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METASTABILITY OF CERTAIN INTERMITTENT MAPS

WAEL BAHSOUN AND SANDRO VAIENTI

ABSTRACT. We study an intermittent map which has exactly two ergodic in-
variant densities. The densities are supported on two subintervals with a com-
mon boundary point. Due to certain perturbations, leakage of mass through
subsets, called holes, of the initially invariant subintervals occurs and forces
the subsystems to merge into one system that has exactly one invariant den-
sity. We prove that the invariant density of the perturbed system converges in
the Ll-norm to a particular convex combination of the invariant densities of
the intermittent map. In particular, we show that the ratio of the weights in
the combination equals to the limit of the ratio of the measures of the holes.

1. INTRODUCTION

Open and metastable dynamical systems are currently very active topics of re-
search in ergodic theory and dynamical systems. A dynamical system is called
open if there is a subset in the phase space, called a hole, such that whenever an
orbit lands in it, the dynamics of this obit is terminated (see [9, [10] and references
therein). A typical example of an open dynamical system is a billiard table with
holes. Probabilistic and topological aspects of open dynamical systems have re-
cently been of central interest to ergodic theorists [I [6] [7, [8] T3], T2} [15].

A dynamical system is called metastable if it has two or more stable states. For
example, a system which consists of two adjacent billiard tables that are linked via
a small hole in their common boundary is a metastable dynamical system. Re-
searchers have recognised that studying open dynamical systems can bring insights
into the dynamics of metastable dynamical systems [I1], 14}, [I5]. In particular, it
has been recognised that closed systems that are metastable behave approximately
like a collection of open systems: the infrequent transitions between stable states in
a metastable system are similar to infrequent escapes from associated open systems

14, 15].

A particularly transparent description of this phenomenon is discussed in the re-
cent work of Gonzélez-Tokman, Hunt and Wright [14]. In [I4], a metastable expand-
ing system is described by a piecewise smooth and expanding interval map which
has two invariant sub-intervals and exactly two ergodic invariant densities. Due
to small perturbations, the system starts to allow for infrequent leakage through
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2 Metastablilty of Certain Intermittent Maps

subsets (also called holes) of the initially invariant sub-intervals, forcing the two
invariant sub-systems to merge into one perturbed system which has exactly one
invariant density. The authors of [I4] proved that the unique invariant density of
the perturbed interval map can be approximated by a convex combination of the
two invariant densities of the original interval map, with the weights in the combi-
nation depending on the sizes of the holes.

In this paper, we depart to the non-uniformly hyperbolic settingﬂ In particular,
we study an intermittent map which has exactly two ergodic invariant densities.
The densities are supported on two subintervals with a common boundary point.
Due to certain perturbations, leakage of mass through holes of the initially invari-
ant subintervals occurs and forces the subsystems to merge into one system that
has exactly one invariant density. We prove that the invariant density of the per-
turbed system converges in the L'-norm to a particular convex combination of the
invariant densities of the intermittent map. In particular, we show that the ratio
of the weights in the combination equals to the limit of the ratio of the measures
of the holes.

We would like to comment on the relationship between our work and the issue
of statistical stability. The latter is usually established in the context of systems
which admit a unique SRB measure (in our case an absolutely continuous invariant
measure, a.c.i.m.) and which are successively perturbed and the perturbed maps
posses an SRB measure too. One way to formulate the statistical stability is by
asking that the perturbed density converges to the unperturbed one in L', w.r.t.
the Lebesgue measure and whenever the SRB measure is absolutely continuous. A
general result of this kind has been established by Alves and Viana in the paper
[B], and successively by Alves [2] where sufficient conditions are given to prove the
statistical stability but still for the same class of maps. The latter is given by non-
uniformly expanding maps which admit an induction structure with the first return
map which is uniformly expanding, with bounded distortion and finally with long
branches of the domains of local injectivity. The perturbed map is chosen in an
open neighbourhood of the unperturbed one in the C* topology with k& > 2, and
a few more conditions are given to insure that the subsets with the same return
times in the induction set are close and moreover the structural parameters of the
maps (especially those bounding the derivative and the distortion) could be chosen
uniformly in a C* neighbourhood of the unperturbed map. The main result is that
when the perturbed maps converge to the unperturbed ones in the C* topology
then the corresponding densities of the a.c.i.m. converge to each other in the L'
norm, w.r.t. the Lebesgue measure.

There are two main differences with our situation. First our unperturbed map
admit more than one a.c.i.m.; second, the maps are only close in C?, a better regu-
larity being restored only locally on the open domain of injectivity of the branches.
These two facts obliged us to find a completely different proof.

1With the exceptions of [6] [[3], most of the results in ergodic theory of open and metastable
systems have been obtained for uniformly hyperbolic systems. See also [9, [I3] for further details.



‘W. Bahsoun And S. Vaienti 3

In section 2 we recall the result of [I4] about metastable expanding maps in a
slightly more general setting. In section 3 we introduce our metastable intermittent
system and its corresponding induced system. We then show that the induced sys-
tem satisfies the assumptions of section 2. Moreover, we prove a lemma that relates
invariant densities of the induced system to those of the original one. In section 4 we
setup the problem of the metastable intermittent. Further, we derive the formula of
the particular invariant density which is needed to approximate in the L'-norm the
invariant density of the perturbed system. This section also includes the statement
of our main result (Theorem and the strategy of our proof. Section 5 contains
proofs of some technical lemmas and the proof of Theorem

Notation.

