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The current fluctuations due to a temperature bias, i.e., the delta-T noise, allow one to access properties
of strongly interacting systems which cannot be addressed by the usual voltage-induced noise. In this work, we
study the full delta-T noise between two different fractional quantum Hall edge states, with filling factors (νL, νR )
in the Laughlin sequence, coupled through a quantum point contact and connected to two reservoirs at different
temperatures. We are able to solve exactly the problem for all couplings and for any set of temperatures in the
specific case of a hybrid junction (1/3, 1). Moreover, we derive a universal analytical expression which connects
the delta-T noise to the equilibrium one valid for all generic pairs (νL, νR ) up to the first order in the temperature
mismatch. We expect that this linear term can be accessible in today’s experimental setups. We describe the two
opposite-coupling regimes focusing on the strong one, which corresponds to a nontrivial situation. Our analysis
on delta-T noise allows us to better understand the transport properties of strongly interacting systems and to
move toward more involved investigations concerning the statistics and scaling dimension of their emergent
excitations.
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I. INTRODUCTION

The fractional quantum Hall (FQH) effect takes its
roots in the strong correlations among electrons due to the
Coulomb interaction [1]. When a two-dimensional electron
gas (2DEG) is subjected to an intense perpendicular mag-
netic field at low temperatures, electrons can form a quantum
state whose excitations are described by fractional quantum
numbers, including fractional charge [2] and fractional statis-
tics [3,4]. Current fluctuation measurements have been crucial
to demonstrate the existence of these peculiar fractionally
charged excitations [5–8] and to access their nontrivial statis-
tics [9–12].

On a general ground, noise measurements are fundamental
tools for the understanding of mesoscopic devices. When the
considered system is in equilibrium, i.e., when no voltage
bias is applied, the average current flowing across it is zero.
However, at finite temperature a contribution to the noise,
referred to as the thermal or Johnson-Nyquist noise, is al-
ways present [13,14] due to the thermal motion of carriers.
Conversely, when the voltage bias applied to the mesoscopic
conductor is dominant with respect to the temperature, the
current fluctuations can be described in terms of the nonequi-
librium shot noise [15]. It originates from the discrete nature
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of the electric charge and it has been used extensively to
investigate electron correlations in quantum liquids.

In recent years, systems connected to reservoirs kept at
different temperatures, when no voltage is applied, have been
experimentally [16–21] and theoretically [22–29] considered.
The presence of a temperature gradient leads to a nonequi-
librium contribution to the charge current noise known as
delta-T noise. It is expected to carry additional information
on quantum correlations inside the systems since it allows us
to address directly the tunneling density of states.

In this context, the delta-T noise was recently studied for
FQH systems in a quantum point contact (QPC) geometry.
Here, the delta-T contribution to the noise is quadratic, due to
the symmetry of the considered setup under the exchange of
reservoirs, and it was found that the tunneling of quasiparticles
is associated with negative values of the delta-T noise [23]. In
other words, the nonequilibrium noise induced by the temper-
ature mismatch between the two channels of this correlated
state turns out to be smaller than the equilibrium noise. Con-
versely, when electrons tunnel from one edge to the other,
the delta-T noise becomes positive. While it was shown that
interactions alone could not account for such negative delta-T
noise, it was put forward that, in several recent works, negative
contributions to the noise were attributed to braiding effects,
albeit in different configurations [30,31]. Although a direct
connection could not be formally obtained at the time, it was
deemed plausible that such negative delta-T noise could arise
as an effect of the anyonic statistics of the particles tunneling
through.

More recently, this connection was further explored and
shown to be merely a byproduct of the true physical mech-
anism at play [29]. There, the authors carried out a detailed
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investigation of the delta-T noise in weakly coupled iden-
tical one-dimensional chiral interacting systems, covering
fractional quantum Hall as well as quantum spin Hall
edge states. It was then shown that the sign of the delta-T
noise was uniquely determined by the scaling dimension of
the tunneling operator �T. It follows that a device where the
tunneling is dominated by a process with scaling dimension
�T < 1/2 would yield a negative delta-T noise, irrespective
of the nature of the tunneling excitations or their quantum
statistics. As it turns out, however, for fractional quantum
Hall edge states, tunneling processes with a scaling dimension
�T < 1/2 involve quasiparticles with a scaling dimension
� < 1/4 (assuming a symmetric junction), whose statistical
angle is then bounded as |θ | � π/2. It follows that in such
devices negative delta-T noise is observed for “boson-like”
quasiparticles. This connection between delta-T noise and
scaling dimension of the tunneling operator was first hinted at
in Ref. [27] before being formally demonstrated in Ref. [29].
It does make sense that such a nonequilibrium thermal noise
contribution grants access to properties of the energy distri-
bution of the tunneling events, which is itself encoded in the
scaling dimension of the tunneling operator.

The study of the delta-T noise can thus be exploited
in order to investigate the properties of strongly interacting
systems, in a way that cannot be addressed by the usual
voltage-induced noise. Moreover, the absence of any bias
voltage allows one to discard some of the nonuniversal effects
(changes in the electrostatic properties of the point contact,
slight modifications of the edge confining potential) that typ-
ically make the comparison with experimental data all the
more difficult.

In this work, we study the delta-T noise generated by a
temperature gradient between two different FQH edge states
in the Laughlin regime, whose filling factors are indicated
in the following with the short notation (νL, νR). Differently
from the analysis carried out so far, which has usually been
focused on some perturbative expansion, we do not assume
a priori a specific strength of the coupling between the two
systems. This approach allows us to solve exactly the problem
for all couplings and for any set of temperatures in a hybrid
junction with specific filling factors (1/3, 1). This configura-
tion has recently been the focus of great attention due to the
observation of exotic Andreev reflection processes involving
fractional quasiparticles [32]. From the theoretical point of
view, the relevance of this case relies on the fact that it can be
exactly solved through refermionization [33,34]. According
to this, the delta-T noise can be obtained numerically for any
set of temperatures of the two Hall bars and for all coupling
strengths. Moreover, our results suggest that, unlike the homo-
geneous case νL = νR, linear-in-�T contributions dominate
here, at low temperature bias.

This motivated us to focus on the situation where a small
mismatch in the temperatures between the two Hall bars is
considered, which turns out to also be the most relevant for
possible experimental implementations. This then allows us to
focus on the first (linear) order in the temperature expansion,
but taking into account all orders in the tunneling amplitudes.
As it turns out, this analytical treatment can be extended to
all filling factor pairs (νL, νR) and leads to a universal relation
which connects the delta-T noise to the equilibrium noise. As

FIG. 1. Sketch of two fractional quantum Hall systems with dif-
ferent filling factors (νL and νR) belonging to Laughlin sequence and
at different temperatures (TL and TR). Counterpropagating edge states
are coupled via a point-like tunneling (orange dashed line) placed
in x = 0 with � being the constant tunneling amplitude strength.
Notice that the x axis follows the chirality of the channels. In orange,
we have highlighted the impinging current on the QPC I0, related
to the quantized Hall conductance, the tunneling current I and the
backscattering one IB.

examples of the validity of the present approach, we focus on
two opposite coupling regimes. In the weak-coupling regime,
the two edges are almost decoupled and a current impinging
upon the QPC is almost perfectly reflected. The opposite
regime of strong coupling is more complex and interesting
because it corresponds to a nontrivial situation, where perfect
transmission of the current is reduced by the scattering of
fractional quasiparticles resulting from the coupling of the two
systems. This opposite regime requires a weak-strong duality
relation [35] in order to be addressed.

This analysis aims to deepen our knowledge on delta-T
noise in order to move towards more involved applica-
tions concerning the possibility of investigating the statis-
tics [36,37] and the scaling dimension of the carriers [27,29].

This paper is organized as follows: In Sec. II, we introduce
the model for the hybrid FQH junction where the counterprop-
agating edge states are coupled by a local tunneling region, as
depicted in Fig. 1. This description sets the basis for the explo-
ration of the weak-coupling regime. In Sec. III we write down
an explicit expression for the current fluctuations in the pres-
ence of a temperature gradient due to different temperatures,
namely, the delta-T noise. To investigate the strong-coupling
regime we exploit the duality relation in Sec. IV. Then, our
purpose in Sec. V is to study what happens for the delta-T
noise in a particular QH junction with (νL = 1/3, νR = 1) for
all coupling strengths and for any temperature. To be closer
to experiments and to consider a more generic hybrid system
(νL, νR) in Sec. VI we give a universal expression for the
delta-T up to the first order in temperature gradient, for all
tunneling regimes. Then, in Sec. VII, we explore the first
order delta-T noise in the two opposite tunneling regimes by
focusing, first, on an asymmetric junction with fixed filling
factors (1/3, 1) and, second, for general values of νL and νR.
Finally, in Sec. VIII we summarize our results. Analytical
details of the derivation of the obtained results are reported
in the Appendixes.

