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We review various unitary network models used in quantum computing, spectral analysis
or condensed matter physics and establish relationships between them. We show that
symmetric one-dimensional quantum walks are universal, as are CMV matrices. We
prove spectral stability and propagation properties for general asymptotically uniform
models by means of unitary Mourre theory.
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1. Introduction

The last few years have witnessed a growing interest in several scientific communi-
ties for unitary network models defined on a lattice, or more generally on infinite
graphs, describing the discrete dynamics of a quantum particle, possibly with inter-
nal degrees of freedom. In condensed matter physics, popular models of this kind
are the Chalker—Coddington model, [18, 41] describing the two-dimensional motion
of electrons in a perpendicular magnetic field and a background potential and the
Blatter and Browne model, [12], accounting for the dynamics of electrons in a
metallic ring subject to a constant electromotive force. In the field of theoretical
quantum computing, the study of unitary models with internal degrees of freedom
defined on various graphs, called generically quantum walks, are an active field of
research. This is due to the instrumental role such dynamical systems play in the
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elaboration of quantum algorithms and efficiency tests of such algorithms, see, e.g.,
[37, 44, 23, 50]. Moreover, quantum walks also provide effective discrete models
used in optics, be it to study atoms trapped in time periodic optical lattices, ions
in suitably tuned magnetic traps, or polarized photons propagating in networks of
waveguides [36, 51, 45]. Also, as the name suggests, quantum walks are sometimes
considered as quantum analogs of classical random walks on the underlying graph,
see, e.g., [1, 37, 48, 39, 50]. This point of view has triggered interesting developments
driven by analogies with classical probabilistic concepts [22, 11, 47, 24, 13]. Last
but not least, the celebrated CMV matrices associated with orthogonal polynomials
with respect to a measure on the unit circle, and many of their extensions, see [46],
also belong to the class of unitary network models discussed in the present paper.
In particular, their doubly infinite versions are closely linked to quantum walks, as
made explicit in [16] for example.

This non exhaustive list illustrates the popularity of unitary network models and
their flexibility in modeling various discrete unitary dynamical systems. Moreover,
the algorithmic simplicity these models exhibit enables tractable, yet non trivial,
mathematical analysis of their transport and spectral properties, which is the main
focus of this paper. This trait of unitary network models has been exploited in
the mathematical works mentioned so far and in [14, 20, 40, 42, 19, 35] for other
examples of deterministic studies. For random versions of unitary models on cubic
lattices or on trees, see [3, 31, 25] for temporal disorder, and [28, 38, 34, 2, 5, 6, 32,
33, 26] for spatial disorder.

The present paper is devoted to the study of deterministic quantum unitary
network models of the kind alluded to above. We first describe more precisely a few
emblematic models on Z? and establish some of their basic properties. We intro-
duce in Sec. 2.1 the simple symmetric quantum walks on Z? with internal degrees
of freedom in C??, for an arbitrary dimension d. We then discuss the Chalker—
Coddington model on Z? in Sec. 2.2 and show that it can be written as a quantum
walk. For d = 1, we revisit the Blatter—Browne model, CMV matrices, and symmet-
ric quantum walks and discuss their relationships in Sec. 2.3. There we show, see
Remark 2.8, that unitary network models are generic in the sense that any unitary
operator is unitarily equivalent to a quantum walk, extending a result of [16]. This
provides further motivation to study unitary network models.

Then we consider generic deterministic quantum unitary network models defined
as perturbations of translation invariant models, from a spectral perspective. More
precisely, we are concerned with translation invariant models viewed as unitary
matrix valued multiplication operators in the dual Fourier variable, i.e. fibered uni-
tary operators, which typically exhibit purely absolutely continuous spectrum, a
signature of transport. We consider multiplicative perturbations of such translation
invariant models by operators that are multiplication operators in the discrete lat-
tice variable, under certain assumptions on their behavior at infinity, as described in
Sec. 3. This setup corresponds to local perturbations of some homogeneous or peri-
odic background in which the quantum particle propagates according to the discrete
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time dynamics induced by iteration of the quantum unitary model. Our results on
the stability of spectral properties of translation invariant models perturbed that
way are stated as Theorem 3.4.

The mathematical tool we use to get our spectral results is Mourre’s method
which was originally developed to study stability of the continuous spectrum of
self-adjoint operators and was successfully applied to perturbations of self-adjoint
translation invariant operators, see, e.g, [43, 4, 21] and references therein. Given
our context, we need to resort to a unitary version of Mourre’s theory, see Sec. 3.1,
a topic under development in the recent years, see [8, 49, 9]. Our main techni-
cal result regarding Mourre’s unitary theory is described in Sec. 3.2. We define a
self-adjoint conjugate operator associated with any translation invariant unitary
network model that allows us to analyze the fairly general class of perturbed uni-
tary operators loosely defined above. This class contains the main models discussed
in the literature, and, in particular, those introduced in the first part of the paper.
We end the paper by spelling out the spectral consequences of our main abstract
result on these examples in Sec. 4.

2. Unitary Network Models
2.1. Quantum walk on 7¢

We consider a simple symmetric quantum walk (QW for short) on Z?, with 2d
complex internal degrees of freedom. It is customary to call C2¢ the coin space.
Remark that numerous variants of quantum walks exist in the literature, each
with its own merit, designed according to the context and goals considered. See for
example [27, 29, 50] and Sec. 2.2. We emphasize that our general result Theorem 3.4
applies to many of these.

