Ann. Henri Poincaré 11 (2010), 1341-1373
(© 2010 Springer Basel AG
1424-0637/10/071341-33

published online November 3, 2010 I A les H i Poi <
DOI 10.1007/s00023-010-0056-1 nnales Henri Foincare

Localization Properties
of the Chalker—Coddington Model

Joachim Asch, Olivier Bourget and Alain Joye

We dedicate this work to the memory of our friend and colleague Pierre Duclos

Abstract. The Chalker—Coddington quantum network percolation model
is numerically pertinent to the understanding of the delocalization tran-
sition of the quantum Hall effect. We study the model restricted to a
cylinder of perimeter 2M. We prove first that the Lyapunov exponents
are simple and in particular that the localization length is finite; secondly,
that this implies spectral localization. Thirdly, we prove a Thouless for-

mula and compute the mean Lyapunov exponent, which is independent
of M.

1. Introduction

We start with a mathematical then a physical description of the model. Fix
the parameters

r,t €[0,1], such that, r* +* =1,

denote by T the complex numbers of modulus 1 and for ¢ = (g1, g2, q3) € T3
by S(g) the general unitary U(2) matrix depending on these three phases

w7 ) () 8)

~ oA A —~ 2
Let (Q,]—", IP) be the probability space: ) := (11’6)(22)

dl is the normalized Lebesgue measure on T, and F the o-algebra generated
by the cylinder sets. With

, P:= ®(22)2d6l where

pe ﬁv p(2]7 2k) = (p17p27p37 p4ap57p6) (]ak € Z)
—_— Y—

pe(27,2k)  po(2j+1,2k+1)
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and the basis vectors e,,(p) :=d,., (i, p € Z?), the family of unitary operators
U(p) : 1(2%) — IP(2%)

is defined by its matrix elements ﬁ#;,, = (e, Ue,):

-~

Uy, := 0 except for the blocks

g(p)(2j+1,2k);(2j,2k) Q(p)(2j+1,2k);(2j+1,2k+1) = S(pe(24,2k)) (1)
Up)2j2k+1);25.26)  U(D)(25,20+1)(25+1,2k+1)

Ut2j2,2k+2);(25+2,2k+1)  Ul2j42,25+2);(254+1,2k+2) | . S(po(2) + 1,2k + 1))
Ujt1,2k+1);2542,2k+1)  U(2j41,2k4+1);(2j4+1,2k+2)

Note that U is an ergodic family of random unitary operators; 1ndeed
U*U =1 = UU* because of the unitarity of the blocks; further denote by 5)
the action of Z? on functions f on Z?:

(@(l,m)f)(:u) = f(:u + (2la Qm)) (,u € Zza (lvm) € Zz)a

and, by abuse of notation, the corresponding shift on Q. Then © is measure
preserving and ergodic on ) and

This model was introduced in the physics literature by Chalker and
Coddington [10], see [21] for a review, in order to study essential features
of the quantum Hall transition in a quantitative way. U describes the dynam-
ics of a 2D electron in a strong perpendicular magnetic field and a smooth
bounded random electric potential which is supposed to have some array of
hyperbolic fixed points forming the nodes of a graph.

In this picture, the electron moves on the directed edges of the graph
whose nodes are “even”: {(1/2,1/2)4(24,2k), j, k € Z} or “odd”: {(1/2,1/2)+
(2j+ 1,2k +1),4,k € Z} with edges connecting the even (odd) nodes to their
nearest odd (even) neighbors. U describes the evolution at time one of the
electron. The edges are labeled by their midpoints. They are directed in such
a way that U models the tunneling near the hyperbolic fixed points of the
potential, see Fig. 1. The tunneling is described by the scattering matrices .S
associated with the even, respectively odd, nodes. The i.i.d. random phases
associated with each node take into account the deviation of the random elec-
tric potential from periodicity.

Following the literature on tunneling near a hamiltonian saddle point
[11,14], the parameter t is ——~— where ¢ is the distance of the electron’s

Vifes
energy to the nearest Landau Level. An application of a finite size scaling
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FIGURE 1. The network model with its incoming (solid
arrows) and outgoing links

method to their numerical observations led Chalker and Coddington [10], see
also [21], to conjecture that the localization length diverges as t/r — 1 as

RIS
In|t[) ~

where the critical exponent o exceeds substantially the exponent expected
when a classical percolation model is applied to the problem [25]; the values
advocated for o are 2.5 + 0.5 for the quantum and 4/3 for the classical case.

Because of its importance for the understanding of the integer quantum
Hall effect the one electron magnetic random model in two dimensions was
and continues to be heavily studied in the mathematical literature. Math-
ematical results concerning the full Schrodinger Hamiltonian can be traced
from the following contributions and their references: [27] for percolation,
[16] for the existence of the localization—-delocalization transition [2,8,15] for
the general theory of the quantum Hall effect. For results concerning a 2D
electron in a magnetic field and periodic potential, which corresponds to the
absence of phases here, see [18,26]. For recent work on Lyapunov exponents
on Hamiltonian strip models see [6,7,23].

Our results concern the restriction of the model to a strip of width 2M
and periodic boundary conditions; they are presented as follows. In Sect. 2, we
analyze the extreme cases, r = 0 and = 1. Then, for the case where all phases
are chosen to be 1, we give a description of the spectrum. Questions related
to transfer matrix formalism are handled in Sects. 3, 4, 5. In Sect. 6, we prove
simplicity of the Lyapunov spectrum and finiteness of the localization length.
In Sect. 7, we prove a Thouless formula and show that the density of states is
flat, which implies our results on the mean Lyapunov exponent. In Sect. 8, we
prove complete spectral localization.
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2. Some Properties of the Model

2.1. Extreme Cases

Note that in case of complete “reflection” or “transmission” the system
localizes completely:

Proposition 2.1. Let rt = 0. Then, for any p € ﬁ, the spectrum of ﬁ(p) is pure
point.

Proof. Assume r =0, p € Q and define the family of subspaces (H;x)(jr)ez?
as:

Hj,k = Ran(e2j,2k7 €25+1,2k, €25+1,2k—15 €2j,2k71).

These subspaces are invariant under U (p) and

D(jmezz Hin = 12(2%), (2)
which means the operator U (p) is pure point. The case t = 0 is treated simi-
larly. O

On the other hand, one has complete propagation if all the phases are
equal to one; define Q@ > p = (...,1,1,1,...) by p(24,2k) := (1,1,1,1,1,1)
then we have:

Proposition 2.2. Let rt # 0. Then, the spectrum of (7( 1,101, ds purely
absolutely continuous.