A is an interval subset of [0, 1]. We denote by m the normalized Lebesgue measure
over the unit interval and with ||-]|, the associated L' norm. Given two sequences
ap and by, when writing a, < by, or equivalently a, = O(b,) with a, and b,
non-negative, we mean that 3C' > 1, independent of n and such that a, < Cb,,
Vn > 1. By a, ~ b, we mean that 3C' > 1, independent of n and such that
C~ ', < a, < Cb,, Yn > 1. With a, ~ b, we mean that lim,_, ‘;—’: = 1. We will
also use the symbols “O” in the usual sense. Finally, |Z| denotes the length of the
interval Z.

2. INVARIANT DENSITIES OF METASTABLE EXPANDING MAPS

2.1. The expanding system. Let 7 : A — A be a map which satisfies the fol-
lowing conditions:

(A1) There exists a countable partition of A, which consists of a sequence of
intervals {I;}°,, I; N I; = O for i # j, I; := [¢i0,Ci+1,0] and there exists § > 0
such that Tw = T\(CW’CHLO) is C? which extends to a C? function Ti,() on a
neighbourhood [¢; 0 — 0, ¢i41,0 + 0] of I; ;

(A2) inf,epe, [T'(2)] > By " > 2, where Co = {ci 0},

(A3) We assume that the collection T(Ii)ioil consists only of finitely many different
intervals.

(A4) 3 b in the interior of A such that T|a. € A,, where x € {l,r}, A, is an
interval such that A; UA, = A and A; N A, = {b}.

(A5) Let Hy := T~'{b} \ {b}. We call Hy the set of infinitesimal holes and we
assume that for every n > 1, (T"Co) N Hy = 0.

(A6) T verifies the Adler condition, namely there exists a constant D4 > 0 such
|D*T(2)]|

SUPzer, (D7 ()2 < Dj4. In this case there will be an a.c.i.m. with a finite

that sup,

number of ergodic components [I7]. We will make the assumption that 7' admits
exactly two ergodic a.c.i.ms p,, such that each p, is supported on A, and the
corresponding density h, is positive at each of the points of Hy N A,.

2.2. Perturbations of the expanding system. Let T.:A = Abea perturba-
tion of T" which satisfies the following conditions:

(B1) There exists a countable partition of A, which consists of a sequence of in-
tervals {; .}, I, . N 1j . = 0 for i # j, I; - := [Ci, Cit1,e] such that
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(i) for each i, € — ¢; . is a C? function for all € > 0 and for € sufficiently small we
have that [c; ¢, ¢it1,e] C [ci0 — 9, Cit1,0 + 9] ;

(ii) 1. [ci.cocip1..] DAsS a C? extension Tj . : [ci0 — §,civ10+ 6] = R, and T; . — T o
in the C? topology.

(B2) We assume that the collection TE(IZ-’g)Zl consists only of finitely many dif-
ferent intervals;

(B3) We assume that for each ¢ > 0, 7. admits a unique a.c.i.m. with density h..
(B4) Boundary condition:

(i) if b & Co, then T'(b) = b and for all € > 0, T-(b) = b;

(i) if b € Co, then T'(b—) < b < T'(b+) and for alle > 0, b € C., where C. = {¢; . }32,.

2.3. Holes in the expanding system (TE, A). We are interested in perturbations
of T'which produce “leakage” of mass from A; to A, and vice versa. For this purpose
we define the following sets:

_Hlﬁ = AN Ts_l(Ar)
and

H,.:=ANTHAY).
The sets PAIZ’E and H’m are called the “left hole” and the “right hole”, respectively,
of the perturbed expanding system (TE, A) . Thus, when T. allows leakage of mass
from A; to A,, this leakage occurs when orbits of 7. fall in the set ]EILE. Similarly,

when 7. allows leakage of mass from A, to A;, this leakage occurs when orbits of
T; fall in the set H, .

Following [I4] the limiting hole ratio (I.h.r) is defined by

l.h.r = lim M,
e—0 ﬂl(Hl,s)

whenever the limit exists.

In the following we will denote by BV ([u,v]) the space of functions of bounded
variation defined on the closed interval [u,v]. We will equip this set with the
complete norm given by the sum of the total variation plus the L' norm with
respect to m. We denote this norm by [|-|| gy ((,,.)) @nd the corresponding Banach
space by BV ([u,v]). By P. we denote the Perron-Frobenius operator associated
with the map T, [4, 5] and acting on BV (A).