II. MODEL FOR THE JUNCTION

We consider two FQH bars at different filling factors
να (α = L, R) belonging to the Laughlin sequence, i.e.,
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να = 1/(2n + 1) (n ∈ N) [1,2,38]. They are kept at two differ-
ent temperatures TL and TR and coupled through a point-like
tunneling region, as depicted in Fig. 1. The edge states of
such a system are described in terms of a hydrodynamical
model [39] by a chiral Luttinger liquid free Hamiltonian of
the form (h̄ = kB = 1)

H (0) = H (0)
L + H (0)

R =
∑

α=L,R

vα

4π

∫
dx[∂xφα (x)]2, (1)

where φα are the bosonic fields describing the counter-
propagating modes traveling along the edge of the left and
right QH bars. They satisfy the usual commutation relation
[φα (x), φβ (y)] = iπδαβ sgn(x − y) with α, β = L, R [39].

Quite generally, the velocities vL and vR along the two
edges can be different. However, in what follows, we focus
on the situation where the tunneling occurs at a specific point,
allowing us to rescale the position coordinates independently
for the two bosonic fields. This in turn enables us to alter the
velocities at will, so that, for sake of simplicity, we assume
the same propagation velocity for the two edges (vL = vR =
v). The chiral bosonic particle-hole collective excitations de-
scribed by the fields φα (α = L, R) in Eq. (1) are related to the
particle density of the channel ρα through the relation

ρα (x) =
√

να

2π
∂xφα (x). (2)

Using the conventional bosonization technique, the elec-
tron annihilation operator ψα (x) can be expressed in terms of
φα (x) as [40,41]

ψα (x) = Fα√
2πa

e−i 1√
να

φα (x)
, (3)

with a a short-distance cutoff and Fα being the Klein fac-
tor [42]. In the following we omit this latter factor since it
plays no role in the calculation of the correlators [43].

We assume that the two QH systems are coupled via a
quantum point contact (QPC) placed at position x = 0, which
allows local tunneling between the two counterpropagating
edges. In practice, there is no bulk Hall fluid in between the
two edge states, so that the only allowed tunneling process
involves electrons. This configuration, where only electrons
can locally tunnel from one lead to the other, is described by
the tunneling Hamiltonian

H� = �

∫
dxδ(x)ψ†

R(x)ψL(x) + H.c.

= �

2πa
ei 1√

νR
φR (0)

e−i 1√
νL

φL (0) + H.c., (4)

where the second line stands from Eq. (3) and � is a con-
stant tunneling amplitude strength [44–47]. Notice that the
QPC description conventionally used to model the tunneling
between QH edge states is valid as long as the width of
the tunneling region is of the order of the magnetic length.
This situation is typically quite well achieved in experiments
devoted to noise measurement in quantum Hall systems [7].
Generalization of this picture towards extended contacts have
been considered [48,49]. In this situation, which is out of the
aim of the present work, additional effects such as disorder at
the level of the contact or interferences due to the formation

of Aharonov-Bohm loops could come into play and need to
be properly taken into account.

The current operator I (t ) describing the tunneling current
flowing from one edge state to the other is obtained from the
tunneling Hamiltonian and reads

I (t ) = −eṄR = ie[NR, H�]

= ie�ψ
†
R(t )ψL(t ) + H.c.

= ie
�

2πa
ei 1√

νR
φR (t )

e−i 1√
νL

φL (t ) + H.c., (5)

with Nα = ∫
dxρα (x) being the particle numbers on each edge

and where the notation only keeps track of the time depen-
dence of the field operators omitting the fact that they are
evaluated at the QPC in x = 0. Notice that, in the second
line, we have rewritten the fermionic operators in terms of the
bosonic ones following the prescription in Eq. (3). The current
operator can be rewritten as

I (t ) = − eṄR = −e
∫ +∞

−∞
dx∂tρR(x, t )

=ie
∫ +∞

−∞
dx[ρR(x, t ), H�]. (6)

Since H� only involves fields at the position of the QPC, the
resulting commutator is nonzero only close to x = 0. This
allows us to write

I (t ) =ie
∫ 0+

0−
dx[ρR(x, t ), H�]

= − e
∫ 0+

0−
dx∂tρR(x, t ). (7)

Exploiting the chirality and linear dispersion of edge states,
one can readily write ∂tρR(x, t ) = −v∂xρR(x, t ) so that the
current can be expressed in terms of the densities right before
(x = 0−) and right after (x = 0+) the QPC as

I (t ) = ev[ρR(0+, t ) − ρR(0−, t )]. (8)

We now consider a suitable rotation in the field space [36],(
ϕL(x)
ϕR(x)

)
=
(

cos θ sin θ

− sin θ cos θ

)(
φL(x)
φR(x)

)
, (9)

with angle satisfying

sin 2θ = νR − νL

νR + νL
. (10)

The free Hamiltonian and the coupling term are then
rewritten as

H = H (0) + H� =
∑

α=L,R

v

4π

∫
dx[∂xϕα (x)]2

+ �

2πa
ei 1√

g [ϕR (0)−ϕL (0)] + H.c., (11)

which corresponds to the tunneling between two identical
chiral Luttinger liquids with effective filling factor

g−1 = 1

2

(
1

νL
+ 1

νR

)
. (12)
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FIG. 2. (a) Scheme of the two FQH systems with filling factors
νL and νR whose edges are described by the bosonic fields φL and
φR. (b) This panel is obtained through the rotation in Eq. (9) which
maps the original junction, with tunneling parameter �, between two
different FQH liquids to one between FQH with the same effective
filling factor g. (c) The rotation in Eq. (13) decouples the problem
into two separate ones: one free channel and the other describing
a channel with the QPC referred as a localized impurity. (d) The
duality relation in Eq. (21) allows us to map the problem of two FQH
liquids in the weak-coupling regime, where electrons can tunnel,
to the strong coupling one described by a single FQH liquid, with
filling factor g and tunneling parameter �′. In this configuration,
the quasiparticles provide the dominant contribution to the tunneling.
(e) The further rotation in Eq. (24) decouples the problem into two
separate ones in analogy with panel (c).

In this way we map the problem of electron tunneling between
different FQH edges to the problem of electron tunneling
between two identical chiral Luttinger liquids with the same
effective filling factor g. This mapping can be visualized pass-
ing from Fig. 2(a) to Fig. 2(b).

Moreover, a further transformation is introduced:

ϕ+(x) = 1√
2

[ϕL(x) + ϕR(x)],

ϕ−(x) = 1√
2

[ϕL(x) − ϕR(x)]. (13)

According to this, the free Hamiltonians become

H (0)
L/R = v

4π

∫
dx

{
1

2
(cos θ ∓ sin θ )2[∂xϕ+(x)]2

+ 1

2
(sin θ ± cos θ )2[∂xϕ−(x)]2

± (
cos2 θ − sin2 θ

)
[∂xϕ+(x)][∂xϕ−(x)]

}
, (14)

and their sum depends on the new fields ϕ± separately,

H (0)
L + H (0)

R = v

4π

∫
dx{[∂xϕ+(x)]2 + [∂xϕ−(x)]2}. (15)

Then, the total Hamiltonian of Eq. (11) is rewritten as

H = H+ + H−

= v

4π

∫
dx[∂xϕ+(x)]2 + v

4π

∫
dx[∂xϕ−(x)]2

+
[

�

2πa
e

i
√

2
g ϕ−(0) + H.c.

]
. (16)

The transformation of Eq. (13) allows us to decouple the prob-
lem of the two FQH liquids with same g into two separate ones
[see Fig. 2(c)]: the first depending only on the free field ϕ+ and
the second one which includes the tunneling contribution and
that can be written only in terms of the field ϕ−.

From a physical point of view, by looking at Fig. 2(a),
when the two systems are totally decoupled (i.e., � = 0) and
if an electron is sent from one of the two QH bars, it is
perfectly reflected at the contact and there is no net current
flowing through the junction. However, if we consider a weak-
coupling limit, for which the two edges are almost decoupled
(i.e., � is small but nonzero), the electrons are allowed us to
jump from one side to other.