Proof. We make use of a decomposition similar to (2) and define the uni-
tary V from ZQ(Zz) to 12(22) X (C4 by V62j72k = €k & 61,V€2j+172k+1 =
ejr ez, Vegjori1 i= €5 @es, Veajiar = €, @eyq. Let P be the projection
P :=1® (|e1){e1]| + |e2)(ea]). From the definition of U in (1) one reads that
VU2V ! commutes with P and that PVU2V 1P is equivalent to

rt(To,1 — Th0) 2T+ t2To
(tzTO,—l + 12T 10 rt(T-10— To7—1)>
with the translations on [?(Z?) defined by
Tomt(j, k) == +n,k+m) (n,meZ).

The Fourier transform F : [2(Z%) — L?(T?) transforms the translations to
multiplication operators: FT), ,,F ! = exp (—i(nz + my)), thus the restric-
tion to the range of P of FPVU?V~1PF~! is equivalent to a matrix-valued
multiplication operator

rt(e™W —e~i®)  pleTi® 4 {2e~W )

. . , , . 3
t2ezy + ,rQem: rt(em _ ezy)

The trace of this matrix is not constant, its determinant is —1 hence the spec-
tral bands are not flat, thus the spectrum of the restriction of U? is purely
absolutely continuous. By an analogous argument this also holds for the restric-
tion to Pt. g
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Remark that a more general periodic distribution of phases leads to
matrix-valued translation operators with periodic coefficients thus to non-
trivial Hofstadter like problems.

3. Restriction to a Cylinder, Transfer Matrices

Let M € N. Use the notation Zgy = Z/(2MZ) for the discrete circle of
perimeter 2M . Consider the restriction of the model to the cylinder Z x Zoy,:

U(p) : 12(Z X Zopr) — 12(Z X Zopy)

defined by its matrix elements with respect to the canonical basis

U(p),u,u = U(ul,;tg mod 2M);(vy,v2 mod 2M)- (4)

Remark that U(p) has the same spectral properties for the extreme cases
as U(p), the model on the full lattice:

Proposition 3.1. Let rt = 0. Then, for any p € Q, the spectrum of U(p) is pure
point.

Proof. Similar to the proof of Proposition 2.1. O

Proposition 3.2. Let rt # 0. Then the spectrum of U(...,1,1,1,...) is purely
absolutely continuous.

Proof. In the proof of Proposition 2.2 note that V now acts from [?(Z x Zap)
to 12(Z x Zp;) ® C* and replace F by the Fourier transform from 1%(Z x Zys)
to L2(T x Zyy) defined by

Fip(z,m) = > et etk
JELKEL M

which diagonalizes the translations. Then, setting y = %m (k € Zpr), the
matrix-valued multiplication operator obtained in (3) is understood as a fam-
ily of matrix-valued operators indexed over Zj;. The spectral bands are not
flat by the same argument. g

From now on we restrict the discussion to the case
rt # 0.

In the following z denotes a complex number; also, unless otherwise
stated, all indices in the second variable are to be understood mod 2M, e.g.:

Yo 2k+1 = V24,2k+1 mod 2M = V2j,2k+1[2M]-

A standard approach to the spectral problem of U is the transfer matrix
method. Though this is well known, we wish to recall the construction explic-
itly for the model at hand.
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Proposition 3.3. For z # 0, ¢ = (q1, g2, q3) € T define

(@2 O et o=\ (e 0
Teo(zv(I) T ( 0 Q3) ( —r z ) ( 0 611(12) ’
z  —t g 0
t —z7 1 0 @)’

g 0
Toe ) =
(2:4) ( 0 (J1Q2)
Then

1. For :Z X Zsps it holds:
> Uwthy =20y Vi€ Zx Loy

S |I= =

VEZLX Lo
=
w?j+1,2k — T, (2, pe(2), 2F)) ng,zk
Y2j4+1,2k+1 V25 2k+1
and
Yoj422k41 | . Yoj41,2k+1
=Toe (2,p0(25 + 1,2k + 1)) .
VY25 +2,2k+2 V2j41,2k42

2. Forz €T, it holds that Tye, Teo € U(1,1), the Lorentz group defined as a
subset of the complex 2 X 2 matrices by

U(1,1) = {B €Moo(C); BB =, J:= <(1) —01>}

Proof. By definition of U, we have for the “even” nodes:

(o) =suiom) (P2 ) =s (),

(U) 25,2641 V2 41,2k+1 Yo 2k 1

and, for the “odd” nodes:

¢2j+2,2k+1) — (1/12j+2,2k+2>

S (po(25 +1,2k+1
(p ( 7 + + )) (¢2j+1,2k+2 1/12j+1,2k+1

For a matrix

_ Sll 512 .
S = <521 SQQ) with 522521 7é 0

O g T) s (P) 25 (%) = (F) 25 ("
b y Y b a y
§: i det S Sy G- L 1 —Sa9

Sop \ =821 1 )’ Sop \ S11 —detS /-

T (e )

it holds:

with

~
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@)= 2)C DG 0)
8 )5 7)) ()
= (-5 ) () (5 5) )

from which the first claim follows.
Denote by I the identity matrix in C2. S is a unitary matrix if and only

SO

if the pullback of the quadratic form in C* associated with Q = (H —]I)

(blanks stand for 0 entries) to the graph of S: {(u, Su) € C*,u € C?} is zero.
J

The mapping from (z,y,a,b) to (z,b,a,y) transforms Q to ( J)' The

pullback of the corresponding form to the graph of T, being zero, it follows
that T¢, and, by the analogous argument, T,., belong to the Lorentz group. [

For later use we fix the following notation

Definition 3.4. Denote by J the 2M x 2M block diagonal matrix consisting of
M non-zero diagonal blocks equal to J and by

UM(I, 1) = {B S MQMQM((C),B*JB = J}
the unitary group of the hermitian form defined by J.

Note that Ups(1,1) is isomorphic to the classical unitary group U (M, M)
of the hermitian form |z1|? + -+ + |z |? — |zpa1|? - — |z2m |-

4. Relevant Phases

Because of the uniform distribution, it is possible to reduce the number of
relevant phases in the model to two phases per node. Before proceeding we do
this reduction. We shall repeatedly make use of

Lemma 4.1. Let 1, ..., p, be independent and uniformly distributed random
variables on R/Z and let A € M, ,(Z). Then, 601,...,0,, defined by 0 = AZ
are independent and uniformly distributed if and only if Rank A is mazimal.