Proposition 2.1.
(1) There exists a 5 € (0,1) and a B € (0,00), such that for any € > 0 and
f € BV(A), we have

HPEfHBV(A) <p HfHBV(A) + BHle
(2) Suppose that the l.h.r. exists. Then

gi_r)%Hhs - th1 =0,

where pr = Xpﬁl +(1- Xp)fALT and 1:\7;\ = Lh.r.
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Proof. The proof of the first statement, which is uniform Lasota-Yorke inequality,
is standard for C2 perturbations of 7' with |1 (z)| > 85 > 2 and satisfying Adler’s
condition. The proof of the second statement is exactly the same as the proof
provided by [14] for Lasota-Yorke maps with finite number of branchesﬂ O

Remark 2.2. Tt will be important in the following that § and B could be chosen
independently of € and e small. This could be easily achieved by recalling that
those quantities are in fact explicitly determined in terms of the map, we refer to
[3] for the details. In particular they depend on: (i) the infimum of the absolute
value of the derivative, which we denoted by 5 for T" and which persist larger than
2 by condition (B1); (ii) the constant D4 bounding the Adler’s condition which by
its definition (see above), could also be chosen uniformly in € for € small enough.

3. A METASTABLE INTERMITTENT MAP

A main issue of our work will be to compare a map of the interval with a neutral
fixed point (intermittent map), with a perturbation of it. Instead of studying a
general class of maps, we prefer to work with a particular example which allows
us to analyze in a precise manner the steps of our approach. By looking at the
proofs in the following sections, it will be clear that our approach can be extended
to other intermittent maps.

3.1. The intermittent map and its perturbation. Let o € (0,1). For each
€ > 0 define the continuous map 7T : [0,1] — [0, 1] by:

Tie:=x+4%(1 +4de)x!t®  for0<z < %

) D= 41+ 2)z+ 3 +3 fori<a<i
(31) Te(m) - TS,E = Ay — % for % << i
Ty () for 5 <z <1,

The component Ty .(x) continuously extends T5 . on the right; it is piecewise ex-
panding with the absolute value of the derivative bigger that 2, of class C? but in
the points of relative minima and with a finite number of long branches. We will
assume that it has only one spike emerging on the right side of 1/2 (see Figure
2) and this spike is located at the point of relative minimum s, which does not
move with e. We finally suppose that the height of the spike is exactly € like on
the left side. Notice that for € = 0, the intermittent map Ty := T has exactly two
ergodic invariant densities, h; supported on [0,1/2] and h, supported on [1/2,1].
Moreover, for any € > 0, the perturbed map has a unique invariant density h. We
will elaborate more on the uniqueness of h. in the Appendix. The graph of the
map is shown in Figure 2| Let us point out that with our assumptions T" and T
are C° close, namely lim. . ||7. — T||, = 0. Since T and T are also continuous
(and hence uniformly continuos on the closed unit interval), this implies that for

2We impose the same conditions as the ones imposed by [14], except that we relax the as-
sumption on the number of branches. Instead of requiring the map to have only finite number of
branches, we allow maps with countable number of branches whose image set is finite. The proofs
of [14] only depend on exploiting the locations and sizes of the jumps of the sets of discontinuities
of the invariant densities hs which occur on the forward trajectories of the partition points of T..
Thus their proof follows verbatim for the class of maps 7% of this paper.
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FI1GURE 1. The graph of T, for the values a = 0.3 and € = 0.1

any n > 0 we have as well lim._, || 72" — T", = 0.

3.2. Holes in the intermittent system (7, [0, 1]). We are interested in pertur-
bations of T' which produce “leakage” of mass from I, := [0,b] to I, : [b, 1] and vice
versa. For this purpose we define the following sets:

Hy,.:=0LNnT (1)
and

H,.:=1.NnT'(I).
The sets H; . and H, . are called the “left hole” and the “right hole”, respectively,
of the perturbed intermittent system (7%, [0, 1]).

3.3. The induced system. For each ¢ > 0, we induce T, on the same set A :=
[ag, 1], where ag := 1/4. We also set by := 1/4. It is important to notice that ag
and consequently A are independent of . Then for n > 1 we define

b1, = T1_761(l),17(;-)7 Ane = TQ_,El(b,m)7 and a;m = ngl(bmg).
Then for € > 0 we define the induced map T.: A — A by

(z) = T.(z) forxe Zy.
T Tt (z) forx € Z,.
!/

where Z; . := (ag,a1.) U (a'lys, 1) and Z,, o := (@p-1,c,ne) U (a;w, ap_1.e)-

(3.2) 1.

We now define the following sets:
Woe :=(ap,1) and Wy, o 1= (b e, bp—1), n > 1.
Observe that
T(Zne) =Wn1c and 77, . =n,

where 7z, _ is the first return time of Z,, . to A.

n,e

Lemma 3.1.
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(1) Fore =0, the invariant densities of T, iLl and }Alr, are Lipschitz continuous
and bounded away from 0 on [ag,b], [b, 1] respectively.

(2) Fore =0, the induced map T : A — A satisfies assumptions (A1)-(A6).

(3) Fore >0, the perturbed induced map T. satisfies conditions (B1)-(B4).

(4) The limiting hole ratio of the induced system

exists and it is different from zero and infinity.

