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EXTREME VALUE THEORY WITH SPECTRAL TECHNIQUES:
APPLICATION TO A SIMPLE ATTRACTOR.

JASON ATNIP, NICOLAI HAYDN, AND SANDRO VAIENTI

ABSTRACT. We give a brief account of application of extreme value theory in dynamical
systems by using perturbation techniques associated to the transfer operator. We will
apply it to the baker’s map and we will get a precise formula for the extremal index.
We will also show that the statistics of the number of visits in small sets is compound
Poisson distributed.

1. INTRODUCTION

Extreme value theory (EVT) has been widely studied in the last years in application to
dynamical systems both deterministic and random. A review of the recent results with an
exhaustive bibliography is given in our collective work [25]. As we will see, there is a close
connection between EV'T and the statistics of recurrence and both could be worked out
simultaneously by using perturbations theories of the transfer operator. This powerful
approach is limited to systems with quasi-compact transfer operators and exponential
decay of correlations; nevertheless it can be applied to situations where more standard
techniques meet obstructions and difficulties, in particular to:

- non-stationary and random dynamical systems,

- observable with non-trivial extremal sets,

- higher-dimensional systems.

Another big advantage of this technique is the possibility of defining in a precise and
universal way the extremal index (EI). We defer to our recent paper [7] for a critical
discussion of this issue with several explicit computations of the EI in new situations.
The germ of the perturbative technique of the transfer operator applied to EVT is in
the fundamental paper [23] by G. Keller and C. Liverani; the explicit connection with
recurrence and extreme value theory has been done by G. Keller in the article [22], which
contains also a list of suggestions for further investigations. We successively applied
this method to i.i.d. random transformations in [5, 7], to randomly quenched dynamical
systems in [2], to coupled maps on finite lattices in [14], and to open systems with targets
and holes in [17].

The object of this note is to illustrate this technique by presenting a new application
to a bi-dimensional invertible system. We will see that the perturbative technique could
be applied in this case as well provided one could find the good functional spaces where
the transfer operator exhibits quasi-compactness.

We will find a few limitations to a complete application of the theory and to its gen-
eralization to wider class of maps in higher dimensions, see Remarks 3.2 and 3.3.

Date: February 27, 2024.
J Atnip, School of Mathematics and Statistics, University of New South Wales, Sydney, NSW 2052,
Australia. E-mail: j.atnip@unsw.edu.au.
N Haydn, Mathematics Department, USC, Los Angeles, 90089-2532. E-mail: nhaydn@usc.edu.
S Vaienti, Aix Marseille Université, Université de Toulon, CNRS, CPT, UMR 7332, Marseille, France.
E-mail: vaienti@cpt.univ-mrs.fr.
1



© 00 N o O A W N =

11
12
13
14
15

16

17
18
19
20
21
22
23
24
25
26

27
28
29
30
31
32
33
34
35

36
37

When the first version of this paper circulated, the spectral technique discussed above
did not allow us to get another property related to limiting return and hitting times
distribution in small sets, namely the statistics of the number of visits, which takes
usually the form of a compound Poisson distribution. This has been recently achieved in
the paper [3], and it could be easily applied to the system under investigation in this paper.
We will briefly quote this technique in section 5. As for the EVT, such a technique suffers
of the limitation imposed by the choice of the parameters, see remark 3.3. In particular,
it does not allow us to treat the case of the fat Baker’s map, where the invariant set
is the full square. This is instead possible with another technique developed by two of
us, see [20], which allows to recover compound Poisson distributions for invertible maps
in higher dimension and arbitrary small sets. By using this approach, we will be able
to construct an example for the fat baker map with a compound Poisson distribution
which is neither the standard Poisson nor the Polya-Aeppli,which are the most common
compound distributions. We will finally discuss the extension to compound Poisson point
process on the real line.

2. A PEDAGOGICAL EXAMPLE: THE GENERALIZED BAKER’S MAP

We now treat an example for which there are not apparently established results for
the extreme value distributions. This example, the generalized baker’s map, from now
on simply abbreviated as baker’s map, is a prototype for uniformly hyperbolic trans-
formations in more than one dimension, two in our case, and in order to study it with
the transfer operator, we will introduce suitable anisotropic Banach spaces. Our original
goal was to investigate directly larger classes of uniformly hyperbolic maps, including
Anosov ones, but, as we said above, the generalizations do not seem straightforward; we
will explain the reason later on. With the usual probabilistic approaches extreme value
distributions have been obtained for the linear automorphisms of the torus in [§].

We will refer to the baker’s transformation studied in Section 2.1 in [10], but we will
write it in a particular case in order to make the exposition more accessible. The baker’s
transformation T'(x,, y,) is defined on the unit square X = [0,1]? C R? into itself by:

. - Yoy ify, <
T (=) + e iy, >a

B Ly, ify, <a
Yt = %(yn - Oé) if UYn > Q
with v =1—a, 7, + 7% < 1, see Fig. 1. To simplify some of the next formulae, we will
take o = v = 0.5 and v, = ¥ < 0.5. This last value must be strictly less than 1/2 since
Lemma 3.1 requires the stable dimension dy strictly less than one, which corresponds to a
fractal invariant set (thin baker’s map). This condition will be relaxed in the example 5.3
(fat baker’s map), but using an approach different of the spectral one leading to Lemma
3.1.
The map T is discontinuous at the horizontal line I' : {y = a}. The singularity curves
for T',1 > 1 are given by T7'T" and they are constructed in this way: take the preimages
T, (a) of y = a on the y-axis according to the map:

1
B lyy<a
T ={ 1, WS )

Then T-'T' = {y = Ty'(a)}. Any other horizontal line will be a stable manifold of 7.

The invariant non-wandering set A will be at the end an attractor foliated by vertical
2
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FIGURE 1. Action of the baker’s map on the unit square. The lower part
of the square is mapped to the left part and the upper part is mapped to
the right part.

lines which are all unstable manifolds. We denote by W?*(W*) the set of full horizontal
(vertical) stable (unstable) manifolds of length 1 just constructed. We point out that a
stable horizontal manifold W will originate two disjoint full stable manifold when iterate
backward by T~!, not for the presence of singularity, but because the map 7! will only
be defined on the two images of T'(X) as illustrated in Fig. 1.

