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Abstract: We prove quenched versions of (i) a large deviations principle (LDP), (ii) a
central limit theorem (CLT), and (iii) a local central limit theorem for non-autonomous
dynamical systems. A key advance is the extension of the spectral method, commonly
used in limit laws for deterministic maps, to the general random setting. We achieve this
via multiplicative ergodic theory and the development of a general framework to control
the regularity of Lyapunov exponents of twisted transfer operator cocycles with respect
to a twist parameter. While some versions of the LDP and CLT have previously been
provedwith other techniques, the local central limit theorem is, to our knowledge, a com-
pletely new result, and one that demonstrates the strength of our method. Applications
include non-autonomous (piecewise) expanding maps, defined by random compositions
of the form Tσ n−1ω ◦ · · · ◦ Tσω ◦ Tω. An important aspect of our results is that we only
assume ergodicity and invertibility of the random driving σ : � → �; in particular no
expansivity or mixing properties are required.
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1. Introduction

The Nagaev-Guivarc’h spectral method for proving the central limit theorem (due to
Nagaev [39,40] for Markov chains and Guivarc’h [26,45] for deterministic dynamics) is
a powerful approach with applications to several other limit theorems, in particular large
deviations and the local limit theorem. In the deterministic setting a map T : X → X on
a state space X preserves a probability measure μ on X . An observable g : X → R gen-
erates a μ-stationary process {g(T nx)}n≥0 and one studies the statistics of this process.
Central to the spectral method is the transfer operator1 L : B �, acting on a Banach
space B ⊂ L1(μ) of complex-valued functions with regularity properties compatible
with the regularity of T . A twist parameter θ ∈ C is introduced to form the twisted
transfer operator Lθ f := L(eθg f ). The three key steps to the spectral approach are:

S1. Representing the characteristic function of Birkhoff (partial) sums Sng = ∑n−1
i=0 g◦

T i as integrals of nth powers of twisted transfer operators.
S2. Quasi-compactness (existence of a spectral gap) for the twisted transfer operators

Lθ for θ near zero.
S3. Regularity (e.g. twice differentiable for the CLT) of the leading eigenvalue of the

twisted transfer operators Lθ with respect to the twist parameter θ , for θ near zero.

This spectral approach has beenwidely used to prove limit theorems for deterministic dy-
namics, including large deviation principles [28,44], central limit theorems [6,11,28,45],
Berry-Esseen theorems [23,26], local central limit theorems [23,28,45], and vector-
valued almost-sure invariance principles [24,36]. We refer the reader to the excellent
review paper [25], which provides a broader overview of how to apply the spectral
method to problems of these types, and the references therein.

In this paper, we extend this spectral approach to the situation where we have a family
of maps {Tω}ω∈�, parameterised by elements of a probability space (�,P). These maps
are composed according to orbits of a driving system σ : � → �. The resulting

1 The transfer operator satisfies
∫
X f · g ◦ T dμ = ∫

X L f · g dμ for f ∈ L1(μ), g ∈ L∞(μ).
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dynamics takes the form of a map cocycle Tσ n−1ω ◦ · · · ◦Tσω ◦Tω. In terms of real-world
applications, we imagine that � is the class of underlying configurations that govern
the dynamics on the (physical or state) space X . As time evolves, σ updates the current
configuration and the dynamics Tω on X correspondingly changes. To retain the greatest
generality for applications, wemakeminimal assumptions on the configuration updating
(the driving dynamics) σ , and only assume σ is P-preserving, ergodic and invertible; in
particular, no mixing hypotheses are imposed on σ .

We will assume certain uniform-in-ω (eventual) expansivity conditions for the maps
Tω. Our observable g : � × X → R can (and, in general, will) depend on the base
configuration ω and will satisfy a fibrewise finite variation condition. One can repre-
sent the random dynamics by a deterministic skew product transformation τ(ω, x) =
(σ (ω), Tω(x)), ω ∈ �, x ∈ X . It is well known that whenever σ is invertible and μ̃

is a τ -invariant probability measure with marginal P on the base �, the disintegration of
μ̃ with respect to P produces conditional measures μω which are equivariant; namely
μω ◦ T−1

ω = μσω. Our limit theorems will be established μω-almost surely and for
P-almost all choices of ω; we therefore develop quenched limit theorems. In the much
simpler case where σ is Bernoulli, which yields an i.i.d. composition of the elements of
{Tω}ω∈�, one is often interested in the study of limit laws with respect to a measure μ̂

which is invariant with respect to the averaged transfer operator, and reflects the out-
comes of averaged observations [4,43]. The corresponding limit laws with respect to μ̂

are typically called annealed limit laws; see [2] and references therein for recent results
in this framework.

As is common in the quenched setting, we impose a fiberwise centering condition for
the observable. Thus, limit theorems in this context deal with fluctuations about a time-
dependent mean. For example, if the observable is temperature, the limit theoremswould
characterise temperature fluctuations about the mean, but this mean is allowed to vary
with the seasons. The recent work [1] provides a discussion of annealed and quenched
limit theorems, and in particular an example regarding the necessity of fibrewise cen-
tering the observable for the quenched case. Without such a condition, quenched limit
theorems have been established exclusively in special cases where all maps preserve a
common invariant measure [6,41] (and where the centering is obviously identical on
each fibre).

In the quenched random settingwe generalise the above three key steps of the spectral
approach:

R1. Representing the (ω-dependent) characteristic function of Birkhoff (partial) sums
Sng(ω, ·) defined by (1) as an integral of nth random compositions of twisted
transfer operators.

R2. Quasi-compactness for the twisted transfer operator cocycle; equivalently, existence
of a gap in the Lyapunov spectrum of the cocycleLθ,(n)

ω := Lθ
σ n−1ω

◦ · · ·◦Lθ
σω ◦Lθ

ω

for θ near zero.
R3. Regularity (e.g. twice differentiable for the CLT) of the leading Lyapunov exponent

and Oseledets spaces of the twisted transfer operators cocycle with respect to the
twist parameter θ , for θ near zero.

At this point we note that the key steps S1–S3 in the deterministic spectral approach
mean that one satisfies the requirement for a naive version of the Nagaev-Guivarc’h
method [25]; namelyE(eiθ Sn ) = c(θ)λ(θ)n +dn(θ) for c continuous at 0 and, on for θ in
a near 0, |dn|∞/λ(θ)n → 0. In this case, λ(θ) is the leading eigenvalue of Lθ . Similarly,
the key steps R1–R3 yield an analogue naive version of a random Nagaev-Guivarc’h
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method, where for all complex θ in a neighborhood of 0, and P-a.e. ω ∈ �, we have that

lim
n→∞

1

n
log |Eμω(eθ Sng(ω,·))| = �(θ),

where �(θ) is the top Lyapunov exponent of the random cocycle generated by Lθ
ω (see

Lemma 4.3). This condition is of course weaker than the asymptotic equivalence of [25],
but together with the exponential decay of the norm of the projections to the complement
of the top Oseledets space (see Sect. 4.2), which handles the error corresponding to
quantity dn above, we are able to achieve the desired limit theorems. Under this analogy,
we could consider our result as a new naive version of the Nagaev-Guivarc’h method,
framed and adapted to random dynamical systems.

The quasi-compactness of the twisted transfer operator cocycle (item 2 above) will
be based on the works [18,20], which have adapted multiplicative ergodic theory to
the setting of cocycles of possibly non-injective operators; the non-injectivity is crucial
for the study of endomorphisms Tω. These new multiplicative ergodic theorems, and
in particular the quasi-compactness results, utilise random Lasota–Yorke inequalities in
the spirit of Buzzi [12]. For the regularity of the leading Lyapunov exponent (item 3
above) we develop ab initio a cocycle-based perturbation theory, based on techniques
of [28]. This is necessary because in the random setting objects such as eigenvalues and
eigenfunctions of individual transfer operators have no dynamicalmeaning and therefore
one cannot simply apply standard perturbation results such as [29], as is done in [28] and
all other spectral approaches for limit theorems. Multiplicative ergodic theorems do not
provide, in general, a spectral decomposition with eigenvalues and eigenvectors as in the
classical sense, but only a hierarchy of equivariant Oseledets spaces containing vectors
which grow at a fixed asymptotic exponential rate, determined by the corresponding
Lyapunov exponent.

Let us now summarise the main results of the present paper, obtained with our new
cocycle-based perturbation theory. These are limit theorems for random Birkhoff sums
Sng, associated to an observable g : � × X → R, and defined by

Sng(ω, x) :=
n−1∑

i=0

g(τ i (ω, x)) =
n−1∑

i=0

g(σ iω, T (i)
ω x), (ω, x) ∈ � × X, n ∈ N, (1)

where T (i)
ω = Tσ i−1ω ◦ · · · ◦ Tσω ◦ Tω. The observable will be required to satisfy some

regularity properties, which are made precise in Sect. 3.1. Moreover, we will suppose
that g is fiberwise centered with respect to the invariant measure μ for τ . That is,

∫

g(ω, x) dμω(x) = 0 for P-a.e. ω ∈ �. (2)

The necessary conditions on the dynamics are summarised in an admissibility notion,
which is introduced in Definition 2.8. Our first results are quenched forms of the Large
Deviations Theorem and the Central Limit Theorem. We remark that, while our results
are all stated in terms of the fiber measures μω, in our examples, the same results hold
true when μω is replaced by Lebesgue measure m. This is a consequence of a result of
Eagleson [16] combined with the fact that, in our examples, μω is equivalent to m.

Theorem A. (Quenched large deviations theorem). Assume the transfer operator cocy-
cle R is admissible, and the observable g satisfies conditions (2) and (24). Then, there
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exists ε0 > 0 and a non-random function c : (−ε0, ε0) → R which is nonnegative,
continuous, strictly convex, vanishing only at 0 and such that

lim
n→∞

1

n
logμω(Sng(ω, ·) > nε) = −c(ε), for 0 < ε < ε0 and P-a.e. ω ∈ �.

Theorem B. (Quenched central limit theorem). Assume the transfer operator cocycleR
is admissible, and the observable g satisfies conditions (2) and (24). Assume also that
the non-random variance �2, defined in (49) satisfies �2 > 0. Then, for every bounded
and continuous function φ : R → R and P-a.e. ω ∈ �, we have

lim
n→∞

∫

φ

(
Sng(ω, x)√

n

)

dμω(x) =
∫

φ dN (0, �2).

(The discussion after (49) deals with the degenerate case �2 = 0).

Similar LDT and CLT results were previously obtained in different contexts, and
using other methods, by Kifer [32–34] and Bakhtin [8,9]. In [32], Kifer shows a large
deviations result for occupational measures, relying on existence of a pressure functional
and uniqueness of equilibrium states for some dense sets of functions. For the CLT, Kifer
used martingale techniques. To control the rate of mixing, conditions such as φ-mixing
and α-mixing are assumed in [34]. His examples include random subshifts of finite type
and random smooth expanding maps. Bakhtin obtains a central limit theorem and some
estimates on large deviations for sequences of smooth hyperbolic maps with common
expanding/contracting distributions, under a mixing assumption and a variance growth
condition on the Birkhoff sums [8,9]. Finally, we note that in our recent article [15]
we provide the first complete proof of the Almost Sure Invariance Principle for random
transformations of the type covered in this paper using martingale techniques.

In this work, we prove for the first time a Local Central Limit Theorem for random
transformations. Theorem C presents the aperiodic version: This result relies on an
assumption concerning fast decay in n of the norm of the twisted operator cocycle
‖Li t,(n)

ω ‖B, for t ∈ R \ {0} and P-a.e. ω ∈ �. This hypothesis is made precise in (C5).
Such an assumption is usually stated in the deterministic case (resp. in the random
annealed situation), by asking that the twisted operator (resp. the averaged random
twisted operator) Li t has spectral radius strictly less than one for t ∈ R \ {0}; this is
called the aperiodicity condition.

Theorem C. (Quenched local central limit theorem). Assume the transfer operator co-
cycleR is admissible, and the observable g satisfies conditions (2) and (24). In addition,
suppose the aperiodicity condition (C5) is satisfied. Then, for P-a.e. ω ∈ � and every
bounded interval J ⊂ R, we have

lim
n→∞ sup

s∈R

∣
∣
∣
∣�

√
nμω(s + Sng(ω, ·) ∈ J ) − 1√

2π
e
− s2

2n�2 |J |
∣
∣
∣
∣ = 0.

In the autonomous case, aperiodicity is equivalent to a co-boundary condition, which
can be checked in particular examples [37]. We are also able to state an equivalence
between the decay of Li t,(n)

ω and a (random) co-boundary equation (Lemma 4.7), which
opens the possibility to verify the hypotheses of the local limit theorem in specific
examples (see Sect. 4.3.3). In addition, we establish a periodic version of the LCLT in
Theorem 4.15.
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In summary, a main contribution of the present work is the development of the
spectral method for establishing limit theorems for quenched (or ω fibre-wise) random
dynamics. Our hypotheses are natural from a dynamical point of view, and we explicitly
verify them in the framework of the random Lasota–Yorke maps, and more generally
for random piecewise expanding maps in higher dimensions. The new spectral approach
for the quenched random setting we present here has been specifically designed for
generalisation and we are hopeful that this method will afford the same broad flexibility
that continue to be exploited by work in the deterministic setting. While at present we
have uniform-in-ω assumptions on time-asymptotic expansion and decay properties of
the random dynamics, we hope that in the future these assumptions can be relaxed to
enable even larger classes of dynamical systems to be treated with our new spectral
technique. For example, limit theorems for dynamical systems beyond the uniformly
hyperbolic setting continues to be an active area of research, e.g. [7,13,23–25,35,42],
and another interesting set of related results on limit theorems occur in the setting of
homogenisation [22,30,31]. Our extension to the quenched random case opens up awide
variety of potential applications and future work will explore generalisation to random
dynamical systems with even more complicated forms of behaviour.

2. Preliminaries

Webegin this section by recalling several useful facts frommultiplicative ergodic theory.
We then introduce assumptions on the state space X ; X will be a probability space
equipped with a notion of variation for integrable functions. This abstract approach will
enable us to simultaneously treat the cases where (i) X is a unit interval (in the context of
Lasota–Yorke maps) and (ii) X is a subset of Rn (in the context of piecewise expanding
maps in higher dimensions).We introduce several dynamical assumptions for the cocycle
Lω, ω ∈ � of transfer operators under which our limit theorems apply. This section is
concluded by constructing large families of examples of both Lasota–Yorke maps and
piecewise expanding maps in Rn that satisfy all of our conditions.

2.1. Multiplicative ergodic theorem. In this subsectionwe recall the recently established
versions of the multiplicative ergodic theorem which can be applied to the study of
cocycles of transfer operators and will play an important role in the present paper. We
begin by recalling some basic notions.

A tupleR = (�,F ,P, σ,B,L) will be called a linear cocycle, or simply a cocycle,
if σ is an invertible ergodic measure-preserving transformation on a probability space
(�,F ,P), (B, ‖ · ‖) is a Banach space and L : � → L(B) is a family of bounded linear
operators such that log+ ‖L(ω)‖ ∈ L1(P). Sometimes we will also use L to refer to the
full cocycle R. In order to obtain sufficient measurability conditions in our setting of
interest, we assume the following:

(C0) σ is a homeomorphism, � is a Borel subset of a separable, complete metric space
and L is P−continuous (that is, L is continuous on each of countably many Borel
sets whose union is �).

For each ω ∈ � and n ≥ 0, let L(n)
ω be the linear operator given by

L(n)
ω := Lσ n−1ω ◦ · · · ◦ Lσω ◦ Lω.
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Condition (C0) implies that the mapsω �→ log ‖L(n)
ω ‖ are measurable. Thus, Kingman’s

sub-additive ergodic theorem ensures that the following limits exist and coincide for
P-a.e. ω ∈ �:

�(R) := lim
n→∞

1

n
log ‖L(n)

ω ‖

κ(R) := lim
n→∞

1

n
log ic(L(n)

ω ),

where

ic(A) := inf
{
r > 0 : A(BB) can be covered with finitely many balls of radius r

}
,

and BB is the unit ball of B. The cocycle R is called quasi-compact if �(R) > κ(R).
The quantity �(R) is called the top Lyapunov exponent of the cocycle and generalises
the notion of (logarithm of) spectral radius of a linear operator. Furthermore, κ(R)

generalises the notion of essential spectral radius to the context of cocycles. Let (B′, | · |)
be a Banach space such that B ⊂ B′ and that the inclusion (B, ‖ · ‖) ↪→ (B′, | · |) is
compact. The following result, based on a theorem of Hennion [27], is useful to establish
quasi-compactness.

Lemma 2.1. ([20, Lemma C.5]) Let (�,F ,P) be a probability space, σ an ergodic,
invertible, P-preserving transformation on � and R = (�,F ,P, σ,B,L) a cocycle.
Assume Lω can be extended continuously to (B′, | · |) for P-a.e. ω ∈ �, and that there
exist measurable functions αω, βω, γω : � → R such that the following strong and weak
Lasota–Yorke type inequalities hold for every f ∈ B,

‖Lω f ‖ ≤ αω‖ f ‖ + βω| f | and (3)

‖Lω‖ ≤ γω. (4)

In addition, assume
∫

logαω dP(ω) < �(R), and
∫

log γω dP(ω) < ∞.

Then, κ(R) ≤ ∫
logαω dP(ω). In particular, R is quasi-compact.

Another result whichwill be useful in the sequel is the following comparison between
Lyapunov exponents with respect to different norms (see also [19, Theorem 3.3] for a
similar statement). In what follows, we denote by λB(ω, f ) the Lyapunov exponent of
f with respect to the norm ‖ · ‖B. That is, λB(ω, f ) = limn→∞ 1

n log ‖L(n)
ω f ‖B, where

f ∈ B and (B, ‖ · ‖B) is a Banach space.

Lemma 2.2. (Lyapunov exponents for different norms). Under the notation and hy-
potheses of Lemma 2.1, let r := ∫

�
logαω dP(ω) and assume that for some f ∈ B,

λB(ω, f ) > r . Then, λB(ω, f ) = λB′(ω, f ).

Proof. The inequality λB(ω, f ) ≥ λB′(ω, f ) is trivial, because ‖ · ‖ is stronger than | · |
(i.e. because the embedding (B, ‖·‖) ↪→ (B′, | · |) is compact). In the other direction, the
result essentially follows from Lemma C.5(2) in [20]. Indeed, this lemma establishes
that if r < 0 and λB′(ω, f ) ≤ 0 then λB(ω, f ) ≤ 0. The choice of 0 is irrelevant,
because if the cocycle is rescaled by a constantC > 0, all Lyapunov exponents and r are
shifted by logC . Thus, we conclude that if λB(ω, f ) > r then, λB(ω, f ) ≤ λB′(ω, f ),
as claimed. ��
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A spectral-type decomposition for quasi-compact cocycles can be obtained via a
multiplicative ergodic theorem, as follows.

Theorem 2.3. (Multiplicative ergodic theorem,MET [18]). LetR = (�,F ,P, σ,B,L)

be a quasi-compact cocycle and suppose that condition (C0) holds. Then, there exists
1 ≤ l ≤ ∞ and a sequence of exceptional Lyapunov exponents

�(R) = λ1 > λ2 > . . . > λl > κ(R) (if 1 ≤ l < ∞)

or

�(R) = λ1 > λ2 > . . . and lim
n→∞ λn = κ(R) (if l = ∞);

and for P-almost every ω ∈ � there exists a unique splitting (called the Oseledets
splitting) of B into closed subspaces

B = V (ω) ⊕
l⊕

j=1

Y j (ω), (5)

depending measurably on ω and such that:

(I) For each 1 ≤ j ≤ l, Y j (ω) is finite-dimensional (m j := dim Y j (ω) < ∞), Y j is
equivariant i.e. LωY j (ω) = Y j (σω) and for every y ∈ Y j (ω) \ {0},

lim
n→∞

1

n
log ‖L(n)

ω y‖ = λ j .

(Throughout this work, we will also refer to Y1(ω) as simply Y (ω) or Yω.)
(II) V is equivariant i.e. LωV (ω) ⊆ V (σω) and for every v ∈ V (ω),

lim
n→∞

1

n
log ‖L(n)

ω v‖ ≤ κ(R).

The adjoint cocycle associated to R is the cocycle R∗ := (�,F ,P, σ−1,B∗,L∗),
where (L∗)ω := (Lσ−1ω)∗. In a slight abuse of notation which should not cause confu-
sion, we will often write L∗

ω instead of (L∗)ω, so L∗
ω will denote the operator adjoint to

Lσ−1ω.

Remark 2.4. It is straightforward to check that if (C0) holds forR, it also holds forR∗.
Furthermore, �(R∗) = �(R) and κ(R∗) = κ(R). The last statement follows from the
equality, up to a multiplicative factor (2), of ic(A) and ic(A∗) for every A ∈ L(B) [3,
Theorem 2.5.1].

The following result gives an answer to a natural question on whether one can relate
the Lyapunov exponents and Oseledets splitting of the adjoint cocycle R∗ with the
Lyapunov exponents and Oseledets decomposition of the original cocycleR.

Corollary 2.5. Under the assumptions of Theorem 2.3, the adjoint cocycle R∗ has a
unique, measurable, equivariant Oseledets splitting

B∗ = V ∗(ω) ⊕
l⊕

j=1

Y ∗
j (ω), (6)

with the same exceptional Lyapunov exponents λ j and multiplicities m j as R.
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The proof of this result involves some technical properties about volume growth in
Banach spaces, and is therefore deferred to Appendix A.

Next, we establish a relation between Oseledets splittings ofR andR∗, which will be
used in the sequel. Let the simplified Oseledets decomposition for the cocycle L (resp.
L∗) be

B = Y (ω) ⊕ H(ω) (resp. B∗ = Y ∗(ω) ⊕ H∗(ω)), (7)

where Y (ω) (resp. Y ∗(ω)) is the top Oseledets subspace forL (resp.L∗) and H(ω) (resp.
H∗(ω)) is a direct sum of all other Oseledets subspaces.

For a subspace S ⊂ B, we set S◦ = {φ ∈ B∗ : φ( f ) = 0 for every f ∈ S} and simi-
larly for a subspace S∗ ⊂ B∗ wedefine (S∗)◦ = { f ∈ B : φ( f ) = 0 for every φ ∈ S∗}.
Lemma 2.6. (Relation between Oseledets splittings of R and R∗). The following rela-
tions hold for P-a.e. ω ∈ �:

H∗(ω) = Y (ω)◦ and H(ω) = Y ∗(ω)◦. (8)

Proof. We first claim that

lim sup
n→∞

1

n
log‖L∗,(n)

ω |Y (ω)◦‖ < λ1, for P-a.e. ω ∈ �. (9)

Let �ω denote the projection onto H(ω) along Y (ω) and take an arbitrary φ ∈ Y (ω)◦.
We have

‖L∗,(n)
ω φ‖B∗ = sup

‖ f ‖B≤1
|(L∗,(n)

ω φ)( f )| = sup
‖ f ‖B≤1

|φ(L(n)

σ−nω
( f ))|

= sup
‖ f ‖B≤1

|φ(L(n)

σ−nω
(�σ−nω f ))| ≤ ‖φ‖B∗ · ‖L(n)

σ−nω
�σ−nω‖,

and thus

‖L∗,(n)
ω |Y (ω)◦‖ ≤ ‖L(n)

σ−nω
�σ−nω‖.