We now recall the definition of a symmetric quantum walk. The canonical
orthonormal bases of R? and [?(Z%) are denoted by {fi}r=1.2,..4, and {|5)};ezq,
respectively. We denote the canonical basis of C??, by {|7)},enr,, where the stan-
dard set of indices 1,...,2d is relabeled as Ny = {1,—1,...,d, —d}. Following [37],
for example, we introduce the following

Definition 2.1. (i) Let the symmetric shift operator S on C?*?®1%(Z%) be given by
S=. > INEleli+nl (1)
j€Z4 TEN,

where we abuse notations by writing j + 7 € Z% to mean j + sign(7) fi7 € YA
(ii) For a given family of coin matrices {C(j)} € U(2d)Zd, the coin operator is
defined as
C=> CUH @il onC*eP(2).
jezd
The simple symmetric QW operator is then defined by the composition
U=SC onC*®I*2z).
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The interpretation of U is as follows: the action of C is local on the lattice
and simply reshuffles the coin variables, whereas the action of S makes the parti-
cle jump from its location on the lattice to its nearest neighbors, according to the
coin state. By construction U, only couples sites on the lattice that are at distance
one apart, consequently, after n € N iteration, U™ does not couple sites on the
lattice that are a distance larger than n apart. Remark that the evolution oper-
ator generated by a nearest neighbor hopping Hamiltonian is of infinite range in
general.

In the constant case C(j) = Co € U(2d), for all j € Z%, one speaks of a homo-
geneous QW and we denote by Uy, the corresponding QW operator. In this case,
U is represented in Fourier space by a matrix valued multiplication operator by

M(x) = diag(e™, e ™1 "2 ¢~™2 e om)O - g€ T (2)

More precisely with the Fourier transform defined on L?(T?, dl; C??), where dl is
the normalized Lebesgue measure, by

F:LA(T4dl) — (2% F(e¥):=5) (j ez
it holds:
1@ F) (1@ F)Y ® f(z) = (M(2)1h) ® f(x) (Y €C? fe LT dl)).

The matrix (2) is the starting point of the abstract analysis performed in Sec. 3
below, where we shall handle perturbations of this homogeneous situation.

Remark 2.2. (i) The method extends to QW defined by a periodic configuration
of coin matrices, at the price of increasing the dimension of the coin space, see
[7, 14]. However, we shall not address this point here.

(ii) The analysis of homogeneous quantum walks defined on trees is more subtle,
due to the lack of an equivalent to the Fourier transform allowing us to express
the QW operator as a multiplication operator, see [35].

2.2. Chalker—Coddington model

The Chalker—Coddington effective model was introduced in [18] in order to
study the quantum Hall transition numerically in a quantitative way, see [41]
for a review. Mathematical results on transport properties were given in [5, 6].
Our aim in this section is to prove that the model is equivalent to a simple
symmetric QW.

The main features of the dynamics of a two-dimensional electron in a strong
perpendicular magnetic field and a smooth bounded random potential are described
by iterations of a random unitary U acting on [?(Z?). The model (we refer to [6]
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for more details) is defined as
U(p) = DT(p) onl*(Z?)
where the matrix of the random unitary D is diagonal in the canonical basis, the
angle ¢ is a physical parameter and T'(¢) is the deterministic unitary operator
T(p) := cos Sy + isinpSe

built by superposition of local (anti-)clockwise rotations in the following sense: for
the canonical basis {[j)},ecz2 of [?(Z?), consider the decompositions

G =) - @
JEZ2 JEZ?
where
HY; = span{|(2j1, 252)). (21 + 1,2j2)), [(271 + 1, 252 + 1)), | (241, 22 + 1))},
H,, := span{|(2j1, 2j2)), [(241, 2j2 — 1)), [(2j1 — 1, 2j2 — 1)), [(2j1 — 1, 2j2)) }-
Then
So =@ s So=Ep 5,
JEZ? JEZ?

where for # € {O, O} the restrictions Si# of Sy to the invariant subspaces Hz# are
represented with respect to their basis vectors in the above indicated order by the
permutation matrix

o O = O
O = O O
_ o O O
S O O

Le. S%|241,252) = 1251 +1,272) - - ..
We identify the Chalker—Coddington model as a generalized quantum walk:

Theorem 2.3. For ¢ € [0, 3], U(y) is unitarily equivalent to U(yp) on C*®1%(72)
defined by

U(yp) = D(cos pR @ I + isin o(R~' @ 1)S)
where R : C* — C* is defined by R|£1) := |£2), R|£2) := |F1) and

S = > )Tl @i+ 1)l and D:= Y D(j)®|j){j
JEZ2 Te{+1,4+2} jez?
with the same convention as in (1) regarding j + 7, and D(j) a diagonal unitary

matrix.