In order to obtain useful spectral information from the transfer operator £, its action is
restricted to a Banach space B. We now give the construction of the norms on B and an
associated “weak” space B,, in the case of the baker’s map, following partly the exposition
in [10]. In this case, those spaces are easier to define and the norms will be constructed
directly on the horizontal stable manifolds instead of admissible leaves, which are smooth
curves in approximately the stable direction, see [11]. As we anticipated above, we follow
[10], but we slightly change the definition of the stable norms by adapting ourselves to
that originally introduced in [11]. Let us explain why. First of all we will consider the
collection ¥ of all the intervals W of length less or equal to 1 that are contained in the
stable manifolds W C W, € W?. Instead in [11], 3 was the set of full horizontal line
segments of length 1 in X. The reason of our choice is that we will introduce small sets
By, which could be identified as (fake) holes, and the preimages of such sets will cut the
Ws. The smaller pieces generated in this way will enter the three norms given below and
therefore it will be useful to count such pieces in X.

Then we denote C*(W,C) the set of continuous complex-valued functions on W with
Holder exponent x < 1 and define the norm

lolww = W™ |oloswe), (2)

where |[W| denotes the length of W and
m —
| lerare) = lpleo + H (@), H (@) = sup le(@) — ¢yl

z,yeW |x - ?J|"c
T#Y
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For h € C'(X,C) we define the weak norm of h by

|h|, = sup  sup ‘/ hgpdm‘

WEE pect(we) | Jw

lPlotw,e) <t
where dm is the unnormalized Lebesgue measure along W, instead with m we will denote
the Lebesgue measure over X. We now take' (k,3) € (0,1) with 0 < 8 < 1 — k. The
strong stable norm is defined as:

/ he dm’. (3)

W

We then need to define the strong unstable norm which allows us to compare expectations
along different stable manifolds. If W is a subset of the stable manifold W, we could
parameterize it as (f, sy, ) where sy, is the common ordinate of the points in W; and
t € [a1,b1] C [0,1]. If W5 is a subset of another stable manifold, parametrized as (¢, sw,)
with ¢ € [ag, by, we pose

d(W1, Wa) = [sw, = sws| + |[a1, b1]Afaz, bo]| + [[ar, bi] N [az, ba]],
where A means the symetric difference, and for test functions ¢; € C*(W;,C),i =1,2:

|h|ls = sup  sup
WES peC!(W,C)
|SO|W,K§1

do(p1, 02) = sup  [@1(swy, t) — @2(swy, 1]
tG[al ,bﬂﬂ[ag,bg]

The strong unstable norm of A is defined as

: (4)

1
||h||u = sup sup sup —6 hgpldm — h/SDde
e<1 Wi, WaeWs pieCl(Wi,C) € Wi e

d(VVhVVQ)S6 |wi|01(W,C)S1

do(p1,92)<e
Finally we can define the strong norm of h by

[[2]l = [IAlls + bll A,

where b is a small constant to be fixed later on. We set BB to be the completion of C*(X, C)
with respect to the norm ||-||, and, similarly, we define B,, to the completion of C*(X,C)
with respect to the norm |-|,.

Let us note that B lies in the dual of C*(X, C) and its elements are distributions. More
precisely, any h € B induces the linear functional ¢ — h(p) with the property that

()] < |hlulpler, for ¢ € CHX,C), ()

see [11, Remark 3.4] for details®. In particular, for h € C*(X,C) we have that (see [11,
Remark 2.5])

h(p) = / hodmy, for p € CY(X,C). (6)
The transfer operator £ associate)c(l to the map 7' is defined as
(Lh)(¢) = h(poT), for he C'(X,C)and ¢ € C*(X,C),
which, by completeness, can be extended to any h € B.
* IThe bound 8 < 1 — & is needed in the proof of Lemma 3.1 in [9].

2The proof of this fact will follow from similar statements shown in section 3.
4
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For h € L'(X,C), the space of my summable functions with complex values, we have,

see [11, Section 2.1]:
h hoT-!
Lh=|——r=|oT ' = 7
(|det DT]) ° aly, (7)

where the last equality on the r.h.s. uses the particular choices for the parameters defining
the map 7.

3. THE SPECTRAL APPROACH FOR EVT

3.1. Formulation of the problem. We now take a ball B(z,r) of center z € X and
radius r and denote with B(z,r)¢ its complement, where d(-,-) is the Euclidean metric.
Let us consider for x € X the observable

¢(z) = —logd(z, 2) (8)

and the function
M,(x) == max{¢(z), -, ¢(T"'z)}. (9)
For u € R,, we are interested in the distribution of M, < wu, where M, is now seen
as a random variable on the probability space (X, ), with p being the Sinai-Bowen-

Ruelle (SRB) measure. Notice that the event {M,, < u} is equivalent to the set {¢ <
Uy ...,¢oT" 1 <wu} which in turn coincides with the set

E,:=B(z,e ") NT'B(z,e )N - NT- " VB(ze ).

We are therefore following points which will enter the ball B(z,e™") for the first time after
at least n steps, and u — p(FE,) is the distribution of the maximum of the observable
¢poT7,5=0,...,n— 1. It is well known from elementary probability that the distribu-
tion of the maximum of a sequence of i.i.d. random variables is degenerate. One way to
overcome this is to make the boundary level u depend upon the time n in such a way the
sequence u,, grows to infinity and gives, hopefully, a non-degenerate limit for u(M,, < u,).

From now on we set: B, = B(z,e ") and B¢ the complement of B,,.
We easily have

(M, < up) = /13,2 (2)1pg (Tx) - - 1pe (T" ) dpa. (10)
By introducing the perturbed operator, for h € B:
we can write (10) as
(M, < un) = Lyp(1). (12)

We explicitly used here two facts which deserve justification.

e 1. and 1p:h are in the Banach space, whenever h € B. If we prove it for 1p.,
the same will hold for 1p:h since both 1p. and i will be the limit, in the B norm,
of a sequence of functions in C*(X, C). Let us sketch the argument for 15.. Take
a sequence of C'*° real functions 0 < 6, < 1 defined on X, which are equal to 1
on B¢ and equal to 0 on the complement of an open set U containing B¢ and at
distance |U \ Bg| < 1/k. Then for the weak norm of 1. — 6, we have to compute

the integral
‘/ (1pe — Hk)wdm’
v 5
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where W is stable interval of length at most 1. We have | [, (1p: — 0x)pdm| <

4 ‘ anU\ Be godm) . The set WNU \ B will consist in fact of at most four connected

pieces of stable manifold, therefore

ENI S

4
[1pe — Oklw < sup  sup < AW NU/Bll|ollcowey < llellcowe) <
WET peC!(W,C)
lPlotw,c) <t

Y

which goes to 0 when k — oo. Similar argument hold for the strong stable and un-
stable norms; this follows easily by using, for instance, the computations presented
for such norms in item A2 below.

e 1,h(¢) = h(14¢), when h is a Borel measure. The proof in the preceding item
holds for any compact set A. If we approximate, by density, h with C*(X, C) func-
tions, we see that the equality we want to prove follows from the representation
(6).