III. DELTA-T NOISE

The expectation value of the current operator in Eq. (5) is
given by (kB = 1)

I = 1

Z
Tr

{
exp

[
−
∑

α=L,R

H (0)
α

Tα

]
I (t )

}
, (17)

with

Z = Tr

{
exp

[
−
∑

α=L,R

H (0)
α

Tα

]}
. (18)

Here, we are assuming that, at the time t → −∞, the tun-
neling is switched off and the two bars are at thermal
equilibrium. This leads to the initial density matrix �0 =
(1/Z )exp[−∑α H (0)

α /Tα] [50]. The tunneling is then turned
on, establishing a stationary current. Moreover, since we are
considering no voltage bias and local tunneling, the total net
current I is zero independently of the respective temperatures
of the two edges. This is due to the fact that the transmission
function is energy independent and electrons and holes con-
tribute equally [51,52]. However, since the finite temperature
always leads to a nonzero contribution to the noise, through
thermal fluctuations [13,14], the current-current fluctuations
do not vanish. This charge current noise induced by the mis-
match in the temperatures has been dubbed delta-T noise.
It has a purely thermal origin, but it is only generated in
nonequilibrium situations [17–19,23].

The zero-frequency current noise can be written as

S(TL, TR)

= 2
∫ +∞

−∞
dτ
〈
�I (τ )�I (0)

〉
= 2

∫ +∞

−∞
dτ

[
1

Z
Tr

{
exp

[
−
∑

α=L,R

H (0)
α

Tα

]
�I (τ )�I (0)

}]
,

(19)

where �I (t ) = I (t ) − I.
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In the following, we also consider the temperature
parametrization

TR = T, TL = TR + �T, (20)

which is convenient from an experimental point of view. Here,
the temperature of one of the two FQH sample is kept fixed at
T , while the other can be varied with �T either positive or
negative.

IV. DUALITY RELATION

Let us focus now on the configuration of Fig. 2(b), after the
change of basis introduced in Eq. (9), where we move from
an inhomogeneous QH junction to two separate FQH liquids
at the same filling factor g. In this effective picture, as the
tunneling amplitude increases up to the limit value � → ∞
(i.e., strong coupling), we switch from the two identical, but
separate, FQH liquids to a unique one [see Fig. 2(d)]. In
analogy to what happens for the Laughlin states, the dy-
namics of the point contact evolves from being dominated
by electron tunneling at weak coupling, where the fluid is
pinched off, to a strong-coupling regime where quasiparticle
tunneling dominates [7,53]. This process is embodied by a
powerful electron-quasiparticle duality [44,54] which reflects
the duality relation between the weak- and strong-coupling
limits. In particular, the strong-coupling limit is accessible
through a weak-strong duality transformation [35,55,56]. This
fact is graphically described in Fig. 2 by the central panels
surrounded by a dashed line. In this limit, the fields ϕL and ϕR

can be written in terms of dual fields ϕ̃L and ϕ̃R defined as

ϕL(x) = ϕ̃L(x)�(−x) + ϕ̃R(x)�(x),

ϕR(x) = ϕ̃L(x)�(x) + ϕ̃R(x)�(−x),
(21)

with �(±x) being the step function. This dual transformation
can be geometrically understood by thinking about the fact
that, in the strong limit, the previous bosonic states ϕL and
ϕR are mixed since now there is only one QH liquid. This
nonlocal relation, due to the step function, recall the starting
point of two different QH sample separated by a QPC.

Due to the above considerations the total Hamiltonian de-
scribing the dynamics and the coupling of these fields is now

H̃ =
∑

α=L,R

v

4π

∫
dx[∂xϕ̃α (x)]2

+ �′

2πa
ei

√
g[̃ϕR (0)−ϕ̃L (0)] + H.c.

(22)

Notice that this last Hamiltonian is the dual of the one in
Eq. (11) where we have considered the substitution g → 1/g
due to the electron-quasiparticle mapping and we have intro-
duced an effective coupling parameter �′. However, the two
tunneling strengths � and �′ are not independent as they are
connected by the relation [57](

�′

ωca

)
=
[

2−2g+1�g

(
1 + 1

g

)
�(1 + g)

](
�

ωca

)−g

, (23)

where ωc = v/a is a high-energy cutoff and �(x) is the Euler
Gamma function of a given argument x. Due to the inverse
proportionality between � and �′, focusing on the � → ∞

limit is equivalent to consider �′ → 0 and vice versa, consis-
tently with the discussed weak-strong-coupling duality.

The formulation of the problem in terms of the dual fields
ϕ̃L/R in the strong-coupling limit (� → ∞ or �′ → 0) has the
advantage that these are now free fields. The quasiparticles
which tunnels are noninteracting and carry a charge e∗ = ge.
Quite remarkably, these effective fractionally charged excita-
tions correspond neither to electrons nor to quasiparticles of
the isolated Hall fluids but instead to complicated nonlocal
objects emerging from the dynamics of the two strongly cou-
pled edge channels as a whole.

By introducing the fields

ϕ̃±(x) = 1√
2

[̃ϕL(x) ± ϕ̃R(x)], (24)

the Hamiltonian of Eq. (22) leads again to two decoupled
systems [see Fig. 2(e)]

H̃ = H̃+ + H̃−, (25)

where

H̃+ = v

4π

∫
dx[∂xϕ̃+(x)]2,

H̃− = v

4π

∫
dx[∂xϕ̃−(x)]2 +

[
�′

2πa
ei

√
2g̃ϕ−(0) + H.c.

]
. (26)

V. EXACT SOLUTION FOR TUNNELING
IN A (1/3, 1) JUNCTION

In this section we focus on a junction between a normal
metal (νR = 1) and a FQH state with filling factor νL = 1/3
in the presence of a temperature difference between the Hall
bars. This case can be exactly solved via refermionization for
the entire range of couplings and temperatures, allowing us to
evaluate the delta-T noise exactly.

A. Refermionization

The case νR = 1 and νL = 1/3 leads to a description, in
terms of an effective filling factor g = 1/2 [see Eq. (12)]. In
the rotated basis, and taking into account the duality, one can
consider a tunneling Hamiltonian proportional to the factor
eĩϕ− [see Eq. (26)], which looks like an electronic operator. It
thus becomes possible to introduce a new fermionic field and
reexpress the tunneling term accordingly, ultimately allowing
us to diagonalize exactly the Hamiltonian, and therefore ac-
count for tunneling at all orders.

This idea of refermionization was first introduced in
Ref. [33] in the framework of quantum dissipative systems,
and subsequently applied to the case FQH states [34]. It
amounts to refermionizing the bosonic field ϕ̃− so that the
tunneling term of the Hamiltonian H̃− in Eq. (26) now takes
the form

�′

2πa
eĩϕ−(0) + H.c. −→ �′

√
2πa

f ψ†(0) + H.c., (27)

where we remind the reader that x = 0 is the position of
the QPC. Here f is an auxiliary (Majorana) fermion field,
introduced in the same spirit as Klein factors in Eq. (3), which
arises from the proper handling of the zero modes of the
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bosonic fields. In particular, the new fields ψ (x) and f satisfy
the following set of equations of motion:

−i∂tψ (x, t ) = iv∂xψ (x, t ) + �′
√

2πa
f (t )δ(x),

−i∂tψ
†(x, t ) = iv∂xψ

†(x, t ) − �′
√

2πa
f (t )δ(x),

−i∂t f (t ) = 2
�′

√
2πa

[ψ (0, t ) − ψ†(0, t )].

(28)

From this, one can map the problem into the scattering of the
right-mover ψ on a localized impurity. These equations are
then solved by introducing a plane-wave decomposition of the
fermionic field ψ as

ψ (x, t ) =
{∫

dωAωeiω x
v e−iωt for x < 0∫

dωBωeiω x
v e−iωt for x > 0,

(29)

ψ†(x, t ) =
{∫

dωA†
−ωeiω x

v e−iωt for x < 0∫
dωB†

−ωeiω x
v e−iωt for x > 0.