Remark 2.4. Thus the Chalker—Coddington model is a linear combination of sym-
metric quantum walks, one of them being static.
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Proof of Theorem 2.3. Define the unitary operator I : (2(Z%) — C* ® ?(Z?)
corresponding to the decomposition €P ¢z HY, = 1%(Z?) by

125) == [-2) @ |5), IL|2j+ (1,0)) == [+1) @ |5)
L2+ (1,1)) = [+2) ® |5), 127 4 (0,1)) := |-1) @ |j).
Then it clearly holds: U(p) = IU (o)1, O

In Fourier space, D~1U(y) is represented by the matrix-valued multiplication
operator by

0 isin((p)e®2 0 cos(¢)
M (r1. ) = cos(p) 0 isin(p)e” 1 0 | 3)
0 cos(¢p) 0 isin(p)e” "2
isin(p)et®? 0 cos(¢p) 0

2.3. QW, BB and CMYV models

In case the configuration space is one-dimensional, in addition to the class QW
described in Sec. 2.1, we discuss two classes of unitary operators defined on [?(Z),
BB and CMV which have been considered in the physical or mathematical litera-
ture. BB operators appear as models in solid state physics, while CMV operators
occur naturally in the study of orthogonal polynomials with respect to the unit
circle, and therefore in the spectral analysis of general unitary operators. The goal
in this section is to make explicit the relationships between the sets BB, CMV
and QW.

2.3.1. BB

The set BB consists in two-sided infinite matrices defined on 1?(Z), with respect to
the canonical basis, as a product of two operators, each of which given as an infinite
direct sum of two-by-two unitary matrices, with matrix representations shifted by
one. The name BB stands for Blattner and Browne who introduced these operators
in [12] to study the dynamics of electrons in a metallic ring threaded by a time
dependent magnetic flux.

With Py i1 = [7)(j] + |7 + 1){j + 1], operators from BB are defined by

Ugg = Dy,D, where

D, = Z Pio k411528 Prok 261, Do = Z Progy1,2k42) 92k +1 Progt1,2642),  (4)
keZ keZ

and the unitary matrices Sy € U(2), called scattering matrices, are parametrized as

) ree” e gtetr
Sk = eilek ( ,  with (5)

itpe~h  ppet
(rete) € (0,17, rf+t5 =1, (Ok,vn, %) € (T)°
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in the ordered basis {|k), |k + 1)}. Explicitly, for any k € Z,

Ugpear = iertQk_l6*1(92k+92k—1)e*1(u2k*’Y2k—1)|2k _ 1>

—|—Tgkrgk_lefi(emﬁe%‘l)eii(l’z"'*"%‘l)|2k’>

+ irgpptope O2etO21) o mi(2ntrong 1) [2k + 1)
_ tthQk_He*i(ezk+92k+1)e*i(“/2k+72k+1) |2k + 2)
Ugppeak+1 = —toptop_je” (Fartbau—1)giliantazi-)jop 1)
+it2k7‘2k_1€_i(02’“+92’“*1)ei(ﬂ’%"'l’z’“*l)|2k’>

_|_r2kr2k+1e—i(92k+92k+1)ei(V2k—V2k+1)|2k + 1>

+ ir2kt2k+1e—i(9zk+92k+1)ei(l/2k—"/2k+1) |2k + 2>_ (6)

Hence, all Ugp have a five-diagonal band matrix structure

ECE S S
EE S

U =

S S
EE S S
EE S S
EE S
—~~
N
~—

When needed, we emphasize the dependence on the parameters in the notation
by writing Upg(r, 8, v, 7). Operators of this kind are studied in [14]. See [27] for a
random version of BB operators and [42] for a generalization to similar operators
constructed via higher dimensional scattering matrices. Here we only recall some
properties of BB operators in an informal way. The phases {vx} of Ugg(r,0,v,7)
can be gauged away, see [14, Lemma 3.2]: let V() be defined by

V()lk) = e [k), k€, (8)

with ¢o = 0 and (v = =50 75,k = Yo, 7j»k € N*. Then, the following
holds,
V(y)"'Uss(r,0,v,7)V(y) = Uss(r,6,v,0). 9)

Note that V(y+75) = V(v)V (%), where v +7 is defined by componentwise addition
in TZ.

Finally, if S_; is diagonal, the closed subspaces span{|j),; € N} and
span{|j), —j € N*} are invariant and reduce Upp, whereas if Sy is diagonal, the
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closed subspaces span{|j), j € N*} and span{|j), —j € N} are invariant and reduce
Ugg. The corresponding statements hold if Sy is diagonal, for some arbitrary k € Z.

We shall show in Lemma 2.5 below that any unitary operator can be repre-
sented by a direct sum of BB matrices of a special type thus BB matrices are
universal.

23.2. CMV

By CMV we refer here to the set of doubly infinite five-diagonal matrices that
extends the original definition of matrices on (?(N) appearing naturally in the study
of orthogonal polynomials on the unit circle and named after Cantero, Moral and
Velazquez [17]. We recall here a few facts about one-sided unitary CMV matri-
ces, referring the reader to [46] for a detailed account on this topic which is the
object of numerous investigations and extensions, in a deterministic and random
framework.

One-sided CMV matrices are to orthogonal polynomials on the unit circle what
Jacobi matrices are to orthogonal polynomials on the real axis: any unitary operator
on a separable Hilbert space is given by a direct sum of one-sided CMV matrices,
which provide canonical models of cyclic unitary operators.