It has been proved in [10] that the operator £ is quasi-compact, in the sense that it
can be written as®
L=p®7Z+Q, (13)
where p = Ly is the SRB measure normalized in such a way that p(1) = 1 and spanning
the one-dimensional eigenspace corresponding to the eigenvalue 1; Z is the generator
of the one-dimensional eigenspace of L* in the dual space B* and corresponding to the
eigenvalue 1 and normalized in such a way that Z(u) = 1; finally @ is a linear operator
on B with spectral radius sp(Q) strictly less than one.

3.2. The perturbative approach. We now introduce the assumptions which allow us
to apply the perturbative technique of Keller and Liverani [23]. They are split in two
blocks: A0, A2 and A3 are needed to get the quasi-compact decomposition (16), which
extends to the perturbed operators £,, the same decomposition for £ required by A1. The
assumptions A4 and A5 together with (16) are finally needed to apply the perturbative
technique in [23] we referred to at the beginning of this section.

e AQ B is continuously embedded into B,,.

e A1 The unperturbed operator £ is quasi-compact in the sense expressed by (13).

e A2 There are constants 0 < p < 1, D1, Dy, D3 > 0,M > 0,p < M, such that Vn

sufficiently large, Vh € B and Vk € N we have

[LER]y < DM (B, (14)
1C50I1 < Dop®||h]| + DsM¥[h . (15)
This will be proved below.
e A3 We can bound the weak norm of (£ — L,)h, with h € B, in terms of the norm
of h as:
where Yy, is a sequence converging to zero. We give immediately the proof of
this fact since it is achieved by a simple adaptation of the computation of the
strong stable norm in the proof of item A2 below. Looking in fact at the
notations and at the steps of such a demonstration, we have to control the
term: [, (£ — La)hdm = [y, L(1p,h)pdm =30, 5 [y.qp, My)e(Ty)adm(y) <
Bl Bl Then x, = | BaJ".

31If ¢ is a test function, eq. (13) means that (£h)(p) = Z(h)u(p) + Q(Rh)(y).
6
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Thanks to the assumptions A2 (uniform Lasota-Yorke inequalities) and A3
(closeness of the operators in the triple norm), we can apply the spectral theory
in [24],* and get that the decomposition (13) holds for n large enough, namely

ML = o @ Zy + Qu, (16)
Lofln = Apfln, (17)
ZoLn = M Zn, (18)
Qn(pn) =0, Z,Qn =0, (19)

where A\, € C, pu, € B, Z,, € B*, Q,, € B, and sup,, sp(@Q,) < sp(Q). We observe
that the previous assumptions (16)—(19) imply that Z,(u,) = 1, ¥n; moreover u,
can be normalized in such a way that u,(1) =1 and Z(u,) = 1, see [23].

We now state assumption A4 deferring A5 to the next section.
o A4 If we define

Ap =Z(L = Ly) (W), (20)
and for h € B
M = sup |Z(L(h1g,))] (21)
[[h]I<1
we must assume that
fx =0, .
M| |L(1p, 1)|| < const A,,. (23)

It remains to prove A2 and A4.

Let us start with the former, A2; notice that the proof we present is also valid for
the unperturbed operator, and this will be explicitly used in the following. The proof
is basically the same as the proof of Proposition 4.2 in [10], with the difference that we
allow subsets of the stable manifolds of length less than one. By density of C'(X,C) in
both B and B,, it will be enough to take h € C*(X,C). We have to control integrals of
type: [, Lohe dm, where W € ¥ and ¢ € C'(W,C) (resp. C"(W, C)), according to the
estimate of the weak (resp. strong) norm. Let us start for the weak norm and consider
for instance £2, we have

/W 2 hipdim — /W 13;(T‘lzv)ES_il:)(T‘lwso(:v) dm(z) = (24)

where W;, i = 1, 2 are the two preimages of W and we performed a change of variable along
the stable manifold with Jacobian ~,. The measure m along W; is again the unnormalized
Lebesgue measure. Iterating one more time we will produce at most two new pieces of
stable manifolds, and we get:

[ ey ()L (T i) (26)

4This spectral theory also requires that if z is in the spectrum of £,, and |z| > p, then z is not in the
residual spectrum of £,,. This last fact is guaranteed by A0 which implies that the spectral radius of £,
is bounded by p.
7
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In the integral we replace each W; with (W; N BS NT~'BS) getting again at most two
small pieces Wj(n) of stable manifolds, since B¢ N T~ B¢ could have only one connected

component by the (linear) structure of the inverse of the map®. In order to compute the
weak norm of £2 we must take a test function ¢ verifying |p|cry,c) < 1. If we now take

two points y;, 4, € Wj(") we have

(T (11)) — (T*(y2))| < HY(@)|IT?(11) — T*(y2)| < H ()72 ln — 1],

and therefore |po T2‘C’1( < 1. By multiplying and dividing (26) by |¢o T2]01(W

(n) (n)
Wj ,©) j ,C)

we finally get: (26) <237, _, a?[hly < 2|h|,, Where the last bound comes from our
choice of a = % The proof generalizes immediately to any power £F k > 2. by replacing
the factor 2 in front of the sum with k, see the previous footnote:

|LE R < KRy,

To compute the strong stable norm, we closely follow the same calculations of section 4.1
in [10] and we write, still for the second iterate of the perturbed operator and using the
notations above:

| gingin - > | oy o lelT) ~ ) + | o BT, (20

where
1

SO_mZ—n/ o(T?y)dm(y).
= W;m( )dm(y)

Since |<,0j7n|cl(W(n)) < supy, ||, we have immediately that the rightmost term in (27) is
j
bounded by 2|h|,. Instead the first piece on the right hand side is bounded by