Proof. Statement (1) follows from the fact that T‘[amb] is piecewise C?, piecewise
onto and expanding (see [5] for example). The same properties hold for Tl[b,l]' To
prove (2), observe that sup,c |T"(z)| > 3. Moreover, for all n > 1, T"(Cy) =

{b,1} N Hy = (). Statement (3) is satisfied, in particular, condition (B4). We now
prove (4). We first observe that

pr(Hre) i ede (&) | Hr |

p(Hie) [ hde 37 ()| Qre
where we applied the mean value theorem: &, . is a point in ﬁm, Qe = [Qk—1,e, Wk e],
where wy, . = T.1(b) N Zj . and flk,é is a point in Q.. We now treat the de-
nominator; again by the mean value theorem there will be a point Xﬁe € Qk,e

and such that |Qr.| = m. Since X;C,E — ag—1 when ¢ — 0, we write
l,e

DT.(x}.)—DT(ay—1) = DI.(xf.)—DT(x}.)+ DT (x}.)— DT (ar—1). When e goes
to zero the first couple on the right hand side goes to zero by the assumption (B1)
(convergence in C? over [aj,_1—0, aj,+6]), while the second couple goes to zero by the
continuity of DT still on [ay_1 — 8, a +0]. Therefore, when ¢ — 0, the denominator
tends to e times: Y ;- hi(ag_1)| DT (ax_1)|"*. We now show that this quantity is
finite and different from 0. First of all the density is bounded away from zero and
infinity in the preimages of b by assumption (6); this assumption is surely verified in
our case since the density is Lipschitz continuous and bounded from below on [by, b].
Then we observe that the assumptions (A1, A2, A3, A6) imply that the first return
map has bounded distortion. Therefore, there exists a constant Cy independent of
k which allows us to bound [DT(aj_1)|~' < C4|DT(v;)|~" where vy, is a point in
Zy, - for which the inverse of the derivative gives the length |Z, .| of Zj . times the
inverse of the length of [bg, b]; finally the sum over the lengths of the Zj . on [bg, b]
gives of course b — bg. We now bound the numerator; by the assumptions on the
branch T . we get immediately that |H, .| =& [\Dﬂ?g(ul@)rl + |DTyc(ur )| 71,
where u; . (resp. u, ) is a point on the left hand side (resp. right hand side) of s,.
By an argument similar to that used above we have that the term in the square
bracket converges, as ¢ — 0 to {|DZT4(ST)|*1 + |DTT4(ST)\*1}, where D;Ty(s,)

(resp. D, Ty(s,)) denotes the right (resp. left) derivative of Ty at the point s,. [

Remark 3.2. Lemma[3.I]implies that results of Proposition 2.1 hold for the induced
system. In particular,

gl_rf(l)HhE - hPHI =0,
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where
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FIGURE 2. The graph of induced system 7. for the values v = 0.3
and € =0.1

3.4. Pulling back the invariant density. For all € > 0, we can find an a.c.i.m.,
e, of T. using the a.c.im., fi., of T, [I7]. In particular, for any measurable set
B C [0,1], we have

oo TZW,E_l

(3.4) pe(B)=cre Y > pc(T/BN Zn ),

n=1 j=0

where ¢;l = Y07 77, fie(Zk,e). In the following lemma we provide a lemma
expressing the density of u. in terms of that of fi.. This will play a crucial role in
the proof of our main result.

Lemma 3.3. Let pu. be a T.-acim, defined as in . Then, fore >0,
cT7Eﬁ5(m) forz e A
(3.5) he(x) =

)

7 —1p—(n—k—1)
00 3 he(T7}T¢ x)
c ° : : orx €W
T,E Zn:k+1 (Ezz |DTe(nfk)(T;;Tlis(nfka)z)‘ f k,e

where he and iLE are the densities of e and [i. respectively.
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Proof. By (B.4), for any measurable set B C A, we have
p1e(B) = cr,cf1e(B).

Passing to the densities and for Lebesgue almost all z € A, we obtain
he(z) = crche ().

We then extend h. to a bounded variation function as iLE. This proves formula

(3.5) for z € A.

Now suppose B = W}, ., for some k. Then by (3.4]), we have

Wks = ZZ T JWkstns)*crs Z ﬂs(Zn,s)~
n=1j=0 n=k+1

Therefore, if B C W, ., we obtain

ME(B) = Cre Z ﬂa(TE_(n_k)B N Zma)-

n=k+1

consequently,

/hdx— Z / s E(m)d

k1 /T BNZ,,

We now perform the change of variable 7" %y = z by observing that the set B
is pushed backward n — k — 1 times with T_1 and then it splits into three parts

according to the actions of T1 e T2 VA 1 Therefore

A T 1T (n k— 1) )
hedr = Cre Z / ( n—k n—k—1 dy’
/ P |DT< )<Ti,;T1,§ )]

n=k+1

where DTs("_k)(z) is the derivative of 74" evaluated at the point z. Thus, for
Lebesgue almost all x € W, . we obtain

) 3 fz T_lTl_("_k_l)x
h5($):CT,€ Z <Z ( _716 —(n— —) )

n—k n—k—1
n=k+1 \i=2 |DT( )(Ti,e Tl,e( )33)|

00 3 7 —1p—(n—=1)
= Cre E ( E 6( I’E_ Le — ) > .

n n—1
n=1 \i=2 ‘DTE( )(Ti,alTl,s( )93)|

The last expression shows that h. could be extended to a bounded variation function
over all A¢ and therefore over all the unit interval. O