(30)

Substituting these back into the equations of motion, us-
ing the definition ψ (0) = [ψ (0+) + ψ (0−)]/2 and integrating
around the δ(x) function, one is left with

0 = iv
∫

dω(Bω − Aω )e−iωt + �′
√

2πa
f (t ),

0 = iv
∫

dω(B†
−ω − A†

−ω )e−iωt − �′
√

2πa
f (t ),

−i∂t f (t ) = �′
√

2πa

[ ∫
dω(Bω + Aω )e−iωt

−
∫

dω(B†
−ω + A†

−ω )e−iωt

]
. (31)

Combining these equations to get rid of f and B†, one
obtains

Bω = −iω

Tk − iω
Aω + Tk

Tk − iω
A†

−ω, (32)

where we introduced the crossover energy scale

Tk = 4πa

v

(
�′

2πa

)2

, (33)

which is set by the tunneling amplitude �′. Following
Ref. [57], the previous relation can be generalized for all
filling factors taking the form

Tk = 2ωc

g

(
1

2�(g)

�′

aωc

) 1
1−g

. (34)

Performing the Fourier transform back to time space one
finally obtains the following relation between the Fourier
components of the fermionic field ψ before (A) and after (B)
the QPC as

B(t ) = A(t ) − Tk

∫ t

−∞
e−Tk (t−t ′ )[A(t ′) − A†(t ′)]. (35)

In Ref. [36] and [34], all relevant transport quantities are
then written down only in terms of averages of this newly

defined fermionic A field, which is free by construction.
The corresponding propagator was naturally assumed to be
trivially given by a Fermi function, corresponding to the reser-
voirs at equilibrium, i.e., equal temperature.

However, as we can see from Eq. (29), the new fermion
ψ is actually made of combined quasiparticles from the right
and left reservoirs which, in our present case, correspond to
different temperatures. One therefore needs to be particularly
careful in expressing the propagator. One way of doing this
is to revert to the bosonic description and to write ψ in terms
of the bosonic fields φR and φL taken at a position before the
QPC and which are then uncoupled from each other. The full
calculation of the propagator is detailed in Appendix A, here
we report the final result for a (1/3, 1) junction which reads

〈A†(t )A(t ′)〉 = 〈ψ†(0−, t )ψ (0−, t ′)〉

= 1

2πa
e

3
4 GL (t−t ′ )e

1
4 GR (t−t ′ ), (36)

where, since A is only defined at a position before the QPC,
the quantum averaging is performed on the state where the two
edge states are decoupled and at their respective temperature
Tα . Here we also introduced the bosonic Green’s function
as [58,59]

Gα (τ ) = − ln

[
sinh

(
πTα

(
i

ωc
− τ

))
sinh

(
i

ωc
πTα

) ]
, (37)

where ωc = v/a is a high-energy cutoff and Tα is the temper-
ature of the right or left QH bar.

In practice, we need two types of correlators, which we
express from their Fourier transform as

〈A†(t )A(t ′)〉 =
∫

dω

2πv
eiω(t−t ′ )nω, (38)

〈A(t )A†(t ′)〉 =
∫

dω

2πv
e−iω(t−t ′ )(1 − nω ), (39)

where according to Eq. (36), one has

nω =
∫

dτe−iωτ ωc

2π
e

3
4 GL (τ )e

1
4 GR (τ ). (40)

Note that, although nω is not in all generality a Fermi distri-
bution, the field A is a fermionic field and thus satisfies the
standard anticommutation relations.

B. General expression of the delta-T noise for (1/3, 1) junction

To evaluate the noise in Eq. (19) we need to consider the
fluctuations of the tunneling current. The latter, in Eq. (8),
is expressed in terms of the imbalance of the right densities
before and after the QPC which are related to the Fourier
components of the fermionic field ψ before (A) and after (B)
the QPC (see Appendix B for more details), namely,

I (t ) = ev[ρR(0+, t ) − ρR(0−, t )]

= ev

2
[B†(t )B(t ) + A†(t )A(t )]. (41)

This expression can readily be understood from a current
conservation perspective as the current tunneling between
edges naturally corresponds to the difference of the current
impinging on and the one outgoing from the QPC.
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The fluctuations of the tunneling current are then readily
given by

S (t1, t2) = 〈�I (t1)�I (t2)〉

=
(ev

2

)2
〈[B†(t1)B(t1) + A†(t1)A(t1)]

× [B†(t2)B(t2) + A†(t2)A(t2)]〉, (42)

where one should only keep the connected contributions of the
thermal average.

Since we are interested in the zero-frequency current noise
given in Eq. (19), the final result reads

S(TL, TR) = 2
∫ +∞

−∞
dτS (0, τ )

= 2
(
Tk

e

2

)2
∫

dω

2π

{
2[nωn−ω

+ (1 − nω )(1 − n−ω )]

(
ω

T 2
k + ω2

)2

+ nω(1 − nω )

(
2

Tk

ω2

T 2
k + ω2

)2}
, (43)

where all the detailed calculations are reported in Appendix C.
It is worth noticing that, since we are considering the noise
induced by a temperature difference, the distribution function
nω depends on both temperatures as

nω =
∫

dτe−iωτ ωc

2π

[
sinh

(
i

ωc
πTL

)
sinh

(
πTL

(
i

ωc
− τ

))]3/4

×
[

sinh
(

i
ωc

πTR
)

sinh
(
πTR

(
i

ωc
− τ

))]1/4

. (44)

Using that nω + n−ω = 1, the noise can be written under a
much simpler form as

S(TL, TR) = e2
∫

dω

2π
nω(1 − nω )

(
1 − T 2

k − ω2

T 2
k + ω2

)
. (45)

The noise can be obtained numerically for any set of temper-
atures TL, TR and the information on the coupling strength is
encoded in the energy crossover Tk which allows us to scan
for the entire range of tunneling regimes.

In Fig. 3, we show the full delta-T noise [as defined in
Eq. (19)] as a function of the temperature difference, in unit
of Tk , for six different cuts. It comes out that in the weak- to
moderate-temperature-bias regime, the leading contribution to
the noise is linear in �T , a feature that can be readily con-
firmed analytically, as we show in Appendix D. This leading
linearly �T behavior survives even if one changes the tem-
perature parametrization, introducing the average temperature
T̄ = (TR + TL )/2. This may come as a surprise because it is
in stark contrast with the results obtained for the homoge-
neous case (νR = νL = ν) [23], where the dominant term was
quadratic in the temperature difference. Indeed, in this latter
situation, one is protected from such a linear contribution
because of the symmetry of the system under the exchange
of right and left leads, ensuring that only even terms in �T
survive. The inhomogeneous case considered here breaks this

FIG. 3. Full noise S for the (1/3, 1) junction, as a function of the
temperature difference �T (given in units of the energy scale Tk) for
different values of the right lead temperature, T/Tk = 0.1, 1, 2, 3, 4
and 5. The gray area corresponds to the unphysical region where
TL = T + �T < 0.

symmetry, thus enabling linear contributions which then dom-
inate the noise in the regime of weak temperature bias.

Notice that, in presence of an extended contact, disorder
effects could lead to asymmetries also in the homogeneous
case. This could lead to a noise contribution linear in the
temperature mismatch. However, we expect this contribution
to be sample dependent and not universally related to the scal-
ing dimension of the tunneling operators differently from the
one we are investigating (see below). From the experimental
standpoint, the emergence of a linear correction as a function
of the temperature difference constitutes a major improvement
compared with the homogeneous case because it makes the
delta-T noise a lot easier to probe.

In this section we have been able to solve exactly the
problem of tunneling between a QH junction with the only
constraint on filling factors, being νL = 1/3 and νR = 1. This
interesting result can be enriched by extending it to a general
dependence of the noise on filling factors without specifying
their values a priori. Moreover, in addition to the numerical
evaluation, it could be interesting to work out an analytic
expression for the delta-T noise. As we see below, this can
be achieved for comparable temperatures of the two QH bars,
as this approach relies on an expansion in the temperature
difference �T . Nevertheless, considering small temperature
differences allows us to be closer to the experimentally re-
alistic situation, where large temperature gradients between
reservoirs are difficult to control.

VI. UNIVERSAL EXPRESSION FOR DELTA-T NOISE

In this section, we derive a universal formula for the first-
order expansion of the noise in Eq. (19) that applies to all
orders in the tunneling amplitude � and for any set of filling
factors (νL, νR).