S e o T = Byl o (25)
j=l, 4 ’
2. 2 .
But ’@OTQ_aj,n’Cn(Wj(")) S ‘SOoTQ_@j,nlCO—i_SUpz;éy % S |QO(T2I>—§0(T2$ )|+
H(p)y2" < 2H()y2", being z* some point in VVj(n) by the mean value theorem. Therefore
o T? =B, 0l . < 2725 plwe < 297 and (28) < 4977||h|s. Generalizing to any k we
fis

finally get
IL5hlls < Klhlw + 2k55 (| A

In order to treat the strong unstable norm, we follow section 4.3 in [11] adapted to
our case, which is considerably much easier. Therefore, take two stable manifolds W o
at distance at most €, and ¢; on W;,i = 1,2 with |p;|ciw,c) < 1. Call Uy € W, and
Uy C Wy the connected intervals parametrized respectively by (sw,, 1), (sw,,t), with ¢
belonging to the same interval. We call matched these two pieces. We call V; 5 the two
unmatched pieces in W o; notice that the length of these two pieces is less than €. Define
now by Ul(]z,, UQ(J,z, j =1,...2% two preimages of order k respectively of U; and U, with
the same h&storﬁf, which means that if Syt) Syu) are the common ordinates of the points

in respectively Ul(jk) and U2(32, then s and s ;) belong to the same inverse branch of
) ) 2k

G
vy

°If we consider higher iterates of £, for instance of order k, we should control terms like W N B¢ N

T-'BéN---N T’(kfl)BfL, where W is a piece of stable manifold. Notice that each preimage T—'B,,,l =
1,...,k —1, is contained in 2! disjoint horizontal rectangles. Therefore W could meet at most k — 1 of
such rectangles of different generation and hence at most k — 1 preimages of B,,. This implies that the
complement in W of such intersection is at most composed by k connected intervals

8
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the map T% given in (1). Due to the linearity of the map, the sets U j,z and UQJk will be
again matched and d(Ul(]k, U2(k) |5U(] - SU(J)\ < afd(Uy, Usy) < aFe. Since Ul(k and U2 i

could contain each at most k preimages of the ball B,,, we could have at most £ matched
intervals inside Ul(J/,c and UQ(J/,c Call Ul(fkl and UQ’]kl .l =1,...,k those smaller matched
pieces. So their contribution to the £F in (4) is

k

2 2

Since do( p10T? @30 T?) <~ido(p1, p2) < vie < and d<U1]kl)7 UQJkl ) = |SU1(J2 - SUQ(J',2| <
a*d(Wy, W) < aPe, we have that, since CI(U NY<1m=12

/Uu b h(y) o1 (T y)dm(y) — /(]UJ) h(y)os(T y)dm(y))| . (29)

(29) < l{:aWHhHu

For the unmatched pieces, we have to take into account those generated by the 2% preim-
ages of Vo, but also the unmatched pieces in the U, G) wmmo= 1,27 =1, ., 2k By

overcounting, the number of those unmatched pieces will be bounded by 4]{:2’“. If we call
Vi one of them and supposing it belongs to the backward images of Wj, we must esti-

mate the strong stable norm of the quantity Eiﬁ ’ ka (y)o(T*y)dm(y)| . We multiply it by

[Vil*[¢ 0 T*| oy 0 But [¢ o T?|onvc) < [dlcogwrcy + H(d)vs < 1, and [Vi|® < ey,
Therefore all the unmatched pieces at the k-th generatlon in the estimate of the strong
unstable norm will be bounded by 4k2%~*%||h]|,, since 8 < 1, and

L3l < ka®P[|R]l, + kv ™ |1A]ls.
In conclusion we get for k > 1 :

1ZRnll = LLanlls + BILLAl < kIRl + 2kyg* (Bl + b(Ra*?||R ]l + 4Kz ™ [[A]ls). - (30)

We now fix a value of k, say kg, such that
4070 < 1/2; p = (dkgot) o < 1,
where
o = max{y", o’} <1
and we finally choose b such that
2b < 72]“0”.

With these positions and by using blocks of length ky, it is immediate to rewrite (30) as
for any k£ > 0 :
ILRN < Pl + 2M* (1A,

1

where M := (k;°), and this proves (15).
We now pass to justify A4. We remind that Z is the unique solution of the eigenvalue
equation £*Z = Z, where L* is the dual of the transfer operator. By setting
Z(h) :=h(1), h € B, (31)
we have for h € B:

LZ(h) = Z(Lh) = (Lh)(1) = h(1 o T) = h(1) = Z(h).
9
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Coming back to A, we see immediately that

By = Z(£ (Lo, 0) = £(L5,1)(1) = [ L, d = (B (32)

The term |[£(1p,1)|| can be handled very easily using the Lasota-Yorke inequality which
we proved in item A2 above. It follows in fact from (15) that there are two constants
C1, C5 depending only on the map such that

[£(Ap,1)|| < Ci|[1p,pl| + Co|1p, ptfw.

Moreover it is easy to show that

11p,pll < [lull and [1p,ple < |uho.”
By setting
Cs == C|p]] + Cofplw,
we are led to prove that (see (23)), 7,C5 < const A,,, namely

N, < const A, = const u(B,). (33)

Before continuing, we have to focus on u(B,) = u(B(z,e ")). It is well known that
for p-almost all 2z and by taking the radius sufficiently small, depending on the value ¢,
e @) < (B(z,e7"n) < e~ where ¢ > 0 is arbitrarily small. This follows from
the existence of the limit

L logpu(B(x,r))

L log =d, for x chosen pu-a.e., (34)

and quantity d is the Hausdorff dimension of the measure p which in our case reads [26],
eq. (3.24):
aloga™ + (1 —a)log(l —a)™t

log 7! '
Notice that d; is strictly smaller than 1; for instance, with the choices a = 0.5,v, = 0.25,
we get d, = 0.5. We now have:

d=1+d,, where dy :=

Lemma 3.1. Assume k > d,.
Then

M < 2u(By).
Proof. We have

Z(,C(h ]'Bn)) = /h 1Bndm.

Put Wg = W¢ N B,; by disintegrating along the stable partition W* we get:

/ hip dmy — /E dA(E) [ /W 5(1Bnh)(a:)dm(a:)]

< fane e
|R|[sA(&; B, N We # 0),

< eTunk

6We give the proof for the weak stable norms, the others follows anagously. We approximate by density
p with functions h € C*'(X, C), as we did above when we proved that 1p:h € B. Since [, 15, hodm <
hodm < [, hodm we have that [1g, hly < |hlw.
10
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where A is the quotient measure on the space of stable leaves W, belonging to W?*; and
indexed by &, see for instance [27], Appendix A. By definition of disintegration we have
that

A& By N We # 0) = my(( JWe, Ba N We #0) = 2¢7,

and therefore
n < Qe—un(fﬁ-‘rl).