4. THE PROBLEM OF THE ORIGINAL INTERMITTENT SYSTEM

4.1. The problem. In subsection we noted that the intermittent map 7" has
exactly two ergodic invariant densities, h; supported on [0,1/2] and h, supported
on [1/2,1]. Moreover, for any € > 0, the perturbed map has a unique invariant
density h.. The uniqueness of the invariant density h. is proved in the Appendix.
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Our main goal is to prove that the invariant density of the perturbed system
he converges in the L'-norm to a particular convex combination of the invariant
densities, h; and h,., of the intermittent map. We define

Crphp(2) for z € A
(4.1) hp(z) =

)

oo 3 b (T T (P Vg
Crp Zn:kJr] (Zi—2 ‘DT“L,k;(T;1T17(n7k71)m)| for x € Wk

where ¢} = 300 kit (Zk), ftp = Apits + (1 = Ap) fir-

Remark 4.1. Note that, by Lemmal@l7 hp is a T-invariant density. Moreover, since
T has exactly two ergodic invariant densities h; and h,., h, is a convex combination
of hy and h,. In fact, h, is a particular convex combination of h; and h,. In the
following proposition, we give an explicit representation of h, in terms of h; and
h.

Proposition 4.2. The representation of hy, in terms of hy and h, is given by

hp() = Aphi(x) + (1 = Ap)hr (),

ApCror -1 N _ N
where Ap = m7 Cry = Yt kiu(Zy) and Crr =Dy ki (Z).

Proof. First, using Lemma [3.3] we have

cT,lle(a:) forx € A

hl (.23) = y
o 3 ho(r i (m R D)
Crl Zn:k+1 (Zi—Q ‘DT(n—kZ)(TflTl—(n—k—l)x)l for x € Wy,

and for all z € [0, 1]

he(z) = rphp ().

Moreover,

crh = kip(Ze) = Ay > kfu(Ze) + (1= 2p) Y kiin(Zk) = Ape) + (1= Ap)es
k=1 k=1 k=1

Therefore, using (4.1)), for € A, we have

hy(2) = rp(Mphi(@) + (1= Ap)ho(2))

Crl 7 3 Crr 7

=M= . ho(z) + (1= Ap)= —h,(x
P+ (1= Ap)erert e+ (1= %) ApCracry + (1= Ap) (@)
A 11—\ .
- P he) b —— ) )
Ap+ (L= Ap)ericrr ApCrrCry + (1—=Xp)
= Aphy(z) + (1 — Ap)h,(2).
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Using (4.1)) again, for z € Wy, we obtain

0o 3 2 —1p—(n—k-1)
A ha (T, @
() — ey S (z (I " ) )

n=k+1 \i=2 \DT(”_’C)(T[ITf(”*kfl)x”

0o 3 2 —1p—(n—k-1)
N Cr,l hl(Tz 1 'T)
e 3 (3 1

p+ (1= N)erienr 57\ |DT0=R (17 R Yy

A
- = h; = A\ hi(x).
Syt (1 Apyergert

O

4.2. Main result and the strategy of our proof. The following theorem is the
main result of the paper.

Theorem 4.3. Let h. be the unique invariant density of T.. Then

(1)

gg%”hs — hyll1 =0.

(2) Moreover,

lim Arre) Ao
e—0 ,Ufl(Hl,E) 1-— )\p

To prove (1) of Theorem we use the following strategy:

(1) First we estimate

he =ty < [ he=mldo+3 [ he = hyldz
k=1

Wi\(W, - "\Wk)

(4.2) k k k

+ Z/ \he — hyplda = (I) + (IT) + (I11).
k=1 Wk,af‘IWk

(2) In (I), we exploit the representations of h,, he on A, and use Remark
to conclude that the limit of (I) is zero as ¢ — 0.

(3) In (II), we obtain an estimate like

sup |he ()] + sup he ()] < -
€W \(Wy, e N\Wk) €W\ (W, e N\W)

Since the left boundary point of Wy, by, scales like k*é, we have just
recovered, with a different technique, the well known fact that the density of
the intermittent map behaves like z7¢ in the neighbourhood of the neutral
fixed point. Consequently, this implies that

= 1

(ID) S kWi \ (Wie N W) 2> Tije"

k=1 k=1
and the uniform convergence of the series allows us to bring the limit inside
for e — 0.

(4) In (IIT) h. and h, can be compared on Wy, . N W, via their representations
in terms of h. and h, respectively. We then show that (III) is summable.
This allows us to crush the limit ¢ — 0 inside the sum to conclude that
the limit of (III) equals zero. In this part, we invoke two results from the
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induced system. Namely that lim. o ||hc — hp||1 = 0, and the fact that h,
is Lipschitz continuous on [ag, b].
To prove (2) of Theorem we use the representation of A, in Proposition and
part (1) of Theorem 4.3

5. PROOF OF THEOREM 4.3

Before proving Theorem we state and prove two lemmas. We first observe
that T, (ak,e) = by and by e S k_é, see for instance Lemma 3.2 in [16], from which
| Zre| S k~al, actually |Zg .| < Cck~ =t where C. = 14 O(e). In the next
Lemma C will denote a constant which is independent of & and which could change
from one formula to another.

Lemma 5.1.

(1) Fore >0, 332, kjie(Zie) < C(:25)(125).