Hence, in order to prove (9) it is sufficient to show that

lim sup
n→∞

1

n
log‖L(n)

σ−nω
�σ−nω‖ < λ1, for P-a.e. ω ∈ �. (10)

However, it follows from results in [14] and [17, Lemma 8.2] that

lim
n→∞

1

n
log‖L(n)

σ−nω
|H(σ−nω)‖ = λ2

and

lim
n→∞

1

n
log‖�σ−nω‖ = 0,

which readily imply (10). We now claim that

B∗ = Y (ω)∗ ⊕ Y (ω)◦, for P-a.e. ω ∈ �. (11)

We first note that the sum on the right hand side of (11) is direct. Indeed, each nonzero
vector in Y (ω)∗ grows at the rate λ1, while by (9) all nonzero vectors in Y (ω)◦ grow at
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the rate < λ1. Furthermore, since the codimension of Y (ω)◦ is the same as dimension
of Y (ω)∗, we have that (11) holds.

Finally, by comparing decompositions (7) and (11), we conclude that the first equality
in (8) holds. Indeed, each φ ∈ H∗(ω) can be written as φ = φ1 +φ2, where φ1 ∈ Y (ω)∗
and φ2 ∈ Y (ω)◦. Since φ and φ2 grow at the rate < λ1 and φ1 grows at the rate λ1, we
obtain that φ1 = 0 and thus φ = φ2 ∈ Y (ω)◦. Hence, H∗(ω) ⊂ Y (ω)◦ and similarly
Y (ω)◦ ⊂ H∗(ω). The second assertion of the lemma can be obtained similarly. ��

2.2. Notions of variation. Let (X,G) be a measurable space endowed with a probability
measure m and a notion of a variation var : L1(X,m) → [0,∞] which satisfies the
following conditions:

(V1) var(th) = |t | var(h);
(V2) var(g + h) ≤ var(g) + var(h);
(V3) ‖h‖L∞ ≤ Cvar(‖h‖1 + var(h)) for some constant 1 ≤ Cvar < ∞;
(V4) for any C > 0, the set {h : X → R : ‖h‖1 + var(h) ≤ C} is L1(m)-compact;
(V5) var(1X ) < ∞, where 1X denotes the function equal to 1 on X ;
(V6) {h : X → R+ : ‖h‖1 = 1 and var(h) < ∞} is L1(m)-dense in {h : X → R+ :

‖h‖1 = 1}.
(V7) for any f ∈ L1(X,m) such that ess inf f > 0, we have var(1/ f ) ≤ var( f )

(ess inf f )2
.

(V8) var( f g) ≤ ‖ f ‖L∞ · var(g) + ‖g‖L∞ · var( f ).
(V9) forM > 0, f : X → [−M, M]measurable and everyC1 functionh : [−M, M] →

C, we have var(h ◦ f ) ≤ ‖h′‖L∞ · var( f ).
We define

B := BV = BV (X,m) = {g ∈ L1(X,m) : var(g) < ∞}.
Then, B is a Banach space with respect to the norm

‖g‖B = ‖g‖1 + var(g).

From now on, we will use B to denote a Banach space of this type, and ‖g‖B, or simply
‖g‖ will denote the corresponding norm.

Well-known examples of this notion correspond to the case where X is a subset of
R
n . In the one-dimensional case we use the classical notion of variation given by

var(g) = inf
h=g(mod m)

sup
0=s0<s1<...<sn=1

n∑

k=1

|h(sk) − h(sk−1)| (12)

for which it is well known that properties (V1)–(V9) hold. On the other hand, in the
multidimensional case, we let m = Leb and define

var( f ) = sup
0<ε≤ε0

1

εα

∫

Rd
osc( f, Bε(x))) dx, (13)

where

osc( f, Bε(x)) = ess supx1,x2∈Bε (x)| f (x1) − f (x2)|
and where ess sup is taken with respect to product measure m × m. For this notion
properties (V1)–(V9) have been verified by Saussol [46] except for (V7) which is proved
in [15] and (V9) which we prove now.
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Lemma 2.7. The notion of var defined by (13) satisfies (V9).

Proof. Take M > 0, f and h as in the statement of (V9). For arbitrary x ∈ X , ε > 0
and x1, x2 ∈ Bε(x), it follows from the mean value theorem that

|(h ◦ f )(x1) − (h ◦ f )(x2)| ≤ ‖h′‖L∞ · | f (x1) − f (x2)|,
which immediately implies that

osc(h ◦ f, Bε(x)) ≤ ‖h′‖L∞ · osc( f, Bε(x)),

and we obtain the conclusion of the lemma. ��

2.3. Admissible cocycles of transfer operators. Let (�,F ,P, σ ) be as Sect. 2.1, and
X and B as in Sect. 2.2. Let Tω : X → X , ω ∈ � be a collection of non-singular
transformations (i.e. m ◦ T−1

ω � m for each ω) acting on X . The associated skew
product transformation τ : � × X → � × X is defined by

τ(ω, x) = (σ (ω), Tω(x)), ω ∈ �, x ∈ X. (14)

Each transformation Tω induces the corresponding transfer operator Lω acting on L1

(X,m) and defined by the following duality relation
∫

X
(Lωφ)ψ dm =

∫

X
φ(ψ ◦ Tω) dm, φ ∈ L1(X,m), ψ ∈ L∞(X,m).

For each n ∈ N and ω ∈ �, set

T (n)
ω = Tσ n−1ω ◦ · · · ◦ Tω and L(n)

ω = Lσ n−1ω ◦ · · · ◦ Lω.

Definition 2.8. (Admissible cocycle). We call the transfer operator cocycleR = (�,F ,

P, σ,B,L) admissible if, in addition to (C0), the following conditions hold.

(C1) there exists K > 0 such that

‖Lω f ‖B ≤ K‖ f ‖B, for every f ∈ B and P-a.e. ω ∈ �.

(C2) there exists N ∈ N and measurable αN , βN : � → (0,∞), with
∫
�
logαN (ω)

dP(ω) < 0, such that for every f ∈ B and P-a.e. ω ∈ �,

‖L(N )
ω f ‖B ≤ αN (ω)‖ f ‖B + βN (ω)‖ f ‖1.

(C3) there exist K ′, λ > 0 such that for every n ≥ 0, f ∈ B such that
∫

f dm = 0 and
P-a.e. ω ∈ �.

‖L(n)
ω ( f )‖B ≤ K ′e−λn‖ f ‖B.

(C4) there exist N ∈ N, c > 0 such that for each a > 0 and any sufficiently large n ∈ N,

ess inf L(Nn)
ω f ≥ c‖ f ‖1, for every f ∈ Ca and P-a.e. ω ∈ �,

where Ca := { f ∈ B : f ≥ 0 and var( f ) ≤ a
∫

f dm}.
Admissible cocycles of transfer operators can be investigated via Theorem 2.3. In-

deed, the following holds.



D. Dragičević, G. Froyland, C. González-Tokman, S. Vaienti

Lemma 2.9. An admissible cocycle of transfer operators R = (�,F ,P, σ,B,L) is
quasi-compact. Furthermore, the top Oseledets space is one-dimensional. That is,
dim Y (ω) = 1 for P-a.e. ω ∈ �.

Proof. The first statement follows readily from Lemma 2.1, (C2) and a simple obser-
vation that for a cocycle R of transfer operators we have that �(R) = 0. The fact that
dim Y (ω) = 1 follows from (C3). ��

The following result shows that, in this context, the top Oseledets space is indeed the
unique randomacim.That is, there exists a uniquemeasurable function v0 : �×X → R

+

such that for P-a.e. ω ∈ �, v0ω := v0(ω, ·) ∈ B,
∫

v0ω(x)dm = 1 and

Lωv0ω = v0σω, for P-a.e. ω ∈ �. (15)

Lemma 2.10. (Existence anduniqueness of a randomacim).LetR = (�,F ,P, σ,B,L)

be an admissible cocycle of transfer operators, satisfying the assumptions of Theo-
rem 2.3. Then, there exists a unique random absolutely continuous invariant measure
forR.

Proof. Theorem 2.3 shows that the map ω �→ Yω is measurable, where Yω is regarded
as an element of the Grassmannian of B. Furthermore, [18, Lemma 10] and an argument
analogous to [20, Lemma 10] yields existence of a measurable selection of bases for Yω.
Lemma 2.9 ensures that dim Y (ω) = 1. Hence, there exists a measurable map ω �→ hω,
with hω ∈ B such that hω spans Yω for P-a.e. ω ∈ �.

Notice that Lebesgue measure m, when regarded as an element of B∗, is a conformal
measure for R. That is, m spans Y ∗

ω for P-a.e. ω ∈ �. In fact, it is straightforward to
verify L∗

ωm = m, because the Lω preserve integrals.
Thus, the simplified Oseledets decomposition (7) in combination with the duality

relations of Lemma 2.6 imply that m(hω) �= 0 for P-a.e. ω ∈ �. In particular we can
consider the (still measurable) function ω �→ v0ω := hω∫

hωdm
.

The equivariance property of Theorem 2.3 ensures thatLωv0ω ∈ Yσω and the fact that
Lω preserves integrals, combined with the normalized choice of v0ω and the assumption
that dim Yσω = 1, implies that Lωv0ω = v0σω.

The fact that v0ω ≥ 0 for P-a.e. ω ∈ � follows from the positivity and linearity
properties of Lω, which ensure that the positive and negative parts, v+ω and v−

ω , are
equivariant. Recall that v+ω, v−

ω , have non-overlapping supports. Thus, if v+ω �= 0 �=
v−
ω for a set of positive measure of ω ∈ �, the spaces Y +

ω,Y−
ω spanned by v+ω, v−

ω ,
respectively, are subsets of Y (ω), contradicting the fact that dim Y (ω) = 1. Then, since
the normalization condition implies v+ω �= 0, we have v−

ω = 0 for P-a.e. ω ∈ �. The fact
that the random acim is unique is also a direct consequence of the fact that dim Y (ω) = 1.

��
For an admissible transfer operator cocycle R, we let μ be the invariant probability

measure given by

μ(A × B) =
∫

A×B
v0(ω, x) d(P × m)(ω, x), for A ∈ F and B ∈ G, (16)

where v0 is the unique random acim for R and G is the Borel σ -algebra of X . We note
thatμ is τ -invariant, because of (15). Furthermore, for each G ∈ L1(�× X, μ)we have
that
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∫

�×X
G dμ =

∫

�

∫

X
G(ω, x) dμω(x) dP(ω),

whereμω is a measure on X given by dμω = v0(ω, ·)dm. We now list several important
consequences of conditions (C2), (C3) and (C4) established in [15, §2].

Lemma 2.11. The unique randomacim v0 of an admissible cocycle of transfer operators
satisfies the following:

1.

ess supω∈�‖v0ω‖B < ∞; (17)

2.

ess inf v0ω(·) ≥ c > 0, for P-a.e. ω ∈ �; (18)

3. there exists K > 0 and ρ ∈ (0, 1) such that
∣
∣
∣
∣

∫

X
L(n)

ω ( f v0ω)h dm −
∫

X
f dμω ·

∫

X
h dμσ nω

∣
∣
∣
∣ ≤ Kρn‖h‖L∞ · ‖ f ‖B, (19)

for n ≥ 0, h ∈ L∞(X,m), f ∈ B and P-a.e. ω ∈ �.

We emphasize that (19) is a special case of a more general decay of correlations result
proved by Buzzi [12], but in the former case with the stronger conclusion that the decay
rates and coefficients K are uniform over ω ∈ �.

2.3.1. Examples To be in the setting of admissible transfer operators cocycles, we need
to ensure that (C0) holds. To fulfill this requirement (see [18, Sect. 4.1] for a detailed
discussion) in the rest of the paper we will assume

(C0’) σ is a homeomorphism,� is a Borel subset of a separable, complete metric space,
the map ω → Tω has a countable range T1, T2, . . . and for each j , {ω ∈ � : Tω =
Tj } is measurable.

Although this condition is somewhat restrictive, we emphasize that the assumptions on
the structure of � are very mild and that the only requirements for σ are that it has to
be an ergodic, measure-preserving homeomorphism. In particular, no mixing conditions
are required. Furthermore, the Tω need only be chosen from a countable family.

Following [15, §2], we present two classes of examples, one- and higher-dimensional
piecewise smooth expanding maps, which yield admissible transfer operator cocycles.

Random Lasota–Yorke maps. Let X = [0, 1], a Borel σ -algebra G on [0, 1] and the
Lebesgue measure m on [0, 1]. Consider the notion of variation defined in (12). For a
piecewise C2 map T : [0, 1] → [0, 1], set δ(T ) = ess inf x∈[0,1]|T ′| and let b(T ) denote
the number of intervals of monoticity (branches) of T . Consider now a measurable map
ω �→ Tω, ω ∈ � of piecewise C2 maps on [0, 1] such that

b := ess supω∈� b(Tω) < ∞, δ := ess infω∈� δ(Tω) > 1, and

D := ess supω∈�‖T ′′
ω ‖L∞ < ∞. (20)

For each ω ∈ �, let bω = b(Tω), so that there are essentially disjoint sub-intervals
Jω,1, . . . , Jω,bω ⊂ I , with ∪bω

k=1 Jω,k = I , so that Tω|Jω,k is C2 for each 1 ≤ k ≤ bω.
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The minimal such partition Pω := {Jω,1, . . . , Jω,bω } is called the regularity partition
for Tω. It is well known that whenever δ > 2, and ess infω∈� min1≤k≤bω m(Jω,k) > 0,
there exist α ∈ (0, 1) and K > 0 such that

var(Lω f ) ≤ α var( f ) + K‖ f ‖1, for f ∈ BV and P-a.e. ω ∈ �.

More generally, when δ < 2, one can take an iterate N ∈ N so that δN > 2. If the
regularity partitions PN

ω := {J N
1,ω, . . . , J N

ω,b(N )
ω

} corresponding to the maps T (N )
ω also

satisfy ess infω∈� min
1≤k≤b(N )

ω
m(J N

ω,k) > 0, then there exist αN ∈ (0, 1) and K N > 0
such that

var(LN
ω f ) ≤ αN var( f ) + K N‖ f ‖1, for f ∈ BV and P-a.e. ω ∈ �. (21)

We assume that (21) holds for some N ∈ N.
Finally, we suppose the following uniform covering condition holds:

For every subinterval J ⊂ I, ∃k = k(J ) s.t. for a.e. ω ∈ �, T (k)
ω (J ) = I. (22)

The results of [15, §2] ensure that random Lasota–Yorke maps which satisfy the
conditions of this section plus (C0’) are admissible. (While (C2) is not explicitly required
by [15], it is established in the process of showing the remaining conditions.)

Random piecewise expanding maps in higher dimensions. We now discuss the case of
piecewise expanding maps in higher dimensions. Let X be a compact subset of RN

which is the closure of its non-empty interior. Let X be equipped with a Borel σ -algebra
G and Lebesgue measure m. We consider the notion of variation defined in (13) for
suitable α and ε0. We say that the map T : X → X is piecewise expanding if there exist
finite families A = {Ai }mi=1 and Ã = { Ãi }mi=1 of open sets in R

N , a family of maps
Ti : Ãi → R

N , i = 1, . . . ,m and ε1(T ) > 0 such that:

1. A is a disjoint family of sets,m(X \⋃
i Ai ) = 0 and Ãi ⊃ Ai for each i = 1, . . . ,m;

2. there exists 0 < γ (Ti ) ≤ 1 such that each Ti is of class C1+γ (Ti );
3. For every 1 ≤ i ≤ m, T |Ai = Ti |Ai and Ti ( Ãi ) ⊃ Bε1(T )(T (Ai )), where Bε(V )

denotes a neighborhood of size ε of the set V . We say that Ti is the local extension
of T to the Ãi ;

4. there exists a constant C1(T ) > 0 so that for each i and x, y ∈ T (Ai ) with
dist(x, y) ≤ ε1(T ),

| det DT−1
i (x) − det DT−1

i (y)| ≤ C1(T )| det DT−1
i (x)|dist(x, y)γ (T );

5. there exists s(T ) < 1 such that for every x, y ∈ T ( Ãi ) with dist(x, y) ≤ ε1(T ), we
have

dist(T−1
i x, T−1

i y) ≤ s(T ) dist(x, y);
6. each ∂Ai is a codimension-one embedded compact piecewise C1 submanifold and

s(T )γ (T ) +
4s(T )

1 − s(T )
Z(T )

�N−1

�N
< 1,

where Z(T ) = supx
∑

i #{smooth pieces intersecting ∂Ai containing x} and �N is
the volume of the unit ball in RN .
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Consider now a measurable map ω �→ Tω, ω ∈ � of piecewise expanding maps on X
such that

ε1 := inf
ω∈�

ε1(Tω) > 0, γ := inf
ω∈�

γ (Tω) > 0, C1 := sup
ω∈�

C1(Tω) < ∞,

s := sup
ω∈�

s(Tω) < 1

and

sup
ω∈�

(
s(Tω)γ (Tω) +

4s(Tω)

1 − s(Tω)
Z(Tω)

�N−1

�N

)
< 1.

Then, [46, Lemma 4.1] implies that there exist ν ∈ (0, 1) and K > 0 independent on ω

such that

var(Lω f ) ≤ ν var( f ) + K‖ f ‖1 for each f ∈ B and ω ∈ �, (23)

where var is given by (13) with α = γ and some ε0 > 0 sufficiently small (which is
again independent onω). We note that (23) readily implies that conditions (C1) and (C2)
hold. Finally, we note that under additional assumption that

for any open set J ⊂ X , there exists k = k(J ) such that for a.e. ω ∈ �, T k
ω(J ) = X,

the results in [15, §2] show that (C3) and (C4) also hold.

Remark. We point out that while conditions (C1), (C3) and (C4) are stated in a uniform
way, sometimes it is possible to recover them from non-uniform assumptions. For exam-
ple, assuming that {Tω}ω∈� takes only finitely many values, one can recover a uniform
version of (C3) from a non-uniform one, for example by compactness arguments (see
the proof of Lemma 4.7 for a similar argument). Also, our results apply to cases where
conditions (C1)–(C4), or the hypotheses which imply them (e.g. (20)), are only satisfied
eventually; that is, for some iterate T (N )

ω , where N is independent of ω ∈ �.

3. Twisted Transfer Operator Cocycles

We begin by introducing the class of observables to which our limit theorems apply.
For a fixed observable and each parameter θ ∈ C, we introduce the twisted cocycle
Lθ = {Lθ

ω}ω∈�. We show that the cocycle Lθ is quasicompact for θ close to 0. Most
of this section is devoted to the study of regularity properties of the map θ �→ �(θ)

on a neighborhood of 0 ∈ C, where �(θ) denotes the top Lyapunov exponent of the
cocycleLθ . In particular, we show that this map is of class C2 and that its restriction to a
neighborhood of 0 ∈ R is strictly convex. This is achieved by combining ideas from the
perturbation theory of linear operators with our multiplicative ergodic theory machinery.
As a byproduct of our approach, we explicitly construct the top Oseledets subspace of
cocycle Lθ for θ close to 0.
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3.1. The observable.

Definition 3.1. (Observable). Let an observable be a measurable map g : � × X → R

satisfying the following properties:

• Regularity:

‖g(ω, x)‖L∞(�×X) =: M < ∞ and ess supω∈� var(gω) < ∞, (24)

where gω = g(ω, ·), ω ∈ �.
• Fiberwise centering:

∫

g(ω, x) dμω(x) =
∫

g(ω, x)v0ω(x) dm(x) = 0 for P-a.e. ω ∈ �, (25)

where v0 is the density of the unique random acim, satisfying (15).

The main results of this paper will deal with establishing limit theorems for Birkhoff
sums associated to g, Sng, defined in (1).

3.2. Basic properties of twisted transfer operator cocycles. Throughout this section,
R = (�,F ,P, σ,B,L) will denote an admissible transfer operator cocycle. For θ ∈
C, the twisted transfer operator cocycle, or twisted cocycle, Rθ is defined as Rθ =
(�,F ,P, σ,B,Lθ ), where for each ω ∈ �, we define

Lθ
ω( f ) = Lω(eθg(ω,·) f ), f ∈ B. (26)

For convenience of notation, we will also use Lθ to denote the cocycle Rθ . For each
θ ∈ C, set �(θ) := �(Rθ ), κ(θ) := κ(Rθ ) and

Lθ, (n)
ω = Lθ

σ n−1ω
◦ · · · ◦ Lθ

ω, for ω ∈ � and n ∈ N.

The next lemma provides basic information about the dependence of Lθ
ω on θ .

Lemma 3.2. (Basic regularity of θ �→ Lθ
ω).

1. Assume (C1) holds. Then, there exists a continuous function K : C → (0,∞) such
that

‖Lθ
ωh‖B ≤ K (θ)‖h‖B, for h ∈ B, θ ∈ C and P-a.e. ω ∈ �. (27)

2. For ω ∈ �, θ ∈ C, let Mθ
ω be the linear operator on B given by Mθ

ω(h(·)) :=
eθg(ω,·)h(·). Then, θ �→ Mθ

ω is continuous in the norm topology of B. Consequently,
θ �→ Lθ

ω is also continuous in the norm topology of B.

Proof. Note that it follows from (24) that |eθg(ω,·)h|1 ≤ e|θ |M |h|1. Furthermore, by (V8)
we have

var(eθg(ω,·)h) ≤ ‖eθg(ω,·)‖L∞ · var(h) + var(eθg(ω,·)) · ‖h‖L∞ .

On the other hand, it follows from Lemma B.1 and (V9) that

‖eθg(ω,·)‖L∞ ≤ e|θ |M and var(eθg(ω,·)) ≤ |θ |e|θ |M var(g(ω, ·))
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and thus using (V3),

‖eθg(ω,·)h‖B = var(eθg(ω,·)h) + |eθg(ω,·)h|1
≤ e|θ |M‖h‖B + |θ |e|θ |M var(g(ω, ·))‖h‖L∞

≤ (e|θ |M + Cvar|θ |e|θ |M ess supω∈� var(g(ω, ·)))‖h‖B.

(28)

We now establish part 1 of the Lemma. It follows from (C1) that

‖Lθ
ω(h)‖B = ‖Lω(eθg(ω,·)h)‖B ≤ K‖eθg(ω,·)h‖B.

Hence, (28) implies that (27) holds with

K (θ) = K (e|θ |M + Cvar|θ |e|θ |M ess supω∈� var(g(ω, ·))). (29)

For part 2 of the Lemma, we observe that

|(Mθ1
ω − Mθ2

ω )h‖B ≤ ‖Mθ1
ω ‖B‖(I − Mθ2−θ1

ω )‖B‖h‖B.

By (24) and the mean value theorem for the map z �→ e(θ1−θ2)z , we have that for each
x ∈ X ,

|e(θ1−θ2)g(ω,x) − 1| ≤ Me|θ1−θ2|M |θ1 − θ2|.
Thus,

‖1 − e(θ2−θ1)g(ω,·)‖L∞ ≤ Me|θ1−θ2|M |θ1 − θ2| (30)

and

|(I − Mθ2−θ1
ω )h|1 ≤ Me|θ1−θ2|M |θ1 − θ2| · |h|1. (31)

Assume that |θ2 − θ1| ≤ 1. We note that conditions (V3) and (V8) together with (30)
and Lemma B.2 imply

var((I − Mθ2−θ1
ω )h) ≤ (‖1 − e(θ2−θ1)g(ω,·)‖L∞ + Cvar var(1 − e(θ2−θ1)g(ω,·))

)‖h‖B
≤ C ′|θ2 − θ1|‖h‖B,

(32)

for someC ′ > 0. Hence, it follows from (31) and (32) that θ �→ Mθ
ω is continuous in the

norm topology of B. Continuity of θ �→ Lθ
ω then follows immediately from continuity

of Lω and the definition of Lθ
ω, in (26). ��

The following lemma shows that the twisted cocycle naturally appears in the study
of Birkhoff sums (1).