Roughly speaking, the construction goes as follows: let U be a unitary operator
on a separable Hilbert space H. The spectral theorem says that H can be split
into a finite or infinite direct sum of subspaces H; generated by orthogonal vectors
@; € H that are cyclic for U. Moreover, Ul is unitarily equivalent to the multipli-
cation operator by z in L?(9D, du;), du; being the spectral measure of the vector ¢;
and JD the unit circle. One-sided CMV matrices correspond to the multiplication
operator by the independent variable z € 9D in L?(9D, du), expressed in a suitable
orthogonal basis of Laurent polynomials in z, with respect to du. They are char-
acterized by an infinite sequence {aj}ren, ar € D, called Verblunski coefficients,
defined by the construction of monic orthogonal polynomials with respect to dpu.
The Verblunski coefficients are in one-to-one correspondence with the measure dp
on dD. Remark that determining the one-sided CMV form of a given cyclic operator
is, however, not an easy task.

Doubly infinite CMV matrices are denoted by Ucyy and defined as special cases
of BB matrices with scattering matrices parametrized by Verblunski coefficients

{ak}rez given by
g (—lakléM W> L <|ak|e—i<ﬂ/2—m zm> o
VI—Tlar>  |aglemi i/1—lag>  |agle!(™/2=m)
where aj, = |ag|e?**. This corresponds to the particular choices
Op=7/2, vk =m/2—pp, 7TE=|ag| (11)

The one-sided CMV matrices Ud,;y, with Verblunski coefficients {ax }ren discussed
above are obtained by introducing boundary conditions at the site zero, choosing
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S_1=1, as

Udmv = Ucmv [spamqly) jeny

see [17, Sec. 3|, [30] or [46, Sec. 4]. This way, any cyclic unitary operator can be
represented, in principle, by a doubly infinite CMV matrix, in the following sense:

Lemma 2.5. Let U, a cyclic unitary operator on a separable Hilbert space H, and
Uty be the corresponding one-sided CMV matriz on 1*(N) = span{|j),j € N}.
Then, U & U on H & H satisfies

U o Usyv O
o U) \ 0O Uiy

where Ugyyy, on span{|j), —j € N*} is obtained by duplication of Uy,

(= + DIVl =k + 1)) := (G | Uy ).

2.3.3. QW

Finally, the set QW of simple one-dimensional quantum walks acting on C2? ® 1%(Z)
described in Sec. 2.1 is characterized as follows. The coin operator is given by
C =3,c2¢C(4) @15){j|, where, in the basis {|+1),[-1)} of C?,

. —in. [ ¢4 —5; .
C(j)=e"" (ﬂj aﬁ,J>7 with (aj, 3;) € C? s.t. |ay]* +[6;* =1, n; €T.
J J

The shift takes the form S = 37, [-1)(-1| ® |j — 1){j] + [+1)(+1] ® |7 + 1){j],
whereas the corresponding quantum walk is denoted by Uqw = SC. The depen-
dence on the parameters will be denoted by Uqw/(a, 5,1).

We first note that the matrix representation of Uqw(a, 3,6) in C* ® 1?(Z) ~
12(Z), takes the form of BB matrix, in a suitable basis.

Lemma 2.6. A quantum walk Ugw(a, 8,0) is a BB matriz Upp(r,0,v,~) with
parameters given by (12) below when expressed in the basis defined by I : C? ®
12(Z) — 1%(Z) s.t.

I+1®k) = |2k), I-1®k)=[2k+1).

Proof. Explicit computations yield

Waow (o, B,n)I"" = Ugs(r,0,v,7),

where the parameters (r, 6, v,7) are determined by the scattering matrices,
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The matrix representation of IUqw (c, 3,7)I7! is simpler than a generic BB

matrix:
6_”]_16(_1
0
0 e‘moﬁo e—inodo
—67“7’571 0 0
U a, B,m) ~ ) . 13
aw(a, B,n) 0 0 cim g, (13)
e‘”’"ao _e—inoBO 0
0
e~y

Conversely, to any BB matrix corresponds an explicit quantum walk operator
that represents the BB matrix in the sense of Proposition 2.7. The argument is
based on a parity symmetry that simple quantum walks possess.

Let C2®(%(Z) = L. ® L, where

L. =5%pan{|+l ®2k);k € Z}, L, =7span{|tl®2k+ 1);k € Z}, (14)

Both subspaces are identified with ZQ(Z) via the unitary operators I/, : Le Jo —
12(Z) defined by:

I|+1 ® 2k) = |2k), I|—1® 2k) = |2k + 1),
Li+1®2k+1) = 2k+ 1), L|-1®2k+1)=[2k+2).

Proposition 2.7. To any BB matrir, Ugp(r,0,v,7) on 1>(Z) corresponds a QW
operator Ugw(a, B,1) on C? @ I2(Z) with ay, = (—=1)*rpe™ "%, B = itye™* and
N = Ok, k € Z,s and a unitary operator W : 12(Z) ® 1*(Z) — L. ® L, s.t.

UBB(T,G,V, ’Y) O ) W_l

(15)
(@) UBB(T797V7 ,7)

UéW(avﬂa 77) =W (

where W =11 + 11D (r, 0, v, %)V ({7}), with 3y = v, + 7, k € Z.

Remark 2.8. (i) Any BB matrix, and a fortiori any CMV matrix can be described
by a simple QW operator, in the sense of (15). Together with Lemma 2.5, it
shows that any unitary cyclic operator U can be represented by a simple
quantum walk on C? ® [?(Z), modulo multiplicity issues. This extends the
statements of [16, Sec. 7].