(2) limesolere —crpl = 0.
Proof. (1) By Proposition and remembering that the infinite norm (w.r.t. m)
is simply bounded by the BV-norm, we have

=, . . = -, B &1 -, B
Zkﬂa(zk,e) < Hhs||oozk|zk,e| < C(l 5)Zk1/a < C(l_ﬁ)(lia)'

To prove (2), we first observe that the constants ¢, . and ¢, are less or equal to
1; then

k=1 k=1 k=1

1 1
‘67—7 - CT, | = ‘ 3 ~ - [e9) ~
: P Zk:l kfie(Zy.e) Zk:1 kfip(Zy)

By (1) the previous series is uniformly convergent in e. Therefore, it is enough to
show that for any k, |fi(Zk,€) — f1p(Z))| converges to zero as € — 0. We have

<Y Kl (Zi, ) — fin(Ze)|.
k=1

1 . .
i (Zir ) — fin(Za :7/ hd:rf/ hdz| <
:(202) = (20 = s | [ ete = [

1 . . . .
—_— / hsder/ hsda?f/ hdx—/ hdz| <
m(A) Zk,sﬂZk Zkvg\(Zkystk) kazk,s Zk\(kaZk,E)

1 / A - A
— he — hl|dx + 2| h Oom(Zk) AZy
i | the =l 2l oom (.02

and the first term in the square bracket goes to zero because lime_, ||he — hl|1
0.

ol

Lemma 5.2. Fore >0, v € Wy . and k large we have
(1)

|DT(n7k)(Tf1T—(n—k—1)x)| > n "
vt “\k+2/)

where 1 = 2,3, N, = ifgﬁ; and d > 1.
(2)

oo

> ! < k.

n=k+1 |DT(n—k) (Ti_lTl_(n_k_l)x)|
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Remark 5.3. Before doing the proof we need two observations:

e The same proof holds for 7. with all the constants involved uniformly
bounded in ¢ for € small. Moreover it will be clear in the proof of the
theorem below that we should also take z not in W, but in one of the two
similar sets adjacent to it: the proof will not change.

e It will be extremely important to have the constant d strictly larger than
1. Working with the map T'(x) = z + 4%x' T z € [0,1/4], such a constant
will be d = ¢® 4%(1 + «), where the constant ¢ verifies b, > ck~=. This is
done in the next sublemma.

Sublemma 5.4. Let b, = Tflbk,l, with by = 1/4. Then there exists ¢ independent
of k for which by, > ck_%, E>1andd:=c*4*(1+a) > 1.

Proof. We proceed as in Lemma 3.2 in [16], but proving the lower bound. Let

us choose ¢ = m 1 T + §, where 0 is a small positive constant whose value will be
+a)a

fixed later on. Note that with this value of ¢, the quantity d > 1. We now prove

the first assertion of the sublemma by induction. Suppose it is true for k; if it is

not true for k£ + 1 we should have

by = a1 (14 4°b7, ) < c(k+1)"a (1 4+ 4% (k+1)71)

which implies that k== < (k+ 1)~ (1 4 4%*(k+1)"1) or (1+4)—1< 4%c”

> R

1
But (1 + %) “—1> ék—il, which in conclusion gives us ¢* > — 14@. With the given
choice ¢ = L+, we see that for § small enough the preceding lower bound is

4(14a)«
false and so the induction is restored provided we prove the first step of it, namely

b1 > L__ 45 Now b + 4%?0‘ = 1/4; suppose by will not verify the previous

4(14a)a
lower bound, then we should have

1 1 1 e
§1+6+4’1<1+5> :
47 41+ a)= 41+ a)=

It is easy to check that this can never be true.

Proof. (Of the Lemma As we anticipated above, we first need (1) We have
|DT(n—k) (Ti—lTlf(nfkfl)xH _ sz_:ko_l |DT(TmTZ_—1T17(n7k71)x)
> inf  [DTy| > T DT (bygm ).
yeWw,

k+m
The last estimate is true because the derivative of T is increasing on [0,ag). In
particular, since DTy (z) = 14 (14 a)4%2® and by > Cﬁ, where ¢ is the constant
given in the sublemma, we have

(5.1)
|DT("_’“) (TzﬁlTI—(n—k—l)x)‘ > ankfl(l n

m=1

_da
k+m+1

By the mean value theorem applied to the function x — log(l + z),z > 0 we
immediately have

(5.2)

n—k—1 n
‘DT(nfk) (TflT—(n—k—l)I)| N 6% 1 (ﬁ) S e% log 745 _ n Nk .
¢t = k+2

n—k—1
) — eZm=1 log(1+ k‘+7lj/’l,+1).
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To prove (2) we sum over n the estimate in (5.2)) and we use the fact that d > 1. O
Proof. (Proof of Theorem We have

||he = hypll1 < /A |he — hp|dx+Z/ |he — hy|dx
k=1

Wk\(Wk,Eka)

oo

+1;/Wksmwk |he = hpldz = (I) + (I1I) 4 (I111).