Lemma 3.3. The following statements hold:

1. for every φ ∈ B∗, f ∈ B, ω ∈ �, θ ∈ C and n ∈ N we have that

Lθ,(n)
ω ( f ) = L(n)

ω (eθ Sng(ω,·) f ), and Lθ∗,(n)
ω (φ) = eθ Sng(ω,·)L∗(n)

ω (φ), (33)

where (eθ Sng(ω,·)φ)( f ) := φ(eθ Sng(ω,·) f );
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2. for every f ∈ B, ω ∈ � and n ∈ N we have that
∫

Lθ, (n)
ω ( f ) dm =

∫

eθ Sng(ω,·) f dm. (34)

Proof. We establish the first identity in (33) by induction on n. The case n = 1 follows
from the definition of Lθ

ω. We recall that for every f, f̃ ∈ B,

L(n)
ω (( f̃ ◦ T (n)

ω ) · f ) = f̃ · L(n)
ω ( f ). (35)

Assuming the claim holds for some n ≥ 1, we get

L(n+1)
ω (eθ Sn+1g(ω,·) f ) = Lσ nω

(
L(n)

ω (eθg(σ nω,·)◦T (n)
ω eθ Sng(ω,·) f )

)

= Lσ nω

(
eθg(σ nω,·)L(n)

ω (eθ Sng(ω,·) f )
) = Lθ

σ nωLθ,(n)
ω ( f )

= Lθ,(n+1)
ω ( f ).

The second identity in (33) follows directly from duality. Finally, we note that the second
assertion of the lemma follows by integrating the first equality in (33) with respect to m
and using the fact that Ln

ω preserves integrals with respect to m. ��

3.3. An auxiliary existence and regularity result. In this section we establish a regularity
result, Lemma 3.5, which generalises a theorem of Hennion and Hervé [28] to the
random setting. This result will be used later to show regularity of the top Oseledets
space Y θ

ω := Y θ
1 (ω) of the twisted cocycle, for θ near 0.

Let

S :=
{
V : � × X → C | V is measurable,V(ω, ·) ∈ B,

ess supω∈� ‖V(ω, ·)‖B < ∞,

∫

V(ω, x)dm = 0 for P-a.e. ω ∈ �
}
,
(36)

endowed with the Banach space structure defined by the norm

‖V‖∞ := ess supω∈� ‖V(ω, ·)‖B. (37)

For θ ∈ C and W ∈ S, set

F(θ,W)(ω, ·) = Lθ
σ−1ω

(W(σ−1ω, ·) + v0
σ−1ω

(·))
∫
Lθ

σ−1ω
(W(σ−1ω, ·) + v0

σ−1ω
(·))dm − W(ω, ·) − v0ω(·). (38)

Lemma 3.4. There exist ε, R > 0 such that F : D → S is a well-defined map on
D := {θ ∈ C : |θ | < ε} × BS(0, R), where BS(0, R) denotes the ball of radius R in S
centered at 0.

Proof. We define a map H by

H(θ,W)(ω) =
∫

Lθ
σ−1ω

(W(σ−1ω, ·) + v0
σ−1ω

(·)) dm

=
∫

eθg(σ−1ω,·)(W(σ−1ω, ·) + v0
σ−1ω

(·)) dm.
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It is proved in Lemmas B.4 and B.5 of Appendix B.1 that H is a well-defined and
differentiable function on a neighborhood of (0, 0) (and thus in particular continuous)
with values in L∞(�,P). Moreover, we observe that H(0, 0)(ω) = 1 for each ω ∈ �

and therefore

|H(θ,W)(ω)| ≥ 1 − |H(0, 0)(ω) − H(θ,W)(ω)| ≥ 1 − ‖H(0, 0) − H(θ,W)‖L∞ ,

for P-a.e. ω ∈ �. Continuity of H implies that ‖H(0, 0) − H(θ,W)‖L∞ ≤ 1/2 for all
(θ,W) in a neighborhood of (0, 0) and hence, in such a neighborhood,

ess infω|H(θ,W)(ω)| ≥ 1/2.

The above inequality together with (17) and (27) yields the desired conclusion. ��
Lemma 3.5. Let D = {θ ∈ C : |θ | < ε} × BS(0, R) be as in Lemma 3.4. Then, by
shrinking ε > 0 if necessary, we have that F : D → S is C1 and the equation

F(θ,W) = 0 (39)

has a unique solution O(θ) ∈ S, for every θ in a neighborhood of 0. Furthermore, O(θ)

is a C2 function of θ .

Proof. We notice that F(0, 0) = 0. Furthermore, Proposition B.12 of Appendix B
ensures that F is C2 on a neighborhood (0, 0) ∈ C × S, and

(D2F(0, 0)X )(ω, ·) = Lσ−1ω(X (σ−1ω, ·)) − X (ω, ·), for ω ∈ � and X ∈ S.

We now prove that D2F(0, 0) is bijective operator.
For injectivity, we have that if D2F(0, 0)X = 0 for some nonzero X ∈ S, then

LωXω = Xσω for P-a.e. ω ∈ �. Notice that Xω /∈ 〈v0ω〉 because
∫
Xω(·)dm = 0

and Xω �= 0. Hence, this yields a contradiction with the one-dimensionality of the top
Oseledets space of the cocycleL, given byLemma2.9. Therefore, D2F(0, 0) is injective.
To prove surjectivity, take X ∈ S and let

X̃ (ω, ·) := −
∞∑

j=0

L( j)
σ− jω

X (σ− jω, ·). (40)

It follows from (C3) that X̃ ∈ S and it is easy to verify that D2F(0, 0)X̃ = X . Thus,
D2F(0, 0) is surjective.

Combining the previous arguments, we conclude that D2F(0, 0) is bijective. The
conclusion of the lemma now follows directly from the implicit function theorem for
Banach spaces (see, e.g. Theorem 3.2 [5]). ��

We end this section with a specialisation of the previous results to real-valued θ .

Proposition 3.6. There exists δ > 0 such that for each θ ∈ (−δ, δ), O(θ)(ω, ·) + v0ω is
a density for P-a.e. ω ∈ �.

We first show the following auxiliary result.

Lemma 3.7. For θ ∈ R sufficiently close to 0, O(θ) is real-valued.
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Proof. We consider the space

S̃ :=
{
V : � × X → R | V is measurable,V(ω, ·) ∈ B,

ess supω∈� ‖V(ω, ·)‖B < ∞,

∫

V(ω, x)dm = 0 for P-a.e. ω ∈ �
}
.

Hence, S̃ consists of real-valued functions V ∈ S. We note that S̃ is a Banach space with
the norm ‖·‖∞ defined by (37). Moreover, we can define a map F̃ on a neighborhood of
(0, 0) inR× S̃ with values in S̃ by the RHS of (38). Proceeding as in Appendix B.1, one
can show that F̃ is a differentiable map on a neighborhood of (0, 0). Moreover, arguing
as in the proof of Lemma 3.5 one can conclude that for θ sufficiently close to 0, there
exists a unique Õ(θ) ∈ S̃ such that F̃(θ, Õ(θ)) = 0 and that Õ(θ) is differentiable with
respect to θ . Since S̃ ⊂ S and from the uniqueness property in the implicit function
theorem, we conclude that O(θ) = Õ(θ) for θ sufficiently close to 0 which immediately
implies the conclusion of the lemma. ��
Proof of Proposition 3.6. ByLemma 3.7, for θ sufficiently close to 0, O(θ)(ω, ·)+v0ω(·)
is real-valued. Moreover,

∫
(O(θ)(ω, ·) + v0ω(·)) dm = 1 for a.e. ω ∈ �. It remains to

show that O(θ)(ω, ·) + v0ω(·) ≥ 0 for P-a.e. ω ∈ �. Since the map θ �→ O(θ) is
continuous, there exists δ > 0 such that for all θ ∈ (−δ, δ), O(θ) belongs to a ball of
radius c/(2Cvar) centered at 0 in S. In particular,

ess supω∈�‖O(θ)(ω, ·)‖B < c/(2Cvar)

and therefore,

ess supω∈�‖O(θ)(ω, ·)‖L∞ < c/2.

By (18),

ess inf(O(θ)(ω, ·) + v0ω(·)) ≥ c/2, for a.e. ω ∈ �,

which completes the proof of the proposition. ��

3.4. A lower bound on �(θ). The goal of this section is to establish a differentiable
lower bound �̂(θ) on �(θ), the top Lyapunov exponent of the twisted cocycle, for
θ ∈ C in a neighborhood of 0. In Sect. 3.5, we will show that this lower bound in fact
coincides with �(θ), and hence all the results of this section will immediately translate
into properties of �.

Let 0 < ε < 1 and O(θ) be as in Lemma 3.5. Let

vθ
ω(·) := v0ω(·) + O(θ)(ω, ·). (41)

Wenotice that
∫

vθ
ω(·)dm = 1andbyLemma3.5, θ �→ vθ is continuously differentiable.

Let us define

�̂(θ) :=
∫

log
∣
∣
∣

∫

eθg(ω,x)vθ
ω(x) dm(x)

∣
∣
∣ dP(ω), (42)
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and

λθ
ω :=

∫

eθg(ω,x)vθ
ω(x) dm(x) =

∫

Lθ
ωvθ

ω(x) dm(x), (43)

where the last identity follows from (34). Notice also that ω �→ λθ
ω is an integrable

function.

Lemma 3.8. For every θ ∈ BC(0, ε) := {θ ∈ C : |θ | < ε}, �̂(θ) ≤ �(θ).

Proof. Recall that O(θ) satisfies the equation F(θ, O(θ)) = 0, for θ ∈ {θ ∈ C :
|θ | < ε}. Hence, for P-a.e. ω ∈ �, vθ

ω(·) satisfies the equivariance equation Lθ
ωvθ

ω(·) =
λθ

ωvθ
σω(·). Thus, using Birkhoff’s ergodic theorem to go from the first to the second line

below, we get

�(θ) ≥ lim
n→∞

1

n
log ‖Lθ,(n)

ω vθ
ω‖B ≥ lim

n→∞
1

n
log ‖Lθ,(n)

ω vθ
ω‖1 ≥ lim

n→∞
1

n

n−1∑

j=0

log |λθ
σ jω

|

=
∫

log |λθ
ω|dP(ω) =

∫

log
∣
∣
∣

∫

eθg(ω,x)vθ
ω(·) dm(x)

∣
∣
∣ dP(ω) = �̂(θ).

��
The rest of the section deals with differentiability properties of �̂(θ). From now on

we shall also use the notation O(θ)ω for O(θ)(ω, ·).
Lemma 3.9. We have that �̂ is differentiable on a neighborhood of 0, and

�̂′(θ) = �
( ∫

λθ
ω(

∫
g(ω, ·)eθg(ω,·)vθ

ω(·) + eθg(ω,·)O ′(θ)ω(·) dm)

|λθ
ω|2 dP(ω)

)

,

where �(z) denotes the real part of z and z the complex conjugate of z.

Proof. Write

�̂(θ) =
∫

Z(θ, ω) dP(ω),

where

Z(θ, ω) := log |λθ
ω| = log

∣
∣
∣

∫

eθg(ω,x)vθ
ω(x) dm(x)

∣
∣
∣.

Note that Z(θ, ω) = log |H(θ, O(θ))(σω)|, where H is as in Lemma 3.4. Since
H(0, 0) = 1 and both H and O are continuous (by Lemma 3.5), there is a neigh-
borhood U of 0 in C on which ‖H(θ, O(θ)) − H(0, 0)‖L∞ < 1/2. In particular, Z is
well defined and Z(θ, ω) ∈ [log 1

2 , log
3
2 ] for every θ ∈ U ∩ BC(0, ε) and P-a.e. ω ∈ �.

Thus, the map ω �→ Z(θ, ω) is P-integrable for every θ ∈ U ∩ BC(0, ε).
It follows from Lemma 3.10 below that for P-a.e. ω ∈ �, the map θ �→ Zω(θ) :=

Z(θ, ω) is differentiable in a neighborhood of 0, and

Z ′
ω(θ) =

�
(
λθ

ω(
∫
g(ω, ·)eθg(ω,·)vθ

ω(·) + eθg(ω,·)O ′(θ)ω(·) dm)
)

|λθ
ω|2 ,
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where �(z) denotes the real part of z and z the complex conjugate of z. In particular,

|Z ′
ω(θ)| ≤

∣
∣
∫
(g(ω, x)eθg(ω,x)vθ

ω(·) + eθg(ω,x)O ′(θ)ω(x)) dm(x)|
| ∫ eθg(ω,x)vθ

ω(x) dm(x)| .

We claim that there exists an integrable function C : � → R such that

|Z ′
ω(θ)| ≤ C(ω), for all θ in a neighborhood of 0 and P-a.e. ω ∈ �. (44)

Once this is established, the conclusion of the lemma follows from Leibniz rule for
exchanging the order of differentiation and integration.

To complete the proof, let us show (44). For θ ∈ U we have
∣
∣
∣

∫

eθg(ω,x)vθ
ω(x) dm(x)

∣
∣
∣ ≥ 1

2
.

Also, recall that ε < 1, so that for θ ∈ BC(0, ε) one has
∣
∣
∣
∣

∫

g(ω, x)eθg(ω,x)vθ
ω(x) dm(x)

∣
∣
∣
∣ ≤

∫
∣
∣g(ω, x)eθg(ω,x)vθ

ω(x)
∣
∣ dm(x)

≤ MeM |O(θ)ω + v0ω|1 ≤ MeM (1 + ‖O(θ)ω‖B)

≤ MeM (1 + ‖O(θ)‖∞).

Finally,
∣
∣
∣
∣

∫

eθg(ω,x)O ′(θ)ω(x) dm(x)

∣
∣
∣
∣ ≤ eM |O ′(θ)ω|1 ≤ eM‖O ′(θ)ω‖B ≤ eM‖O ′(θ)‖∞,

for P-a.e. ω ∈ �. Since O and O ′ are continuous by Lemma 3.5, the terms on the RHS
of the above inequalities are uniformly bounded for θ in a (closed) neighborhood of 0.
Hence, (44) holds for a constant function C . ��
Lemma 3.10. For P-a.e. ω ∈ �, and θ in a neighborhood of 0, the map θ �→ Zω(θ) :=
Z(θ, ω) is differentiable. Moreover,

Z ′
ω(θ) =

�
(
λθ

ω(
∫
g(ω, ·)eθg(ω,·)vθ

ω(·) + eθg(ω,·)O ′(θ)ω(·) dm)
)

|λθ
ω|2 ,

where �(z) denotes the real part of z and z the complex conjugate of z.

Proof. First observe that if θ �→ f (θ) ∈ C, has polar decomposition f (θ) = r(θ)eiφ(θ),

then, whenever | f |(θ) �= 0, d| f |(θ)
dθ

= �( f̄ (θ) f ′(θ))
r(θ)

, where f ′ denotes differentiation
with respect to θ . Thus, by the chain rule, it is sufficient to prove that the map λθ

ω is
differentiable with respect to θ and that

Dθλ
θ
ω =

∫ (
g(ω, x)eθg(ω,x)vθ

ω(x) + eθg(ω,x)O ′(θ)ω(x)
)
dm(x). (45)

Using the same notation as in Lemma 3.4, we can write

λθ
ω = H(θ, O(θ))(σω) =: P(θ)(σω).
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We note that P is a differentiable map with values in L∞(�). Indeed, this follows
directly from the regularity properties of H established in Lemmas B.4 and B.5 and the
differentiability of O (see Lemma 3.5) together with the chain rule. Since

|λθ+t
ω − λθ

ω − P ′(θ)(σω)|
|t | ≤ ‖P(θ + t) − P(θ) − P ′(θ)‖L∞(�)

|t | ,

for P-a.e. ω ∈ � and t, θ close to 0 ∈ C, we conclude that λθ
ω is differentiable with

respect to θ in a neighborhood of 0 ∈ C. ��

Lemma 3.11. We have that �̂′(0) = 0.

Proof. Let F be as in Lemma 3.5. By identifying D1F(0, 0)with its value at 1, it follows
from the implicit function theorem that

O ′(0) = −D2F(0, 0)−1(D1F(0, 0)).

It is shown inLemma3.5 that D2F(0, 0) : S → S is bijective. Thus, D2F(0, 0)−1 : S →
S and therefore O ′(0) ∈ S which implies that

∫

O ′(0)ω dm(x) = 0 for P-a.e. ω ∈ �. (46)

The conclusion of the lemma follows directly from Lemma 3.9 and the centering con-
dition (25). ��

3.5. Quasicompactness of twisted cocycles and differentiability of �(θ). In this sec-
tion we establish quasicompactness of the twisted transfer operator cocycle, as well as
differentiability of the top Lyapunov exponent with respect to θ , for θ ∈ C near 0.

Theorem 3.12. (Quasi-compactness of twisted cocycles, θ near 0). Assume that the
cocycleR = (�,F ,P, σ,B,L) is admissible. For θ ∈ C sufficiently close to 0, we have
that the twisted cocycleLθ is quasi-compact. Furthermore, for such θ , the top Oseledets
space of Lθ is one-dimensional. That is, dim Y θ (ω) = 1 for P-a.e. ω ∈ �.

The following Lasota–Yorke type estimate will be useful in the proof.

Lemma 3.13. Assume conditions (C1) and (C2) hold. Then, we have

‖Lθ,(N )
ω f ‖B ≤ α̃θ,N (ω)‖ f ‖B + βN (ω)‖ f ‖1,

where

α̃θ,N (ω) = αN (ω) + C |θ |e|θ |M
N−1∑

j=0

K N−1− j K (θ) j ,

for some constant C > 0 where K (θ) is given by Lemma 3.2 and K is given by (C1).
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Proof. It follows from (C2) that

‖Lθ,(N )
ω f ‖B ≤ ‖L(N )

ω f ‖B + ‖Lθ,(N )
ω − L(N )

ω ‖B · ‖ f ‖B
≤ αN (ω)‖ f ‖B + βN (ω)‖ f ‖1 + ‖Lθ,(N )

ω − L(N )
ω ‖B · ‖ f ‖B.

On the other hand, we have that

Lθ,(N )
ω − L(N )

ω =
N−1∑

j=0

Lθ,( j)
σ N− jω

(Lθ
σ N−1− jω

− Lσ N−1− jω)L(N−1− j)
ω .

It follows from (C1) and (27) that

‖L(N−1− j)
ω ‖B ≤ K N−1− j and ‖Lθ,( j)

σ N− jω
‖B ≤ K (θ) j .

Furthermore, using (V3) and (V8), we have that for any h ∈ B,

‖(Lθ
ω − Lω)(h)‖B = ‖Lω(eθg(ω,·)h − h)‖B

≤ K‖(eθg(ω,·) − 1)h‖B
= K var((eθg(ω,·) − 1)h) + K‖(eθg(ω,·) − 1)h‖1
≤ K‖eθg(ω,·) − 1‖L∞ · var(h) + K var(eθg(ω,·) − 1) · ‖h‖L∞

+ K‖eθg(ω,·) − 1‖L∞·‖h‖1
≤ K‖eθg(ω,·) − 1‖L∞‖h‖B + KCvar var(e

θg(ω,·) − 1) · ‖h‖B.

By applying the mean-value theorem for the map z �→ eθ z and using (24), we obtain that
‖eθg(ω,·) − 1‖L∞ ≤ |θ |e|θ |MM . Furthermore, it follows from (V9) (applied to h(z) =
eθ z−1 and f = g(ω, ·)) togetherwith (24) that var(eθg(ω,·)−1) ≤ |θ |e|θ |M var(g(ω, ·)).
Therefore,

‖Lθ,(N )
ω − L(N )

ω ‖B ≤ C |θ |e|θ |M
N−1∑

j=0

K (θ) j K N−1− j ,

where

C = KM + KCvar ess supω∈�(var g(ω, ·))
and the conclusion of the lemma follows by combining the above estimates. ��

Theorem 3.12 may now be established as follows.

Proof of Theorem 3.12. It follows from Lemma 3.13 and the dominated convergence
theorem that

∫

�

log α̃θ,N (ω) dP(ω) →
∫

�

logαN (ω) dP(ω) < 0 when θ → 0.

Thus, there exists δ > 0 such that
∫

�

log α̃θ,N (ω) dP(ω) ≤ 1

2

∫

�

logαN (ω) dP(ω), for θ ∈ BC(0, δ).
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Lemma 3.8 implies that � is bounded below by a continuous function �̂ in a neighbor-
hood of 0, and �(0) = �̂(0) = 0. Hence, by decreasing δ if necessary, we can assume
that

N�(θ) >
1

2

∫

�

logαN (ω) dP(ω) for θ ∈ BC(0, δ).

Therefore,

N�(θ) >

∫

�

log α̃θ,N (ω) dP(ω) for θ ∈ BC(0, δ). (47)

Let Rθ(N ) denote the cocycle over σ N with generator ω �→ Lθ,(N )
ω . We claim that

�(Rθ(N )) = N�(θ) and κ(Rθ(N )) = Nκ(Rθ ). (48)

Indeed, we have that

�(Rθ(N )) = lim
n→∞

1

n
log‖Lθ,(N )

σ (n−1)Nω
· . . . · Lθ,(N )

σ Nω
· Lθ,(N )

ω ‖

= N lim
n→∞

1

nN
log‖Lθ,(nN )

ω ‖ = N�(θ),

which proves the first equality in (48). Similarly, one can establish the second identity
in (48). We now note that Lemmas 2.1 and 3.13 together with (47) and the first identity
in (48) imply that the cocycleRθ(N ) is quasicompact, i.e.�(Rθ(N )) > κ(Rθ(N )). Hence,
(48) implies that �(Rθ ) > κ(Rθ ) and we conclude thatRθ is a quasicompact cocycle.

Now we show dim Y θ := dim Y θ
1 = 1. Let λθ

1 = μθ
1 ≥ μθ

2 ≥ · · · ≥ μθ
Lθ

>

κ(θ) be the exceptional Lyapunov exponents of twisted cocycle Lθ
ω, enumerated with

multiplicity. That is,mθ
j = dim Y θ

j (ω) denotes themultiplicity of theLyapunov exponent

λθ
j . As in Theorem 2.3, let Mθ

j := mθ
1 + · · · +mθ

j . Therefore, �(θ) = λθ
1 = μθ

i for every

1 ≤ i ≤ Mθ
1 and λθ

j = μθ
i for every Mθ

j−1 +1 ≤ i ≤ Mθ
j and for every finite 1 < j ≤ lθ .

By Lemma 3.2(2) the map θ �→ Lθ
ω is continuous in the norm topology of B for every

ω ∈ � and also that the functions ω �→ log+ ‖Lθ
ω‖ are dominated by an integrable

function whenever θ is restricted to a compact set. Thus, Lemma A.3 of Appendix A
shows that θ �→ μθ

1 + μθ
2 is upper-semicontinuous. Hence,

0 > μ0
1 + μ0

2 ≥ lim sup
θ→0

(μθ
1 + μθ

2),

where the first inequality follows from the one-dimensionality of the top Oseledets sub-
space of the cocycleLω. We note that Lemmas 3.8 and 3.9, ensure that lim supθ→0 μθ

1 ≥
�̂(0) = 0. Therefore lim supθ→0 μθ

2 < 0 and dim Y θ
1 = 1, as claimed. ��

Corollary 3.14. For θ ∈ C near 0, we have that �(θ) = �̂(θ). In particular, �(θ) is
differentiable near 0 and �′(0) = 0.