We finally have
M < 25T < gemun(dH) < 9 (B,)

provided we choose
k>d+1—1 (35)

which can be satisfied by assumption. O

Remark 3.2. The local comparison between the Lebesque and the SRB measure of a ball
of center z obliged us to choose z p-almost everywhere because in this way we have a
precise value for the locally constant dimension d. We are therefore discarding several
points, possibly periodic, where the limiting distribution for the Gumbel’s law (see next
section) could exhibit extremal indices different from 1.

Remark 3.3. For invertible, piecewise differentiable hyperbolic maps in dimension 2, the
construction of the Banach space imposes that k < 1; for billiard maps associated with
Lorentz gases, [12], it even verifies k < 1/6. This could make difficult to check condition
(35) for invariant sets with large d, like Anosov diffeomorphisms for instance. In some
sense this difficulty was already raised in section 4.5 in the Keller’s paper [22], where
an estimate like ours in terms of the Hdélder exponent k was given and the subsequent
question of the comparison with the SRB measure was addressed.

4. THE LIMITING LAW

4.1. The Gumbel law. We have now all the tools to compute the asymptotic behavior
of L,. We need one more ingredient which will constitute our last assumption:
e A5 Let us suppose that the following limit exist for any & > 0 :
o o 2L = L)L = L))
qr = lim g, == lim
n—oo

n—o0 A,

(36)

Notice that

Qken =
1(Bn)
and therefore by the Poincaré recurrence theorem

0o
Z Qkn = 1.
k=0

Therefore if the limits (36) exist, the quantity

0=1-> a, (37)
k=0

is well defined and verifies
0<0<1.

11
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It is called the extremal index and it modulates the exponent of the Gumbel’s law as we
will see in a moment. We have in fact by Theorem 2.1 of [23]:

A =1—=0A, =exp(—0A, +o(A,)),

or equivalently
An = exp(—0nA,, +no(A,)).

Therefore we have

(M, < up) = Lop(1) = Ao[pn(1) Z (1) + Qp (1) (1)]

and consequently
p(My < up) = exp(=0ndy +no(An))[O(1) + @ (1) (1)],

since p1,(1) = 1 and it has been proved in [23], Lemma 6.1, Z, (1) — 1 for n — oco. At
this point we need an important assumption, which basically reduces to fix the sequence
u, and allow us to get a non-degenerate limit for the distribution of M,,. We in fact ask
that

n A, =T, n— oo, (38)

where 7 is a positive real number. With this assumption, using (5) and the fact that
o < [[]|s, we have

Q5 () (V)] < const sp(Q)"[|ul| — 0.
In conclusion we get the Gumbel’s law

lim u(M, <wu,) = e 07,

n—oo
4.2. The extremal index. We are now ready to compute the gy, ,,, which will determine
the extremal index. Let us first suppose that the center of the ball B,, is not a periodic
point; then the points T7(z),j = 1,--- ,k will be disjoint from z. Let us take the ball
so small that is does not cross the set T7I',7 = 1,--- ,k, where I' is the discontinuity
line (y = «). In this way the images of B,, will be ellipses with the long axis along the
unstable manifold and the short axis stretched by a factor v*. By continuity and taking n
large enough, we can manage that all the iterates of B, up to T will be disjoint from B,
and for such n the numerator of gy, will be zero. At this point we can state the following
result:

Proposition 4.1. Let T be the baker’s transformation and consider the function M, () :=
max{¢(z),...,d(T" 1x)}, where ¢(x) = —logd(z,z), and z is chosen p-almost every-
where with respect to the SRB measure . Then, if z is not periodic, we have

lim pu(M, <u,) =€,

n—oQ

where the boundary level u,, is chosen to satisfy nu(B(z,e ")) — T.

Suppose now z is a periodic point of minimal period p. By doing as above we could
stay away from the discontinuity lines up to p iterates and look simply to T"7(B,) N B,,.
Since the map acts linearly, the p preimage of B,, would be an ellipse with center z and
symmetric w.r.t. the unstable manifold passing trough z. So we have to compute the SRB
measure of the intersection of the ellipse with the ball shown in Fig. 2.

It turns out that this computation is not easy. The natural idea would be to disintegrate
the SRB measure along the unstable manifolds belonging to the unstable partition W".
We index such fibers as W, and we put ((r) the associated quotient measure. Let us

recall that the conditional measures along leaves W, are normalized Lebesgue measures:
12
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we denote them with [,. If we call &;,, the region of the ellipse inside the ball B,,, we have
to compute

[1.(B,NW,)d¢(v)
Although simple geometry allows us to compute easily the length of £, "W, and B, NW,,
and since they vary with W, , it is not at the end clear how to perform the integral with
respect to the counting measure, especially because we need asymptotic estimates, not
bounds. We therefore proceed by introducing a different metric, a nice trick which was
already used in [8]. We use the {*® norm on R? for which |(z,y)|. = max{|z|,|y|}. In this
way the ball B,, will become a square with sides of length r,, := e~"» and T?(B,,) will
be a rectangle with the long side of length ~,?r, and the short side of length ar,. This
rectangle will be placed symmetrically with respect to the square as indicated in Fig.
3. A quick inspection shows that the proof demonstrating that 1p. € B remains valid
whenever those balls are "squares". The ratio (39) can now be computed easily since the
length in the integrals are constant and we get o. In conclusion:

(39)

Proposition 4.2. Let T be the baker’s transformation and consider the function M, (z) :=
max{p(z),...,o(T"1z)}, where ¢(x) = —logds(x,2), and z is chosen u-almost every-
where with respect to the SRB measure j. Then, if z is a periodic point of minimal period
p, we have

lim u(M, <wu,) = e 7

n—oo
where nu(B(z,e” ")) — T and
0=1-—a"

Remark 4.3. Propositions 4.1 and 4.2 show that for a typical (non-periodic) point z the
limiting distribution of the maximum is purely exponential. The baker’s map is probably
the easiest example of a singular attractor. It is annoying that we could not compute
analytically the extremal index with respect to the Euclidean metric, which is the metric
usually accessible in simulations and physical observations. Moreover, when p — oo, Fig.
2 tends to Fig. 3, with a very horizontally long and vertically thin green rectangle, so the
extremal index for the Euclidean holes tends to that for the square holes.”