Since we are considering different temperatures between
the two QH bars, parametrized as in Eq. (20), and according
to the rotations introduced in previous sections, we can expand
the noise S(TL, TR) up to the first order in the ratio �T/T .
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Following the calculations given in Appendix E, one has

S(TL, TR) = S0(T ) + �T

T 2

∫ +∞

−∞
dτ

1

Z
Tr{e−β(H (0)

+ +H (0)
− )

× H+,−I (ϕ−(τ ))I (ϕ−(0))} + O(�T 2), (46)

where β = T −1 and the mixed term H+,− due to the expansion
in �T is given by

H+,− = v

4π

∫
dx

[
cos2 θ

2
(∂xϕ+ + ∂xϕ−)2

− sin θ cos θ (∂xϕ+ + ∂xϕ−)(∂xϕ+ − ∂xϕ−)

+ sin2 θ

2
(∂xϕ+ − ∂xϕ−)2

]
. (47)

In Eq. (46), S0(T ) is the equilibrium noise at �T = 0, namely,

S0(T ) = S(TL, TR)

∣∣∣∣
�T =0

= 1

Z (0)
+ Z (0)

−

∫ +∞

−∞
dτ

× Tr{e−β(H (0)
+ +H (0)

− )I (ϕ−(τ ))I (ϕ−(0))}, (48)

with

Z (0)
± = Tr{e−βH (0)

± }. (49)

Furthermore, in Eq. (46) one needs to consider also the first-
order expansion of Z which reads

Z = Tr

{
e−β(H (0)

+ +H (0)
− )

(
1 + �T

T 2
H+,−

)}
. (50)

Finally, putting everything together, the delta-T noise of
Eq. (19), expanded to first order in �T , reads

S(TL, TR) = S0(T ) + �(νL, νR, T )�T + O(�T 2), (51)

with

�(νL, νR, T ) = −
(

νR

νR + νL

)
1

T 2

∂S0

∂β
. (52)

We underline the relevance of this result which enables to
calculate the first-order correction to the noise in the tem-
perature gradient only by knowing the expression for the
equilibrium noise S0(T ). In particular, our derivation does not
require any assumption concerning the strength of the tunnel-
ing between the two QH bars. This allows us to obtain the
out-of-equilibrium delta-T noise in various tunneling regimes,
provided that one is able to compute the corresponding ther-
mal noise at equilibrium. Since Eqs. (51) and (52) are valid for
all values of �, it is worth noticing that they can be exploited
for describing both the weak-coupling regime and the dual
strong-coupling model.

VII. EXPLICIT RESULTS FOR DELTA-T NOISE

In the previous section, we show that it is possible to obtain
a universal expression for the delta-T noise at first order in
�T/T without specifying the tunneling strength between the
two QH systems.

FIG. 4. Behavior of the linear coefficient � ≡ �(1/3, 1, T ) in
Eq. (54) in units of �0 = e2/2π as a function of T/Tk . The dashed
gray line stands for the weak-coupling limit [see Eq. (55)] when T �
Tk (� → 0, �′ → ∞). The horizontal dashed red line describes the
strong-coupling limit for T  Tk (� → ∞, �′ → 0) [see Eq. (56)].

Here, we investigate in detail the two opposite regimes of
weak and strong coupling between the two Hall fluids. We
start by applying our universal formula, Eq. (51), to the spe-
cific case of the (νL = 1/3, νR = 1) junction. There, an exact
expression of the equilibrium noise can be derived at all orders
in the tunnel coupling [36], following the refermionization
procedure introduced in the previous section. Then, we gen-
eralize this approach for a system with generic filling factor
combinations, concentrating on the two opposite regimes of
the coupling strength. It is worth emphasizing that, although
our focus is on the weak- and strong-coupling regimes, in
principle, our approach allows us to calculate the full noise for
any value of the tunneling parameter, provided that we have
the corresponding expression of the equilibrium noise.

A. Exact solution for a ( 1
3 , 1) junction

By exploiting the exact refermionization procedure, given
in the previous section, we are able to evaluate the equilibrium
noise S0(T ) in the case (νL = 1/3, νR = 1), recovering the
result from Ref. [36] at zero voltage. The final expression,
whose derivation is given in Appendix F, reads

S0(T ) = 1

2

(
e2

2π

)
Tk

[
4

T

Tk
− 2

π
ψ ′
(

1

2
+ Tk

2πT

)]
, (53)

with Tk defined in Eq. (34). Then, according to Eq. (52), one
can write the coefficient of the first-order correction to the
delta-T noise:

�

(
1

3
, 1, T

)
=
(

e2

2π

)[
3

2
+ 3

8π2
ψ ′′
(

1

2
+ Tk

2πT

)(Tk

T

)2]
,

(54)

with ψ ′′ being the second derivative of the digamma function.
The behavior of this quantity as a function of T/Tk is reported
in Fig. 4.

We can now consider two interesting limits of Eq. (54):
the weak-coupling limit described by � → 0 or equivalently,
due to Eq. (23), �′ → ∞ [i.e., Tk → ∞ from Eq. (33)] and
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the strong-coupling limit where � → ∞ and consequently �′
and Tk go to zero. This means that, in terms of the ratio T/Tk ,
in the weak-coupling regime (T � Tk) one has

�(wc)

(
1

3
, 1, T

)
=
(

e2

2π

)
3π2

2

(
T

Tk

)2

, (55)

while in the strong-coupling limit (T  Tk) one obtains

�(sc)

(
1

3
, 1, T

)
=
(

e2

2π

)
3

2
. (56)

It is worth noting that Eqs. (55) and (56) are related to
the slope of the curves shown in Fig. 3 near the value of
�T = 0. When the ratio T/Tk is small, meaning that we are
considering the weak-coupling limit, we see that the plot has
a nonlinear behavior, near �T = 0, reflecting the quadratic
dependence of �(wc) on T/Tk in Eq. (55). However, for the
strong-coupling regime, where bigger ratios T/Tk have been
considered, the slope of the plot is linear according to Eq. (56),
where �(sc) is independent of T/Tk .

Moreover, in Fig. 4 we observe the behavior of the linear
coefficient in Eq. (54) for a (1/3, 1) junction in terms of
the ratio between temperature T and the energy scale Tk ,
related to the tunneling amplitude. This coefficient vanishes at
zero temperature then evolves quadratically, consistently with
Eq. (55). As temperature increases further, � continuously
increases before saturating as it gets closer to the limiting
value of 3/2 (in units of e2/2π ) which corresponds to the
strong-coupling value of Eq. (56). This latter value represents
the maximum reachable one for the linear order correction in
the considered case.

B. Perturbative regimes

In this section, we write the explicit expression for the
equilibrium noise S0(T ) due to the tunneling current, starting
from the weak-coupling regime for all filling factors νL and
νR. We then switch to the strong-coupling limit by exploiting
the duality relation discussed in Sec. IV.

In the weak-coupling regime, the explicit form for the
equilibrium noise S0(T ) is obtained through a perturbative ex-
pansion up to the second order in the tunneling Hamiltonian,
Eq. (11), by using the Keldysh formalism [58,60]

S(wc)
0 (T ) =

(
e�

πa

)2 ∫ +∞

−∞
dτe

2
gG(τ )

, (57)

with the bosonic Green’s function given in Eq. (37) with Tα =
T and g = 2(νLνR)/(νL + νR).

Then the equilibrium noise in the weak-coupling regime
reads [59,61,62]

S(wc)
0 (T ) =

(
e2

2π

)(
2�

ωca

)2(2π

ωc

) 2
g −2

T
2
g −1

�2
(

1
g

)
�
(

2
g

) . (58)

In the case of free fermions νL = νR = 1, Eq. (58) yields
the Johnson-Nyquist linearity of the equilibrium noise as a
function of temperature. Furthermore, if we consider equal
filling factors νL = νR we recover the result reported in
Ref. [23] for the thermal noise calculated in the tunneling

regime. It is worth noticing that expression (58) only depends
on g which is the sum of the inverse filling factors [36] which
does not allow us to discriminate between configurations such
as (νR = 1, νL = 1/5) or (νR = νL = 1/3) only by looking at
the equilibrium noise.

The equilibrium noise of Eq. (58) in the weak-coupling
regime for all filling factors can be rewritten in terms of the
crossover energy scale instead of the tunneling amplitude by
exploiting Eqs. (23) and (34), namely

S(wc)
0 (T ) = 1

4

(
e2

2π

)
(4π )

2
g −2

�4
(

1
g

)
�
(

2
g

) ( T

Tk

) 2
g −1

Tk, (59)

and consequently from Eq. (52) the linear coefficient for a
generic (νL, νR) junction is

�(wc)(νL, νR, T ) =1

4

(
e2

2π

)( νR

νR + νL

)(2

g
− 1

)

× (4π )
2
g −2

�4
(

1
g

)
�
(

2
g

) ( T

Tk

) 2
g −2

.

(60)

Notice that for νR = 1 and νL = 1/3, this last equation reduces
to the result derived in Eq. (55) for the weak-coupling limit
T � Tk .