Proof. For k € Z™ it holds

E(€i<E’0>) _ E(@i(E,A@)) — E(ei<AtE,<ﬁ>) = 6AU;0'

Thus, the g are independent and uniformly distributed if and only if ]E(ewg *5>) =
6];70 if and only if KerA® = {0}, equivalently, if and only if Rank A is
maximal. g
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Proposition 4.2. There exists g : Q — T% such that forp e Q the evolution
Ul(p) defined by (1) is unitarily equivalent to

D(g(p))S on I*(Z?)

where D(q) is diagonal, D(q)(;k);(, k) =gk, and S = U( 1,110, More-
over, the image measure of ® QZ)zd l by g is ®z2dl.

Proof. By (1), ﬁ(p) is of the form ﬁ(p) = DM (p)SDP (p) where DY) (p) are
diagonal, and defined by their diagonal elements:
DW (p)gj 41,26 = p1p2(24, 2K),
DY (p)ajr226e2 = paps(2 + 1,2k + 1),
D®) (p)ajon = p3(2j, 2k),
D@ (p)ajioon41 = pe(25 + 1,2k + 1),
DM (p)gjont1 = p1p2(24,2k),
DW(p)aji1 o641 = pabs(2) + 1,2k + 1),
(P)2j+1,26+1 = P3(27,2k),
D@ (p)gjs12642 = P6(2§ + 1,2k + 1).
Hence, U(p) is unitarily equivalent to D® (p)DM (p)S which has the
asserted shape. Define ¢ = ¢g(p) by
23+ 1,26 — Dpupa(27.2K).
6(27 — 1,2k + 1)p1p2(24, 2k),
3(27 + 2,2k + 2)paps (25 + 1,2k + 1),
3(27, 2k)paps (25 + 1,2k + 1).

q(2j +1,2k) :=
q(25,2k +1) :
q(2 + 2,2k +2) :
a(2j + 1,2k +1) :

i
=S @\

Now, an application of Lemma 4.1 shows the ¢’s are i.i.d. and uniformly dis-
tributed. 0

Remark 4.3. Note that the unitary transformation just constructed is diagonal
and thus does not affect the localization properties of the model.

In the following, we abuse notations and call for g € TZ the matrix
operator D(q)S again U(q); same abuse for the restriction to the cylinder.

5. Characteristic Exponents

We now define and analyze the transfer matrices and in particular the locali-
zation length. Consider

U(p) = D(p)S on I*(Z x Zapy) (5)

with identically distributed uniformly distributed phases in T#*%2M @7 7. di
and the cylinder set algebra.
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We use the unitary equivalence
(T x Tor) 2 (T x {0,...,2M — 1}) — 1(Z; 1*(Zanr)) = 1(Z,CM)
=¥ (6)
U= (Y50, -, Vj2m—1).
Note that with the reduced phases the building blocks of the transfer

matrices read with phases p,q
271 —r 1 0
-r oz 0 q)’

p O
0 1
1 0 z —t qg 0O
0 p t —z71 0 1)/)°
As we shall explain below, the previous analysis leads us to deal with the
following random dynamical system:
Consider the probability space defined by Q = (T* )QZ,}P’ = Qzd*M],
and F, the cylinder set algebra. The shift
0:Q0—-Q, Op2m):=p2(m+1)) (meZ)

is measure preserving and ergodic. For p € ) define the following elements of

| — |

<

Pr = (1ap1a lap?n ey lap2M—1)
b= (p07 17]927 17 <oy P2M -2, 1)
Pm = (P20, P2M 415+ PAM—1)-

Denote for ¢ € T?M the unitary diagonal matrix

q2M

(where 0 valued matrix entries are represented by blanks) and for z # 0 the
2M x 2M matrices

z —7r
—r z
1
Ml(z) = ; )
P
—r z
—z71 t
—t
t —z7!
1
—t
t —z!
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Define for a fixed z # 0
A, Q —Up(1,1)
Az (p) == D (p1) M2(2)D (pm) M1(2)D (pr) -
Then A generates the cocycle ® over the ergodic dynamical system
(€, F, P, (0" )nez)
defined by @, : Z x Q — Up(1,1)

A©O™ 1p) ... A(p) n >0
D, (n,p):=< 1 n=20.
A7 Omp)... A7 (O p) n<O

Oseledets theorem holds for @, see [1], Theorem 3.4.11 and Remark 3.4.10 (ii):

(7)

Definition 5.1. Let z # 0. There exists an invariant subset of full measure of
p € € such that the limits

Tim (®2(n,p)®:(n,p)"*" = lim_(®%(n,p)®s(n,p))"*" = V()

exist. Denote by vi(p, 2), k € {1,...,2M}, the eigenvalues of ¥, (p) arranged
in decreasing order. Due to ergodicity there exists vi(z) > 0 such that
Yi(p,z) = vk(z) on an invariant subset of full measure. The characteristic
exponents are defined by A\;(z) := logyx(2).

Due to the Lorentz symmetry of the transfer matrices for z € T we have

Proposition 5.2. 1. Let B € Uy (1,1). Then for the singular values SV (B)
it holds

5 € SV(B) e % € SV(B).

2. For \j :=log~,,v; € SV(B) arranged in decreasing order it holds:
Ny = —Au—jp1 Vje{0,..., M}.

Proof. We have B*JB=]. In particular, det B # 0, so v # 0 and J~'B* =
B~'J7! as well as BJ = JB*~*. Now,

det (B*B — 2°) = 0 <= det (J7'B*BJ — 2%) = 0 <
1
det (B*B)™ — 2%) = 0 <= 2" det(B*B) " det <z2 — B*B> =0.
From which the two claims follow. O

Thus, we restrict our discussions to the first M non-negative Lyapunov
exponents

M>2X2>- 2 Ay 20

which we shall call for simplicity “the” Lyapunov exponents in the sequel.
We show that due to the translation invariance of the uniform distribu-
tion, the exponents are independent of z:
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Lemma 5.3. For any w € T,

Aw (]9) = Az(w © p)a
where w ® p is defined by w ® paj :=w ' paj, and w © paji1 = WpP2ji1.
Proof. Write D(py,) in (7) as D(p;)D(p,.), where

Py = (1, panr41, L, p2ns3s - -5 L, Dani—1)
pr = (panis 1, pamg2, 1, - oo Pani—2, 1),
Thus, A,(p) is the product of the block diagonal matrices D(p;)M2(z)D(p;)
and D(pl.)Mi(z)D(p,) whose blocks are
z —qt
pt  —pgz~!

al(p,q) = (é g) (j —zt1>((1) 2):
co=(3 O 7)1 )
1.1

For any w € T, these matrices satisfy
a4 (p,q) = wal(w™'p,w™'q), ay,.(p,q) = w'al (wp, wy),

l
from which the result follows. O

S = 3
Sl 3R

Therefore, for any fixed w € T, the matrices A,(w ®@ p) have the same
distribution as A, (p). As a consequence,

Corollary 5.4. All characteristic exponents \p(z) = A\ are independent of
ze€T.