Proof. Werecall that �̂(0) = 0 and �̂ is differentiable near 0, byLemma3.9. In addition,
vθ
ω(·), defined in (41), gives a one-dimensional measurable equivariant subspace of B
which grows at rate �̂(θ) (see (42)). Theorem 3.12 shows that lim supθ→0 μθ

2 < 0. In
particular, μθ

2 < �̂(θ) for θ sufficiently close to 0. Combining this information with the
multiplicative ergodic theorem (Theorem 2.3) and Lemma 3.8, we get that�(θ) = �̂(θ)

and Y θ
1 (ω) = 〈vθ

ω〉, for all θ ∈ C near 0. Thus, Lemma 3.11 implies that �′(0) = 0. ��
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3.6. Convexity of �(θ). We continue to denote by μ the invariant measure for the skew
product transformation τ defined in (16). Furthermore, let Sng be given by (1). By ex-
panding the term [Sng(ω, x)]2 it is straightforward to verify using standard computations
and (19) that

lim
n→∞

1

n

∫

�×X
[Sng(ω, x)]2 dμ(ω, x) =

∫

�×X
g(ω, x)2 dμ(ω, x)

+ 2
∞∑

n=1

∫

�×X
g(ω, x)g(τ n(ω, x)) dμ(ω, x)

and that the right-hand side of the above equality is finite. Set

�2 :=
∫

�×X
g(ω, x)2 dμ(ω, x) + 2

∞∑

n=1

∫

�×X
g(ω, x)g(τ n(ω, x)) dμ(ω, x). (49)

Obviously, �2 ≥ 0 and from now on we shall assume that �2 > 0. This is equivalent
to a non-coboundary condition on g; we refer the interested reader to [15] for a precise
statement characterising the degenerate case �2 = 0.

Lemma 3.15. We have that � is of class C2 on a neighborhood of 0 and �′′(0) = �2.

Proof. Using the notation in Sect. 3.4, it follows from Lemma 3.9 and Corollary 3.14
that

�′(θ)=�
( ∫

λθ
ω(

∫
g(ω, ·)eθg(ω,·)(O(θ)ω(·)+v0ω(·))+eθg(ω,·)O ′(θ)ω(·) dm)

|λθ
ω|2 dP(ω)

)
.

Proceeding as in the proof of Lemma 3.9, one can show that � is of class C2 on a
neighborhood of 0 and that

�′′(θ) = �
( ∫

λθ
ω

′′

λθ
ω

− (λθ
ω

′)2

(λθ
ω)2

dP(ω)
)
, (50)

where we have used ′ to denote derivative with respect to θ . We recall that λ0ω = 1, λθ
ω

′ is
given by (45), and in particular λθ

ω
′|θ=0 = 0 for P-a.e. ω ∈ �. It is then straightforward,

using (50), the chain rule and the formulas in Appendices B.1 and B.2, to verify that

�′′(0) = �
( ∫ ∫

g(ω, x)2v0ω(x) + 2g(ω, x)O ′(0)ω(x) + O ′′(0)ω(x) dm(x) dP(ω)
)
.

Moreover, since θ �→ O ′(θ) is a map on a neighborhood of 0 with values in S we can
regard O ′′(0) as an element of (the tangent space of) S, which implies that

∫

O ′′(0)ω(x) dm(x) = 0 for a.e. ω

and thus

�′′(0) = �
( ∫ ∫

(g(ω, x)2v0ω(x) + 2g(ω, x)O ′(0)ω(x)) dm(x) dP(ω)
)
. (51)
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On the other hand, by the implicit function theorem,

O ′(0)ω = −(D2F(0, 0)−1(D1F(0, 0)))ω.

Furthermore, (40) implies that

(D2F(0, 0)−1W)ω = −
∞∑

j=0

L( j)
σ− jω

(Wσ− jω),

for each W ∈ S. This together with Proposition B.7 gives that

O ′(0)ω =
∞∑

j=1

L( j)
σ− jω

(g(σ− jω, ·)v0
σ− jω

(·)). (52)

Using (51), (52), the duality property of transfer operators, as well as the fact that σ

preserves P, we have that

�′′(0) =
∫ [ ∫

g(ω, x)2v0ω dm(x)

+ 2
∞∑

j=1

∫

g(ω, x)L( j)
σ− jω

(g(σ− jω, ·)v0
σ− jω

) dm(x)

]

dP(ω)

=
∫ [ ∫

g(ω, x)2 dμω(x)

+ 2
∞∑

j=1

∫

g(ω, T ( j)
σ− jω

x)g(σ− jω, x) dμσ− jω(x)

]

dP(ω)

=
∫

g(ω, x)2 dμ(ω, x) + 2
∞∑

j=1

∫ ∫

g(σ jω, T ( j)
ω x)g(ω, x) dμω(x) dP(ω)

=
∫

g(ω, x)2 dμ(ω, x) + 2
∞∑

j=1

∫

g(ω, x)g(τ j (ω, x)) dμ(ω, x) = �2.

��
The following result is a direct consequence of the previous lemma.

Corollary 3.16. � is strictly convex on a neighborhood of 0.

3.7. Choice of bases for top Oseledets spaces Y θ
ω and Y ∗θ

ω . We recall that Y θ
ω and Y ∗θ

ω

are top Oseledets subspaces for the twisted and adjoint twisted cocycles, Lθ and Lθ∗,
respectively. The Oseledets decomposition for these cocycles can be written in the form

B = Y θ
ω ⊕ H θ

ω and B∗ = Y ∗ θ
ω ⊕ H∗ θ

ω , (53)
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where H θ
ω = V θ (ω) ⊕ ⊕lθ

j=2 Y
θ
j (ω) is the equivariant complement to Y θ

ω := Y θ
1 (ω),

and H∗ θ
ω is defined similarly. Furthermore, Lemma 2.6 shows that the following duality

relations hold:

ψ(y) = 0 whenever y ∈ Y θ
ω and ψ ∈ H∗ θ

ω , and

φ( f ) = 0 whenever φ ∈ Y ∗ θ
ω and f ∈ H θ

ω.
(54)

Let us fix convenient choices for elements of the one-dimensional top Oseledets
spacesY θ

ω andY ∗ θ
ω , for θ ∈ C close to 0.Letvθ

ω ∈ Y θ
ω be as in (41), so that

∫
vθ
ω(·)dm = 1.

(In view of Proposition 3.6, when θ ∈ R close to 0, the operators Lθ
ω are positive, so we

can additionally assume vθ
ω ≥ 0 and so ‖vθ

ω‖1 = 1).
Since dim Y θ

ω = 1, vθ
ω is defined uniquely for P-a.e. ω ∈ �. Theorem 2.3 ensures

that, for P-a.e. ω ∈ �, there exists λθ
ω ∈ C (λθ

ω > 0 if θ ∈ R) such that

Lθ
ωvθ

ω = λθ
ωvθ

σω. (55)

Integrating (55), and using (43), we obtain

λθ
ω =

∫

eθg(ω,x)vθ
ω(x) dm(x), (56)

and thus λθ
ω coincides with the quantity introduced in (43). By (42) and Corollary 3.14,

�(θ) =
∫

log |λθ
ω| dP(ω). (57)

Next, let us fix φθ
ω ∈ Y ∗ θ

ω so that φθ
ω(vθ

ω) = 1. This selection is again possible and
unique, because of (54). Furthermore, this choice implies that

(Lθ
ω)∗φθ

σω = λθ
ωφθ

ω, (58)

because Y ∗θ
ω is one-dimensional and equivariant. Indeed, if Cθ

ω is the constant such that
(Lθ

ω)∗φθ
σω = Cθ

ωφθ
ω, then

λθ
ω = λθ

ωφθ
σω(vθ

σω) = φθ
σω(Lθ

ωvθ
ω) = ((Lθ

ω)∗φθ
σω)(vθ

ω) = Cθ
ωφθ

ω(vθ
ω) = Cθ

ω.

4. Limit Theorems

In this section we establish the main results of our paper. To obtain the large deviation
principle (Theorem A), we first link the asymptotic behaviour of moment generating
(and characteristic) functions associated to Birkhoff sums with the Lyapunov exponents
�(θ). Then, we combine the strict convexity of the map θ �→ �(θ) on a neighborhood
of 0 ∈ Rwith the classical Gärtner-Ellis theorem.We establish the central limit theorem
(Theorem B) by applying Levy’s continuity theorem and using the C2-regularity of the
map θ �→ �(θ) on a neighborhood of 0 ∈ C. Finally, we demonstrate the full power
of our approach by proving for the first time random versions of the local central limit
theorem, both under the so-called aperiodic and periodic assumptions (Theorems C
and 4.15). In addition, we present several equivalent formulations of the aperiodicity
condition.
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4.1. Large deviations property. In this section we establish Theorem A. The main tool
in establishing this large deviations property will be the following classical result.

Theorem 4.1. (Gärtner-Ellis [28]) For n ∈ N, let Pn be a probability measure on a
measurable space (Y, T ) and let En denote the corresponding expectation operator.
Furthermore, let Sn be a real random variable on (�, T ) and assume that on some
interval [−θ+, θ+], θ+ > 0, we have

lim
n→∞

1

n
logEn(e

θ Sn ) = ψ(θ), (59)

where ψ is a strictly convex continuously differentiable function satisfying ψ ′(0) = 0.
Then, there exists ε+ > 0 such that the function c defined by

c(ε) = sup
|θ |≤θ+

{θε − ψ(θ)} (60)

is nonnegative, continuous, strictly convex on [−ε+, ε+], vanishing only at 0 and such
that

lim
n→∞

1

n
logPn(Sn > nε) = −c(ε), for every ε ∈ (0, ε+).

We will also need the following results, linking the asymptotic behaviour of charac-
teristic functions associated to Birkhoff sums with the numbers �(θ).

Lemma 4.2. Let θ ∈ C be sufficiently close to 0, so that the results of Sect. 3.7 apply.
Let f ∈ B be such that f /∈ H θ

ω . That is, φ
θ
ω( f ) �= 0. Then,

lim
n→∞

1

n
log

∣
∣
∣

∫

eθ Sng(ω,x) f dm
∣
∣
∣ = �(θ) for P-a.e. ω ∈ �.

Proof. Given f ∈ B, we may write (see (53)) f = φθ
ω( f )vθ

ω + hθ
ω, where hθ

ω ∈ H θ
ω .

Using this decomposition and applying repeatedly (55), we get

Lθ,(n)
ω f =

(
n−1∏

i=0

λθ
σ iω

)

φθ
ω( f )vθ

σ n−1ω
+ Lθ,(n)

ω hθ
ω. (61)

Theorem 2.3 ensures that

lim
n→∞

1

n
log ‖Lθ,(n)

ω |H θ
ω
‖ < �(θ). (62)

Thus, the second term in (61) grows asymptotically with n at an exponential rate strictly
slower than �(θ). By (34) and (61), we have that for P-a.e. ω ∈ �

lim
n→∞

1

n
log

∣
∣
∣

∫

eθ Sng(ω,x) f dm
∣
∣
∣ = lim

n→∞
1

n
log

∣
∣
∣

∫

Lθ,(n)
ω f dm

∣
∣
∣

= lim
n→∞

1

n

n−1∑

i=0

log |λθ
σ iω

| + lim
n→∞

1

n
log

∣
∣
∣

∫ [

φθ
ω( f )vθ

σ n−1ω
+

Lθ,(n)
ω hθ

ω
∏n−1

i=0 |λθ
σ iω

|

]

dm
∣
∣
∣,

whenever the RHS limits exist. The first limit in the previous line equals �(θ) by (57).
The second limit is zero, because the choice of vθ

σ n−1ω
ensures the integral of the first

term in the square brackets is φθ
ω( f ) �= 0 (by assumption), which is independent of

n, and the second term in the square brackets goes to zero as n → ∞ by (62). The
conclusion follows. ��
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Lemma 4.3. For all complex θ in a neighborhood of 0, and P-a.e. ω ∈ �, we have that

lim
n→∞

1

n
log

∣
∣
∣

∫

eθ Sng(ω,x) dμω(x)
∣
∣
∣ = �(θ).

Proof. Since

lim
n→∞

1

n
log

∣
∣
∣

∫

eθ Sng(ω,x) dμω(x)
∣
∣
∣ = lim

n→∞
1

n
log

∣
∣
∣

∫

eθ Sn(ω,x)v0ω(x) dm(x)
∣
∣
∣,

by Lemma 4.2 it is sufficient to show that φθ
ω(v0ω) �= 0 for θ near 0. We know that

φ0
ω(v0ω) = ∫

v0ωdm = 1. Hence, the differentiability of θ �→ φθ at θ = 0, established in
Appendix C, together with the uniform bound on ‖v0ω‖B provided by (17), ensure that
for θ ∈ C sufficiently close to 0 and P-a.e. ω ∈ �, φθ

ω(v0ω) �= 0 as required. ��
Proof of Theorem A. The proof follows directly from Theorem 4.1 when applied to the
case when

(Y, T ) = (X,B), Pn = μω Sn = Sng(ω, ·) and ψ(θ) = �(θ).

Indeed, we note that (59) holds by Lemma 4.3 (the absolute values are irrelevant when
θ ∈ R). Furthermore, it follows fromCorollary 3.14 that� is continuously differentiable
on a neighborhood of 0 inR satisfying�′(0) = 0 and by Corollary 3.16, we have that�
is strictly convex on a neighborhood of 0 in R. Finally, c does not depend on ω by (60).
��

4.2. Central limit theorem. The goal of section is to establish Theorem B. We start with
the following lemma, which will be useful in the proofs of the both central limit theorem
and local central limit theorem.

Lemma 4.4. There exist C > 0, 0 < r < 1 such that for every θ ∈ C sufficiently close
to 0, every n ∈ N and P-a.e. ω ∈ �, we have

∣
∣
∣

∫

Lθ,(n)
ω (v0ω − φθ

ω(v0ω)vθ
ω) dm

∣
∣
∣ ≤ Crn . (63)

Proof. The following argument generalises [28, Lemma III.9] to the random setting.
For each θ near 0 and ω ∈ �, let

Qθ
ω f := Lθ

ω( f − φθ
ω( f )vθ

ω).

Note that, in viewofLemma3.2 anddifferentiability of θ �→ vθ and θ �→ φθ (established
in Lemma 3.5 (see (41)) and Appendix C, respectively), we get that there exists N > 1
such that ‖Qθ

ω‖ < N for every ω ∈ �, provided θ is sufficiently close to 0.
In addition, since f −φθ

ω( f )vθ
ω is the projection of f onto H θ

ω along the topOseledets
space Y θ

ω , we get that, for every n ≥ 1,

Qθ,(n)
ω f = Lθ,(n)

ω ( f − φθ
ω( f )vθ

ω).

Furthermore, since f −φ0
ω( f )v0ω = f −(

∫
f dm)v0ω, condition (C3) and Lemma 2.11(1)

ensure that there exist K ′, λ > 0 such that for every n ≥ 0 and P-a.e. ω ∈ �, ‖Q0,(n)
ω ‖ ≤

K ′e−λn .
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Let 1 > r > e−λ, and let n0 ∈ N be such that K ′e−λn0 < rn0 . Lemma 3.2 together
with differentiability of θ �→ vθ and θ �→ φθ ensure that θ �→ Qθ

ω is continuous in
the norm topology of B. In fact, the uniform control over ω ∈ �, guaranteed by the
aforementioned differentiability conditions, along with Condition (C1), ensure that one
can choose ε > 0 so that if |θ | < ε, then ‖Qθ,(n0)

ω ‖ < rn0 for every ω ∈ �. Writing
n = kn0 + �, with 0 ≤ � < n0, we get

‖Qθ,(n)
ω ‖ ≤

k−1∏

j=0

‖Qθ,(n0)
σ jn0ω

‖(‖Qθ,(�)

σ kn0ω
‖) < rn (N/r)� ≤ crn,

with c = ( N
r

)n0 . Thus,
∣
∣
∣

∫

Lθ,(n)
ω (v0ω − φθ

ω(v0ω)vθ
ω) dm

∣
∣
∣ ≤ ‖Lθ,(n)

ω (v0ω − φθ
ω(v0ω)vθ

ω)‖1
≤ ‖Lθ,(n)

ω (v0ω − φθ
ω(v0ω)vθ

ω)‖B = ‖Qθ,(n)
ω (v0ω)‖B ≤ crn‖v0ω‖B.

By (17), there exists K̃ > 0 such that ‖v0ω‖B ≤ K̃ for P-a.e. ω ∈ �, so the proof of the
lemma is complete. ��
Proof of Theorem B. We recall that �2 > 0 is given by (49). It follows from Levy’s
continuity theorem that it is sufficient to prove that, for every t ∈ R,

lim
n→∞

∫

e
it Sn g(ω,·)√

n dμω = e− t2�2
2 , for P-a.e. ω ∈ �.

Assume n is sufficiently large so that dim Y
it√
n

1 = 1 and v

i t√
n

ω can be chosen as in (41).

In particular,
∫ 1
0 v

i t√
n

ω dm = 1 and L
i t√
n
,(n)

ω v

i t√
n

ω = (
∏n−1

j=0 λ

i t√
n

σ jω
)v

i t√
n

σ nω, for P-a.e. ω ∈ �.
Furthermore, using (34),

∫

e
it Sn g(ω,·)√

n dμω =
∫

e
it Sn g(ω,·)√

n v0ω dm =
∫

L
i t√
n
,(n)

ω v0ω dm

=
∫

L
i t√
n
,(n)

ω

(
φ

i t√
n

ω (v0ω)v

i t√
n

ω + (v0ω − φ

i t√
n

ω (v0ω)v

i t√
n

ω )
)
dm

= φ

i t√
n

ω (v0ω) ·
n−1∏

j=0

λ

i t√
n

σ jω
+

∫

L
i t√
n
,(n)

ω (v0ω − φ

i t√
n

ω (v0ω)v

i t√
n

ω ) dm.

Lemma 4.4 shows that the second term converges to 0 as n → ∞. Also, differentiability

of θ �→ φθ , established in Appendix C, ensures that limn→∞ φ

i t√
n

ω (v0ω) = φ0
ω(v0ω) = 1.

Thus, to conclude the proof of the theorem, we need to prove that

lim
n→∞

n−1∏

j=0

λ

i t√
n

σ jω
= e− t2�2

2 , for P-a.e. ω ∈ �, (64)

which is equivalent to

lim
n→∞

n−1∑

j=0

log λ

i t√
n

σ jω
= − t2�2

2
, for P-a.e. ω ∈ �.
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Using the notation of Lemmas 3.4 and 3.5, we have that λθ
ω = H(θ, O(θ))(σω) and

thus we need to prove that

lim
n→∞

n−1∑

j=0

log H

(
i t√
n
, O(

i t√
n
)

)

(σ j+1ω) = − t2�2

2
for P-a.e. ω ∈ �. (65)

Let H̃ be a map defined in a neighborhood of 0 in C with values in L∞(�) by H̃(θ) =
log H(θ, O(θ)). It will be shown in Lemma 4.5 that H̃ is of class C2, H̃(0)(ω) = 0,
H̃ ′(0)(ω) = 0 and

H̃ ′′(0)(ω) =
∫

(g(σ−1ω, ·)2v0
σ−1ω

+ 2g(σ−1ω, ·)O ′(0)σ−1ω) dm.

Developing H̃ in a Taylor series around 0, we have that

H̃(θ)(ω) = log H(θ, O(θ))(ω) = H̃ ′′(0)(ω)

2
θ2 + R(θ)(ω),

where R denotes the remainder. Therefore,

log H

(
i t√
n
, O(

i t√
n
)

)

(σ j+1ω) = − t2 H̃ ′′(0)(σ j+1ω)

2n
+ R(i t/

√
n)(σ j+1ω),

which implies that

n−1∑

j=0

log H

(
i t√
n
, O(

i t√
n
)

)

(σ j+1ω) = − t2

2
· 1
n

n−1∑

j=0

H̃ ′′(0)(σ j+1ω)

+
n−1∑

j=0

R(i t/
√
n)(σ j+1ω). (66)

The asymptotic behaviour of the first term is governed by Birkhoff’s ergodic theorem,
so using (51) in the second equality and Lemma 3.15 in the third one, we get:

lim
n→∞ − t2

2

1

n

n−1∑

j=0

H̃ ′′(0)(σ j+1ω) = − t2

2

∫

H̃ ′′(0)(ω) dP(ω) = − t2

2
�′′(0)

= − t2

2
�2 for P-a.e. ω ∈ �. (67)

Now we deal with the last term of (66). Writing R(θ) = θ2 R̃(θ) with limθ→0 R̃(θ) =
0, we conclude that for each ε > 0 and t ∈ R \ {0}, there exists δ > 0 such that
‖R̃(θ)‖L∞ ≤ ε

t2
for all |θ | ≤ δ. We note that there exists n0 ∈ N such that |i t/√n| ≤ δ

for each n ≥ n0. Hence,

∣
∣
∣
∣

n−1∑

j=0

R(i t/
√
n)(σ j+1ω)

∣
∣
∣
∣ ≤ t2

n

n−1∑

j=0

|R̃(i t/
√
n)(σ j+1ω)| ≤ t2

n
· nε

t2
= ε,

for every n ≥ n0, which implies that the second term on the right-hand side of (66)
converges to 0 and thus (65) holds. The proof of the theorem is complete. ��
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Lemma 4.5. The map H̃(θ) = log H(θ, O(θ)) is of class C2. Moreover, H̃(0)(ω) = 0,
H̃ ′(0)(ω) = 0 and

H̃ ′′(0)(ω) =
∫

(g(σ−1ω, ·)2v0
σ−1ω

+ 2g(σ−1ω, ·)O ′(0)σ−1ω) dm.

Proof. The regularity of H̃ follows directly from the results in Appendices B.1 and B.2.
Moreover, we have H̃(0)(ω) = log H(0, O(0))(ω) = log 1 = 0. Furthermore,

H̃ ′(θ)(ω) = 1

H(θ, O(θ))(ω)
[D1H(θ, O(θ))(ω) + (D2H(θ, O(θ))O ′(θ))(ω)].

Taking into account the formulas in Appendix B.1, (25) and (46), we have

H̃ ′(0)(ω) =
∫

g(σ−1ω, ·)v0
σ−1ω

dm +
∫

O ′(0)σ−1ω dm = 0.

Finally, taking into account that D22H = 0 (see Appendix B.2) we have

H̃ ′′(θ)(ω) = −D1H(θ, O(θ))(ω)

[H(θ, O(θ))(ω)]2 [D1H(θ, O(θ))(ω) + (D2H(θ, O(θ))O ′(θ))(ω)]

+
1

H(θ, O(θ))(ω)
[D11H(θ, O(θ))(ω) + (D21H(θ, O(θ))O ′(θ))(ω)]

+
1

H(θ, O(θ))(ω)
[(D12H(θ, O(θ))O ′(θ))(ω)

+ (D2H(θ, O(θ))O ′′(θ))(ω)].

Using the formulas in Appendices B.1 and B.2, we obtain the desired expression for
H̃ ′′(0).

��

4.3. Local central limit theorem. In order to obtain a local central limit theorem, we
introduce an additional assumption related to aperiodicity, as follows.

(C5) For P-a.e. ω ∈ � and for every compact interval J ⊂ R \ {0} there exist C =
C(ω) > 0 and ρ ∈ (0, 1) such that

‖Li t,(n)
ω ‖B ≤ Cρn, for t ∈ J and n ≥ 0. (68)

The proof of Theorem C is presented in Sect. 4.3.1. In Sect. 4.3.2, we show that (C5)
can be phrased as a so-called aperiodicity condition, resembling a usual requirement for
autonomous versions of the local CLT. Examples are presented in Sect. 4.3.3.
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4.3.1. Proof of Theorem C. Using the density argument (see [37]), it is sufficient to
show that

sup
s∈R

∣
∣
∣
∣�

√
n

∫

h(s + Sng(ω, ·)) dμω − 1√
2π

e
− s2

2n�2

∫

R

h(u) du

∣
∣
∣
∣ → 0, (69)

when n → ∞ for every h ∈ L1(R) whose Fourier transform ĥ has compact support.
Moreover, we recall the following inversion formula

h(x) = 1

2π

∫

R

ĥ(t)eitx dt. (70)

By (34), (70) and Fubini’s theorem,

�
√
n

∫

h(s + Sng(ω, ·)) dμω = �
√
n

2π

∫ ∫

R

ĥ(t)eit (s+Sng(ω,·)) dt dμω

= �
√
n

2π

∫

R

eits ĥ(t)
∫

eit Sng(ω,·) dμω dt

= �
√
n

2π

∫

R

eits ĥ(t)
∫

eit Sng(ω,·)v0ω dm dt

= �
√
n

2π

∫

R

eits ĥ(t)
∫

Li t,(n)
ω v0ω dm dt

= �

2π

∫

R

e
its√
n ĥ(

t√
n
)

∫

L
i t√
n
,(n)

ω v0ω dm dt.