Now, the strong-coupling limit can be studied using the
weak-strong duality transformation, introduced in Sec. IV,
where we consider the electron-quasiparticle substitution for
the charge e → e∗ = ge and for the filling factor g → 1/g. By
focusing on the strong-coupling limit we consider �′ instead
of � as depicted in Fig. 2(d). According to this, Eq. (58)
leads to

S(sc)
B (T ) =

(
e∗2

2π

)(
2�′

ωca

)2(2π

ωc

)2g−2

T 2g−1 �2(g)

�(2g)
. (61)

It is worth mentioning that the weak-strong duality trans-
formation amounts to consider a dual system which can be
treated in the weak-coupling limit, i.e., perturbatively in �′.
According to this, at equilibrium, the tunneling current noise
maps into a backscattered current noise, hence the notation
SB.

Using the expression for Tk from Eq. (34), we can rewrite
the equilibrium backscattering noise in the strong-coupling
regime for all filling factors as

S(sc)
B (T ) = (4g)2

(
e2

2π

)(
4π

g

)2g−2
�4(g)

�(2g)

(
T

Tk

)2g−1

Tk .

(62)

The noise associated with the tunneling current is then
readily obtained from its backscattering counterpart by ac-
counting for a bare equilibrium noise contribution linear in
temperature which ends up dominating the transport for tem-
peratures T  Tk .

In the end, it leads to the total equilibrium tunneling noise
in the strong-coupling regime

S(sc)
0 (T ) =

(
e2

2π

)
4gT − S(sc)

B (T ). (63)
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In this case, the linear coefficient of the �T noise can be
written as

�(sc)(νL, νR, T ) =
(

e2

2π

)( νR

νR + νL

)[
4g + (4g)2(1 − 2g)

×
(

4π

g

)2g−2
�4(g)

�(2g)

(Tk

T

)2−2g]
, (64)

which then reduces to Eq. (56) for the (1, 1/3) junction.
Notice that the analysis carried out so far is proper of

the case of inhomogeneous Hall junction with filling factors
belonging to the Laughlin sequence. Here, clearly emerge
the role played by the scaling dimension associated with the
different FQH states involved in the tunneling (related to the
filling factors νL and νR). In more general composite FQH
states the emergence of neutral modes affects the scaling
dimension of the tunneling operators and need to be carefully
taken into account [61].

As a final remark we notice that the first-order contribution
to the delta-T noise in the temperature bias cannot be solely
expressed in terms of the effective filling factor g. This is
true for both the weak- and strong-coupling regimes as can
be readily seen from Eqs. (60) and (64). Since the linear in
�T coefficient depends separately on νL and νR, this specific
signature allows us to distinguish between different filling fac-
tor combinations which nevertheless have the same effective
filling factor g and consequently the same equilibrium noise,
such as (νR = 1, νL = 1/5) or (νR = νL = 1/3). This further
highlights the importance of the low-order delta-T noise as
a relevant probe of the transport mechanisms at play in the
general (νR, νL ) junction.

VIII. CONCLUSION

This work was devoted to the study of the nonequilibrium
noise generated by a temperature gradient between two FQH
systems, known as delta-T noise.

We have considered an inhomogeneous QH junction and
we have demonstrated the predominant contribution to the
noise is linear in the temperature gradient, differently from
a homogeneous junction where the first nonzero contribution
is quadratic [23].

Moreover, we have considered the two Hall bars character-
ized by strong interaction, focusing on a coupling between the
two edges whose intensity can be either considered in a weak
or strong-coupling regime thanks to a weak-strong duality
transformation.

We have solved exactly the problem of the delta-T noise
for the (1/3, 1) junction, demonstrating that this regime en-
ables to explore the full range of tunnel coupling and to
consider any set of temperatures TR and TL without restric-
tions.

In addition, we have reported on a universal expression,
in terms of the tunneling parameter for a completely generic
junction, for the linear correction to the full delta-T noise in
the temperature gradient starting from the knowledge of the
equilibrium noise.

Furthermore, we have demonstrated that we are able again
to cross from the weak-coupling regime to the strong-coupling
regime by applying a duality transformation and we have

reported on the asymptotic behavior of the linear coefficient of
this expansion for generic values of the filling factors (νL, νR).

Finally, our approach shows the relevance of delta-T
noise in better understanding the transport properties of such
strongly correlated systems, unlike previously considered
noise contributions, since it depends on both filling factors
separately rather than the sole effective filling factor describ-
ing the junction.

This work offers many interesting perspectives, essentially
related to practical realizations of such temperature-biased
inhomogeneous junctions. Indeed, junctions between different
Hall fluids are notoriously difficult to implement experimen-
tally and the careful investigation of their transport properties
remain largely unexplored. As the magnetic field is constant
everywhere across the two-dimensional electron gas, regions
of different filling factors require different electron density,
which is typically achieved via electrostatic gates whose close
proximity leads to a severe risk of shorting each other. Several
solutions have been envisioned to circumvent this issue. How-
ever, these raise several challenging problems for theoretical
modeling.

One aspect that could be explored in forthcoming studies
is the effect of local charge depletion at the QPC, as a con-
sequence of electrostatic effects. This leads to a local filling
factor in the region of the point contact, whose importance for
transport properties has been previously underlined [63,64].

Moreover, interesting new perspectives in this field could
be opened by the study of composite FQH edge state, where
the emergence of co- and counterpropagating neutral modes
could complicate the presented picture [44,61,65,66] or more
exotic states such as fractional Chern insulators [67,68].

Another fascinating direction to explore is the case of long
junctions, where Andreev reflection-like processes have been
observed recently [32]. This would theoretically involve mul-
tiple, randomly distributed, quantum point contacts and brings
about the importance of coherence effects across these.
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APPENDIX A: EXPLICIT EVALUATION OF
THE PROPAGATOR

In this Appendix, we compute explicitly the propagator
〈A†(t )A(t ′)〉 of Eq. (36). The latter only involves the fermionic
field A, which is only defined at a position before the QPC, so
that the quantum averaging is performed on the state where
the two edge states are decoupled and at their respective
temperature TR and TL.

We first recall the relation in Eq. (21) between the rotated
fields ϕR and ϕL and the dual ones ϕ̃R and ϕ̃L. The idea in
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order to evaluate the propagator is to revert to the bosonic
description, where

〈A†(t )A(t ′)〉 = 〈ψ†(0−, t )ψ (0−, t ′)〉

= 1

2πa
〈e−ĩϕ−(0−,t )eĩϕ−(0−,t ′ )〉

= 1

2πa
〈e− i√

2
ϕ̃L (0−,t )−ϕ̃R (0−,t )e

i√
2
ϕ̃L (0−,t ′ )−ϕ̃R (0−,t ′ )〉

= 1

2πa
〈e− i√

2
ϕL (0−,t )−ϕR (0−,t )e

i√
2
ϕL (0−,t ′ )−ϕR (0−,t ′ )〉

= 1

2πa
〈e−i[ cos θ+sin θ√

2
φL (0−,t )+ sin θ−cos θ√

2
φR (0−,t )]

× ei[ cos θ+sin θ√
2

φL (0−,t ′ )+ sin θ−cos θ√
2

φR (0−,t ′ )]〉. (A1)

The bosonic fields φR and φL are taken at a position before the
QPC (x = 0−) and are thus uncoupled from each other. For
this reason we are able to rewrite the correlator as a product
of averages evaluated at a fixed temperature TR and TL of the
considered right or left QH bar. Then, for the particular case
of a QH junction with νL = 1/3 and νR = 1 we recover the
result of Eq. (36) in the main text, namely,

〈A†(t )A(t ′)〉 = 1

2πa

〈
e−i

√
3

2 φL (0−,t )ei
√

3
2 φL (0−,t ′ )〉

× 〈
ei 1

2 φR (0−,t )e−i 1
2 φR (0−,t ′ )〉

= 1

2πa
e

3
4 GL (t−t ′ )e

1
4 GR(t−t ′ ). (A2)

APPENDIX B: PARTICLE DENSITY RELATIONS

In this Appendix, we give a description of the junction in
terms of the particle densities of the edge channels and we
restore the equivalence in Eq. (41). This allows us to compute
the current noise for the specific case of (1/3, 1) presented in
Sec. V B.

