39. D.G. Olivares, A.L. Yeyati, L. Bretheau, Ç.Ö. Girit, H.
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