(ii) All propagation properties of the BB matrix are readily obtained from those
of the corresponding QW operator since

Ug @)
2n BB —1
Z}wa =W ( 0 U§B> W s Vn € Z.
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(iii) By (9) and (—1)7 = e*"™ it holds for the spectrum
o(Uss(r,0,v,7)) = o(Usg(r,0,v,0)) and
o(Uss(r,0,v,7)) = o (Udw({rje”" (=1)},it,0))

U(U%W(Te*i”, it, {0+ jm})).

Proof of Proposition 2.7. By construction, the operator Uéw(a, 3, 0) is reduced
by the subspaces L, and L, so that if P, and P, denote the orthogonal projections
on these subspaces, Udw(a,3,0) = PUdw(a,3,0)Pe + PyUdw(a, 3,0)P,. One
checks that the first part of the decomposition yields the identity

P.U&w (v, B,0)Pe = Do(r, 0,v,7)De(r,0,v,7),

with o = (—1)Frpe="*, Bx = itre~* which we use to fix the parameters of
Udw (v, ,6). The second part of the identity yields

PoU3w (v, 3,0) Py = De(r,0,v,9)Do(r,0,v,7)

with ag = (—=1)*rpe=™*, By = itye™* where 3y = v + 7, k € Z. By definition,
Usp = DoD. while D.D, = D:UgpD,. Finally, property (9) allows us to express
POU%W(mﬂ, 0)P, in terms of Upp(r,0,v,), with the initial parameters -y, which
ends the proof. |

Thanks to Proposition 2.7, we will formulate a spectral perturbation result for
BB matrices in terms of the scattering matrices they are constructed from, see
Corollary 4.2, even though BB matrices do not have the structure assumed in
Theorem 3.4 below.

3. Mourre Theory for Unitary Matrix-Valued Multiplication
Operators

Our goal in this section is to establish a spectral stability result for unitary models
represented by perturbed matrix-valued multiplication operators.

In what follows, d € N and M € C°(T4U(d')) where T¢ (T := R/27Z) is
equipped with the normalized Lebesgue measure dl. We shall identify T and 0D,
whenever convenient. We abuse notations and denote by M also the multiplication
operator by M (z) on L2(T%; C?"). Let M = FMF~! be the operator on 12(Z¢; C?")
obtained by Fourier transform. The projections p and p, are defined on T x T% by
p(0,2) =z and p, (0, x) = 0.

Y= {(0,z) € T x T% det(1 — e” M*(x)) = 0}

then p, () = o(M) = o(M).
We now consider an open set © C T which avoids crossings and critical points
of eigenvalues.
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Definition 3.1. Given M € C3(T¢;U(d’)), we say that an open set A C T is
M-good if there exists a finite family of disjoint open connected sets {©;}7; of

T4, N € N, such that for © := Ujvzl 0;:

(1) plpz'(A)NE) C O,
(2) Forany j € {1,..., N}, thereare k; € {1,...,d'} such that we have the spectral

decomposition
k; k;
M(z) =Y Nr@)me(), Y mrle)=1, VYzeo,,
k=1 k=1

where \j (), 7;,1(x), are the eigenvalues, eigenprojections such that A; () #
Ajm(x) if k # m and VA p(x) # 0.

Remark 3.2. Under the conditions described in Definition 3.1, the maps A;, and
m;k are of class C® on ©;. We also note that by definition, a M-good set A is a
subset of p,y (%) so that e C o(M) = 0oss(M).

Definition 3.3. A unitary operator on [2(Z%;C%) ~ C¥ ® 12(Z%) of the form
C=3"cz4 C(J) ®15)(j], with C(j) € U(d') is called regular if

/ sup  |CG) — 1] dr < oo, (16)
1 ar<|j|<br

for some 0 < a < b < .

Theorem 3.4. Let M € C3*(T% U(d')), C be regular and U := MC. Let A be
M-good. Then

(1) 0sc(U)NA =0, 04e(U)NA =04.(M)NA,
(2) any compact set A’ C A contains only a finite number of discrete eigenvalues.

If furthermore M is analytic on T?, there exists a discrete set Ta; such that any
open set A with A C p,(X)\7ar is M-good. It follows that os.(U) = ().

—

Remark 3.5. For C regular C — I is compact, thus oess(M) = 055 (U) by Weyl’s
Theorem. Hence, in gaps of (M), U may only have discrete spectrum.

To prove Theorem 3.4, we use unitary Mourre theory. We first review the essen-
tials of the theory, then construct the relevant conjugate operator in case of unitary
matrix valued multiplication. Note that under the same hypotheses, we get a lim-
iting absorption principle, as explained below.

3.1. General unitary Mourre theory

The regularity of an operator is defined via suitable commutation conditions with
respect to an auxiliary self-adjoint operator. In this section, H denotes a Hilbert
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space and A a fixed self-adjoint operator with domain D(A). For a unitary operator
U, and a Borel set of A € T, we denote by Ea its spectral measure.

We define the class C'(A) as the family of bounded operators B € B(H) such
that the sesquilinear form @ defined on D(A) x D(A) by Q(p,¥) := (Ap, BY) —
(p, BAy) is continuous with respect to the topology induced by H x H. The
bounded operator associated to the extension of @) to H x H is denoted by
ada(B) = [A, B].

We define C?(A) as the class of bounded operators B € C*(A) such that ad4 B €
C'(A). Equivalently, B € C*(A) if and only if the map defined by t +— e~ Bei4?
is strongly C*, k = 1,2 ([4]). We also consider the following fractional order
regularity.