Proof. A, = E (log(7k(2,p))) = E (log(7(1, ; @ p))) = E(log(v(1,p))). O
Definition 5.5. The localization length &3, € [0, 00] is defined as

1

&y = S

Remark 5.6. In the physics literature, see [21], £y in assumed to be finite for
all parameters; a change of the asymptotic behavior as M — oo is conjectured
when the parameters of the model approach the critical point t = r. This con-
jecture is supported by a numerical finite size scaling method and is supposed
to reflect the divergence of the localization length of the full system at the crit-
ical point. Thus a first step to support these heuristics is to prove finiteness of
&y and to establish precise information of its behavior as a function of M.

The announced equivalence to the propagation problem is the content of
the following

Proposition 5.7. Let U(p) be the ergodic family of unitary operators defined
in (5) over the probability space I := TZ*%2M @, 7 dl and the cylinder set
algebra. Let f : T' — Q be defined for j € Z by

f(p)(25) = (P25,0s P2j+2,1,P2j,2, D2 +2,3 - - - P2j,2M 2, P2j+2,2M 1

P2j+1,0,P254+1,1 - - ~p2j+1,2]V171) .



1352 J. Asch et al. Ann. Henri Poincaré

The image measure by f is the measure on ) and it holds
Up)y = 29 <= Van = ©.(N, f(p))¥o
for U defined in (6).

Proof. The construction of f follows from Proposition (3.3). The image mea-
sure follows from Lemma (4.1). O

6. Finiteness of the Localization Length

Using the methods exposed in [5], see also [17], we prove that all Lyapunov
exponents are distinct and in particular that the localization length for the
cylinder in finite.

Theorem 6.1. For rt # 0,z € T it holds
AL > A > > Ay > 0.

Proof. We follow the strategy exposed in [5] and prove the theorem in several
steps making use of lemmata to be proven below. Denote by

G := the smallest subgroup of Ups(1,1) generated by {A(p),p € Q}.
By Lemma 6.2
G=Up(1,1).
In particular it is then known:
G'is connected.

Furthermore, see also [23], G is isomorphic to the complex symplectic
group. Indeed : denote by J the 2M x 2M block diagonal matrix consisting of

M non-zero blocks o = ((1) _01

Sp(M, (C) = {B € MQM’QM((C);B*JB = j}

>; we write: J = @M o for short; denote by

the complex symplectic group. From

A0 ) EG )

it follows defining C' := @iw % (} _ZZ> that

G =Uy(1,1) = CSp(M,C)C".

In order to freely use results in [5] we shall do our argument for real matrices.
To this end we separate real and imaginary parts and consider

T : Mops 20 (C) — Maynagans (R)

r=a+1ib— (a _b>.
b a
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y) = 7(@) + ()i 7(xy) = 7(2)7(y); 7(27) = 7(2)" ker{T} =
| det |2, thus

T(C*GC) C Sp(2M,R)

It holds: 7(z +
{0};det 7(z) =

with the real symplectic group
Sp(QM, R) = {B S M4M74M(R); B!'IB = J}

for 1= a0,
det 7(z) = | det z|? implies that 7(z) shares its eigenvalues with = with
the degeneracies doubled. So the Lyapunov exponents v defined by the 7 — C'
transformed products of transfer matrices are
VM=F2=A 22> Yop1=V2p=Ap =+ > VoM—1 =VoM = AM-

As 7 (C*GC) is connected one can infer from [5] Theorem 3.4 and Exercice 2.9
forpe{1,...,M}:

T(C*GC) Lo, irreducible

and = Yop = Ap > Ap+1 = Vop+1

7(C*GC) 2pcontracting

in particular for p = M: A\py > 0. Now by Lemmas 6.3 and 6.4, the group
7 (C*GC) is 2p irreducible and 2p contracting for all p € {1,..., M} so all
Lyapunov exponents are distinct and Ay; > 0. O

The following lemmata complete the proof of Theorem 6.1, we use the
notations introduced in the above proof.

Lemma 6.2.
G =Up(1,1).

Proof. By definition G C Up(1,1) is a closed subgroup of Gi(2M,C) thus G
is a Lie group. By connectedness of Ups(1,1) it is sufficient to show that the
Lie algebras g and ups(1, 1) coincide. Now

u]y[(l, 1) = {A S M2M72M((C); Ajk = —ij(—l)k+j}
whose dimension as a real vector space equals 4M?2.

Denote by D;(t) = diag(1,1,...,1,e" 1,...,1) the unitary matrix
where the phase sits at the j’th slot, for 7 = 1,2,...,2M and use the M;
as defined in Sect. 5. For z € T the matrices

il iMa(2)|f) (GIMa(2) 7 iMa(2) G (I M (2) (8)
belong to g, for j =1,2,...,2M as they are the generators of the curves D;(¢),
My (2)D;(t)My*(2), My (2)D;(t)M;(z), which lie in G as

Dj(t) = D;(t)Ma(2)Mi(2)(Ma(2)Mi(2)) ™",
My(2) Dj(t) My ' (2) = Ma(2) D () M1 (2)(Ma(2) My (2))
M (2)D;(t)Mi(2) = (M2 (2)My(2)) ™" Ma(2) D (t) M (2).
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The generators in (8) have the same block structure as the M;. We
compute the relevant blocks. For i My (2)|7)(j|M2(2)~" we get

[z ft 1 O z —t\_ 1 (1 —tz
r2 \t t —z) 2 \tz -2
A [z —t —t\ _ i [(—t* iz
r2 \'t —Z O —z) 2 \—tz 1)/)°
Similarly, for iM;(z)~* j><j|M1( ), the blocks take the form
iz 1 z o-r\_t (1 —rz
2 \r 0 O z ) 2\rz -1
i (2 -\ _ i (=r* rz
2 \r Z O 1 -r oz ) 2\-rz 1)’

Now using these matrices for z ¢ R and the diagonal matrix i|5)(j|,

j = 1,2 one gets by taking suitable real linear combinations of the matrices
above that, in both cases, the relevant blocks are generated by

(1 0\ ./0 0\ ./0 1 0 1
“\o o/'"\o 1)"\=1 o)\t o)
For real z, use the curves D;(t), D.MaD;(t)My *D;t, D M Dj(t) -
M, D,, with D, = & (1 3)) and D, = @ (w 0) for w € T, which amounts

0

0 0 1
to perform the change z — w™'z.