Recalling that the Fourier transform of f (x) = e− �2x2
2 is given by f̂ (t) =

√
2π
�

e−t2/2�2

we have

1√
2π

e
− s2

2n�2

∫

R

h(u) du = ĥ(0)√
2π

e
− s2

2n�2

= ĥ(0)�

2π
f̂ (−s/

√
n)

= ĥ(0)�

2π

∫

R

e
its√
n · e− �2 t2

2 dt.

Hence, we need to prove that

sup
s∈R

∣
∣
∣
∣
�

2π

∫

R

e
its√
n ĥ(

t√
n
)

∫

L
i t√
n
,(n)

ω v0ω dm dt − ĥ(0)�

2π

∫

R

e
its√
n · e− �2 t2

2 dt

∣
∣
∣
∣ → 0,

(71)

when n → ∞, for P-a.e. ω ∈ �. Choose δ > 0 such that the support of ĥ is contained
in [−δ, δ]. Recall thatLθ,(n)

ω vθ
ω = (

∏n−1
j=0 λθ

σ jω
)vθ

σ nω for P-a.e. ω ∈ �, and for all θ near

0. Then, for any δ̃ ∈ (0, δ), we have,

�

2π

∫

R

e
its√
n ĥ(

t√
n
)

∫

L
i t√
n
,(n)

ω v0ω dm dt − ĥ(0)�

2π

∫

R

e
its√
n · e− �2 t2

2 dt
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= �

2π

∫

|t |<δ̃
√
n
e

its√
n

(
ĥ(

t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
− ĥ(0)e− �2 t2

2

)
dt

+
�

2π

∫

|t |<δ̃
√
n
e

its√
n ĥ(

t√
n
)

∫ n−1∏

j=0

λ

i t√
n

σ jω

(
φ

i t√
n

ω (v0ω)v

i t√
n

σ nω − 1
)
dm dt

+
�

√
n

2π

∫

|t |<δ̃

eits ĥ(t)
∫

Li t,(n)
ω (v0ω − φi t

ω (v0ω)vi tω ) dm dt

+
�

√
n

2π

∫

δ̃≤|t |<δ

eits ĥ(t)
∫

Li t,(n)
ω v0ω dm dt

− �

2π
ĥ(0)

∫

|t |≥δ̃
√
n
e

its√
n · e− �2 t2

2 dt =: (I ) + (I I ) + (I I I ) + (I V ) + (V ).

The proof of the theorem will be complete once we show that each of the terms
(I )–(V ) converges to zero as n → ∞.

Control of (I). We claim that for P-a.e. ω ∈ �,

lim
n→∞ sup

s∈R

∣
∣
∣
∣

∫

|t |<δ̃
√
n
e

its√
n (ĥ(

t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
− ĥ(0)e− �2 t2

2 ) dt

∣
∣
∣
∣ = 0.

Indeed, it is clear that

sup
s∈R

∣
∣
∣
∣

∫

|t |<δ̃
√
n
e

its√
n (ĥ(

t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
− ĥ(0)e− �2 t2

2 ) dt

∣
∣
∣
∣

≤
∫

|t |<δ̃
√
n

∣
∣
∣
∣ĥ(

t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
− ĥ(0)e− �2 t2

2

∣
∣
∣
∣ dt.

It follows from the continuity of ĥ and (64) that for P-a.e. ω ∈ � and every t ,

ĥ(
t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
− ĥ(0)e− �2 t2

2 → 0, when n → ∞. (72)

The desired conclusion will follow from the dominated convergence theorem once we
establish the following lemma.

Lemma 4.6. For δ̃ > 0 sufficiently small, there exists n0 ∈ N such that for all n ≥ n0
and t such that |t | < δ̃

√
n,

∣
∣
∣
∣

n−1∏

j=0

λ

i t√
n

σ jω

∣
∣
∣
∣ ≤ e− t2�2

8 .
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Proof. We use the same notation as in the proof of Lemma 4.5. As before, �(z) denotes
the real part of a complex number z. We note that

∣
∣
∣
∣

n−1∏

j=0

λ

i t√
n

σ jω

∣
∣
∣
∣ = e− t2

2 �( 1n
∑n−1

j=0 H̃
′′(0)(σ jω)) · e�(

∑n−1
j=0 R(i t/

√
n)(σ jω))

.

Since, by (67), 1
n

∑n−1
j=0 H̃

′′(0)(σ jω) → �2 for P-a.e. ω ∈ �, we also have that

�
(
1

n

n−1∑

j=0

H̃ ′′(0)(σ jω)

)

→ �2, P-a.e. ω ∈ �

and therefore for P-a.e. ω ∈ � there exists n0 = n0(ω) ∈ N such that

�
(
1

n

n−1∑

j=0

H̃ ′′(0)(σ jω)

)

≥ �2/2, for n ≥ n0.

Hence,

e− t2
2 �( 1n

∑n−1
j=0 H̃

′′(0)(σ jω)) ≤ e− t2�2
4 , for n ≥ n0 and every t ∈ R.

We now choose δ̃ such that ‖R̃(θ)‖L∞ ≤ �2/8 whenever |θ | ≤ δ̃. Hence, for t such
that |t | < δ̃

√
n , we have

∣
∣
∣
∣

n−1∑

j=0

R(i t/
√
n)(σ jω))

∣
∣
∣
∣ ≤ t2

n

n−1∑

j=0

|R̃(i t/
√
n)(σ jω)| ≤ t2�2

8

and therefore

e�(
∑n−1

j=0 R(i t/
√
n)(σ jω)) ≤ e− t2�2

8 ,

which implies the statement of the lemma. ��
Control of (II). We recall that for θ sufficiently close to 0, vθ

ω as defined in (41) satisfies
∫ 1
0 vθ

ω dm = 1 forP-a.e. ω ∈ �. Thus, to control (II) wemust show that forP-a.e. ω ∈ �

lim
n→∞ sup

s∈R

∣
∣
∣
∣
�

2π

∫

|t |<δ̃
√
n
e

its√
n ĥ(

t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
(φ

i t√
n

ω (v0ω) − 1) dt

∣
∣
∣
∣ = 0. (73)

Using the fact that φ0
ω(v0ω) = 1 and the differentiability of θ �→ φθ (see Appendix C),

we conclude that there exists C > 0 such that |φθ
ω(v0ω) − 1| ≤ C |θ | for θ in a neighbor-

hood of 0 in C. Taking into account Lemma 4.6, we conclude that

sup
s∈R

∣
∣
∣
∣
�

2π

∫

|t |<δ̃
√
n
e

its√
n ĥ(

t√
n
)

n−1∏

i=0

λ

i t√
n

σ iω
(φ

i t√
n

ω (v0ω) − 1) dt

∣
∣
∣
∣

≤ 1√
n
C

�

2π
‖ĥ‖L∞

∫

|t |<δ̃
√
n
|t |e− �2 t2

8 dt,

which readily implies (73).



A Spectral Approach for Quenched Limit Theorems

Control of (III). We must show that

lim
n→∞ sup

s∈R

∣
∣
∣
∣
�

√
n

2π

∫

|t |<δ̃

eits ĥ(t)
∫ 1

0
Li t,(n)

ω (v0ω − φi t
ω (v0ω)vi tω ) dm dt

∣
∣
∣
∣ = 0.

Lemma 4.4 shows that there exist C > 0 and 0 < r < 1 such that for every sufficiently
small t , every n ∈ N and P-a.e. ω ∈ �,

∣
∣
∣

∫

Li t,(n)
ω (v0ω − φi t

ω (v0ω)vi tω ) dm
∣
∣
∣ ≤ Crn .

Hence, provided δ̃ is sufficiently small,

lim
n→∞ sup

s∈R

∣
∣
∣
∣
�

√
n

2π

∫

|t |<δ̃

eits ĥ(t)
∫

Li t,(n)
ω (v0ω − φi t

ω (v0ω)vi tω ) dm dt

∣
∣
∣
∣

≤ lim
n→∞

�
√
n

2π
‖ĥ‖L∞Crn = 0.

Control of (IV). By the aperiodicity condition (C5),

sup
s∈R

�
√
n

2π

∣
∣
∣
∣

∫

δ̃≤|t |≤δ

eits ĥ(t)
∫

Li t,(n)
ω v0ω dm dt

∣
∣
∣
∣

≤ 2C(δ − δ̃)
�

√
n

2π
‖ĥ‖L∞ · ρn · ‖v0‖∞ → 0,

when n → ∞ by (17) and the fact that ĥ is continuous.

Control of (V). It follows from the dominated convergence theorem and the integrability

of the map t �→ e− �2 t2
2 that

sup
s∈R

∣
∣
∣
∣
ĥ(0)�

2π

∫

|t |≥δ̃
√
n
e

its√
n · e− �2 t2

2 dt

∣
∣
∣
∣ ≤ |ĥ(0)|�

2π

∫

|t |≥δ̃
√
n
e− �2 t2

2 dt → 0,

when n → ∞. ��

4.3.2. Equivalent versions of the aperiodicity condition In this subsection we show the
following equivalence result.

Lemma 4.7. Assume dim Y 0 = 1 and condition (C0) holds. Suppose, in addition, that
� is compact and that the map L : � → L(B), ω �→ Lω, is continuous on each of
finitely many pairwise disjoint open sets �1, . . . , �q whose union is �, up to a set of
P measure 0. Furthermore, assume that for each 1 ≤ j ≤ q, L : � j → L(B) can
be extended continuously to the closure �̄ j . Then, each of the following conditions is
equivalent to Condition (C5):

1. For every t ∈ R \ {0}, �(i t) < 0.
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2. For every t ∈ R, either (i) �(i t) < 0 or (ii) the cocycleRi t is quasicompact and the
equation

eitg(ω,x)L0∗
ω ψσω = γ i t

ω ψω, (74)

where γ i t
ω ∈ S1 andψω ∈ B∗ only has ameasurable non-zero solutionψ := {ψω}ω∈�

when t = 0. Furthermore, in this case γ 0
ω = 1 and ψω( f ) = ∫

f dm (up to a scalar
multiplicative factor).

Before proceeding with the proof, we present an auxiliary result for the cocycleRi t .

Lemma 4.8. Assume dim Y 0 = 1 and Ri t is quasi-compact for every t ∈ R for which
�(i t) = 0. Then, for each t ∈ R, either �(i t) < 0 or dim Y it = 1.

Proof. Assume dim Y 0 = 1. It follows from the definition ofLi t
ω that�(i t) ≤ 0 for every

t ∈ R. Indeed, for every v ∈ B, ‖Li t
ωv‖1 = ‖Lω(eitg(ω,·)v)‖1 ≤ ‖eitg(ω,·)v‖1 = ‖v‖1.

Hence, limn→∞ 1
n log ‖Li t,(n)

ω v‖1 ≤ 0. Lemma 2.2 then implies that �(i t) ≤ 0.
Suppose �(i t) = 0 for some t ∈ R. Let d = dim Y it . Then d < ∞ by the quasi-

compactness assumption. Our proof proceeds in three steps:

(1) Let S1 = {x ∈ B : ‖x‖1 = 1}. Then, for P-a.e. ω ∈ � and every v ∈ Y it
ω ∩ S1,

‖Li t
ωv‖1 = 1.

(2) Assume v ∈ Y it
ω is such that ‖v‖1 = 1. Then |v| = v0ω. In words, the magnitude of

v is given by v0ω, the generator of Y
0
ω .

(3) Assume u, v ∈ Y it
ω are such that ‖v‖1 = ‖u‖1 = 1. Then, there exists a constant

a ∈ R such that u = eiav. In particular, d = dim Y it = 1.

The proof of step (1) involves some technical aspects of Lyapunov exponents and
volume growth and it is deferred until Appendix A.2. Assuming this step has been
established, we proceed to show the remaining two.

Proof of step (2). Let v ∈ Y it
ω be such that ‖v‖1 = 1. Consider the polar decomposition

of v,

v(x) = eiφ(x)r(x),

where φ, r : X → R are functions such that r ≥ 0. Notice that the choice of r(x)
is unique. The choice of φ(x) (mod 2π) is unique whenever r(x) �= 0, and arbitrary
otherwise. Because of step (1), for P-a.e. ω ∈ � and n ∈ N, we have ‖Li t,(n)

ω v‖1 = 1.
Also, ‖L(n)

ω |v|‖1 = ‖L(n)
ω r‖1 = 1, where we use |v| to denote the magnitude (radial

component) of v. Notice that L(n)
ω r(x) = ∑

T (n)
ω y=x

r(y)

|(T (n)
ω )′(y)| and by Lemma 3.3(1),

Li t,(n)
ω v(x) =

∑

T (n)
ω y=x

eit Sng(ω,y)+iφ(y) r(y)

|(T (n)
ω )′(y)|

. (75)

In particular, for each x ∈ X , we have |Li t,(n)
ω v(x)| ≤ L(n)

ω r(x). Since 1 = ‖Li t,(n)
ω v‖1 =

∫ |Li t,(n)
ω v(x)|dx and 1 = ‖L(n)

ω r‖1 = ∫
L(n)

ω r(x)dx , it must be that for a.e. x ∈ X ,

|Li t,(n)
ω v(x)| = L(n)

ω r(x). (76)
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In view of the triangle inequality, equality in (75) holds if and only if for a.e. x ∈ X
such that L(n)

ω r(x) �= 0, the phases coincide on all preimages of x . That is, if and only if
eit Sng(ω,y)+iφ(y) = eit Sng(ω,y′)+iφ(y′) for all y, y′ ∈ (T (n)

ω )−1(x) (if for some preimage y
of x themodulus r(y)

|(T (n)
ω )′(y)| is zero,wemay redefineφ(y) in such away that it satisfies this

requirement). Thus, there exists φn : X → R such that eit Sng(ω,y)+iφ(y) = eiφn◦T
(n)
ω (y),

for every y such that L(n)
ω r(y) �= 0. Thus, for all such y, we have

Li t,(n)
ω v(y) = L(n)

ω (eit Sng(ω,y)+iφ(y)r(y)) = L(n)
ω (eiφn◦T

(n)
ω (y)r(y)) = eiφn(y)L(n)

ω r(y).

(77)

Note that ifL(n)
ω r(y) = 0, thenLi t,(n)

ω v(y) = 0 as well, so indeed equality between LHS
and RHS of (77) holds for a.e. y ∈ X .

Notice that, by equivariance of Y it
ω , Li t,(n)

ω v ∈ Y it
σ nω, and the polar decomposition of

Li t,(n)
ω v is precisely given by the RHS of (77). Recall that for every n and P-a.e. ω ∈ �,

Li t,(n)

σ−nω
: Y it

σ−nω
→ Y it

ω is a bijection. Let v−n ∈ Y it
σ−nω

be such that Li t,(n)

σ−nω
v−n = v, and

let r−n = |v−n|.We recall that by step (1) of the proof,‖r−n‖1 = 1.Also, [18, Lemma20]
implies that for every ε > 0 there exists Cε > 0 such that ‖v−n‖ ≤ Cεeεn‖v‖. Hence,
‖r−n‖ ≤ ‖v−n‖ ≤ Cεeεn‖v‖, where we have used the facts that var(|v|) ≤ var(v) and
‖ |v| ‖1 = ‖v‖1 for every v ∈ B, a fact that holds for both notions of variation in this
work, (12) and (13). Notice that

∫
r−n − v0

σ−nω
dm = 0, as both r−n and v0

σ−nω
are

non-negative and normalized in L1. Thus, (76) applied to v−n and σ−nω, together with
(C3) yields

‖r − v0ω‖ = ‖|Li t,(n)

σ−nω
v−n| − v0ω‖ = ‖L(n)

σ−nω
(r−n − v0

σ−nω
)‖

≤ K ′e−λn(‖r−n‖ + ‖v0
σ−nω

‖) ≤ K ′e−λn(Cεe
εn‖v‖ + ess supω∈�‖v0ω‖).

(78)

Let ε < λ. Then, the quantity on the RHS of (78) goes to zero as n → ∞ and therefore
r = v0ω, as claimed.

Proof of step (3). Let u, v ∈ Y it
ω be such that ‖v‖1 = ‖u‖1 = 1. In view of step (2),

there exist functions φ,ψ : X → R such that v = eiφv0ω and u = eiψv0ω. Since Y it
ω

is a vector space, we have u + v ∈ Y it
ω , although u + v may not be normalized in L1.

Hence, again using step (2), there exist ρ ∈ R and ξ : X → R such that v +u = ρeiξ v0ω.
Therefore,

v + u = eiφv0ω + eiψv0ω = ρeiξ v0ω.

Recalling that v0ω is bounded away from 0, we can divide by v0ω, and take magnitudes
(norms) to get

|eiφ + eiψ | = ρ.

Elementary plane geometry shows that this implies |φ−ψ | is essentially constant (mod-
ulo 2π ). In particular, φ − ψ can take at most two values, say ±a. A similar argument,
considering v and u′ = eiau shows that φ −ψ − a can also take at most two values, say
±b. Putting this together, we have on the one hand that φ − ψ − a ∈ {0,−2a}, and on
the other hand that φ −ψ −a ∈ {b,−b}. Thus, either (i) b = 0, and therefore v = eiau,
or (ii) b �= 0 and then φ − ψ − a = −2a, and therefore φ = ψ − a and v = e−iau. ��
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Proof of Lemma 4.7. Equivalence between Assumption (68) and item (1). It is straight-
forward to check that (68) directly implies item (1). To show the converse, assume the
hypotheses of Lemma 4.7 and item (1). An immediate consequence of upper semi-
continuity of t �→ �(i t), as established in Lemma A.3, is that if J ⊂ R is a compact
interval not containing 0, then there exists r < 0 such that supt∈J �(i t) < r . Letρ := er .
Then, for P-a.e. ω ∈ � and t ∈ J , there exists Cω,t > 0 such that for every for n ≥ 0,

‖Li t,(n)
ω ‖ ≤ Cω,tρ

n . (79)

In order to show (68), we will in fact ensure the constant Cω,t can be chosen indepen-
dently of (ω, t), provided (ω, t) ∈ �̂ × J for some full P-measure subset �̂ ⊂ �. We
will establish this result for ω ∈ �̂ := ∩k∈Z σ k(∪q

l=1�l). Notice that �̂ is σ -invariant
and, since σ is a P-preserving homeomorphism of �, then P(�̂) = 1. For technical
reasons regarding compactness, let us consider �̃ := �1≤l≤q�̄l ; where � denotes dis-
joint union, with the associated disjoint union topology (so �̃ may be thought of as
∪1≤l≤q

({l}× �̄l
)
, with the finest topology such that each injection �̄l ↪→ {l}× �̄l ⊂ �̃

is continuous). In this way, each {l} × �̄l ⊂ �̃ is a clopen set and, since � is compact,
so is �̃.

For notational convenience, but in a slight abuse of notation, we drop the ‘{l}’ compo-
nent, and identify elements of �̃ with elements of �, although points on the boundaries
between �̄l ’s may appear with multiplicity in �̃. For each ω0 ∈ �̄l ⊂ �̃, we denote
Lω0 the (unique) value making ω �→ Lω continuous on �̄l ⊂ �̃. This is possible by the
assumptions of the lemma and the universal property of the disjoint union topology. In
addition, notice that each element of �̂ belongs to exactly one of �̄1, . . . , �̄q and there-
fore it has a unique representative in �̃. Hence, there is no ambiguity in the definition
of Lω for ω ∈ �̂ ⊂ �̃.

Let 1 ≤ l ≤ q and note that for every (ω0, t0) ∈ �̄l × J ⊂ �̃ × J , there is an
open neighborhood U(ω0,t0) ⊂ �̃ × J (we emphasize that the topology of �̃ is used

here) and n̄ = n̄(ω0, t0) < ∞ such that if (ω, t) ∈ U(ω0,t0) then ‖Li t,(n̄)
ω ‖ ≤ ρ n̄ . Indeed,

let n̄ = n̄(ω0, t0) be such that ‖Li t0,(n̄)
ω0 ‖ ≤ ρ n̄/2. Recall that Lemma 3.2 ensures that

t �→ Mit
ω := ( f (·) �→ eitg(ω,·) f (·)) is continuous in the norm topology of B, so that

(ω, t) �→ Li t
ω can be extended continuously to �̄l × J for each 1 ≤ l ≤ q, and therefore

to all �̃ × J . Thus, one can choose an open neighborhood U(ω0,t0) ⊂ �̃ × J so that if

(ω, t) ∈ U(ω0,t0), then ‖Li t,(n̄)
ω ‖ ≤ ρ n̄ , as claimed.

By compactness, there are finite collections (of cardinality, say, Nl ) Al
1, . . . , A

l
Nl ⊂

�̄l × J and nl1, . . . , n
l
Nl ∈ N such that ∪Nl

j=1A
l
j ⊃ (�̂ ∩ �l) × J and for every (ω, t) ∈

Al
j ∩ (

(�̂ ∩ �l) × J
)
, ‖Li t,(nlj )

ω ‖ ≤ ρ
nlj .

Let n0 := max1≤l≤q max1≤ j≤Nl nlj < ∞. For each ω ∈ �̂, let 1 ≤ l(ω) ≤ q be the

index such that ω ∈ �l(ω). Let (ω, t) ∈ �̂× J , and let 1 ≤ j (ω, t) ≤ Nl(ω) be such that

(ω, t) ∈ Al(ω)
j (ω,t). Let us recursively define two sequences {mk(ω, t)}k≥0, {Mk(ω, t)}k≥0 ⊂

N as follows: M0(ω, t) = 0,m0(ω, t) = nl(ω)
j (ω,t), Mk+1(ω, t) = Mk(ω, t) + mk(ω, t)

and mk+1(ω, t) = nl(σ
Mk (ω,t)ω)

j (σMk (ω,t)ω,t)
.
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Notice that for every (ω, t) ∈ �̂ × J and k ∈ N, mk(ω, t) ≤ n0. Then, each n ∈ N

can be decomposed as n = (∑ñ−1
k=0 mk(ω, t)

)
+ �, where ñ = ñ(ω, t, n) ≥ 0 is taken to

be as large as possible while ensuring that 0 ≤ � = �(ω, t, n) < n0. Choosing M > 1
such that ‖Li t

ω‖ ≤ M for every (ω, t) ∈ �̂ × J (possible by Lemma 3.2), we get

‖Li t,(n)
ω ‖ ≤

( ñ−1∏

k=0

‖Li t,(mk (ω,t))
σMk (ω,t)ω

‖
)
(‖Li t,(�)

σMñ (ω,t)ω
‖) ≤ ρn (M/ρ)� ≤ Cρn,

for every (ω, t) ∈ �̂ × J , where C = (M/ρ)n0 , and (68) holds.

Equivalence of items (1) and (2). Assume item (1) holds, and suppose there exists
t ∈ R\ {0} such that (74) has a non-zero, measurable solution. By iterating (74) n times,
and recalling identity (35), we get

eit Sng(ω,·)L0∗(n)
ω (ψσ nω) = γ i t,n

ω ψω, (80)

with γ i t,n
ω ∈ S1. Lemma 3.3 ensures Li t∗(n)

ω (ψ) = eit Sng(ω,·)L0∗(n)
ω (ψ), so (80) implies

that ‖Li t∗(n)
ω ψσ nω‖B∗ = ‖ψω‖B∗ . Thus, invoking again [17, Lemma 8.2], limn→∞ 1

n log

‖Li t∗(n)
ω ψ‖B∗ = 0, contradicting item (1). Hence, (74) only has solutions when t = 0.