Definition 3.6. A bounded operator B is in C1'1(A) if:
1
, , A , d
/ ||eZATBef1/AT + e IAT BiAT _ 23”# < co.
0 T

Remark 3.7. (i) One has C?(A) C C11(A) c C'(A). Furthermore C11(A) is a
x-algebra, see, e.g., [9, Sec. 5.1]. Mind that the integral is taken in the norm
sense.

(ii) For unitary operators U defined on H, there exist alternative ways to show
that U € C1(A). Indeed, U € C*(A) iff one of the following statements hold:

(a) There exists a core for A, denoted S, such that US C S and the sesquilin-
ear form F defined on § x S by F(p, ) = (Up, AUY) — (@, A) is con-
tinuous for the topology induced by H x H.

(b) There exists a core for A, denoted S such that US C S and the operator
U*AU — A defined on S extends as a bounded operator on H.

(iii) One can show that for U € C'(A), the bounded operators given by the exten-
sions of F' and U* AU — A coincide and are equal to U*ad4U. See [10, Sec. 6.2].

Now, we introduce the concept of Mourre estimates for unitary operators:

Definition 3.8. Let U € C*(A). For a given Borel set A € T, we say that U is
propagating with respect to A on A if there exist ¢ > 0 and a compact operator K
such that: EA(U*AU —A)Ea > cEA+ K. If K =0, U is called strictly propagating.
A is called a conjugate operator for U.

Remark 3.9. We observe that if U is propagating with respect to A on A, then
for any ¢ € C°(T;R) supported on A, ¢(U)(U*AU — A)p(U) > cp(U)* + K for
some compact operator K.

Conversely, if A is open and if for any ¢ € C9(T;R) supported on A,
P(U)U*AU — A)p(U) > cp(U)? + Ky for some compact operator Ky, then for
any Borel set A’ such that A’ C A, we have Exn/(U*AU — A)Eanr > cEar + K/ for
some compact operator K’.
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We shall need the following result stated as [10, Lemma 4.2]:

Lemma 3.10. Let U and V be two unitary operators which belong to C1(A) and
ceR.

(1) If U*V — I and ads(U*V) are compact, then given a real-valued function ¢ €
C°(T) we have that: ®(U)(U*AU — A)®(U) > c®(U)? + K for some compact
K iff ®(V)(V*AV — A)®(V) > c®(V)2 + K’ for some compact K'.

(2) If ada(U*V) is compact, then (U*AU — A) — cI is compact for some ¢ > 0 iff
(V*AV — A) — ¢l is compact.

Remark 3.11. U*V —1 is compact iff U —V is compact. It this is the case and if we
assume that the operators U and V belong to C1(A), then, ad4(U*V) is compact
iff ada(V —U) is compact.

We sum up the main results of unitary Mourre Theory in Proposition 3.12 and
Theorem 3.13. By limiting absorption principle (LAP) for a unitary operator U on
some Borel subset © C T with respect to a self-adjoint operator A, we mean:

e For any compact subset kK C ©

sup[[(A)7 (1 - 20%) " (A) | < oc.
|z|#1,z€R
e If 2 tends to ¢ € © (non-tangentially), then (A)~!(1 — 2U*)~1(A)~! converges
in norm to a bounded operator denoted R* () (respectively, R~ (0)) if |z| < 1
(respectively, |z| > 1). This convergence is uniform on any compact subset £ C ©.
e The operator-valued functions defined by R* are continuous on each connected
component of ©, with respect to the norm topology on B(H).

Proposition 3.12. Assume that U is propagating with respect to A on the Borel set
A CT. Then, U has a finite number of eigenvalues in A. Fach of these eigenvalues
has finite multiplicity.

Theorem 3.13. Let A be an open subset of T. Assume U is propagating with
respect to A on A and, in addition, U € CY*(A). Then, a LAP holds for U on

A\op, (U) with respect to A. In particular, U has no singular continuous spectrum
in A.

See [9, Sec. 4] for the proofs of Proposition 3.12 and Theorem 3.13.

3.2. Proof of Theorem 3.4

With Definition 3.1, we set K; := p(ps ' (A)NX) N O, we fix n; € C(0;) s.t.
nj | K; =1, and consider fj =i\ xVAjx = —iXjxV Ak, all j € {1,... N}k €
{1,...,k;}. Note that f; € C?(©;;R?). We define the symmetric operator Az,
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on C>(T4):
1| i
AM,n = B an Zﬂ'j,k(fj,k - (iV) + (iV) - fj,k)ﬂ'j,k nj|- (17)
j=1 k=1

Following [21, Lemma 3.10, pp. 217-218], we have that:

Lemma 3.14. The operator Ay, is essentially self-adjoint on C>=(T9). For s =
1,2, A3, is relatively bounded with respect to (—A + 1)5/2.

In the following we abuse notation and denote by Ay 5, the self-adjoint extension
of the operator defined in (17) and A = F Ay, F~'. In particular, for s = 1,2, A®
is relatively bounded with respect to (J)®, where J = 3", ;4 j|j)(j| = —FiVF .