Taking into account the shift in the blocks and the period 2M of the
indices in the matrices, we get that the restrictions of g and ups(1,1) to their
tridiagonal elements, mod 2M coincide.

To go off the diagonals we use commutators, i.e. we exploit that X,Y € g
implies [X,Y] € g.

Let Ay = |[k+1)(k|+|k)(k+1| € g, for k € Zops. Considering [A;, Ag] for
all values of j, k, we generate a basis of all anti self-adjoint matrices that have
non-zero real matrix elements at distance two away from the diagonal (and in
the corners, by periodicity). By commuting A with A; = i(|5 +1)(j| — [5)(j +
1]) € g, we get a basis of self-adjoint matrices with non-zero purely imaginary
elements on the same upper and lower diagonals (plus corners) only. These
matrices correspond to the restriction of all matrices in ups(1, 1) to these diag-
onals.

We generalize the argument as follows: Assume we already generated a
basis of all matrices A € up(1,1) such that A;, = 0if |j — k| > m, m fixed.
Again, periodicity is implicit here.

Let up(1,1) 3 B]j-[(m) =7 +m){J| £14)(§ + m|. We compute

[Ajsm, B (m)] = Bf (m +1).

This way we generate all matrices A € ups(1,1) such A, =0if |[j — k| >
m+ 1.
Hence by induction, we see that g = ups(1,1), so that G = Ups(1,1). O



Vol. 11 (2010)  Localization Properties of the Chalker-Coddington Model 1355

Lemma 6.3. 7 (C*GC) = 7 (Sp(M,C)) is Loy irreducible forp € {1,...,M}.

Proof. Denote e;, i € {1,...,4M} the canonical basis vectors of R*M - By
definition (see [5] with adaptation to our symplectic form)

Ly := span {v € NR*™ ;v = Mey A Meg A+ A Mesg_1,M € Sp(2M,R)}

for ¢ < 2M. Remark that the set of directions in L, corresponds to the set of
isotropic subspaces of R*M .

7 (C*GC) is Ly-irreducible if there is no proper linear subspace V C L
invariant under A7 (C*GC).

Consider M real numbers

ai >ag > ---apy > 1.

The 4M x 4M diagonal matrix

. 1 1 1 1 1 1
A:dlag A1y, =5 A2, — 5oy, ANy, —5 A1, — A2, — ..., AN, —
ay ag apnr ay as anr
belongs to 7 (C*GC) and e Aeg A+ - - Aegg_1 is an eigenvector of (AZA)" for all
n with simple dominant eigenvalue > 1. Thus for an invariant subspace V of L,
either e; AegA---Aegg—1 € V which implies ATM (e1 AesA---Aegq—1) € V,VM,
thus V = Ly, or eg Aezg A--- Aegg_1 € VJ-, which implies for all w € V

0= <Athw,€1 /\63 AREE /\€2q_1> = <’LU,AqM€1 /\63 A "'/\€2q_1>

thus V+ = L, <= V = {0}. Thus we conclude the claimed irreducibility for
q=2p. O

Lemma 6.4. 7 (C*GC) =1 (Sp(M,C)) is 2p contracting forpe{1,...,2M—1}.
Proof. For any a € R\0 there exist x,y € R with 22 — y?> = 1 such that

<z z> , which belongs to U(1, 1), has eigenvalues a, 1/a. Taking such matri-

ces as blocks one sees that there exists an element of Ujps(1,1) whose singular
values are distinct: a3 > ag > -+ > ap > 1> 1/ap -+ and thus an element
of 7 (C*GC') with 2M distinct singular values

b1:b2:a1>'~>b2p,1:bQP:ap>-~>b2M,1:b2M:aM>O.

Thus by, /b3, —n—oo 0 and it follows from Proposition 2.1, p. 81 of [5] that
7 (C*GC) is 2p contracting. O

Remark 6.5. To summarize, we have proved that if the transfer matrices gen-
erate the complex symplectic group Sp(M, C) then the results of [5] apply, i.e.:
the Lyapunov spectrum is simple. The results in [5] are stated for real groups
only. While it is remarked in their introduction that these results should hold
in the complex case, this seems not to be obvious to specialists in the field.
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7. Thouless Formula and the Mean Lyapunov Exponent

In this section we shall prove the announced identity in a series of lemmata.

Theorem 7.1. Let M € N. For the first M Lyapunov exponents associated with
U defined in Definition (5.1) with z € T it holds:
M
1 1 1
MZ)\z(Z) = flogﬁ > —log?2

i=1
Proof. Let z € T. Denoting by Par,(z) the propagator
Por(2): Q — Up(1,1)
Pap(2)(p) = ®(L,p) (22(~L,p)) "
we have for m € {1,..., M}

G . 1 m
;/\i—ngr;oﬁlogHA Por(2)(0) pae 9)

where A" denotes the mth exterior product (cf. [1], ch. 3).
We analyze the above limit in Proposition 7.2 below and show:

1 1,1
M;Ai :2/log\z—x\dl(x)+§1ogﬁ.
T

The assertion follows by an explicit calculation proving that

/log |z — x|di(z) = 0.

T

Proposition 7.2. (Thouless formula) Let M € N, z € C\0 then

1Y 1.1
— E ; =2 /1 — —log — — 1
v T

Proof. Will be done in Appendix 1. O

Remark 7.3. We prove in particular that the density of states is the Lebesgue
measure, see Lemma 9.3 below.

7.1. Bounds on the Localization Length

We now use the Thouless formula and an M independent bound on the largest
Lyapunov exponent to derive a bound on the localization length. We remark
that this bound is very crude and that more involved techniques should be
established to get more detailed information; cf. [23] and references therein.

First observe that a lower bound on the mean Lyapunov exponent
together with a tight upper bound on the largest, implies a lower bound on
all.
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Lemma 7.4. Let k > 0,0 > 0 such that VM € N,z € T
1
MZ)\]-E/{, and M < k+96,
then, for all j =0,1,...,M — 1,

jé

T (10)

Ajp1 > K —
Proof. First note that \; > ﬁ Zj\il Aj. Thus Ay > &, which corresponds to

(10) for j = 0. Similarly, using also the upper bound on A;, we have for any
1<j<M-1,

i M
Me< (D 4+ > | Mm<il+0)+ Z)\k

k=1 k=j+1 k=j+1
so that
M o
Aj1 > - Z A > K — M
k=j+1

O

Remark. In view of localization properties, the estimate is useful only if
k> (M —1)6. (11)

We now estimate the cocycle to derive an upper bound on the largest
Lyapunov exponent, which is uniform in the quasienergy and width of the
strip M.