By Lemma [3.3]

/ ey che cT,,,iL,,|dxgcT,p/ \hg—ﬁp|dx+|cm—cw|/ \he|da.
A A

Therefore, by Proposition[2.1]and Lemmal[5.1} (I) — 0 as e — 0. To prove that (1)
converges to zero we first obtain a bound on sup,cyw,\(w, .aw,) (17 ()] + [he(2)]) -

Using (4.1]), Proposition and Lemma, [5.2] n we have
sup - |hp(a)] < sup er, Z Z

€W\ (Wi.. W) ; Mt |DT(n k— 1) 1T (n—k—3) z)|

B
A similar bound holds for h. by observing that the supremum should now be
taken on an adjacent cylinder of Wy .. Consequently since, as we already saw,
lbe — bp—_1| ~ k~=~1, k> 1 we obtain

1T (n—k-2) )|

) k.

o0 oo
) - const Z klby — bg—1| < const Z ko
k=1 k=1

B
1I) <2(——
(1) < 2(5=
The uniform convergence of the series allows us to take the limit for € — 0 inside
and this will cancel the second contribution since m(Wj, \ (Wy . N Wy)) — 0 when
€ — 0. For the third one we have:

o0

=3 /W hefa) = (o)l

k=1

o] A T 1T (n—k—1) )
e I S S

MW n=k+1 i=2

he (T 2T 7 Va) |
|DT5(n k)(T 1T (n—k—l)l.)‘

%) 1T (n—k—1) )l
S Z |CT,p - C‘r75| Z Z
k=1

Wi, e Wi, — k+“ 5 ‘DT(n k) T (n—Fk— 1)x)|
oo
+ 677/ |
kz::l € Wi, e "Wy, nzk;—uz; |DT(n k) 1T (n—k—1) )|
7 — —(n—k-1

_ h“:(,Ti,alTl,s( ).’E)

—k —1p—(n—k—
R )

dx

lT(nkl))

|dx

— A, + As.
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The quantity A; could be treated as the term (II) above: the integral inside the
sum gives the summable contribution k~= which will allow us to take afterwards
the limit |¢;p, — ¢r¢] = 0 for € — 0. The same argument shows that A, converges
uniformly in €, but in order to take the limit inside the series, we have first of all
to split As into two supplementary terms:

00 -1 (n—k—1)
| 3y Lo o)
k=1

Wi, 5 5 |DT<n NI SR )

he (T 2T 5 V2

- |dx
DT =T 1 " )|
Tl (n—k— 1)(E)
+ > / |
Z € WksﬂWknzk;rlzz; |DT(n k) 1T (n—k—1) z)|
he (T2 7F Va2
< |dx

DT (T 2T T e
= A} + Al

To show that A3 converges to zero as € — 0 it will be sufficient to control the
integral

1 S L (n—k—1) S e (n—k—1)

Do (T —hy (T,

/Wk,Ean |DT(n_k)(Ti_1T1,(n,k,1)x)|[ P( i 1 3?) P( i,e ~1l,e .’17))+
b (T 1T 7V a)) = (11 7 Ve da

We now make the change of variable y; = Ti_lTl_(”_k_l):c € Z, and set y} =

yi(y:) = Ti;lTl_’E(n_k_l)(T"*kyi). Then y;,y. € Z,, U Z,. and we rewrite the previ-

ous integral as

(53) [ ) = Bl + g o) = e ) e
We first have

lim |]:bp(y;) - iLE(?Jgﬂdyi < lim Hilp - iLEHI =0.
" e—0

e—=0 ),

We also have lim._,q [, |ﬁp(yi) — hy(y})|dy; = 0, since by (1) of Lemma hy is
Lipschitz on A and y} — y; as € — 0.

To prove that A; converges to 0 as ¢ — 0, it will be sufficient, after having
factorized one of the inverse of the derivatives, to show that the ratio

DTE(n_k) (EjalTis(n—k—l)z)
DT (n—k) (Ti—le(n*k*Ux)

7$€Wk}5ﬂWk

goes to 1. We begin to rewrite it as

[kt DT-(T™y') DT.(T"y)

13

m=0" DT (T™y") DT.(T™y')
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where we put y := TiTElTl_’E(n_k_l)x € Zneandy = Ti_lTl_(”_k_l)x € Z, and we
also recall that T/"y € W,,_p, . and T™y' € W,,_,,,. The first ratio % goes
to one since for any 0 < z < by: lim._,g DT.(x) = DT(x). The second ratio can

now be written in the form

DT (T"y)
DT.(T™y')

= exp

D*T,
DT,

Ty —T™y|
Ee(Trmy, Tmy’)

Recall that the first and the second derivative are finite outside the origin; so we are
left with proving that |7y — T™’| tends to 0 when £ — 0. But [Ty — T™y/| =
[Ty — T™y| + |T™y — T™y’| and the first term goes to zero since T2 converges
uniformly to T™ and the second term goes to zero by the continuity of 7. This
finishes the proof of part (1) of the theorem.