Proposition 3.15. Let N € C'(T% My (C)) such that: for all j € {1,...,N},
there exists maps i : ©; — C for all k € {1,...,k;} and such that Vx € ©;,

k;
N(@) =Y pyu(a)mip(@).
k=1

Denoting by N the associated multiplication operator on L?(T¢; (Cd/), we have that
N € CY(Awny) and
N

a’dAAl,nN = iznjfj,k . (V,u]‘,k)ﬂj,k.
j=1

Proof. Using sequilinear forms on C°°(T9), we observe first that for all j €

(1,..., N},
kj
1 Tk (fig - (0V) + (V) - fip)min | mj. N
k=1
k; k;
=1 Zﬂ'j,k(fj,k (V) + (iV) - fir) Tk, Z L,k Tk | 1
k=1 k=1
kj
=1 Z[Wj,k(fj,k ~(IV) 4+ (AV) - f.0) T ks 1 kTG ]
k=1
kj
=20 > mik(fik - (Vs0))n5,
k=1

since for all k € {1,...,k;}, 7k (V7; k)7 = 0. We note that the functions n; f; « -
(Vi k)mi ks are continuous with compact support on © hence uniformly bounded
on T<. This implies that the right-hand side extends continuously to L?(T¢; (Cdl) X
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L2(T% C?). Since C(T?) is a core for Apr,y, N € C'(Apr,). The conclusion
follows. O

We deduce that:

Corollary 3.16. For M € C3(T%;U(d")), we have that M € C*(Am,y) and

N
(M*ApgM = Apry) = M*ada,, M = nj| VA k7 k.
j=1

In particular, for A M-good, and xa the characteristic function of A,
Xa(M)(M* Ay nM = Anry)xa(M) = caxa(M)
where ca = minj minge(y,. x;} Mingzek; [V k(x)]? > 0.

Note that ca > 0 comes from the fact that A is M-good. As a straightforward
consequence of Corollary 3.16, we have that M € C?(A) and that:

Xa(M)(M*AM — A)xa (M) > caxa(M).

It remains to consider the regularity conditions on the perturbation. The fol-
lowing result provides a criterion to deal with fractional regularity properties:

Theorem 3.17. Let Q be a strictly positive self-adjoint operator such that A2Q 2
is bounded. A bounded symmetric operator T belongs to CY1(A) if there ewists a
function x € C3°(R) with x(xz) >0 for 0 < a < x < b < oo such that:

| @i < o
For a proof, see [4, Theorem 7.5.8] or [15, Theorem 6.1].

Lemma 3.18. Let C(j) € U(d'), j € Z¢, be such that C is regular, i.e.

/ sup  [|C(7) - 1fldr < oo, (18)
1

ar<|j|<br

for some 0 < a < b < 0. Then, C and U = MC belong CY1(A). Moreover, ad o(C)
1§ compact.

Proof. Let x a smoothed characteristic function supported on (a,b) (say, it takes
value 1 on [e,d] with a < ¢ < d < b). Then, we have that:

o0

/100 Ix((7)/r)(C = 1)[|dr < /1 a5 ((1)/7)(C = 1)[|dr

g/ sup [|C() — 1]dr < oo.
1

ar<|j|<br
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The operator A?(J)~? is bounded, see Lemma 3.14. We have that for any
smoothed characteristic function y supported on ]0, oo

| Ime - jar < o
We observe that [(J), C] = 0, so

/ () /) (€ — 1)dr < .

As an application of Theorem 3.17, we deduce that #(C — 1) and (C — 1) belongs
to C11(A). Since C11(A) is an algebra, C € C1'1(A). Now, M e C?(A) c chi(A),
so that U € C11(A). For the last point, we refer to remark (i) made in the proof of
[4, Theorem 7.2.9.] which states that if a compact operator B belongs to C*!(A),
then ad4 B is also compact. This follows from the fact that ad4 B can be expressed
as the norm-limit when 7 — 0 of the compact operators 7! (e!4” Be™*4™ — B), see
inclusions (5.2.10) in [4]. Applied to C — 1, this yields ad4(C) is compact. O

So, combining Lemma 3.10, Lemma 3.18 and Corollary 3.16 we get:
Proposition 3.19. Let U = MC on 12(Z4,C"), where C satisfies condition (18).

Then, for any real-valued continuous function ¢ € C°(T) supported on a M -good
set A
P(U)(U*AU = A)p(U) > ead(U)* + K

where cp = min; minge gy, g} Milzek; IVAjk? >0 and K is compact.

End of the Proof of Theorem 3.4. This is a combination of Proposition 3.12,
Theorem 3.13, Proposition 3.19, Lemma 3.18 and Remark 3.9. In the analytic case,
any open set A such that A C p,(¥)\7a is M-good [21]. This implies the last
statement. O

4. Applications

We make explicit the spectral consequences of our analysis for the unitary network
models introduced in Sec. 2.

4.1. One-dimensional QW

Proposition 4.1. Let U = SC on C? ® [?(Z;C) be a symmetric one-dimensional
quantum walk

C =) C(j)C @ 1)l
JEZ
with C(j),Coo € U(2) and the family C(j) satisfying the regularity condition (16).
Let

Coo :eiin (; —ﬁ> fCWT}ET, a,ﬂE(C, ‘a‘2+|ﬂ|2 =1
[0}
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Then it holds for the spectrum of U:
05e(U) =0, 0ess(U) = By | J B,
with the bands
By = {e"(p+iy/1—p?),p € [~|al,|al]}.
Furthermore, Tar = {e~"(|a| £i+/1 — [a]2),e " (—|a| £ i/1 — [a]2)}.
Oess(UN\TM C 0ac(U)Uoq(U) if a#0
and discrete eigenvalues can only accumulate at ;.