5. POISSON STATISTICS

5.1. The spectral approach. As mentioned in the introduction, the spectral technique
has been recently generalised to study the statistics of the number of visits in balls
shrinking around a point, [3]. We briefly introduce such an approach and the reader will
see that we can easily adapt it to the baker’s map. The starting point is to consider the
following counting function

L7/u(Bn) |

Np (@)= > 1p,oT'(v),
i=0
where 7 is a positive parameter and x € X. The goal is to study the distribution of this
discrete random variable in the limit n — oo; with the spectral approach will rather look
at the characteristic function of such a variable.
We begin to define S, = Zf:o 1, o T® and put Snm = Np_ . We then define the
perturbed operator
L,s(h) = L(e*'Bh), s€ R, h€B.

"We thank the anonymous referee for this observation.
13



FiGURE 2. Computation of the extremal index around periodic point with
the Euclidean metric. The vertical line is an unstable manifold. We should
compute the green area inside the circle.

FiGure 3. Computation of the extremal index around periodic point with
the (*° metric. We should compute the green area inside the square.

A simple computation shows that

ch (1) = / ¢Sy,

which suggests to get information on the characteristic function of S,, 5 by the behavior of
the top eigenvalue A, ; of the perturbed operator £, ;. At this point the analysis proceeds
in the same manner as for the perturbed operator £,, and we sketch here the main steps.
The difference between the two operators is now quantified by

Apsi=2Z(L—=Lys) (1) = (1~ eis)ﬂ(Bn)a
1 and
Ans = 1= 0(s)(1 = €*)u(By) + o(p(By))- (40)

2 The quantity 6(s) plays the role of the extremal index and is defined according formula
3 (36), which in the present case reduces to 0(s) =1 —>"7, qx(s), where

k k
ai(s) = lim _161.3 > (L= B0 (0) = (1—e*) ) ehil0), (41)
£=0 £=0
. k+1 k i) —
o= EEER R

14
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and we suppose that the limit g (¢) := lim,, B (¢) exists. Then we have

0(s)=1—(L—e™)> > eBi(0),

and the exponential decay of correlation of the measure p allows us to show that the series
Yoo Z’Z:o Br(£) converges absolutely® and therefore 6(s) is C* in the neighborhod of 0.
If now return to the eigenvalue (40), we exponentiate it at the power n and we use again
the threshold condition (38), nu(B,) — 7, we finally get

lim [ e*nrdy = e 0 (1=e™) . o(s).
n—oo
Since ¢(s) is continuous in s = 0, it is the characteristic function of some random
variable Z, eventually defined on a different probability space (2, F,P). The vari-
able Z is clearly non-negative and integer valued and it is also infinite divisible since
e 0=t — (=0)A=e)t/NYN " for any N. This implies that Z has a compound Pois-
son (CP) distribution, see [15] or [3] for more references, namely it may be written as
Z = Z;\le X, where the X are iid random variables defined on same probability space,
and N is Poisson distributed with intensity s and X; has distribution P(X; = [) = p;. We
call the sequence (p);>1 the cluster size distribution of Z. Among the CP distributions,
two are particularly important, the standard Poisson distribution and the Polya-Aeppli
distribution. For the standard Poisson p; = 1; for Polya-Aeppli the distribution of X;
is geometrical, namely p; = n(1 —n)!,n € (0,1). For such distributions the associated
characteristic functions are perfectly known. To determine them for our baker’s system
one should prove the existence and compute the quantities (42), which are of geometric
and dynamical nature. This will be done in the next section in the context of a more
probabilistic approach to Poisson-like statistics. Actually the quantities computed in the
next section are not exactly those in (42), but it is not difficult to modify their derivation
to get (42) and therefore reprove Proposition 5.2 with the spectral approach. As we said
in the Introduction, we will present the alternative probabilistic approach since it will
allow us to cover the example 5.3 which shows a CP distribution different from the stan-
dard Poisson and the Polya-Aeppli. The probabilistic approach gives also an alternative
way to prove EVT for the baker’s map which is recovered as the limiting distribution of

u(Ng, =0).

5.2. The probabilistic approach. We now use a recent technique developed in [20]
and apply it to our baker’s map. We will recover the usual dichotomy and get a pure
Poisson distribution when the points are not periodic, and a Pdlya-Aeppli distribution
around periodic points with the parameter giving the geometric distribution of the size
the clusters which coincide with the extremal index computed in the preceding section.
This last result is achieved in particular if we use the [* metric. This result is not surpris-
ing; what is interesting is the great flexibility of the technique of the proof which allows
us to get easily the expected properties. In order to apply the theory in [20], we need
to verify a certain number of assumptions, but otherwise defer to the aforementioned
paper for precise definitions. Here we recall the most important requirements and prove
in detail one of them.

Warning: the next considerations are carried over with the Fuclidean metric which is
more natural for applications. In order to cover visits to periodic points we will use the

8See section 3 in [3] for the proof of this convergence which applies to our case as well.
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[ metric and the following computations are even easier.

Decay of correlation. There exists a decay function C(k) so that
[ Gtro T du - w@ntin)| < NGl vEEN,

for functions H which are constant on local stable leaves W, of T and the functions
G : M — R being Lipschitz continuous. This is ensured by Theorem 2.5 in [10], where
the role of H is taken by the test functions in C*(W,C) and G € B, which is the com-
pletion of Lipschitz functions on X. The decay is exponential.

Cylinder sets. The proof requires the existence, for each n > 1, of a partition of each
unstable leaf in subsets &(Lk), called n-cylinders (or cylinders of rank n), and indexed with
k, where T™ is defined and the image T”ﬁ,(@k) is an unstable leaf of full length for each
k. These cylinders are obtained by taking the 2" preimages of I' = {y = a} by the map
Ty restricted to each leaf. In the following we will take o = 1/2 to simplify the exposition.

FEzact dimensionality of the SRB measure. This quotes the existence of the limit (34).
We shall need the following result.

Lemma 5.1. (Annulus type condition) Let w > 1. If z is a point for which the dimension
limit (34) exists for a positive d, then there exists a § > 0 so that
p(B(z,r + )\ B(z,r))

— O
WBan) o)

for all r > 0 small enough.