It is direct to check that the choice γ 0
ω = 1 and ψ0

ω( f ) = ∫
f dm provide a solution.

Since by hypothesis dim Y 0 = 1, no other solution may exist, except for constant scalar
multiples of ψ0

ω.
Let us show item (2) implies item (1) by contradiction. Assume item (2) holds, and

�(i t) = 0 for some nonzero t ∈ R. Then, by assumption Li t is quasi-compact and by
Lemma 4.8, dim Y it = 1. An argument similar to that in Sect. 3.7 implies that there exist
non-zero measurable solutions v toLi t

ωvω = λ̂i tωvσω andψ toLi t∗
ω ψσω = λ̂i tωψω, chosen

so that ‖vω‖1 = 1 and ψω(vω) = 1 for P-a.e. ω ∈ �. Thus,
∫
log |λ̂i tω |dP = �(i t) = 0.

Recalling that ‖Li t
ω‖1 ≤ 1, we get |λ̂i tω | ≤ 1 for P-a.e. ω ∈ �. Combining the last two

statements we get that |λ̂i tω | = 1 for P-a.e. ω ∈ �. In view of Lemma 3.3(1), ψ yields a
solution to (74). Hence, Condition (2) implies that t = 0. ��

4.3.3. Application to random Lasota–Yorke maps

Theorem 4.9. (Local central limit theorem for random Lasota–Yorke maps). Assume
R = (�,F ,P, σ,B,L) is an admissible random Lasota–Yorke map (see Sect. 2.3.1)
such that there exists 1 ≤ q < ∞, essentially disjoint compact sets �1, . . . , �q ⊂ �

with ∪q
j=1� j = �, and maps {Tj : I → I }1≤ j≤q such that Tω = Tj for P a.e. ω ∈ � j .

Let g : � × X → R be an observable satisfying the regularity and centering conditions
(24) and (25). Then one of the two following conditions holds:

1. R satisfies the local central limit theorem (Theorem C), or
2. The observable is periodic, that is, (74) has a measurable non-zero solution ψ :=

{ψω}ω∈� with ψω ∈ B∗, for some t ∈ R \ {0}, γ i t
ω ∈ S1. (See Sect. 4.4 for further

information in this setting.)

Proof. Lemma 3.3 ensures that for any n ∈ N and f ∈ B,

Li t,(n)
ω f = L(n)

ω (eit Sng(ω,·) f ).
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In order to verify the quasicompactness condition forRi t for t ∈ R,we adapt an argument
of Morita [37,38]. First note that since the Tω take only finitely many values, then R
has a uniform big-image property. That is, for every n ∈ N,

ess infω∈� min
1≤ j≤b(n)

ω

m(T (n)
ω (J (n)

ω, j )) > 0,

where J (n)
ω,1, . . . , J

(n)

ω,b(n)
ω

, are the regularity intervals of T (n)
ω . Indeed, the infimum is taken

over a finite set. Then, the argument of [37, Proposition 1.2] (see also [38]), with straight-
forward changes to fit the random situation, ensures that

var(Li t,(n)
ω ( f )) = var(L(n)

ω (eit Sng(ω,·) f )) ≤ (2 + n var(eitg(ω,·)))(δ−n var( f )

+ In(ω)‖ f ‖1), (81)

for some measurable function In .
Let n0 be sufficiently large so that an0 := (2 + n0 var(eitg(ω,·)))δ−n0 < 1. Then,

‖Li t,(n0)
ω ( f )‖B ≤ an0‖ f ‖B + Jn0(ω)‖ f ‖1,

for some measurable function Jn0 . Lemma 2.1 implies that κ(i t) ≤ log(an0)/n0 < 0 =
�(i t). Thus, the cocycle Ri t is quasicompact. The result now follows directly from
Theorem C and Lemma 4.7, which is applicable since ω �→ Lω is essentially constant
on each of the � j . ��

4.4. Local central limit theorem: periodic case. We now discuss the version of local
central limit theorem for a certain class of observables for which the aperiodicity con-
dition (C5) fails to hold. More precisely, we are interested in observables of the form

g(ω, x) = ηω + k(ω, x),

where ηω ∈ R and k(ω, ·) takes integer values for P-a.e. ω ∈ �, (82)

that cannot be written in the form

g(ω, ·) = η′
ω + h(ω, ·) − h(σω, Tω(·)) + pωk

′(ω, ·), (83)

for η′
ω ∈ R, pω ∈ N \ {1} and k′(ω, x) ∈ Z. Furthermore, we will continue to assume

that g satisfies assumptions (24) and (25). We note that in this setting (74) holds with
t = 2π , γ i t

ω = eitηω and ψω( f ) = ∫
f dm. Consequently, Lemma 4.7 implies that (C5)

does not hold.
Let G denote the set of all t ∈ R with the property that there exists a measurable

function � : � × X → S1 and a collection of numbers γω ∈ S1, ω ∈ � such that:

1. �ω ∈ B for P-a.e. ω ∈ �, where �ω := �(ω, ·);
2. for P-a.e. ω ∈ �,

e−i tg(ω,·)�σω ◦ Tω = γω�ω. (84)
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Lemma 4.10. G is a subgroup of (R,+).

Proof. Assume that t1, t2 ∈ G and let � j : � × X → S1, j = 1, 2 be measurable
functions satisfying �

j
ω ∈ B for P-a.e. ω ∈ �, j = 1, 2 and γ

j
ω ∈ S1, ω ∈ �, j = 1, 2

collections of numbers such that

e−i t j g(ω,·)� j
σω ◦ Tω = γ j

ω� j
ω for P-a.e. ω ∈ � and j = 1, 2.

By multiplying those two identities, we obtain that

e−i(t1+t2)g(ω,·)�σω ◦ Tω = γω�ω P-a.e. ω ∈ �,

where �(ω, x) = �1(ω, x)�2(ω, x) and γω = γ 1
ω · γ 2

ω for ω ∈ � and x ∈ X . Noting
that � takes values in S1, �ω ∈ B for P-a.e. ω ∈ � and that γω ∈ S1 for each ω ∈ �,
we conclude that t1 + t2 ∈ G.

Assume now that t ∈ G and let� : �× X → S1 be a measurable function satisfying
�ω ∈ B for P-a.e. ω ∈ � and γω ∈ S1, ω ∈ � a collection of numbers such that (84)
holds. Conjugating the identity (84), we obtain that

eitg(ω,·)�σω ◦ Tω = γω�ω P-a.e. ω ∈ �,

which readily implies that −t ∈ G. G is non-empty because clearly 0 ∈ G ��
Lemma 4.11. If �(i t) = 0 for t ∈ R, then t ∈ G.

Proof. Assume that �(i t) = 0 for some t ∈ R. In Sect. 4.3.2, we have showed that in
this case, dim Y it = 1 and if vω ∈ B is a generator of Y it

ω satisfying ‖vω‖1 = 1, then,
for P-a.e. ω ∈ �, |vω| = v0ω and

Lω(eitg(ω,·)vω) = γωvσω, (85)

for some γω ∈ S1. For ω ∈ �, x ∈ X , set

�(ω, x) = vω(x)

v0ω(x)
.

Then, � is S1-valued and �ω ∈ B for P-a.e. ω ∈ �. Set

ϕω := γωe
itg(ω,·) and �ω := ϕω�σω ◦ Tω, ω ∈ �.

Then, we have that
∫

|�ω − �ω|2 dμω =
∫

(ϕω�σω ◦ Tω − �ω)(ϕω�σω ◦ Tω − �ω) dμω

=
∫

|ϕω|2 · (|�σω|2 ◦ Tω) dμω +
∫

|�ω|2 dμω

−
∫

ϕω�ω(�σω ◦ Tω) dμω −
∫

ϕω�ω(�σω ◦ Tω) dμω.

Since �ω and ϕω take values in S1 for each ω ∈ �, we obtain that
∫

|ϕω|2 · (|�σω|2 ◦ Tω) dμω =
∫

|�ω|2 dμω = 1.
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On the other hand, by using (85) we have that
∫

ϕω�ω(�σω ◦ Tω) dμω =
∫

ϕωv0ω�ω(�σω ◦ Tω) dm

=
∫

ϕωvω(�σω ◦ Tω) dm

=
∫

Lω(ϕωvω(�σω ◦ Tω)) dm

=
∫

�σωLω(ϕωvω) dm

=
∫

�σωvσω dm

=
∫ |vσω|2

v0σω

dm

=
∫

v0σω dm

= 1.

Consequently, we also have that
∫

ϕω�ω(�σω ◦ Tω) dμω = 1,

and thus
∫

|�ω − �ω|2 dμω = 0.

Therefore,

e−i tg(ω,·)�σω ◦ Tω = γω�ω P-a.e. ω ∈ �,

which implies that t ∈ G. ��
We now establish the converse of Lemma 4.11.

Lemma 4.12. If t ∈ G, then �(i t) = 0.

Proof. Assume that t ∈ G and let � : �× X → S1 be a measurable function satisfying
�ω ∈ B for P-a.e. ω ∈ � and γω ∈ S1, ω ∈ � a collection of numbers such that (84)
holds. It follows from (84) that

v0ω(�σω ◦ Tω) = γωe
itg(ω,·)�ωv0ω for P-a.e. ω ∈ �,

and thus

Lω(v0ω(�σω ◦ Tω)) = γωLi t
ω(�ωv0ω) for P-a.e. ω ∈ �.

Consequently,

�σωv0σω = γωLi t
ω(�ωv0ω) for P-a.e. ω ∈ �. (86)
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Setting vω := �ωv0ω, ω ∈ �, we have that

vω ∈ B, vσω = γωLi t
ω(vω) and ‖vω‖1 = 1, P-a.e. ω ∈ �.

Hence, (86) implies that

‖Li t
ωvω‖1 = 1, for P-a.e. ω ∈ �.

Therefore,

lim
n→∞

1

n
log‖Li t,(n)

ω vω‖1 = 0 for P-a.e. ω ∈ �,

and thus it follows from Lemma 2.2 that �(i t) = 0. ��
It follows directly from (82) that 2π ∈ G since in this case (84) holds with�(ω, x) =

1 and γω = ei2πηω ∈ S1. Furthermore, we will show that our additional assumption that
g cannot be written in a form (83) implies that G is generated by 2π . We begin by
proving that G is discrete.

Lemma 4.13. There exists a > 0 such that

G = {ak : k ∈ Z}. (87)

Proof. Assume that G is not of the form (87) for any a > 0 . Since G is non-trivial
(recall that 2π ∈ G), we conclude that G is dense. On the other hand, it follows easily
from Corollary 3.14 and Lemma 3.15 that �(i t) < 0 for all t �= 0, t sufficiently close
to 0. This yields a contradiction with Lemma 4.12. ��
Lemma 4.14. G is of the form (87) with a = 2π .

Proof. Assume that the group G is not generated by 2π and denote its generator by
t ∈ (0, 2π). In particular, 2π

t ∈ N \ {1}. Since t ∈ G, there exists a measurable
function � : � × X → S1 and a collection of numbers γω ∈ S1, ω ∈ � such that (84)
holds. Writing γω = eirω , rω ∈ R and �(ω, x) = eiH(ω,x) for some measurable
H : � × X → R, it follows from (84) that

−tg(ω, x) = rω + H(ω, x) − H(σω, Tωx) + 2πk′(ω, x) for ω ∈ � and x ∈ X ,

where k′ : � × X → Z. This implies that g is of the form (83) which yields a contra-
diction. ��

We are now in a position to establish the periodic version of local central limit
theorem.

Theorem 4.15. Assume that g has the form (82). In addition, we assume that g cannot
be written in the form (83). Then, for P-a.e. ω ∈ � and every bounded interval J ⊂ R,
we have:

lim
n→∞ sup

s∈R

∣
∣
∣
∣�

√
nμω(s + Sng(ω, ·) ∈ J ) − 1√

2π
e
− s2

2n�2

+∞∑

l=−∞
1J (ηω(n) + s + l)

∣
∣
∣
∣ = 0,

where ηω(n) = ∑n−1
i=0 ησ iω.
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Proof. Using again the density argument (see [37]), it is sufficient to show that

sup
s∈R

∣
∣
∣
∣�

√
n

∫

h(s + Sng(ω, ·)) dμω − 1√
2π

e
− s2

2n�2

+∞∑

l=−∞
h(ηω(n) + s + l)

∣
∣
∣
∣ → 0.

when n → ∞ for every h ∈ L1(R) whose Fourier transform ĥ has compact support. As
in the proof of Theorem C, we have that

�
√
n

∫ 1

0
h(s + Sng(ω, ·)) dμω = �

√
n

2π

∫

R

eits ĥ(t)
∫ 1

0
Li t,(n)

ω v0ω dm dt,

and therefore (using Lemma 3.3)

�
√
n

∫ 1

0
h(s + Sng(ω, ·)) dμω

= �
√
n

2π

∞∑

l=−∞

∫ π+2lπ

−π+2lπ
eits ĥ(t)eitηω(n)

∫ 1

0
L(n)

ω (eit Snk(ω,·)v0ω) dm dt

= �
√
n

2π

∞∑

l=−∞

∫ π

−π

ĥ(t + 2lπ)ei(t+2lπ)(ηω(n)+s)
∫ 1

0
L(n)

ω (eit Snk(ω,·)v0ω) dm dt

= �
√
n

2π

∫ π

−π

Hs(t)e
its

∫ 1

0
Li t,(n)

ω v0ω dm dt

= �

2π

∫ π
√
n

−π
√
n
Hs(

t√
n
)e

its√
n

∫ 1

0
L

i t√
n
,(n)

ω v0ω dm dt,

where

Hs(t) :=
+∞∑

l=−∞
ĥ(t + 2lπ)ei2lπ(ηω(n)+s)

Proceeding as in [45, p. 787], we have

1√
2π

e
− s2

2n�2

∞∑

l=−∞
h(ηω(n) + s + l) = Hs(0)�

2π

∫

R

e
its√
n · e−�2 t2

2 dt.

Hence, we need to prove that

sup
s∈R

∣
∣
∣
∣
�

2π

∫ π
√
n

−π
√
n
Hs(

t√
n
)e

its√
n

∫ 1

0
L

i t√
n
,(n)

ω v0ω dm dt − Hs(0)�

2π

∫

R

e
its√
n · e−�2 t2

2 dt

∣
∣
∣
∣ → 0,

when n → ∞. For δ̃ > 0 sufficiently small, we have (as in the proof of Theorem C) that

�

2π

∫ π
√
n

−π
√
n
e

its√
n Hs(

t√
n
)

∫ 1

0
L

i t√
n
,(n)

ω v0ω dm dt − Hs(0)�

2π

∫

R

e
its√
n · e− �2 t2

2 dt

= �

2π

∫

|t |<δ̃
√
n
e

its√
n

(
Hs(

t√
n
)

n−1∏

j=0

λ

i t√
n

σ jω
− Hs(0)e

− �2 t2
2

)
dt
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+
�

2π

∫

|t |<δ̃
√
n
e

its√
n Hs(

t√
n
)

∫ 1

0

n−1∏

j=0

λ

i t√
n

σ jω

(
φ

i t√
n

ω (v0ω)v

i t√
n

σ nω − 1
)
dm dt

+
�

√
n

2π

∫

|t |<δ̃

eits Hs(t)
∫ 1

0
Li t,(n)

ω (v0ω − φi t
ω (v0ω)vi tω ) dm dt

+
�

√
n

2π

∫

δ̃≤|t |≤π

eits Hs(t)
∫ 1

0
Li t,(n)

ω v0ω dm dt

− �

2π
Hs(0)

∫

|t |≥δ̃
√
n
e

its√
n · e− �2 t2

2 dt =: (I ) + (I I ) + (I I I ) + (I V ) + (V ).

Now the arguments follow closely the proof of Theorem C with some appropriate mod-
ifications. In order to illustrate those, let us restrict to dealing with the terms (I) and
(IV). Regarding (I), we can control it as in the proof of Theorem C once we show the
following lemma.

Lemma 4.16. For each t such that |t | < δ̃
√
n, we have that Hs(

t√
n
) → Hs(0) uniformly

over s.

Proof of the lemma. This follows from a simple observation, that since ĥ has a finite
support, there exists K ⊂ Z finite such that

Hs(
t√
n
) =

∑

l∈K
ĥ(t/

√
n + 2lπ)ei2lπ(ηω(n)+s), for each t such that |t | < δ̃

√
n and s ∈ R.

Hence,

|Hs(
t√
n
) − Hs(0)| ≤

∑

l∈K
|ĥ(t/

√
n + 2lπ) − ĥ(2lπ)|.

The desired conclusion now follows from continuity of ĥ. ��
Finally, term (IV) can be treated as in the proof of Theorem C once we note that

Lemmas 4.11 and 4.14 imply that �(i t) < 0 for each t such that δ̃ ≤ |t | ≤ π . ��

A. Technical results involving notions of volume growth

In this section we recall some notions of volume growth under linear transformations
on Banach spaces, borrowed from [10,21]. We then state and prove a result on upper
semi-continuity of Lyapunov exponents (Lemma A.3). We then prove Corollary 2.5 and
Step (1) in the proof of Lemma 4.8.

Definition A.1. Let (B, ‖ · ‖) be a Banach space and A ∈ L(B). For each k ∈ N, let us
define:

• Vk(A) = supdim E=k
mAE (AS)
mE (S)

, wheremE denotes the normalised Haar measure on the
linear subspace E ⊂ B, so that the unit ball in BE (0, 1) ⊂ E has measure (volume)
given by the volume of the Euclidean unit ball in R

k , and S ⊂ E is any non-zero,
finite mE volume set: the choice of S does not affect the quotient mAE (AS)

mE (S)
.
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• Dk(A) = sup‖v1‖=···=‖vk‖=1
∏k

i=1 d(Avi , lin({Av j : j < i})), where lin(X) denotes
the linear span of the finite collection X of elements of B, lin(∅) = {0}, and d(v,W )

is the distance from the vector v to the subspace W ⊂ B.
• Fk(A) := supdim V=k infv∈V,‖v‖=1 ‖Av‖ = supdim V=k infv∈V \{0} ‖Av‖/‖v‖.

We note that each of Vk(A), Dk(A) and �k
j=1Fj (A) has the interpretation of growth

of k-dimensional volumes spanned by {Av j }1≤ j≤k , where the v j ∈ B are unit length
vectors.

Given functions F,G : L(B) → R, we use the notation F(A) ≈ G(A) to mean that
there is a constant c > 1 independent of A ∈ L(B) (but possibly depending on k if F
and/or G do), such that c−1F(A) ≤ G(A) ≤ cF(A). The symbols � and � will denote
the corresponding one-sided relations. We start with the following technical lemma.

Lemma A.2. For each k ≥ 1, the following hold:

1. A �→ Vk(A) and A �→ Dk(A) are sub-additive functions.
2. Vk(A) ≈ Dk(A) ≈ �k

j=1Fj (A).

Proof. The first part is established in [10] and [21], for V and D, respectively.
Next we show the second claim. Assume S ⊂ E is a parallelogram, S = P[w1, . . . ,

wk] := {∑k
i=1 aiwi : 0 ≤ ai ≤ 1}. Then, [10, Lemma 1.2] shows that

mE (S) ≈
k∏

i=1

d(wi , lin({w j : j < i})). (88)

That is, there is a constant c > 1 independent of E and (w1, . . . , wk), but possibly
depending on k, such that c−1mE (S) ≤ ∏k

i=1 d(wi , lin({w j : j < i})) ≤ cmE (S).
By a lemma of Gohberg and Klein [29, Chapter 4, Lemma 2.3], it is possible to choose
unit length v1, . . . , vk ∈ E such that d(vi , lin({v j : j < i})) = 1 for every 1 ≤
i ≤ k. Then, letting S = P[v1, . . . , vk], we get that mE (S) ≈ 1 and mAE (AS)

mE (S)
≈

∏k
i=1 d(Avi , lin({Av j : j < i})) ≤ Dk(A). Thus, Vk(A) � Dk(A).
On the other hand, for each collection of unit length vectors w1, . . . , wk ∈ E ,

we have that S := P[w1, . . . , wk] ⊂ BE (0, k). Hence, mE (S) ≤ k and mAE (AS)
mE (S)

≥
k−1mAE (AS). It follows from (88) that Vk(A) � Dk(A). Combining, we conclude
Vk(A) ≈ Dk(A) as desired.

The fact that Dk(A) ≈ �k
j=1Fj (A) is established in [21, Corollary 6]. ��

Lemma A.3. (Upper semi-continuity of Lyapunov exponents). Let Rθ = (�,F ,P, σ,

B,Lθ ) be a quasi-compact cocycle for every θ in a neighborhood U of θ0 ∈ C. Suppose
that the family of functions {ω �→ log+ ‖Lθ

ω‖}θ∈U are dominated by an integrable
function, and that for each ω ∈ �, θ �→ Lθ

ω is continuous in the norm topology of B,
for θ ∈ U. Assume that (C1) holds, and (C0) holds (with L = Lθ ) for every θ ∈ U.

Let λθ
1 = μθ

1 ≥ μθ
2 ≥ · · · > κ(θ) be the exceptional Lyapunov exponents of Rθ ,

enumerated with multiplicity. Then for every k ≥ 1, the function θ �→ μθ
1 +μθ

2 + · · ·+μθ
k

is upper semicontinuous at θ0.

Proof. The strategy of proof follows that of the finite-dimensional situation, using the
k-dimensional volume growth rate interpretation of μθ

1 + · · · + μθ
k . Recall that (C0) (P-

continuity) implies the uniform measurability condition of [10]; see [10, Remark 1.4].
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Hence, [10, Corollary 3.1 & Lemma 3.2], together with Kingman’s sub-additive ergodic
theorem applied to the submultiplicative, measurable function Vk (see Lemma A.2(1)),
imply that μθ

1 + · · · + μθ
k = infn≥1

1
n

∫
log Vk(Lθ,(n)

ω )dP.
Thus, upper semi-continuity of θ �→ μθ

1 + · · · + μθ
k at θ0 would follow immediately

once we show θ �→ ∫
log Vk(Lθ,(n)

ω )dP is upper semi-continuous at θ0 for every n. From
now on, assume θ ∈ U . In view of the continuity hypothesis on θ �→ Lθ

ω, it follows
from continuity of the composition operation (L1, L2) �→ L1 ◦ L2 with respect to the
norm topology on B and [10, Lemma 2.20], that θ �→ Vk(Lθ,(n)

ω ) is continuous for every
n ≥ 1 and P-a.e. ω ∈ �. Also, log Vk(Lθ,(n)

ω ) ≤ k log ‖Lθ,(n)
ω ‖ ≤ k

∑n−1
j=0 log

+ ‖Lθ
σ jω

‖.
When θ ∈ U , the last expression is dominated by an integrable function with respect to
P, by the domination hypothesis and P-invariance of σ . Thus, the (reverse) Fatou lemma
yields

∫
log Vk(Lθ0,(n)

ω )dP ≥ lim supθ→θ0

∫
log Vk(Lθ,(n)

ω )dP, as required. ��

A.1. Proof of Corollary 2.5. We first note that the quasicompactness of R∗ and condi-
tion (C0) follow from Remark 2.4. Thus, Theorem 2.3 ensures the existence of a unique
measurable equivariant Oseledets splitting forR∗.