To prove (2), we first use Proposition to obtain

Ap chr,r
1—- )‘P (1 - 5\p)CT,l '

Using (3.4) it follows immediately that ¢, , =1 and ¢, ; = p;(4A;), where A; is the
interval (bg,b). Therefore,

Moo M 1 (Hy)
=X (1=Aers (D) e=0 fy(Hy )
We now show that

(5.4) L gy BUee) ()
MI(AZ) e—0 ,[)’l(Hl,E) e—0 Ml(Hl,E)

which leads to the formula in part (2) of the theorem. We know invoke formula
and the result which we obtained in part (1) of this theorem. We have H; . =
I ﬂTE_lLA = (Il ﬂTE_lfr)l @] (Il ﬂTE_l_[r)r, where (Il ﬂTE_llr)l = (Il ﬂTE_l_[r) N (0, bo)
and (]l N Ta_llr)r = (Il n TE_IIT) N (bo, b)

Now, using (3.4) we obtain

pe(LNTL) —cmzug (DL AT L) N Ze) =

Cre 3 (T L N A = e [ (T 1 0V A = e (10 )|

€ ‘Zn,s

. ~1
where we define 7}, ! := ( i ) . On the other hand

pe(LNT L)) = erefe(TT 2 NAY)

since (I[; NT'1,), is inside the domain of induction. In conclusion we have proved
that

ME(HI,E) = ME(IZ n Tg_l—[r) = CT,EﬂS(Hl,S)
In a much easier way we immediately have

,Ufs(Hr,e) = ,Ufs(-[r n T;IIZ) = C‘r,sﬂs(TglAl N Ir) = CT,sﬂe(ﬁr,s)
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Therefore we have

/le(Hr,s) _ /lE(Hr,s)
pe(Hie) o (H, )

Now we observe that for what we previously proved we have:

(5.5)

o [ic(A) = (1= Ap)fir(A), whenever A is a mesurable set in A,..
o 1, (A) %, whenever A is a mesurable set in I,.

o [i.(A) — 5\1,,&1(14), whenever A is a mesurable set in A;.
o 1y(A) %:‘), whenever A is a mesurable set in .

Of course the same is true if A depends on ¢ since, take for instance A C I,
|f1e(A) — fir(A)] < ||BE -(1- 5‘p)ﬁpul — 0.
Putting together all that and using (5.5) we get (5.4):

limmzhm Ap Lﬁr’“’a):hm Ap M
0 Nl(Hl"e) =20 1=A ’ue(Hl’E) =0l =y ﬂs(Hl,s)
\ i (H 1 (A
— Iim A)\p e ( Ar,e) — lim fir( AT’E)

=0 (1 - )‘p)/ll(Al) ﬂE(Hl,E) e=0 pu(Ar) fu( l,s) .

6. APPENDIX

In the appendix we provide a method which could be used to determine the num-
ber of ergodic a.c.i.ms for maps similar to 7T,. In particular we will show that for
any € > 0, the map 7. defined in has exactly one a.cim. Let C(1.) := {1,354
be the partition on which 7} is piecewise monotonic. We introduce a directed graph
associated with the perturbed map 7, € > 0, and we denote it by G(TE)H

e There is an arrow from I; — I; if and only if there exists a £ > 1 such that
e A finite sequence of arrows will be called a path.

o I; is said to be accessible from I; if there exists a path in G(T;) from I; to I;.

e The accessible set from I;, denoted by [I;], consists of all intervals I; which are
accessible from I;.

Lemma 6.1. Let p be a T, ergodic a.c.i.vrﬁ. Then the support of p contains [I;]
for somei=1,...,6.

Proof. We will first show that for any interval J C I, there exists an n > 1 such that
T (J) contains two partition points. Let J C I; for some i. Since m(T:(J)) > m(J),
there exists a j > 1 such that T7(.J) contains a partition point in its interior. We
consider all possible cases.

3A similar graph can be found in [5] which is used to get an upper bound on the number on
ergodic of a.c.i.ms when the modulus of the derivative of the map is greater than 2. Since in our
case inf, |T:| = 1, we cannot use the results found in [5].

“We know that there is at least one such measure since the corresponding induced map has an
a.c.i.m.
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(1) If TZ(J) contains the partition point 0, then obviously there exists a k > 1
such that T7**(J) contains [0,1/2].

(2) The case of the partition point 3/8 is the same as that of 0.

(3) If TZ(J) contains the partition point 1/4 in its interior; i.e T2 (.J) D (p1, p2)
with 1/4 € (p1,p2) . Then we observe that T([1/4,p2)) C [1/4,1] for all
k > 1, and inf,ej1/4,1) [TZ| > 2. Thus for some k > 1, T¥([1/4, p2)) must
contain two partition points (otherwise the length of iterates of the image
will go to oo since the modulus of the derivative is bigger than 2). Thus,
TJ+k(J) contains two partition points.

(4) The cases of the partition points 1/2,5/8,13/16,1 are similar to that of
1/4.

Let C denote the support of p. Since C contains an interval J, T"(J), n > 1
contains two partition points, and C' is an invariant set, C' must contain (mode 0)
an I;. Consequently (by invariance) C must contain (mode 0) [I;]. O

Lemma 6.2. For each € > 0 T, has a unique ergodic a.c.i.m.

Proof. Observe that for each i =1,...6,

[IZ] = {Ila I2a I3vl4a157 16}

Thus by Lemma and the fact that ergodic a.c.i.ms must have disjoint supports,
T: has a unique a.c.i.m. O

10.

11.

12.

13.

14.

15.
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