If |a| =0, U is pure point and oess(U) = {Fie™}.

Proof. The matrix-valued multiplication operator M defined in (2) is defined by

M(z) = (e(;”” ei)“”> e <g _aﬂ) for z € T.

The spectrum of M (x) as a set are the values of
A (@) = e" " (p(z) £ iy/1 - p(x)?)
where
p(z) := |afcos(p(z)) (z€T)

and ¢ € CY(T) satisfies e?#(*) = raye’”. The function p is onto [—|al, |a]] and thus

A (T) = {e ™ (p+i\/1—p2),p € [—|al,|al}.

Band crossings Ay (z) = A_(x) occur only in the case |a| = 1 and |p(z)| = 1, i.e.
at quasienergies {de~*}. Critical points VAL (z) = 0 occur at the critical points of
p, i.e. if sin(p(x)) = 0. We conclude that the quasienergy values which correspond
to bandcrossings and critical points occur at all band edges, i.e.

mar = {e7 (|| £iv/1 = [af?), e (~|a] £ iy/1 - [af?)}

and that any spectral interval A which avoids these points is M-good in the sense
of Theorem 3.3 from which our claim follows. O

4.2. BB matrices

Consider now BB matrices which have a slightly different structure.

Corollary 4.2. Let Ugp be constructed from 7{Sk}keZ given by (5), and let X =
(é _01> Suppose there exists Soo = €=M (g 7;) € U(2) such that C defined via

{Smlsk if k even

(k) =4 ‘
S 2S2 if k odd

18 reqular.

Then, upon replacing A+ by A and Tar by T3, the spectral conclusions of Proposi-
tion 4.1 apply to o(Upg).
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Remark 4.3. This corollary generalizes Theorem 6.2 of [14] on absence of singular
continuous spectrum for BB matrices. Note, however, that transfer matrix methods
allow to say much more on the spectrum in one dimension, see [14, 19].

Proof of Corollary 4.2. The result follows from Proposition 2.7, Proposition 4.1
and spectral mapping. O

4.3. Chalker—Coddington model

Proposition 4.4. Let D := 3", ;. D(j) ® [j)(j| on C*®12(Z2;C) with D(j) uni-
tary and diagonal be regular in the sense of Definition 3.3. Consider ¢ € [0, 5] and
the U(p) defined in (3). Then it holds for the spectrum of U(y):

0sc(U(p) =0, 0ess(U(p)) = U Bik,
gike{+,—}
with the bands
By x:={te" € sz € [—p, 0]}, B+ :={*ie"” € Dz € [—p,¢]}.

Furthermore, for p # 0, 7oy = {+et1? —eT jetiv _jetie 41 44},

Tess (U(9)\Tv C 0ac(U(p)) U aa(U(p)),

and discrete eigenvalues can only accumulate at ;.
If ¢ = 0, U(0) is pure point and c.ss(U(0)) = {£1, +i}.

Proof. The operator D~1U(¢p) is represented by the matrix valued multiplication
operator M defined in (3). The spectrum of M (z,y) as a set are the square roots

Af+ =+ lx, A\ v = —/pix of
pte =ipE+ /1 —p?

where

p(x,y) :=sin(2p)h(x,y), h(x,y):= %(cosx +cosy) (x,y) € T

The function A is onto on [—1, 1] thus p (T?) = {£e'®; 2 € [-2p, 2¢]} which implies
the band structure of the spectrum of M.
Band crossings Ajx (,y) = Aum(2,y) occur only in the case ¢ = § and |p(z, y)| =
1, i.e. at quasienergies
{7, =¥}z and  (z,y) € {(0,0), (m, m)}.

4

Critical points VA, (z,y) = 0 occur at the critical points of h, i.e. at

(z,y) € {(0,0), (m,0), (0, ), (m, 7)}.

We conclude that the quasienergy values which correspond to bandcrossings and
critical points occur at all band edges and all band centers, i.e.

Tar o= {eF, —eF et _jeF 41 +i}
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and that any spectral interval A which avoids these points is M-good in the sense
of Theorem 3.3 from which our claim follows. |

4.4. Symmetric QW

For a generic d-dimensional symmetric quantum walk, the analytic matrix (2) rep-
resenting U, cannot be diagonalized explicitly, which prevents us from determining
exactly the discrete set 73, We nevertheless get from Theorem 3.4:

Corollary 4.5. Let Uy, on L?*(Z%;C??) be represented in Fourier space by the
multiplication operator by M(x), x € T¢, given by (2), and U := Uy C, with C
reqular, as in Sec. 2.1. Then

0ee(U) =0, 0ess(U) = | o(M(x)), 0css(U)\Tas C 0ac(U) Uoa(U),

zeTe

and the finitely degenerate eigenvalues of U can accumulate at Ty only.

Remark 4.6. As the one-dimensional case shows, 0,.(U) or o4(U) can be empty.

In case the homogeneous quantum walk U is given by a direct sum of decoupled
one-dimensional quantum walks, i.e. Cx = @2:1 Cuo(k) € U(2d), with Co (k) €
U(2), we have Tpy = ngl Ty (k), where Tar(k) is described in Proposition 4.1, for
k =1,...,d. In such a case, the perturbed operator U = U, C, with C regular,
generically describes d coupled one-dimensional quantum walks and its spectrum is
characterized by Proposition 4.1 and Corollary 4.5.
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