The particle densities ρR and ρL of the two edges of the
inhomogeneous QH junction are defined in Eq. (2) and depend
on the fields φL and φR. The first change of basis, which relates
φL and φR to ϕL and ϕR [see Eq. (9)], can be expressed in terms
of the particle densities as follows:

(
ρL

ρR

)
=

⎛⎜⎜⎝
√

νL + √
νR

2

√
νL − √

νR

2

[2ex]
√

νR − √
νL

2
√

νLνR

√
νR + √

νL

2
√

νLνR

⎞⎟⎟⎠(ρ ′
L

ρ ′
R

)
. (B1)

After the introduction of the second rotation of Eq. (13), the
new densities ρ+ and ρ− are related to ρ ′

L and ρ ′
R by(

ρ ′
L

ρ ′
R

)
=
√

g

2

(
1 1
1 −1

)(
ρ+
ρ−

)
. (B2)

In terms of densities, the duality relates ρ ′
L and ρ ′

R to the dual
ones ρ̃L and ρ̃R. Notice, from the dual fields transformation in
Eq. (21), that the densities in the incoming channels ρ ′

L(x <

0) and ρ ′
R(x < 0) are the same as ρ̃L(x < 0) and ρ̃R(x < 0)

[i.e., from Eq. (21) for x < 0 we have ϕL = ϕ̃L and ϕR = ϕ̃R

and consequently for the densities]. Furthermore, the matrices
given in Eqs. (B1) and (B2) can be used to express the original

fields φL(x < 0) and φR(x < 0) in terms of the fields ϕ̃+(x <

0) and ϕ̃−(x < 0).
To write the original densities in the outgoing channels

ρL(x > 0) and ρR(x > 0) in terms of the densities ρ̃+(x > 0)
and ρ̃−(x > 0) it is necessary to realize that the duality trans-
formation of Eq. (21) exchanges ϕL and ϕR for x > 0. As a
consequence, for x > 0 Eq. (B1) reads

(
ρL

ρR

)
=
( √

νL+√
νR

2

√
νL−√

νR

2

[2ex]
√

νR−√
νL

2
√

νLνR

√
νR+√

νL

2
√

νLνR

)(
ρ̃R

ρ̃L

)
. (B3)

It is thus useful to connect the corresponding ± den-
sity operators with their initial (L, R) counterparts. By using
Eqs. (B1)–(B3) the densities ρR and ρL can be written in terms
of ρ̃+ and ρ̃−,

ρL(x = 0−, t ) =
√

gνL

2
ρ̃+(0−, t ) +

√
gνR

2
ρ̃−(0−, t ),

ρR(x = 0−, t ) =
√

g

2νL
ρ̃+(0−, t ) −

√
g

2νR
ρ̃−(0−, t ),

(B4)

and

ρL(x = 0+, t ) =
√

gνL

2
ρ̃+(0+, t ) −

√
gνR

2
ρ̃−(0+, t ),

ρR(x = 0+, t ) =
√

g

2νL
ρ̃+(0+, t ) +

√
g

2νR
ρ̃−(0+, t ).

(B5)

Since the ϕ̃+ field is continuous through the QPC, we can drop
the ρ̃+ contribution and the current operator is therefore given
by

I (t ) = ev

√
g

2
[̃ρ−(0+, t ) + ρ̃−(0−, t )]. (B6)

Exploiting the decomposition in Eqs. (29) and (30) for the spe-
cific case of the (1/3, 1) junction (i.e., g = 1/2), the tunneling
current can be rewritten in terms of the Fourier components
of the fermionic field before (A) and after (B) the QPC,
leading to

I (t ) = ev

2
[A†(t )A(t ) + B†(t )B(t )]. (B7)

This last equation is thus an equivalent definition of the cur-
rent operator introduced in Eq. (5) and it is quoted in the main
text as Eq. (41).

APPENDIX C: ZERO-FREQUENCY NOISE FOR A
MISMATCHED (1/3, 1) QUANTUM HALL JUNCTION

In this Appendix we derive the result of Eq. (43). To do
this, we recall Eq. (35) where the fermionic fields B are written
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in terms of the A ones so that one has

B†(t )B(t ) + A†(t )A(t ) = −Tk

∫ t

−∞
dt ′e−Tk (t−t ′ )A†(t )[A(t ′) − A†(t ′)] − Tk

∫ t

−∞
dt ′e−Tk (t−t ′ )[A†(t ′) − A(t ′)]A(t ) + 2A†(t )A(t )

+ T 2
k

∫ t

−∞
dt ′

1

∫ t

−∞
dt ′

2e−Tk (t−t ′
1 )e−Tk (t−t ′

2 ){A†(t ′
1), A(t ′

2)}

= Tk

2v
+ Tk

∫ t

−∞
dt ′e−Tk (t−t ′ )[A†(t )A†(t ′) − A†(t )A(t ′) + A(t ′)A(t ) − A†(t ′)A(t ) + 2A†(t )A(t )]. (C1)

Substituting this expression back into the definition for the noise, Eq. (42), one has

S (t1, t2) =
(
Tk

ev

2

)2
∫ t1

−∞
dt ′

1

∫ t2

−∞
dt ′

2e−Tk (t1−t ′
1+t2−t ′

2 )〈[A†(t1)A†(t ′
1) − A†(t1)A(t ′

1) + A(t ′
1)A(t1)

− A†(t ′
1)A(t1) + 2A†(t1)A(t1)][A†(t2)A†(t ′

2) − A†(t2)A(t ′
2) + A(t ′

2)A(t2) − A†(t ′
2)A(t2) + 2A†(t2)A(t2)]〉, (C2)

which becomes, after applying Wick’s theorem,

S (t1, t2)

=
(
Tk

ev

2

)2
∫ t1

−∞
dt ′

1

∫ t2

−∞
dt ′

2e−Tk (t1−t ′
1+t2−t ′

2 ){〈A†(t1)A(t2)〉〈A†(t ′
1)A(t ′

2)〉 − 〈A†(t1)A(t ′
2)〉〈A†(t ′

1)A(t2)〉

+ 〈A†(t1)A(t ′
2)〉〈A(t ′

1)A†(t2)〉 + 〈A†(t1)A(t2)〉〈A(t ′
1)A†(t ′

2)〉 + 〈A(t ′
1)A†(t ′

2)〉〈A(t1)A†(t2)〉 − 〈A(t ′
1)A†(t2)〉〈A(t1)A†(t ′

2)〉
+ 〈A†(t ′

1)A(t ′
2)〉〈A(t1)A†(t2)〉 + 〈A†(t ′

1)A(t2)〉〈A(t1)A†(t ′
2)〉 − 2[〈A†(t1)A(t2)〉〈A(t ′

1)A†(t2)〉 + 〈A†(t ′
1)A(t2)〉〈A(t1)A†(t2)〉

+ 〈A†(t1)A(t ′
2)〉〈A(t1)A†(t2)〉 + 〈A†(t1)A(t2)〉〈A(t1)A†(t ′

2)〉] + 4〈A†(t1)A(t2)〉〈A(t1)A†(t2)〉}. (C3)

Using the Fourier-transformed versions of the correlators from Eqs. (38) and (39), this is further rewritten as

S (t1, t2) =
(
Tk

ev

2

)2
∫

dω1

2πv

∫
dω2

2πv

{
ei(ω1+ω2 )(t1−t2 )nω1 nω2

[
1

Tk − iω2
− 1

Tk − iω1

]
1

Tk + iω2

+ e−i(ω1+ω2 )(t1−t2 )(1 − nω1 )(1 − nω2 )

[
1

Tk + iω1
− 1

Tk + iω2

]
1

Tk − iω1

+ ei(ω1−ω2 )(t1−t2 )nω1 (1 − nω2 )

[
1

Tk − iω1
+ 1

Tk + iω2

]
1

Tk − iω2
+ ei(ω1−ω2 )(t1−t2 )nω1 (1 − nω2 )

×
[

1

Tk − iω1
+ 1

Tk + iω2

]
1

Tk + iω1
− 2ei(ω1−ω2 )(t1−t2 )nω1 (1 − nω2 )

[
2

T 2
k + ω2

2

+ 2

T 2
k + ω2

1

− 2

T 2
k

]}
, (C4)

where we also performed the time integrals.
Since we want to consider the noise power S(TL, TR) we need to perform an additional time integration over t1 − t2, leading

to

S(TL, TR) = 2
(
Tk

e

2

)2
∫

dω

2π

(
2[nωn−ω + (1 − nω )(1 − n−ω )]

[
ω

T 2
k + ω2

]2

+ nω(1 − nω )

{[
2Tk

T 2
k + ω2

]2

− 8

T 2
k + ω2

+ 4

T 2
k

})
,

(C5)

which then recovers the result of Eq. (43).

APPENDIX D: DELTA-T NOISE OF THE (1/3, 1) JUNCTION: FIRST-ORDER EXPANSION IN �T

Rather than a numerical evaluation, it could be more rewarding to try to work out an analytic expression for the �T noise
of the (1/3, 1) junction. This, however, can only be achieved for comparable temperatures because this approach relies on an
expansion in the temperature difference �T .