Recall that, in the context of Corollary 2.5, Lemma A.2 shows that Vk, Dk : L(B) →
R are equivalent up to a constant multiplicative factor. Thus, [21, Lemma 3] ensures that
Vk(A) and Vk(A∗) are equivalent up to a multiplicative factor, independent of A, and the
claim on Lyapunov exponents and multiplicities follows from [10, Theorem 1.3]. ��

A.2. Proof of Lemma4.8, Step 1. Werecall that for every v ∈ S1 := {y ∈ B : ‖y‖1 = 1},
‖Li t

ωv‖1 = ‖Lω(eitg(ω,·)v)‖1 ≤ ‖eitg(ω,·)v‖1 = 1, so it only remains to show that
infv∈Y it

ω ∩S1 ‖Li t
ωv‖1 = 1.

Wewill use the notation ofDefinitionA.1,with the dependence on theBanach space B

made explicit, so that V B
k (A) = supdim E=k

mB
AE (AS)

mB
E (S)

, where mB
E denotes the normalised

Haar measure on the linear subspace E ⊂ B, so that the unit ball {y ∈ E : ‖y‖B ≤ 1}
⊂ E has measure (volume) given by the volume of the Euclidean unit ball in R

k , and
S ⊂ E is such thatmB

E (S) �= 0 (in our context either B = B or B = L1). For shorthand,
in the rest of the section wewill denote ‖v‖ := ‖v‖B, ‖v‖1 := ‖v‖L1 , VB

j (A) =: Vj (A)

and V L1

j (A) =: V 1
j (A), with similar conventions for the measures mE .

By Kingman’s sub-additive ergodic theorem and Lemma A.2, each of the limits (i)
limn→∞ 1

n V
1
d (Li t,(n)

ω |Y it
ω
) and (ii) limn→∞ 1

n Vd(L
i t,(n)
ω |Y it

ω
) exists for P-a.e. ω ∈ �, is

independent of ω and in fact it coincides with the sum of the top d Lyapunov exponents
of the cocycles (�,F ,P, σ, L1, {Li t

ω |Y it
ω
}) and (�,F ,P, σ,B, {Li t

ω |Y it
ω
}) (all of which

are equal), respectively. Thus, these limits agree by Lemma 2.2 (see [19, Theorem 3.3]
for an alternative argument) and are hence equal to 0, because of the assumption that
�(i t) = 0. That is, for P-a.e. ω ∈ �,

lim
n→∞

1

n
V 1
d (Li t,(n)

ω |Y it
ω
) = lim

n→∞
1

n
Vd(Li t,(n)

ω |Y it
ω
) = 0.

For each ω ∈ �, let Bω ⊂ Y it
ω be the closed unit ball in (Y it

ω , ‖ · ‖1), Bω = {y ∈ Y it
ω :

‖y‖1 ≤ 1}. Since ‖Li t
ωv‖1 ≤ 1 for every v ∈ Y it

ω ∩ S1, then Li t
ω Bω ⊂ Bσω and therefore



D. Dragičević, G. Froyland, C. González-Tokman, S. Vaienti

V 1
d (Li t

ω |Y it
ω
) =

m1
Y itσω

(Li t
ω Bω)

m1
Y itω

(Bω)
≤ 1, because by construction, m1

Y it
ω
(Bω) = m1

Y it
σω

(Bσω) =
νd , where νd is the volume of the Euclidean unit ball in Rd .

Recall that for P-a.e. ω ∈ �, Li t
ω : Y it

ω → Y it
σω is a bijection, so (Li t

ω |Y it
ω
)−1 is well

defined. Let A := {ω ∈ � : ‖(Li t
ω |Y it

ω
)−1‖1 > 1}. We claim that for every ω ∈ A,

V 1
d (Li t

ω |Y it
ω
) < 1. This will be shown in the upcoming Lemma A.1. Assuming this has

been established, we conclude the proof as follows.
Suppose P(A) > 0. Since ω �→ V 1

d (Li t
ω |Y it

ω
) is measurable and for every ω ∈ A,

V 1
d (Li t

ω |Y it
ω
) < 1, there exists β < 1 and A′ ⊂ A with P(A′) ≥ P(A)/2 > 0 such that

for every ω ∈ A′ V 1
d (Li t

ω |Y it
ω
) ≤ β. Thus, for P-a.e. ω ∈ �,

0 = lim
n→∞

1

n
log V 1

d (Li t,(n)
ω |Y it

ω
) ≤

∫

�

log V 1
d (Li t

ω |Y it
ω
)dP(ω) ≤ P(A′) logβ < 0, (89)

where, for the first inequality, we have used the fact that limn→∞ 1
n log V

1
d (Li t,(n)

ω |Y it
ω
) =

infn≥1
1
n

∫
�
log V 1

d (Li t,(n)
ω |Y it

ω
)dP(ω), because of Kingman’s sub-additive ergodic theo-

rem.
The expression (89) yields a contradiction, and hence P(A) = 0, which means that

‖(Li t
ω |Y it

ω
)−1‖1 = 1 for P-a.e. ω ∈ �. Hence, infv∈Y it

ω ∩S1 ‖Li t
ωv‖1 = 1, as claimed. ��

Lemma A.1. Under the hypothesis of Lemma 4.8, assume that ‖(Li t
ω |Y it

ω
)−1‖1 > 1 for

some ω ∈ �. Then V 1
d (Li t

ω |Y it
ω
) < 1.

Proof. Suppose ‖(Li t
ω |Y it

ω
)−1‖1 > 1. Then, there exists v ∈ Y it

ω with ‖v‖1 = 1 and

‖Li t
ωv‖1 < 1. Let u = 1+‖Li t

ωv‖1
2‖Li t

ωv‖1 L
i t
ωv. It is easy to see that ‖u‖1 < 1 so u ∈ int (Bσω),

and also that u �∈ Li t
ω Bω, because Li t

ω |Y it
ω
is bijective and u = Li t

ω

( 1+‖Li t
ωv‖1

2‖Li t
ωv‖1 v

)
. Hence,

δ := min{dist1(u, ∂Bσω), dist1(u,Li t
ω Bω)} > 0,

where dist1 denotes the distance in the ‖ · ‖1 norm. Thus, the open ball S := {y ∈
Y it

σω : ‖y − u‖1 < δ/2} ⊂ Y it
σω satisfies m1

Y it
σω

(S) > 0, S ⊂ Bσω and S ∩ Li t
ω Bω = ∅.

Therefore,

V 1
d (Li t

ω |Y it
ω
) =

m1
Y it

σω
(Li t

ω Bω)

m1
Y it

ω
(Bω)

≤
m1

Y it
σω

(Bσω) − m1
Y it

σω
(S)

m1
Y it

ω
(Bω)

=
νd − m1

Y it
σω

(S)

νd
< 1.

B. Regularity of F

In this section, we establish regularity properties of the map F defined in (38).

B.1. First order regularity of F. LetS ′ be theBanach space of all functionsV : �×X →
C such that Vω := V(ω, ·) ∈ B and ess supω∈�‖Vω‖B < ∞. Note that S, defined in
(36), consists of those V ∈ S ′ such that

∫
Vω dm = 0 for P-a.e. ω ∈ �. We define

G : BC(0, 1) × S → S ′ and H : BC(0, 1) × S → L∞(�) by
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G(θ,W)ω = Lθ
σ−1ω

(Wσ−1ω + v0
σ−1ω

) and H(θ,W)(ω)

=
∫

Lθ
σ−1ω

(Wσ−1ω + v0
σ−1ω

) dm,

where v0ω is defined in (15). It follows easily from Lemmas 2.11 and 3.2 (together
with (29) which implies sup|θ |<1 K (θ) < ∞) that G and H are well defined. We are
interested in showing that G and H are differentiable on a neighborhood of (0, 0).

Lemma B.1. We have that

var(eθg(σ−1ω,·)) ≤ |θ |e|θ |M var(g(σ−1ω, ·)), for ω ∈ �.

Proof. The desired claim follows directly from condition (V9) of Sect. 2.2 applied to
f = g(σ−1ω, ·) and h(z) = eθ z . ��

Lemma B.2. There exists C > 0 such that

var(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))
≤ Ce|θ1−θ2|M |θ1 − θ2|(e|θ2|M + |θ2|e|θ2|M ), for ω ∈ �. (90)

Proof. We note that it follows from (V8) that

var(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)) = var(eθ2g(σ−1ω,·)(e(θ1−θ2)g(σ−1ω,·) − 1))

≤ ‖eθ2g(σ−1ω,·)‖L∞ · var(e(θ1−θ2)g(σ−1ω,·) − 1)

+ var(eθ2g(σ−1ω,·)) · ‖e(θ1−θ2)g(σ−1ω,·) − 1‖L∞ .

Moreover, observe that it follows from (24) that ‖eθ2g(σ−1ω,·)‖L∞ ≤ e|θ2|M . On the other
hand, by applying (V9) for f = g(σ−1ω, ·) and h(z) = e(θ1−θ2)z − 1, we obtain

var(e(θ1−θ2)g(σ−1ω,·) − 1) ≤ |θ1 − θ2|e|θ1−θ2|M var(g(σ−1ω, ·)).

Finally, we want to estimate ‖e(θ1−θ2)g(σ−1ω,·) − 1‖L∞ . By applying the mean value
theorem for the map z �→ e(θ1−θ2)z , we have that for each x ∈ [0, 1],

|e(θ1−θ2)g(σ−1ω,x) − 1| ≤ e|θ1−θ2|M |θ1 − θ2| · |g(σ−1ω, x)| ≤ Me|θ1−θ2|M |θ1 − θ2|,

and consequently

‖e(θ1−θ2)g(σ−1ω,·) − 1‖L∞ ≤ Me|θ1−θ2|M |θ1 − θ2|.

The conclusion of the lemma follows directly from the above estimates togetherwith (24)
and Lemma B.1. ��

Lemma B.3. D2G exists and is continuous on BC(0, 1) × S.
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Proof. Since G is an affine map in the second variable W , we conclude that

(D2G(θ,W)H)ω = Lθ
σ−1ω

Hσ−1ω, for ω ∈ � and H ∈ S. (91)

We now establish the continuity of D2G. Take an arbitrary (θi ,W i ) ∈ BC(0, 1) × S,
i ∈ {1, 2}. We have

‖D2G(θ1,W1) − D2G(θ2,W2)‖
= sup

‖H‖∞≤1
‖D2G(θ1,W1)(H) − D2G(θ2,W2)(H)‖∞

= sup
‖H‖∞≤1

ess supω∈�‖Lθ1
σ−1ω

Hσ−1ω − Lθ2
σ−1ω

Hσ−1ω‖B.

Observe that

‖Lθ1
σ−1ω

Hσ−1ω − Lθ2
σ−1ω

Hσ−1ω‖B
= ‖Lσ−1ω((eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω)‖B
≤ K‖(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω‖B
= K var((eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω)

+ K‖(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω‖1.
Take an arbitrary x ∈ X . By applying the mean value theorem for the map z �→
ezg(σ

−1ω,x) and using (24), we conclude that

|eθ1g(σ−1ω,x) − eθ2g(σ−1ω,x)| ≤ MeM |θ1 − θ2| (92)

and thus

ess supω∈�‖(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω‖1
≤ MeM |θ1 − θ2| ess supω∈�‖Hσ−1ω‖1
≤ MeM |θ1 − θ2| ess supω∈�‖Hσ−1ω‖B
≤ MeM‖H‖∞ · |θ1 − θ2|.

(93)

Furthermore,

var((eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω)

≤ var(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)) · ‖Hσ−1ω‖L∞

+ ‖eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)‖L∞ · var(Hσ−1ω),

which, using (92), implies that

var((eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω) ≤ (
Cvar var(e

θ1g(σ−1ω,·) − eθ2g(σ−1ω,·))

+MeM |θ1 − θ2|
)‖H‖∞. (94)

It follows from Lemma B.2 that

‖D2G(θ1,W1) − D2G(θ2,W2)‖ ≤ (KC + 2KMeM )|θ1 − θ2|,
which implies (Lipschitz) continuity of D2G on BC(0, 1) × S. ��
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Lemma B.4. D2H exists and is continuous on a neighborhood of (0, 0) ∈ C × S.

Proof. We first note that H is also an affine map in the variable W which implies that

(D2H(θ,W)H)(ω) =
∫

Lθ
σ−1ω

Hσ−1ω dm, for ω ∈ � and H ∈ S. (95)

Moreover, using (92) we have that

‖D2H(θ1,W1)H − D2H(θ2,W2)H‖L∞

= ess supω∈�

∣
∣
∣
∣

∫

Lθ1
σ−1ω

Hσ−1ω dm −
∫

Lθ2
σ−1ω

Hσ−1ω dm

∣
∣
∣
∣

= ess supω∈�

∣
∣
∣
∣

∫

(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω dm

∣
∣
∣
∣

≤ MeM |θ1 − θ2| ess supω∈�‖Hσ−1ω‖1
≤ MeM |θ1 − θ2| ess supω∈�‖Hσ−1ω‖B
= MeM |θ1 − θ2|·‖H‖∞,

for every (θ1,W1), (θ2,W2) that belong to a sufficiently small neighborhood of (0, 0)
on which H is defined. We conclude that D2H is continuous. ��
Lemma B.5. D1H exists and is continuous on a neighborhood of (0, 0) ∈ C × S.

Proof. We first note that

H(θ,W)(ω) =
∫

eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

) dm.

We claim that for ω ∈ � and h ∈ BC(0, 1),

(D1H(θ,W)h)(ω) =
∫

hg(σ−1ω, ·)eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

) dm

=: (L(θ,W)h)ω. (96)

Note that L(θ,W) : BC(0, 1) → L∞(�) is a bounded linear operator. We first note that
for each ω ∈ �,

(H(θ + h,W) − H(θ,W) − L(θ,W)h)(ω)

=
∫

(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

) dm.

For each ω ∈ � and x ∈ X , it follows from Taylor’s remainder theorem applied to the
function z �→ ezg(σ

−1ω,x) that for |θ |, |h| ≤ 1
2 ,

|e(θ+h)g(σ−1ω,x) − eθg(σ−1ω,x) − hg(σ−1ω, x)eθg(σ−1ω,x)| ≤ 1

2
M2eM |h|2. (97)

Hence,

‖H(θ + h,W) − H(θ,W) − L(θ,W)h‖L∞ ≤ 1

2
M2eM |h|2(‖W‖∞ + ‖v0‖∞),
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and therefore

1

|h| ‖H(θ + h,W) − H(θ,W) − L(θ,W)h‖L∞ → 0, when h → 0.

We conclude that (96) holds. Furthermore,

(D1H(θ1,W1)h)(ω) − (D1H(θ2,W2)h)(ω)

=
∫

hg(σ−1ω, ·)eθ1g(σ−1ω,·)(W1
σ−1ω

+ v0
σ−1ω

) dm

−
∫

hg(σ−1ω, ·)eθ2g(σ−1ω,·)(W2
σ−1ω

+ v0
σ−1ω

) dm

=
∫

hg(σ−1ω, ·)eθ1g(σ−1ω,·)(W1
σ−1ω

− W2
σ−1ω

) dm

+
∫

hg(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))(W2
σ−1ω

+ v0
σ−1ω

) dm.

Note that

ess supω∈�

∣
∣
∣
∣

∫

hg(σ−1ω, ·)eθ1g(σ−1ω,·)(W1
σ−1ω

− W2
σ−1ω

) dm

∣
∣
∣
∣

≤ |h|MeM‖W1 − W2‖∞

and, using (92),

ess supω∈�

∣
∣
∣
∣

∫

hg(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))(W2
σ−1ω

+ v0
σ−1ω

) dm

∣
∣
∣
∣

≤ |h|M2eM |θ1 − θ2|(R + ‖v0‖∞),

ifW2 ∈ BS(0, R). Hence,

‖D1H(θ1,W1) − D1H(θ2,W2)‖ ≤ MeM‖W1 − W2‖∞ + M2eM |θ1
−θ2|(R + ‖v0‖∞),

which implies the continuity of D1H . ��
Lemma B.6. D1G exists and is continuous on a neighborhood of (0, 0) ∈ C × S.

Proof. We claim that for ω ∈ � and t ∈ C,

(D1G(θ,W)t)ω = Lσ−1ω(tg(σ−1ω, ·)eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

)) =: (L(θ,W)t)ω.

(98)

Note that L(θ,W) : BC(0, 1) → S ′ is a bounded linear operator. We note that

(G(θ + t,W) − G(θ,W) − L(θ,W)t)ω

= Lσ−1ω((e(θ+t)g(σ−1ω,·) − eθg(σ−1ω,·) − tg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

)),

and therefore

‖(G(θ + h,W) − G(θ,W) − L(θ,W)h)ω‖B
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≤ K‖(e(θ+t)g(σ−1ω,·) − eθg(σ−1ω,·) − tg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

)‖B
= K var((e(θ+t)g(σ−1ω,·) − eθg(σ−1ω,·) − tg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0

σ−1ω
))

+ K‖(e(θ+t)g(σ−1ω,·) − eθg(σ−1ω,·) − tg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

)‖1.
In the proof of Lemma B.5 we have showed that

‖e(θ+t)g(σ−1ω,·) − eθg(σ−1ω,·) − tg(σ−1ω, ·)eθg(σ−1ω,·)‖L∞ ≤ 1

2
M2eM |t |2.

Moreover, by applying (V9) for f = g(σ−1ω, ·) and
h(z) = e(θ+t)z − eθ z − t zeθ z,

one can conclude that

var((e(θ+t)g(σ−1ω,·) − eθg(σ−1ω,·) − tg(σ−1ω, ·)eθg(σ−1ω,·)) ≤ C |t |2. (99)

The last two inequalities combined with (V8) readily imply that

1

|t | ‖G(θ + t,W) − G(θ,W) − L(θ,W)t‖∞ → 0, when t → 0,

which implies (98). Moreover,

(D1G(θ1,W1)t − D1G(θ2,W2)t)ω

= tLσ−1ω(g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))(W1
σ−1ω

+ v0
σ−1ω

))

− tLσ−1ω(g(σ−1ω, ·)eθ2g(σ−1ω,·)(W2
σ−1ω

− W1
σ−1ω

)).

Proceeding as in the previous lemmas and using (92) and Lemma B.2 together with a
simple observation that

var(g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)))

≤ M var(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))

+ var(g(σ−1ω, ·))‖eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)‖L∞ ,

we easily obtain the continuity of D1G. ��
The following result is a direct consequence of the previous lemmas.

Proposition B.7. The map F defined by (38) is of class C1 on a neighborhood (0, 0) ∈
C × S. Moreover,

(D2F(θ,W)H)ω = 1

H(θ,W)(ω)
Lθ

σ−1ω
Hσ−1ω −

∫
Lθ

σ−1ω
Hσ−1ω dm

[H(θ,W)(ω)]2 G(θ,W)ω − Hω,

for ω ∈ � and H ∈ S and

(D1F(θ,W))ω

= 1

H(θ,W)(ω)
Lσ−1ω(g(σ−1ω, ·)eθg(σ−1ω,·)(Wσ−1ω + v0

σ−1ω
))

−
∫
g(σ−1ω, ·)eθg(σ−1ω,·)(Wσ−1ω + v0

σ−1ω
) dm

[H(θ,W)(ω)]2 Lθ
σ−1ω

(Wσ−1ω + v0
σ−1ω

),

for ω ∈ �, where we have identified D1F(θ,W) with its value at 1, and G is as defined
at the beginning of Sect. B.1.
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B.2. Second order regularity of F.

Lemma B.8. D12H and D22H exist and are continuous on a neighborhood of (0, 0) ∈
C × S.

Proof. We first note that it follows directly from (95) that D22H = 0. We claim that

((D12H(θ,W)h)H)(ω)

= h
∫

g(σ−1ω, ·)eθg(σ−1ω,·)Hσ−1ω dm, for ω ∈ �, H ∈ S and h ∈ C.

(100)

Indeed, we note that

((D2H(θ + h,W) − D2H(θ,W))H)(ω) =
∫

(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·))Hσ−1ω dm.

Hence, using (97),
∣
∣
∣
∣((D2H(θ + h,W) − D2H(θ,W))H)(ω) − h

∫

g(σ−1ω, ·)eθg(σ−1ω,·)Hσ−1ω dm

∣
∣
∣
∣

=
∣
∣
∣
∣

∫

(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))Hσ−1ω dm

∣
∣
∣
∣

≤ 1

2
M2eM |h|2‖Hσ−1ω‖1 ≤ 1

2
M2eM |h|2‖Hσ−1ω‖B.

Thus,

ess supω∈�

∣
∣
∣
∣((D2H(θ + h,W) − D2H(θ,W))H)(ω)

− h
∫

g(σ−1ω, ·)eθg(σ−1ω,·)Hσ−1ω dm

∣
∣
∣
∣

≤ 1

2
M2eM |h|2‖H‖∞,

which readily implies (100).We now establish the continuity of D12H . By (92), we have
that

|((D12H(θ1,W1)h)H)(ω) − ((D12H(θ2,W2)h)H)(ω)|
= |h|

∣
∣
∣
∣

∫

g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω dm

∣
∣
∣
∣

≤ |h|M2eM |θ1 − θ2| · ‖Hσ−1ω‖B.

Thus,

‖D12H(θ1,W1) − D12H(θ2,W2)‖ ≤ M2eM |θ1 − θ2|,
which implies the continuity of D12H . ��
Lemma B.9. D11H and D21H exist and are continuous on a neighborhood of (0, 0) ∈
C × S.
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Proof. By identifying D1H(θ,W) with its value in 1, it follows from (96) that

(D1H(θ,W))(ω) =
∫

g(σ−1ω, ·)eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

) dm.

We claim that

(D11H(θ,W)h)(ω)

= h
∫

g(σ−1ω, ·)2eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

) dm, for ω ∈ � and h ∈ C.

(101)

Indeed, observe that

(D1H(θ + h,W))(ω) − (D1H(θ,W))(ω)

=
∫

g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

) dm.

Hence, using (97), we obtain that

ess supω∈�

∣
∣
∣
∣(D1H(θ + h,W))(ω) − (D1H(θ,W))(ω)

− h
∫

g(σ−1ω, ·)2eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

) dm

∣
∣
∣
∣

= ess supω∈�

∣
∣
∣
∣

∫

g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

) dm

∣
∣
∣
∣

≤ 1

2
M3eM |h|2(‖W‖∞ + ‖v0‖∞),

which readily implies that (101) holds. We now establish the continuity of D11H . It
follows from (92) that

|(D11H(θ1,W1)h)(ω) − (D11H(θ2,W2)h)(ω)|
= |h| ·

∣
∣
∣
∣

∫

g(σ−1ω, ·)2eθ1g(σ−1ω,·)(W1
σ−1ω

+ v0
σ−1ω

) dm

−
∫

g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W2
σ−1ω

+ v0
σ−1ω

) dm

∣
∣
∣
∣

≤ |h| ·
∣
∣
∣
∣

∫

g(σ−1ω, ·)2eθ1g(σ−1ω,·)(W1
σ−1ω

+ v0
σ−1ω

) dm

−
∫

g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W1
σ−1ω

+ v0
σ−1ω

) dm

∣
∣
∣
∣
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+ |h| ·
∣
∣
∣
∣

∫

g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W1
σ−1ω

+ v0
σ−1ω

) dm

−
∫

g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W2
σ−1ω

+ v0
σ−1ω

) dm

∣
∣
∣
∣

≤ |h| ·
(

M3eM |θ1 − θ2|(‖W1‖∞ + ‖v0‖∞) + M2eM‖W1 − W2‖∞
)

,

for P-a.e. ω ∈ �, which implies the continuity of D11H . Furthermore, we note that
D1H is affine inW , which implies that

(D21H(θ,W)H)(ω) =
∫

g(σ−1ω, ·)eθg(σ−1ω,·)Hσ−1ω dm.

Continuity of D21H follows easily from (92). ��
Lemma B.10. D22G and D12G exist and are continuous on a neighborhood of (0, 0) ∈
C × S.