Proposition 7.5. Let M € N
1. For the generator of the cocycle defined in (7), it holds

JA@) < (4 7) 1+ 1)

2. It follows: 2A1 < log () +log ((1 +7)(1 +1)).
3. There exists a c > 0 such that for M € N it holds:
dist(r,{0,1}) < e~ M —
N 2
M T log (L) = (M =) log (1 +7)(1+1£))

Proof. The estimate on A follows from its definition. The estimate on A; is
obtained using the equality (9). Finally, from the estimate (10) it follows

1 2
T— = T .

A T log (&) — (M —1)log ((1+7)(1+1))

The bound is symmetric around ¢ = r = % and finite for r sufficiently away

Em =

from the critical point % because of the singularity of log 1/7t. O
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8. Spectral Localization

We follow the strategy which was successfully employed for the case of one
dimensional Schrodinger operators: polynomial boundedness of generalized
eigenfunctions, positivity of the Lyapunov exponent and spectral averaging.
We lean on the work of [4,19]. Our result is:

Theorem 8.1. Let M € N, rt #£ 0. Then, the Chalker Coddington model on the
cylinder exhibits spectral localization throughout the spectrum, almost surely.
More precisely,

1. the almost sure : spectrum 3, continuous spectrum . and pure point
spectrum X, of U(p) satisfy

X=3%,,=T and 3.=0;
2. the eigenfunctions decay exponentially, almost surely.

Proof. We prove the theorem in Appendix 2. O
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9. Appendix 1
We follow the strategy of [13] and first prove the lower bound

M

1 1 1

i Z)\Z(z) > 2/10g |z — x|di(x) + 5 log i log | 2] (12)
’ T

for 0 # z € C\T which follows from Lemma 9.3 Eq. 15 below in the limit
L — o0.

Lemma 9.1. Denote by UP the unitary operator defined by restriction of U to
12 ({=2L,...,2L},1*(Zanr)) with reflecting boundary conditions: the scattering
picture for the links which are incoming to walls at —(2L+1) and 2L+ 1 reads

UPe_apoki1 = €e—orokr2, UPearor = ear okt
For z € C let
F, = {¢ € *(Zon); Yort1 = 2¥han42.k € Zas }
G = {¢ € *(Zon); 2002kt1 = Yon, k € Zy }
and denote by Qp the orthogonal projection to a subspace F'. It holds:

z is an eigenvalue of UP
<— Uy = P2L(Z)\II_2L and ¥_op, € F, and ¥or, € G,
<~ Ker (QGjP2L(Z)QFZ) 75 {0}



Vol. 11 (2010)  Localization Properties of the Chalker-Coddington Model 1359

Proof. Tt holds
UPY = ztp =
Y_orok+1 = 2W_2r2k+2 and  2Yor ok+1 = Yor ok
S0
U_op€F, and Yy, € G,.

The identity

Vo = Por(2)¥_ar
holds by construction of the transfer matrices so

UPth = 2¢) <= Qg Por(2)Qr. ¥ = 0.

Lemma 9.2. Denote the “even” subspace of 1?>(Zans) by
E = span{ear; k € Zp}.
For z # 0 there exist invertible operators V,, W, on l2(Z2M) such that
W.(E) = F, and V,(E) = G+ such that
1.

z is an eigenvalue of UP <=
det (QpV, ' Por(2)W.QE) =0
where we understand the determinant to apply to the restriction to E.
2. Forz#0;{z1,...,2ur+1)2m ) the eigenvalues of UP it holds:
1
(AL+1)M -1 _ (4L+1)2M
|2| M| det (QpV, ' P.LW.QE) | —’z;%5553211¢:1 |z =zl (13)
Proof. Fix 0# 2z € C.
In the following N;, D; denote generic, z independent matrices whose

precise values may change from line to line. The D; are diagonal.
The transfer matrix A, defined in (7) is of the form

1
A, = s (2°D1Qo + 27 *D2Qp + 2Ny 4+ N3 + 2~ ' N3)

where O denotes the “odd” subspace defined by O + E = {2 (Za)s). Thus

4L—1
(rt)* L Pop = 2 D1Qo + 27 DyQp + Z 2 N;.
j=—4L+1

Note that

G, = span (ear + 2 teany1) 1k € Zns

F, = span {

(zeok+1 + €a2rq2); k € ZM}

Sl Sl
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On 1?(Zoys) define the operators
1

W, = — Z |zeant1 + eanr2)(eanta| + | — eant1 + 2 eapta) (€ont1]
V2,
€Zns
1 _
Vo= — Y | = eansr + zean) (ean] + leaw + 27 Leansn) (eansa -

V2
Then W.Qr =Qr. W, and V,Qr = QGzﬂ/z. Moreover, one checks that

k€Znm

W2=1 V,'=KV,K (14)
with K =),y |eary1)(€2r| + |ear) (e2r+1]. It follows:
z is eigenvalue of UP <= ker (QEV;1P2LWZQE) # {0}.
Now
QeV, 'PyrW.Qg

1 1
=3 Z |ea) <—€2k+1 + 562k Por (ze2m41 + €2m+2)> (e2m+2]
k,m

1 o .
B (rt)2L HDQo + 2T DQp + Z Z/Nj
[jl<4L+1

4L+1

Multiplication by z implies that for some a; € C

1 (8L4+2)M
Z(4L+1)M det (QEVzilngWzQE) = (’["t)w Z ZJ(ZJ'.
0

Dy is unitary thus, in particular, [asz42)a| = 1. 2#£+DM det ... being a poly-
nomial of degree (8L + 2)M whose leading coefficient has modulus (rt)=2LM
and which is zero on the (4L + 1)2M eigenvalues of U the formula for the
determinant follows. O

We now prove convergence of the finite volume (L < co) density of states
uM as [ — oo to a non-random measure: the density of state. Then we show
that this measure equals the Lebesgue measure.