In practice, the calculation amounts to expanding the distribution function as

nω = n(0)
ω + �T

T
n(1)

ω + O(�T 2). (D1)

Substituting this back into the expression for the noise, Eq. (45), one has

S(TR, TL ) = S0(T ) + �T

T
S1(T ), (D2)
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with

S0(T ) = e2
∫

dω

2π
n(0)

ω

(
1 − n(0)

ω

)(
1 − T 2

k − ω2

T 2
k + ω2

)
, (D3)

S1(T ) = e2
∫

dω

2π
n(1)

ω

(
1 − 2n(0)

ω

)(
1 − T 2

k − ω2

T 2
k + ω2

)
. (D4)

The zeroth-order contribution to the distribution nω trivially reduces to the Fermi distribution at temperature T , given by

n(0)
ω = 1

1 + eω/T
. (D5)

The first-order contribution can be worked out as

n(1)
ω = 3

4

∫
dτe−iωτ ωc

2π

sinh
(
iπ T

ωc

)
sinh

(
πT

(
i 1
ωc

− τ
))( iπ T

ωc

tanh
(
iπ T

ωc

) − πT
(
i 1
ωc

− τ
)

tanh
(
πT

(
i 1
ωc

− τ
)))

= T
3

4
∂T

[∫
dτe−iωτ ωc

2π

sinh
(
iπ T

ωc

)
sinh

(
πT

(
i 1
ωc

− τ
))]

= T
3

4
∂T n(0)

ω . (D6)

It follows that

n(1)
ω

(
1 − 2n(0)

ω

) = T 3
4∂T n(0)

ω

(
1 − 2n(0)

ω

)
= T 3

4∂T
[
n(0)

ω

(
1 − n(0)

ω

)]
, (D7)

which allows us to readily write

S1(T ) = T 3
4∂T S0(T ). (D8)

Here, we have obtained an analytical expression for the delta-T noise in a (1/3, 1) junction. In the next Appendix we
generalize this approach to a generic (νL, νR) junction.

APPENDIX E: UNIVERSAL FIRST-ORDER EXPANSION IN �T

In this Appendix we report on the calculation for the expansion of S(TL, TR) at the first other in �T/T . The noise can be
written by taking into account the temperature parametrization in Eq. (20) and up to first order in �T/T as

S(TL, TR) = 1

Z

∫ +∞

−∞
dτTr

{
e−β(H (0)

L +H (0)
R )
[

1 + �T

T 2
H (0)

L

]
I (τ )I (0)

}
+ O(�T 2), (E1)

with β = T −1. Through the transformations in Eqs. (9) and (13) the noise can be rewritten as

S(TL, TR) = 1

Z

∫ +∞

−∞
dτTr

{
e−β(H (0)

+ +H (0)
− )

[
1 + �T

T 2
H+,−

]
I (ϕ−(τ ))I (ϕ−(0))

}
+ O(�T 2), (E2)

with H+,− defined in Eq. (47) of the main text.
One needs also to consider the first-order expansion of the partition function Z:

Z = Tr

{
e−β(H (0)

L +H (0)
R )
[

1 + �T

T 2
H (0)

L

]}
+ O(�T 2). (E3)

In terms of the new fields ϕ± and taking into account the fact that the term (∂xϕ+)(∂xϕ−) gives no contribution to the trace, one
has

Z = Tr

{
e−βH (0)

+ e−βH (0)
−

[
1 + �T

2T 2
(H (0)

+ + H (0)
− + sin 2θ (H (0)

− − H (0)
+ ))

]}
+ O(�T 2), (E4)

where we recall that sin 2θ = (νR − νL )/(νR + νL ). Then by exploiting the properties of the trace we have that

Z = Z (0)
+ Z (0)

− + �T

2T 2

[
− Z (0)

−
∂Z (0)

+
∂β

− Z (0)
+

∂Z (0)
−

∂β
+ sin 2θ

(
−Z (0)

+
∂Z (0)

−
∂β

+ Z (0)
−

∂Z (0)
+

∂β

)]
= Z (0)

+ Z (0)
−

{
1 + �T

2T 2

[
− ∂ln(Z (0)

+ Z (0)
− )

∂β
+ sin 2θ

∂

∂β
ln

(
Z (0)

+
Z (0)

−

)]}
+ O(�T 2), (E5)
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with

Z (0)
± = Tr

{
e−βH (0)

±
}
. (E6)

One can then define the equilibrium noise as in Eq. (E1) with �T = 0. Since the operator I only depends on ϕ− [see Eq. (5)],
the trace with respect to ϕ+ is trivial, leading to

S0(T ) = 1

Z (0)
−

∫ +∞

−∞
dτTr

{
e−βH (0)

− I (ϕ−(τ ))I (ϕ−(0))
}
, (E7)

which only depends on the temperature T .
The expansion of the noise S(TL, TR) up to first order in �T/T then reads

S(TL, TR) = S0(T ) + 1

Z (0)
+ Z (0)

−

∫ +∞

−∞
dτTr

{
e−β(H (0)

+ +H (0)
− )

[
∂ln(Z (0)

+ Z (0)
− )

∂β
− sin 2θ

∂

∂β
ln

(
Z (0)

+
Z (0)

−

)
+ 2H+,−

]
× I (ϕ−(τ ))I (ϕ−(0))

}
�T

2T 2
+ O(�T 2). (E8)

By exploiting the properties of the Tr{. . .} and after some algebra we rewrite Eq. (E8) as

S(TL, TR) = S0(T ) +
[

S0(T )
∂ln(Z (0)

+ Z (0)
− )

∂β
− sin 2θS0(T )

∂

∂β
ln

(
Z (0)

+
Z (0)

−

)
− (1 − sin 2θ )S0(T )

∂ ln(Z (0)
+ )

∂β

− (1 + sin 2θ )
∫ +∞

−∞
dτ

1

Z (0)
−

∂

∂β
Tr
{
e−βH (0)

− I (ϕ−(τ ))I (ϕ−(0))
}]�T

2T 2
+ O(�T 2). (E9)

Since the last term can be rewritten as∫ +∞

−∞
dτ

1

Z (0)
−

∂

∂β
Tr
{
e−βH (0)

− I (ϕ−(τ ))I (ϕ−(0))
} = ∂S0

∂β
+ S0

∂lnZ (0)
−

∂β
, (E10)

one can finally rewrite Eq. (E8) as

S(TL, TR) = S0(T ) − (1 + sin 2θ )
∂S0

∂β

�T

2T 2
+ O(�T 2). (E11)

Note that from this expression we recover the noise for the particular (1/3, 1) junction reported in Eq. (D8).

APPENDIX F: RECOVERING EQ. (53)

We start from the general expression for the noise of the (1, 1/3) junction, as obtained in Eq. (45), and write

S0(T ) = e2

4

∫
dω

2π

[
1 − tanh2

( ω

2T

)](
2 − 2T 2

k

T 2
k + ω2

)
, (F1)

where we focus on the equilibrium situation, allowing us to replace the distribution function nω with the standard Fermi
distribution at temperature T . We recall that the crossover energy is set by the tunneling amplitude �′:

Tk = 4πa

v

(
�′

2πa

)2

. (F2)

The first term can be readily integrated out, while the second one is reexpressed through an integration by part, thus leading
to

S0(T ) = e2

π
T − e2

π
TT 2

k

∫
dω tanh

( ω

2T

) ω

(T 2
k + ω2)2 . (F3)

The resulting integral can then be evaluated following standard contour integration techniques, yielding

S0(T ) = e2

π
T − e2Tk

4

1

cos2
( Tk

2T

) + e2

π
T

(Tk

T

)2

4π

∞∑
n=0

π (2n + 1)(Tk
T

)2 − π2(2n + 1)2
, (F4)
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which can further be rewritten as

S0(T ) = e2

π
T − e2Tk

4

1

cos2
( Tk

2T

) + e2

4π2
Tk

[
ψ ′
(

1

2
− Tk

2πT

)
− ψ ′

(
1

2
+ Tk

2πT

)]

= e2

π
T − e2

2π2
Tkψ

′
(

1

2
+ Tk

2πT

)
, (F5)

where we used the properties of the derivatives of the digamma function.
This ultimately leads back to the expression from Eq. (53) quoted in the text, namely

S0(T ) = 1

2

e2

2π
Tk

[
4

T

Tk
− 2

π
ψ ′
(

1

2
+ Tk

2πT

)]
. (F6)
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