Now we can apply the results of Section 7.4 in [20] to prove the following result which
tracks the number of visits a trajectory of the point x € X makes to the set U on a
suitable normalized orbit segment:

Proposition 5.2. Consider the counting function

L7/ (B |
Np(2)= ), 1poT'(x),

i=0
where T is a positive parameter and z is a point for which the limit (34) exists and
nu(B(z,e ")) — .
e If z is not a periodic point and using the Euclidean metric, then we get a pure
Poisson distribution:
7TTk
k!
o If z is a periodic point of minimal period p and using the I*° metric, we get a
compound Poisson distribution (Pélya-Aeppli):

n(NG, = k) = -

n — 0.

i sl (k=1

i(Ng =k)—e Z(l — 9)’“]92787( , ), n — oo,
= g\ =1

w(T~PBnNBy)

where 0 is given as above by 0 =1 — lim,,_, B

16
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Proof of Lemma 5.1. We have to prove the lemma in the two cases when (I) the norm is
¢* and (II) the norm is £> and the ball is geometrically a square.

(I) We now use the Euclidean metric and denote with A the annulus A = B(x,r +r*) \
B(x,r) where w > 1. By disintegrating the SRB measure along the unstable manifolds
we have:

H(A) = / L(ANW,) dC(w).

We now split the subsets on each unstable manifold on the cylinders of rank n and
condition with respect to the Lebesgue measure on them:

LANW,NE,
LANW,) = > A o)
€ni€nNAZD b(&n)
We then iterate forward each cylinder with 7™; they will become of full length equal

to 1 and subsequently we get [,(7T"¢,) = 1. Since the action of T is locally linear and

expanding by a factor 2" (with the given choice of & = 1) on the unstable leaves and

therefore has zero distortion, we have ’
LANW,NE) /(T ANW,NE,))

L (&n) B L (T"&5)
for some W, so that T"(ANW, N&,) C W,,. Therefore,

LANW,) = > L(TYANW, N&)L(E).
&ni€nNA#D
By elementary geometry we see that the largest intersection of A with the unstable
leaves will produce a piece of length O(r“2" ); therefore L, (T"(ANW,NE,)) = O(2"r 2",

and:
u(A) =0 ) [ L) dw)).
&ni€nNAZD
We now observe that in order to have our result, it will be enough to get it with a de-
creasing sequence 1, n — 00, of exponential type, r, = b‘t(”), b > 1, and t(n) increasing
to infinity. We put » = 27", With this choice and remembering that 27" is also the length
of the n-cylinders, we have

U & C B(x,r+r*+27") C B(x,2r +r") C B(x,3r),
£n§£nmA7£®
which, as the cylinders &, are disjoint, yields the estimate for the integral above:
u(A) = 02" 2 rt).
Now by the exact dimensionality of the SRB measure one has for any £ > 0
(2r + r)e < w(B(z, 2r + ")) < (2r +r*)4e
for all 7 small enough i.e. n large enough. With this we can divide u(A) by the measure
of the ball of radius r and obtain the estimate
M(A) _ O(T“’T_l—i-d—a—d—a) — O(T“’Q_l
n(B(z,r))
since w > 1, and provided ¢ is small enough.
(IT) Now we shall use the ¢*°-distance and again denote by A the annulus B(x,r + ")\

B(z,r). Since we are in two dimensions, we can cover the annulus by balls B(y;, 2r") of

radii 27", with centers y; for j = 1,..., N. The number N of balls needed is bounded by
17

L(&n)- (43)

— 1, (T"(A) W)
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8-L-. For any £ > 0 there exists a constant ¢; so that u(B(y;,2r")) < ¢;r*@=2) for all r
small enough. Thus

,U(A) < 861r1+w(d7175)

and since pu(B(x, 7)) > c3r?*e for some c3 > 0 we obtain

1(A) < yrld-Dw=D=e(w+1),
p(B(z,r))
The exponent 6 = (d — 1)(w — 1) — e(w + 1) is positive as d,w > 1 and € > 0 can be
chosen sufficiently small. O

Proof of Proposition 5.2. We can now prove the proposition by applying Theorem 1
from [20] to which we now refer for the following assumptions. Assumption (I) on the
overlap of cylinders (pullbacks of local unstable leaves) follows from the product struc-
ture of the baker map. Since the decay of correlations is exponential, Assumption (II) is
satisfied. Furthermore, distortion is bounded uniformly and the contraction of cylinders
is uniformly exponential, thus implying Assumption (III) is satisfied with G,, being the
full set. Moreover, since the dimension of the invariant measure is equal to d = 1 + d,
where d, < 1 is given above, we can choose dy > 0 and d; < oo so that dy < d < d;y. Since
the decay of correlations and the decay rate of the diameters of the cylinders are both
exponential, due to the uniform rates of expansion, the associated condition of Theorem 1
of [20] is satisfied. In addition the dimension of the restricted measure on the unstable
leaves equals ug = 1 as it is Lebesgue. The annulus condition, Assumption (VI), was
verified in Lemma 5.1.

If x is an aperiodic point then min{j > 1: B,(x) N TVB,(x) # @} goes to infinity as
p=e " — 0. Thus for the coefficients

L
=0 P(Z1 > 1)

we obtain that for every L: A\; = land A\, = 0forall/ =2,3,..., where ZF = Zle XB,(x)
is the hit counter on the finite orbit segment of length L. This implies that N3 converges
in distribution to a standard Poisson random variable with parameter 7.

Let x be a periodic point with minimal period p and let B, be a square of size p centered
at x and whose sides are aligned with the stable and unstable directions respectively. Then
for ¢ =2,3,...

Vv

- . B,NT-(¢Yrp
Gy = lim limP(Z* > (| B,) = lim B, - ) =
L—o00 p—0 p—0 M(Bp)

~ ~ /—1
B,NT™PB
lim ( p : p)
p=0 w(B,)

which implies that a, = o?é’l, where ZL = Zle XB,(x)- Then for ay = ay — Qpyq we

thus obtain by [20] that \, = =~ = (1 - 0)0 L, where 1 — 0 = a; = 1 — Gy is
the extremal index. Hence N7 converges in distribution to a Pdlya-Aeppli distributed
random variable. U

Example 5.3. The second statement of Proposition 5.2 about periodic points requires
the neighborhoods B, to be chosen in a dynamically relevant way. Here they turn out
to be squares (or rectangles). If the measure has some mizing properties with respect to
a partition then the sets B, can be taken to be cylinder sets as it was done in [19] for
periodic points and in [18] Corollary 1 for non-periodic points. Here we show that for

FEuclidean balls one cannot in general expect the limiting distribution at periodic points
18
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to be Polya-Aeppli and therefore cannot be described by the single value of the extremal
indez.