Lemma 9.3. Denote u(LM) the measure defined by
1
———tr f(UP) = duy! C(T)).
T = [ f@adie) (e cm)
T
Then

vaguely dl

M
IUL HL—»oo

the Lebesgue measure on T.
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For M € N there exists cpr > 0 such that for all L € N,0 # z € C\T

o log | AM Py
> 1logl—&- (2+1> /10g|z—x|d,uM(x)
2 Tt 2L L
T
—-(1-+1)log|z|—-0”f. (15)
AL L

Proof. 1. We first prove the existence of a non-random limit measure. The first
step consists in showing that p a.e,

L—o0

i [ FUP ) = 1 (E (eon F)eon)) +E (fer1, FU)er)
T

+ E ((e1,0, f(U)e1,0)) +E ({eo,1, f(U)eo,1))} =!/fdquf,

for all f € C(T). This follows from a classical argument based on ergodic-
ity, separability of C(T) and from the fact that U — U” has norm and rank
uniformly bounded in L, see e.g. [20] for the details for the unitary case.

In order to identify p! recall that the normalized Lebesgue measure di
on T is uniquely characterized by :

/pndl =60,0 NEL
T

where p, (x) := 2™. Consider the space of loops of euclidean length n starting
at (0,0) :

1—‘(0,0) = {'Y : {Oa R an} - {_2L7 sy 2L} X ZQM7PY(O) = V(n) = (0,0)}
Then because of the structure of U

(€0,0,Pn(U)en,0) = Z (e0,0,Uey(1)) - - - (eym-1), Ueo,0)-
Y€l (0,0

Now (e (), U(p)es(j+1)) = L(p)t®r? for some o, 8 > 0 and | a uniformly distrib-
uted random variable. Thus, E ({eg,0,pn(U)€0,0)) = 0n,0. Applying the same
argument to (e1 1, f(U)e11), (€o,1 ..., we conclude:

dp = di
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2. By formula (13):

4LM log |det (QeV, ' P,LW. Q)|

1 1 u 1
ilog—t (24—2[/) /log\z—x|duL( ) — <1+4L> log |z|
T

< 4LM log | AM (QEV, ' Por W.QE) ||

1
log | AM Por |l +

T 7 (0| AM Qv + log | AM W.Qi)

< —
_M4L

=:ICm

where we used the identity
det QpAQE = {eg N+ A eans—2, AMAeg A+ A eanr—2) -

From this, the claim follows. O

We turn now to the proof of the opposite inequality:

M
1 1 1
i % Ai(2) < 2/10g |z — z|di(x) + 3 log i log | #] (16)

T

for 0 # z € C\T:

Proposition 9.4. Suppose that for any choice of sets of wvectors
{da, dy ..., dQ_M—2} and {da', dy,... ,d;‘M_2} in the “odd” subspace O

1
limsup —————
TP ML+ )
xlog| ((eo +dg ) A=+ A(eanr—2 + dypr_y),
ANV Py (2)W.)(eo +df) A+ Aeanr—2 + d3py_y)) |

1 1
< 3 In s + 2/10g |z — z|dl(x) — log |z (17)
r
T

then, for all 0 # z € C\T,

1 1
— log — - 1
Z)\ 2 log = +2/10g|:1c z|dl(x) —log |z|
T
Proof. The vectors of the form {(eg+do)A- - A(eapr—2+darr—2);do, . - ., dapr—o

€ O} span AMC2M . On the other hand, given any spanning sets S; and Sy in
AMC2M | the mapping || - ||s defined by

[Als = sup  [{¢, AY)]
¢pES1,ESs



Vol. 11 (2010)  Localization Properties of the Chalker-Coddington Model 1363

defines a norm over the algebra of operators in AMC?M It follows that there
exists ¢ > 0, which depends on S} and Ss, such that for any matrix A, | A|ls >
c||A]|, hence that

M
1 1 1
— i < -log—+2 /1 — —1 .
3 2o M(e) < glog - +2 [ log o — 21d1(¢) ~ log =
v T
O

We now prove that the inequality (17) is satisfied. This will be achieved in
two steps. In order to keep track of the L dependence denote by Uf) the former
UP. Now reinterpret the left hand side of Eq. 17 as the characteristic polyno-
mial of a deformation of UP denoted V/; more precisely: we aim at Eq. 18
below. The problem is then reduced to the proof of the weak convergence of
the associated sequence of counting measures (v;,) towards ™.

9.1. Deformation of UE
Let L in N and define the matrix V2 | on I?({—2L — 2,...,2L + 2},1*(Zapr))
by: Vo € 2({—2L — 2,...,2L + 2}, 1% (Zoar)),
M—1
(VE V) 21420k = Z B;;C)Ql¢2L,2l
1=0
(VE )ar41,6 = Yort1,k

M—1
D
(VL+1¢)2L’2/€+1 = Z 02+Ic+1,2l+1¢2L+2,2l+17
1=0
M—1
D —
(Vii¥)—er2k = Z Boyoy¥—20-2,21
1=0
(VEAY)—2p—16 = Yar—1,%
M—1
D _
(Vi) —2r—22k41 = Z Copr1201¥—2L,2141,
1=0
with the same reflecting boundary conditions as ULD+1 and (VLD+1¢);L,» =
(UL 1) for any values of (u,v) which were not described previously. The
matrix V2, is a deformation of the matrix UP, |, but its structure remains
close to the structure of ULD_H. Note that span{ear 1.k, e—2r.—1,;J, k € Zanr}

belongs to ker (V/2,; —1I). For ¢ an eigenvector of V| associated with the
eigenvalue z,

VE b = 2.

This implies that either ¢ € span{esrt1k,e—2r-1,5;7,k € Zopr} and z =1, or
Yoo € F, and ¥ap42 € G, and
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hor, = P2L(2)1/1 2L
Yorve = AT (2)ar = 2 QBT Quibar + 2Q0oC* " Qothar
Yoop = A" ()Y a2 = 2 QB QY212 + 2Q0C™ Qot_ar_a.
The transfer matrices AT (2) and A~ (z) are deformations of the matrices A,.

This construction is useful to establish the following lemma. In the following,
z will be fixed as a parameter.

Lemma 9.5. Let (d%)ke{o M—1} and (dyy)keqo,... . m—1} two families of vectors
belonging to the “odd” subspace O. These families are the columns of two cor-
responding matrices denoted DT and D™ respectively. Assume that for z # 0,

max(||D~||, ||DF|) < max (ﬁ, |z|> and consider the matriz VP parametrized
by z

Bf =z+TD%

Cr=z(1-z"'DT)7!