Proof. It follows directly from (91) that D22G = 0. We claim that

(D12G(θ,W)h(H))ω

= hLσ−1ω(g(σ−1ω, ·)eθg(σ−1ω,·)Hσ−1ω) for ω ∈ �, H ∈ S and h ∈ C.

(102)

Indeed, we first note that

(D2G(θ + h,W) − D2G(θ,W))(H)ω = Lσ−1ω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·))Hσ−1ω).

We have that

‖Lσ−1ω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))Hσ−1ω)‖B
≤ K‖(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))Hσ−1ω‖B
= K var((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))Hσ−1ω)

+ K‖(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))Hσ−1ω‖1
≤ K var(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·)) · ‖Hσ−1ω‖L∞

+ K‖e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·)‖L∞ · var(Hσ−1ω)

+ K‖e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·)‖L∞ · ‖Hσ−1ω‖1
It follows from (97) and (99) that

1

|h| sup
‖H‖∞≤1

‖Lσ−1ω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

−hg(σ−1ω, ·)eθg(σ−1ω,·))Hσ−1ω)‖B → 0,

when h → 0, which establishes (102). It remains to establish the continuity of D12G.
We have

‖(D12G(θ1,W1)h(H))ω − (D12G(θ2,W2)h(H))ω‖B
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= |h| · ‖Lσ−1ω(g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω)‖B
≤ K |h| · ‖g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω‖B
= K |h| · var(g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω)

+ K |h| · ‖g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))Hσ−1ω‖1
≤ K |h| · var(g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))) · ‖Hσ−1ω‖1
+ KM |h| · ‖eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)‖L∞ · var(Hσ−1ω)

+ KM |h| · ‖eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)‖L∞ · ‖Hσ−1ω‖1.
Moreover,

var(g(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))) ≤ M var(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))

+ var(g(σ−1ω, ·)) · ‖eθ1g(σ−1ω,·)

− eθ2g(σ−1ω,·)‖L∞ ,

which together with (92) and Lemma B.2 gives the continuity of D12G. ��
Lemma B.11. D11G and D21G exist and are continuous on a neighborhood of (0, 0) ∈
C × S.

Proof. By identifying D1G(θ,W) with its value in 1, it follows from (98) that

D1G(θ,W)ω = Lσ−1ω(g(σ−1ω, ·)eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

)), ω ∈ �.

We claim that

(D11G(θ,W)h)ω = hLσ−1ω(g(σ−1ω, ·)2eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

)). (103)

Indeed, we have

‖D1G(θ + h,W)ω − D1G(θ,W)ω

− hLσ−1ω(g(σ−1ω, ·)2eθg(σ−1ω,·)(Wσ−1ω + v0
σ−1ω

))‖B
= ‖Lσ−1ω(g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

))‖B
≤ K‖g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

)‖B
= var(g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

))

+ ‖g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))(Wσ−1ω + v0
σ−1ω

)‖1
≤ var(g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))) · ‖Wσ−1ω + v0
σ−1ω

‖L∞
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+ ‖g(σ−1ω, ·)(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))‖L∞ · var(Wσ−1ω + v0
σ−1ω

)

+ M‖e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·)‖L∞ · ‖Wσ−1ω + v0
σ−1ω

‖1,
and therefore (103) follows directly from (97) and (99). We now establish the continuity
of D11G. Observe that

‖(D11G(θ1,W1)h)ω − (D11G(θ2,W2)h)ω‖B
= |h| · ‖Lσ−1ω(g(σ−1ω, ·)2eθ1g(σ−1ω,·)(W1

σ−1ω
+ v0

σ−1ω
)

− g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W2
σ−1ω

+ v0
σ−1ω

))‖B
≤ K |h| · ‖g(σ−1ω, ·)2eθ1g(σ−1ω,·)(W1

σ−1ω
+ v0

σ−1ω
)

− g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W2
σ−1ω

+ v0
σ−1ω

)‖B
≤ K |h| · ‖g(σ−1ω, ·)2eθ1g(σ−1ω,·)(W1

σ−1ω
+ v0

σ−1ω
)

− g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W1
σ−1ω

+ v0
σ−1ω

)‖B
+ K |h| · ‖g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W1

σ−1ω
+ v0

σ−1ω
)

− g(σ−1ω, ·)2eθ2g(σ−1ω,·)(W2
σ−1ω

+ v0
σ−1ω

)‖B.

The continuity of D11G now follows easily from (92) and Lemma B.2. Finally, we note
that D1G is an affine map inW and therefore

(D21G(θ,W)H)ω = Lσ−1ω(g(σ−1ω, ·)eθg(σ−1ω,·)Hσ−1ω),

which can be showed to be continuous by using (92) and Lemma B.2 again. ��
The following result is a direct consequence of the previous lemmas.

Proposition B.12. The function F defined by (38) is of class C2 on a neighborhood
(0, 0) ∈ C × S.

C. Differentiability of φθ , the Top Space for Adjoint Twisted Cocycle Rθ∗

We begin with some auxiliary results.

Lemma C.1. There exists C > 0 such that

‖Lθ1
ω − Lθ2

ω ‖ ≤ C |θ1 − θ2|, for θ1, θ2 ∈ BC(0, 1) and ω ∈ �. (104)

Proof. For any f ∈ B we have that

‖Lθ1
ω f − Lθ2

ω f ‖B = ‖Lω(eθ1g(ω,·) f − eθ2g(ω,·) f )‖B ≤ K‖(eθ1g(ω,·) − eθ2g(ω,·)) f ‖B
= K var((eθ1g(ω,·) − eθ2g(ω,·)) f ) + K‖(eθ1g(ω,·) − eθ2g(ω,·)) f ‖1

The claim of the lemma now follows directly from (90) and (92). ��
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Lemma C.2. The following statements hold:

1. There exists K ′′ > 0 such that

‖L∗,(n)
ω φ‖B∗ ≤ K ′′e−λn‖φ‖B∗ for φ ∈ B∗ such that φ(v0ω) = 0 and ω ∈ �,

(105)

with λ > 0 as in (C3);
2. Let φ0

ω ∈ B∗ be as in (58). Then,

ess supω∈�‖φ0
ω‖B∗ < ∞. (106)

Proof. Let �ω denote the projection on B onto the subspace B0 of functions of zero
mean along the subspace spanned by v0ω. Furthermore, set

γ (ω) = inf{‖ f + g‖B : f ∈ B0, g ∈ span{v0ω}, ‖ f ‖B = ‖g‖B = 1}.
As in Lemma 1 in [14] we have that ‖�ω‖ ≤ 2

γ (ω)
. Take now arbitrary f ∈ B0,

g ∈ span{v0ω} such that ‖ f ‖B = ‖g‖B = 1. It follows from (C1) that

‖ f + g‖B ≥ 1

Kn
‖L(n)

ω ( f + g)‖B ≥ 1

Kn
(‖L(n)

ω g‖B − ‖L(n)
ω f ‖B). (107)

Writing g = λv0ω with |λ| = 1/‖v0ω‖B, it follows from (17) that

‖L(n)
ω g‖B = |λ| · ‖v0σ nω‖B = ‖v0σ nω‖B

‖v0ω‖B ≥ ‖v0σ nω‖1
‖v0ω‖B ≥ 1

K̃
,

where K̃ = ess supω∈�‖v0ω‖B < ∞. By (C3) and (107),

‖ f + g‖B ≥ 1

Kn
(1/K̃ − K ′e−λn).

Then, we can choose n, independently of ω, such that

ε := 1

Kn
(1/K̃ − K ′e−λn) > 0,

which implies that γ (ω) ≥ ε and thus

ess supω∈�‖�ω‖ ≤ 2/ε < ∞. (108)

Therefore, for φ that belongs to annihilator of v0ω, using (C3) and (108) we have

‖L∗,(n)
ω φ‖B∗ = sup

‖ f ‖≤1
|φ(L(n)

σ−nω
f )| = sup

‖ f ‖≤1
|φ(L(n)

σ−nω
�σ−nω f )|

≤ K ′e−λn‖φ‖B∗ · ‖�σ−nω‖
≤ 2K ′

ε
e−λn‖φ‖B∗ ,

for every n ≥ 0. We conclude that (105) holds with K ′′ = 2K ′/ε.
Finally, (106) is follows directly from the straightforward fact that for P-a.e. ω ∈ �,

φ0
ω( f ) = ∫

f dm. ��
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Next, we consider B∗ with the norm topology, and associated Borel σ−algebra. Let

N =
{

� : � → B∗ : � is measurable, ess supω∈�‖�ω‖B∗ < ∞, �ω(v0ω)

= 0 for P-a.e. ω ∈ �

}

and

N ′ =
{

� : � → B∗ : � is measurable, ess supω∈�‖�ω‖B∗ < ∞
}

,

where�ω := �(ω). We note thatN andN ′ are Banach spaces with respect to the norm

‖�‖∞ = ess supω∈�‖�ω‖B∗ .

We define G1 : BC(0, 1) × N → N ′ by

G1(θ,�)ω = (Lθ
ω)∗(�σω + φ0

σω), ω ∈ �.

It follows readily from (27) and (106) that G1 is well-defined. Furthermore, we define
G2 : BC(0, 1) × N → L∞(�) by

G2(θ,�)(ω) = (�σω + φ0
σω)(Lθ

ωv0ω), ω ∈ �.

Again, it follows from (17), (27) and (106) that G2 is well-defined.
Lemma C.3. D2G1 exists and is continuous on BC(0, 1) × N .

Proof. We first note that G1 is an affine map in the variable � which implies that

(D2G1(θ,�)�)ω = (Lθ
ω)∗�σω, for ω ∈ � and � ∈ N .

Moreover, using (104) we have

‖D2G1(θ1,�1) − D2G1(θ2,�2)‖ = sup
‖�‖∞≤1

‖D2G1(θ1,�1)� − D2G1(θ2,�2)�‖∞

= sup
‖�‖∞≤1

ess supω∈�‖(Lθ1
ω )∗�σω − (Lθ2

ω )∗�σω‖B∗

≤ C |θ1 − θ2|,
for any (θ1,�

1), (θ2,�
2) ∈ BC(0, 1)×N . Hence, D2G1 is continuous on BC(0, 1)×N .

��
Lemma C.4. D1G1 exists and is continuous on a neighborhood of (0, 0) ∈ C × N .

Proof. We claim that

(D1G1(θ,�)h)ω( f ) = (�σω + φ0
σω)(Lω(hg(σ−1ω, ·)eθg(σ−1ω,·) f )), (109)

for f ∈ B, ω ∈ � and h ∈ C. Denote the operator on the right hand side of (109) by
L(θ,�). We note that

(G1(θ + h,�)ω − G1(θ,�)ω − hL(θ,�)ω)( f )
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= (�σω + φ0
σω)(Lω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·)) f )).

Therefore, it follows from (C1) that

‖G1(θ + h,�) − G1(θ,�) − hL(θ,�)‖∞
= ess supω∈� sup

‖ f ‖B≤1
|(�σω + φ0

σω)(Lω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·)) f ))|
≤ K (‖�‖∞ + ‖φ0‖∞) ess supω∈� sup

‖ f ‖B≤1
‖(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·)) f ‖B.

By (97) and (99), we conclude that

lim
h→0

1

h
‖G1(θ + h,�) − G1(θ,�) − hL(θ,�)‖∞ = 0,

and thus (109) holds. Moreover,

(D1G1(θ1,�1)h)ω( f ) − (D1G1(θ2,�2)h)ω( f )

= (�1
σω − �2

σω)(Lω(hg(σ−1ω, ·)eθ1g(σ−1ω,·) f ))

+ (�2
σω + φ0

σω)(Lω(hg(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·)) f )),

which in view of (C1), (24), (90) and (92) easily implies that D1G1 is continuous. ��
Lemma C.5. D2G2 exists and is continuous onaneighborhoodof (0, 0) ∈ BC(0, 1)×N .

Proof. We note that G2 is affine map in the variable � and hence

(D2G2(θ,�)�)(ω) = �σω(Lθ
ωv0ω), ω ∈ �.

It follows from (104) that

‖D2G2(θ1,�1) − D2G2(θ2,�2)‖ = sup
‖�‖∞≤1

‖D2G2(θ1,�1)� − D2G2(θ2,�2)�‖L∞

= sup
‖�‖∞≤1

ess supω∈�|�σω(Lθ1
ω v0ω − Lθ2

ω v0ω)|

≤ C |θ1 − θ2| · ess supω∈�‖v0ω‖B,

and thus (in a view of (17)) we conclude that D2G2 is continuous. ��
Lemma C.6. D1G2 exists and is continuous on a neighborhood of (0, 0) ∈ C × N .

Proof. We claim that

(D1G2(θ,�)h)(ω) = (�σω + φ0
σω)(Lω(g(σ−1ω, ·)eθg(σ−1ω,·)v0ω)), h ∈ C, ω ∈ �.

(110)

Let us denote the operator on the right hand side of (110) by R(θ,�). We have that

(G2(θ + h,�) − G2(θ,�) − hR(θ,�))(ω)
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= (�σω + φ0
σω)(Lω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·) − hg(σ−1ω, ·)eθg(σ−1ω,·))v0ω)).

Therefore, it follows from (C1) that

‖G2(θ + h,�) − G2(θ,�) − hR(θ,�)‖L∞

= ess supω∈�|(�σω + φ0
σω)(Lω((e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))v0ω))|
≤ K (‖�‖∞ + ‖φ0‖∞) ess supω∈�‖(e(θ+h)g(σ−1ω,·) − eθg(σ−1ω,·)

− hg(σ−1ω, ·)eθg(σ−1ω,·))v0ω‖B.

By (17), (97) and (99), we conclude that

lim
h→0

1

h
‖G2(θ + h,�) − G2(θ,�) − hR(θ,�)‖L∞ = 0.

Thus, (110) holds. Moreover,

(D1G2(θ1,�1)h)(ω) − (D1G2(θ2,�2)h)(ω)

= (�1
σω − �2

σω)(Lω(hg(σ−1ω, ·)eθ1g(σ−1ω,·)v0ω))

+ (�2
σω + φ0

σω)(Lω(hg(σ−1ω, ·)(eθ1g(σ−1ω,·) − eθ2g(σ−1ω,·))v0ω)),

which in view of (C1), (24), (90) and (92) easily implies that D1G2(θ1,�1) → D1G2
(θ2,�

2) when (θ1,�
1) → (θ2,�

2). Hence, D1G2 is continuous. ��
Let

G(θ,�)ω = (Lθ
ω)∗(�σω + φ0

σω)

(�σω + φ0
σω)(Lθ

ωv0ω)
− �ω − φ0

ω. (111)

Proposition C.7. The map G is of class C1 on a neighborhood of (0, 0) ∈ C × N .
Furthermore,

((D2G(θ,�))�)ω = (Lθ
ω)∗�σω

G2(θ,�)(ω)

− �σω(Lθ
ωv0ω)

[G2(θ,�)(ω)]2G1(θ,�)ω − �ω, ω ∈ �,� ∈ N .

(112)

Proof. The desired conclusion follows directly from Lemmas C.3, C.4, C.5 and C.6
after we note that G2(0, 0)(ω) = 1 for ω ∈ �. ��
Lemma C.8. D2G(0, 0) is invertible.

Proof. By (112),

(D2G(0, 0)�)ω = L∗
ω�σω − �ω, for ω ∈ � and � ∈ N .

Now one can proceed as in the proof of Lemma 3.5 to show that (105) implies the desired
conclusion. ��
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It follows from Proposition C.7, Lemma C.8 and the implicit function theorem that
there exists a neighborhood U of 0 ∈ C and a smooth function F : U → N such that
F(0) = 0 and

G(θ,F(θ)) = 0, for θ ∈ U . (113)

Finally, set

�(θ)ω = F(θ)ω + φ0
ω

(F(θ)ω + φ0
ω)(vθ

ω)
, for ω ∈ � and θ ∈ U .

Using the differentiability of θ �→ vθ , we observe that there exists a neighborhood
U ′ ⊂ U of 0 ∈ C such that �(θ) is well-defined and differentiable for θ ∈ U ′.
Furthermore, we note that �(θ)ω(vθ

ω) = 1. Finally, it follows from (111) and (113) that

(Lθ
ω)∗�(θ)σω = Cθ

ω�(θ)ω,

for some scalar Cθ
ω. The arguments in Sect. 3.7 imply that φθ

ω = �(θ)ω. Therefore, we
have established the differentiability of θ → φθ .
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15. Dragičević, D., Froyland, G., González-Tokman, C., Vaienti, S.: Almost sure invariance principle for
random Lasota–Yorke maps. Preprint. arXiv:1611.04003

16. Eagleson, G.K.: Some simple conditions for limit theorems to be mixing. Teor. Verojatnost. i Prime-
nen. 21(3), 653–660 (1976)

17. Froyland, G., Lloyd, S., Quas, A.: Coherent structures and isolated spectrum for Perron-Frobenius cocy-
cles. Ergod. Theory Dyn. Syst. 30, 729–756 (2010)

18. Froyland, G., Lloyd, S., Quas, A.: A semi-invertible Oseledets theorem with applications to transfer
operator cocycles. Discrete Contin. Dyn. Syst. 33(9), 3835–3860 (2013)

19. Froyland, G., Stancevic, O.: Metastability, Lyapunov exponents, escape rates, and topological entropy in
random dynamical systems. Stoch. Dyn. 13(4), 1350004 (2013)

20. González-Tokman, C., Quas, A.: A semi-invertible operator Oseledets theorem. Ergod. Theory Dyn.
Syst. 34, 1230–1272 (2014)

21. González-Tokman, C., Quas, A.: A concise proof of the multiplicative ergodic theorem on Banach
spaces. J. Mod. Dyn. 9(01), 237–255 (2015)

22. Gottwald, G.A., Melbourne, I.: Homogenization for deterministic maps and multiplicative noise. Proc.
R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 469(2156), 20130201 (2013)

23. Gouëzel, S.: Berry–Esseen theorem and local limit theorem for non uniformly expanding maps. In:
Annales de l’Institut Henri Poincaré (B) Probability and Statistics, vol. 41, pp. 997–1024 (2005)

24. Gouëzel, S.: Almost sure invariance principle for dynamical systems by spectral methods. Ann.
Probab. 38(4), 1639–1671 (2010)

25. Gouëzel, S.: Limit theorems in dynamical systems using the spectral method. In: Hyperbolic Dynamics,
Fluctuations and Large Deviations, Volume 89 of Proceedings Symposium in Pure Mathematics, pp.
161–193. Amer. Math. Soc., Providence (2015)

26. Guivarc’h, Y., Hardy, J.: Théorèmes limites pour une classe de chaînes de markov et applications aux
difféomorphismes d’anosov. Annales de l’IHP Probabilités Et Statistiques 24(1), 73–98 (1988)

27. Hennion, H.: Sur un théorème spectral et son application aux noyaux lipchitziens. Proc. Am. Math.
Soc. 118(2), 627–634 (1993)

28. Hennion, H., Hervé, L.: Limit Theorems for Markov Chains and Stochastic Properties of Dynamical
Systems by Quasi-Compactness, Volume 1766 of Lecture Notes in Mathematics. Springer, Berlin (2001)

29. Kato, T.: Perturbation Theory for Linear Operators. Classics in Mathematics. Springer, Berlin, 1995.
Reprint of the 1980 edition

30. Kelly, D., Melbourne, I.: Smooth approximation of stochastic differential equations. Ann.
Probab. 44(1), 479–520 (2016)

31. Kelly, D., Melbourne, I.: Deterministic homogenization for fast–slow systems with chaotic noise. J.
Funct. Anal. 272(10), 4063–4102 (2017)

32. Kifer, Y.: Large deviations in dynamical systems and stochastic processes. Trans. Am. Math.
Soc. 321(2), 505–524 (1990)

33. Kifer, Y.: Equilibrium states for random expanding transformations. RandomComput. Dynam. 1(1), 1–31
(1992/1993)

34. Kifer, Y.: Limit theorems for random transformations and processes in random environments. Trans. Am.
Math. Soc. 350(4), 1481–1518 (1998)

35. Leppänen, J., Stenlund, M.: Quasistatic dynamics with intermittency. Math. Phys. Anal.
Geom. 19(2), 8 (2016)

36. Melbourne, I., Nicol, M.: A vector-valued almost sure invariance principle for hyperbolic dynamical
systems. Ann. Probab. 37, 478–505 (2009)

37. Morita, T.: A generalized local limit theorem for Lasota–Yorke transformations. Osaka J.
Math. 26(3), 579–595 (1989)

38. Morita, T.: Correction to: “A generalized local limit theorem for Lasota–Yorke transformations” [Osaka
J. Math. 26(3), 579–595 (1989); MR1021432 (91a:58176)]. Osaka J. Math. 30(3), 611–612 (1993)

39. Nagaev, S.V.: Some limit theorems for stationary Markov chains. Theory Probab. Appl. 2(4), 378–
406 (1957)

40. Nagaev, S.V.: More exact statement of limit theorems for homogeneous Markov chains. Theory Probab.
Appl. 6(1), 62–81 (1961)

https://dx.doi.org/10.1017/etds.2016.55
https://arxiv.org/abs/1611.04003


A Spectral Approach for Quenched Limit Theorems

41. Nándori, P., Szász, D., Varjú, T.: A central limit theorem for time-dependent dynamical systems. J. Stat.
Phys. 146(6), 1213–1220 (2012)

42. Nicol, M., Török, A., Vaienti, S.: Central limit theorems for sequential and random intermittent dynamical
systems. Ergod. Theory Dyn. Syst. (2016). https://doi.org/10.1017/etds.2016.69

43. Ohno, T.: Asymptotic behaviors of dynamical systems with random parameters. Publ. Res. Inst. Math.
Sci. 19(1), 83–98 (1983)

44. Rey-Bellet, L., Young, L.-S.: Large deviations in non-uniformly hyperbolic dynamical systems. Ergod.
Theory Dyn. Syst. 28(02), 587–612 (2008)

45. Rousseau-Egele, J.: Un théoreme de la limite locale pour une classe de transformations dilatantes et
monotones par morceaux. Ann. Probab. 11, 772–788 (1983)

46. Saussol, B.: Absolutely continuous invariant measures for multidimensional expanding maps. Isr. J.
Math. 116, 223–248 (2000)

Communicated by C. Liverani

https://doi.org/10.1017/etds.2016.69

	A Spectral Approach for Quenched Limit Theorems for Random Expanding Dynamical Systems
	Abstract:
	1 Introduction
	2 Preliminaries
	2.1 Multiplicative ergodic theorem
	2.2 Notions of variation
	2.3 Admissible cocycles of transfer operators
	2.3.1 Examples


	3 Twisted Transfer Operator Cocycles
	3.1 The observable
	3.2 Basic properties of twisted transfer operator cocycles
	3.3 An auxiliary existence and regularity result
	3.4 A lower bound on Λ(θ)
	3.5 Quasicompactness of twisted cocycles and differentiability of Λ(θ)
	3.6 Convexity of Λ(θ)
	3.7 Choice of bases for top Oseledets spaces Yωθ and Yω*θ

	4 Limit Theorems
	4.1 Large deviations property
	4.2 Central limit theorem
	4.3 Local central limit theorem
	4.3.1 Proof of Theorem C.
	4.3.2 Equivalent versions of the aperiodicity condition
	4.3.3 Application to random Lasota–Yorke maps

	4.4 Local central limit theorem: periodic case

	A Technical results involving notions of volume growth
	A.1 Proof of Corollary 2.5
	A.2 Proof of Lemma 4.8, Step 1

	B Regularity of F
	B.1 First order regularity of F
	B.2 Second order regularity of F

	C Differentiability of φθ, the Top Space for Adjoint Twisted Cocycle mathcalRθ*
	Acknowledgements
	References