We assume that all parameters are equal, that is v, =y = a = 8 = 5. This is the fat
baker’s map for which the Lebesgue measure on [0,1]% is the SRB measure . Let x be a

periodic point with minimal period p. Then u(B(x,r)) = r’r and

k
7 (ﬂ T~"B(z, 7’)) = 41227k (1 + O(272P)).
=0

This yields

p(No 77 B(a.r))

4 4
= —arctan 27" = —27*(1 1 O(27%7))

SRRt
M T (B, ) ™ ™
for k=1,2,.... According to [20] Theorem 2 we then define the values ay = &y — Gyyq

where the value oy is the extremal index, i.e. 0 = ay. If the limiting distribution is Polya-
Aeppli then the probabilities A\, = O"c;—ol"““, k=1,2,..., are geometrically distributed and
must satisfy A, = 0(1 — )1 which is equivalent to saying that épyy = (1 — )% for
k=0,1,2,... (see [20] Theorem 2). Ewvidently this condition is violated in the present
case and we conclude that the limiting distribution given by the values &y, is not Polya-
Aeppli and in fact obeys another compound Poisson distribution.

5.3. Compound point processes. The compound Poisson distribution could be en-
riched by defining the rare event point process (REPP). Let us first introduce a few
objects. Put I = [a;, by),l = 1,...,k,a;,b; € R} a finite number of semi-open intervals
of the non-negative real axis; call J = UF_,I; their disjoint union. If 7 is a positive real
number, we write rJ = Uf_,rl; = U}, [ra;,rb;). We denote with |[;| the length of the
interval I;, which we also design with its Lebesgue measure Leb(I;). The REPP counts
the number of visits to the set B, during the rescaled time period v, J :

N = S 1T, (44)
lev, JNNg

where v,, is taken as
-

Our REPP belongs to the class of the point processes on R{, see [21] for all the prop-
erties of point processes quoted below. They are given by any measurable map N :
(M, Bar, it) — N,([0,00)), where (X, Fx, u) is the probability space of our original dy-
namical system with the invariant measure p and the Borel o-algebra Fx, and N, ([0, o))
denotes the set of counting measures ¢ on R} endowed with the o-algebra M,,(R{), which
is the smallest o-algebra making all evaluation maps ¢ — ¢(B), from N,([0, 00)) — [0, o0]
measurable for all B € Bj;. Any counting measure ¢ has the form ¢ = "% 0,,, z; €
[0,00). The distribution of N, denoted uy, is the measure yo N~! = u[N € -], on
M, (R{). The set N, ([0, 00)) becomes a topological space with the vague topology, i.e. the
sequence ¢, converges to ¢ whenever ¢, (¢) — ¢(¢) for any continuous function ¢ : Ri — R
with compact support. We also say that the sequence of point processes N, converges
in distribution to the point process N, eventually defined on another probability space
(X', Fir, 1), if p, converges weakly to u/y, that is for every continuous function ¢ de-
fined on N, ([0,00)) we have lim, o [ pduo Nt = [pdp’ o N71. In this case we will

write NV, A N.

J,T>0.
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If we now return to our REPP (44), we will see that a very common result is to get
N, & N, where

n

o—7Leb(D) T Leb(1;)"

w(x, N(z) (L) =k, 1 <1<n)= E o — (45)
for any disjoint bounded sets Ii,..., I, and non-negative integers ki,...,k,, which is

called the standard Poisson point process. In general our REPP processes converges in
distribution to a compound point process (CPP). We say that the point process N :
(X, Fier, tt) — Np(]0,00)) is a CPP with intensity parameter ¢ and cluster size distribu-
tion (\;);>1 if it satisfies:

e For any finite sequence of measurable sets By, . .., By in F%, and mutually disjoint,
the random variables N(-)(B;),i = 1,...,k, are independent.

e For any measurable set B € FY,, the random variable N(-)(B) is a CP random
variable with intensity tLeb(B),t > 0 and cluster size distribution (p;);>1, see the
definition in section 5.

From now on we will simply write N(-) instead of N(z)(-) and we consider it as a
CPP. In order to study the convergence of our REPP N,, to the CPP N two equivalent
criteria are available. Before stating them we should remind the definition of the Laplace
transform for a general point process R : (X', Fj, 1) — N,([0,00)) :

wR(yl’ . ’yk) = EM' <€7 i le(Il)> ’ (46)
for every non negative values yi, . .., yx, each choice of k disjoint intervals I; = [a;, b;), i =
1,...,k. In the case of a CPP N with intensity parameter ¢ and cluster size distribution
(p1)i>1, we get

wN (yb v 7yk) = eit Zf:l(li(p(yl))Leb(Il)a (47)

where p(y) = > e ¥ p; is the Laplace transform of the cluster size distribution (p;);>1.
Therefore in order to establish the convergence in distribution of the REPP N,, toward
the CPP N it will be sufficient [21]:

- (C1): showing that for any k disjoint intervals I; = [a;,b;),i = 1,...,k the joint
distribution of NNV,, converges to the joint distribution of N, namely

(Na(L)), ... Na(L)) = (N(L),.... N(LL)).

-C(2): showing the convergence of the Laplace transforms:

¢N (yl: S 7y<) =E (6_ Z;@:l len(Il)) — ¢N<y17 s 7yk3> - e_th:l(l_W(yl))Leb(Il)a

as n — 00.

The criterion C(1) lends itself to being studied with the probabilistic approach of [20] as
two of us recently shown in ([1], Theorem 3), see also [16] for a different method. The
criterion C(2) is naturally adapted to the spectral approach (just replacing characteristic
functions with Laplace transforms), and the complete treatment, involving two of us, will
appear soon [4]. Both criteria allow to extend immediately Proposition 5.2 to the point
process framework giving

Proposition 5.4. Consider the counting measure

N = Y 1,(T")
2 0o
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where T is a positive parameter, v, = L@J, and z is a point for which the limit (34)

exists and nu(B(z,e” ")) — T.

e [f z is not a periodic point and using the Fuclidean metric, then N, converges in
distribution to a standard Poisson point process of intensity T, see (45) for the
finite size distributions.

o If z is a periodic point of minimal period p and using the [*° metric, we get a
compound point process of Pélya-Aeppli type, namely a CPP with intensity 70

and cluster size distribution (1 — 0)!,1 > 1, where 0 is given as above by 0 =
wW(T~PBuNBy)
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