B, =z+ zzD_*

z

==

with

= O

Then,

((eo+dy )N+ N(ean—2 + dypr_s),
NV P (2)We)(eo +dg ) A=+ A eanr—2 + d )
= <60 A A €oN—2, /\M(VrzilAing(Z)AJrWZ)eo A=A 62N1_2>. (18)

Proof. By (14), W2 = I, V; 1 = KV,K , z # 0. It follows for all k €
{0,....,M —1}:

A+Wz62k = Wz(egk =+ d;rk)
A**szl*egk = ‘/Zil*(egk —+ d;k)

O

Given z, Dt and D~ and the associated matrix VL[L, we consider the
corresponding eigenvalue problem:

Vi =24
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The complex number 2’ is an eigenvalue of V2, | iff

(2" = 1)"™(eo A+ Neans—2, (VAL (2) Par (2) AT (2 )W)
60/\'-'/\621\/[_2) =0
where A (2') = 2~ 'QpBFQp + Z’Qngc_lQo.
Once multiplied by 2’ (4L+5)M, the left-hand side is a polynomial of degree

2M (4L +5) in 2. Following the Thouless argument, we get for the logarithm
of the modulus divided by 4M L:

1 1 , N M 1
2log - log |2'| + (2+ 2L> / log |z — 2|dvy,(z) + O (L)7

B(0,R-)

where the family of measures Vi\/[z are supported on some closed ball B(0, R.),

due to the fact that sup, |[UP — V;P| < co. Note that if 2’ = 2, A} (2) = AT
and A7 (z) = A™.

9.2. End of Proof of Inequality (17)

We split the proof in the two following lemmas, whose proof is an adaptation
of the argument given in [13].

Lemma 9.6. If (v)ren and p are measures supported on B(0, R) for some
R >0, and if (v1,) converge weakly to p, then for any z € C

‘/bgK—ZWwXOEi/bQC—ﬂ@AO-

T T
Proof. Given z € C, let f. be defined by:

{fE(C)ZIOgC—z| if|C—z|Z€
fe(Q) =logle| if|C—z[<e

Since the support is compact,

Llim fe(Odvr(¢ /fe )du(¢
T
On the other hand, for any ¢ in T,

log[¢ — 2| < fe(0)
so that:

limsup/log\gfﬂdyL ) < hmsup/fE ¢)dvr(¢

L—oo
:/ﬁ@ﬂMO
T

The result follows by monotone convergence theorem when € goes to zero. [
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Remark. Let us note that the x-algebra of trigonometric polynomials F defined
by:
F =A{f € C(B(0,R)); f(r,0)
= Z akl’kQT’kleibe, N € Ny, ki € No,kg S Z}

k1+|ka|<N

separates points and contains the constants. Its closure under the supremum
norm is C'(B(0, R)). The weak convergence of the measures is equivalent to
have for all f in F,

Jim [ HOan©) = [ FQau).
B(0,R) B(0,R)

Lemma 9.7. As a Borel measure on C, the sequence of measures (V%Z) para-

metrized by z, M converges almost surely weakly to dl as L tends to infinity.

Proof. Let (rj,zeigin)ifl(MH) and (ei)‘j)?fl(4L+l) be the eigenvalues of the
problems with reflecting boundary conditions for V' and Up, which correspond
respectively to the modified and unmodified “potentials”. We have that:

1
M
= E ) i
VL= T 9M(4L 1 1) O
1
M
= N5,
PL = 9M@AL +1) ZJ: e

These measures are supported on some B(0, R.). We will drop the z subscript
in the sequel. Since we already know that (u}) converges almost surely weakly
to dl, we only need to show that for any non-negative integer k1 and any integer
k27

M (AL+1)
li ikoXj l?1 k2§ = 0.
L5050 2M (AL + 1) ; ‘ e

Actually, it is enough to prove it for non-negative integers ki, ko. Let us fix
such a couple (k1, ko) and decompose the term on the left-hand side as follows:

2M(4L+1)
1 ik2)\j k1 ik2£j

SATAT L1\ - =T,(L) +T5(L

2M (4L + 1) ; € rje (L) + To(L)
1 2M(AL+1)

where Ti(L) = m Z (7"?2 - r?l)eikgij

j=1
1
L) =Ll v,

2M(4AL + 1)
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If k = min(ky, k2) and | = max(kq, ko), we have

1 2M(4L+1)
T < — K=k _q
T < S5 EZZ P =1l
R 2M(4L+1)
< k).
S OMEL + 1) 2 I |
Jj=1
Following [13], we first prove that:
2M(4L+1)

lim ——— 1] =0.
L5 2M(4L + 1) ; Iy =11=0

2M (4L+1
(¢j)j:1( +)

We know that there exists two orthonormal bases and

(¢ )?fl(uﬂ) such that:
2M (4L+1)

VP = Y (VD)) (@51,

j=1

where (p1;(VP)) are the singular values of the operator V,”. Actually, u; (V) =
r; and we assume them to be ordered: p;1(V/) > u;(V;?) > 0. Note that:

{(VP);j € {1, . 2MAL + 1)}} = o(VL VL )\{0}.

Since for each j € {1,...,2M (4L + 1)}, pu;(UP) = 1 we deduce from the
remark following Theorem 1.20 in [24] that:

2M(4L+1) 2M(4L+1) M (4L+1)
Soom—t= > Iwm(VE) -w U< > w(vP-Up).
j=1 j=1 j=1

Since VP — UP has rank and norm uniformly bounded in L, we obtain that:
lim 77(L) = 0.
L—o0

The term T(L) will be treated in a similar way. The operator UP — VP has
rank and norm uniformly bounded in L. This implies that for all integer ks,

up e b " has also rank and norm uniformly bounded in L. So,
lim T»(L) =0,
L—oo
which concludes the proof. O

The above lemmata together with Eq. 18 establish the inequality (17)
which implies (16). We finish with the proof of the Thouless formula on T:

Lemma 9.8. For all z € T,

ii)\l()*llo lJr2/lo |z — z|dl(z)
M L) T 508 S
‘ T
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Proof. We note with [12] that limy .o 77 log|| AM (Pr)(z)| is subharmonic
in C\{0} and [;log|z — z|dl(x) subharmonic on C\T. The two exceptional
sets are of measure zero in C, these quantities must agree everywhere. O

Remark 9.9. We note that the above proof does not depend on the specific
form of the density of states.

10. Appendix 2

Now we prove Theorem 8.1 in several steps.

By Theorem 6.1 the localization length is finite for all values of the param-
eters. Note that the spectrum is characterized by the existence of generalized
eigenfunctions:

Suppose that the support of E,(-), the spectral resolution of U(p), is the
whole circle T.

Proposition 10.1. For M € N, p € Q the spectrum of U(p) is the closure of the
set

Sy, ={z€T;U(p)p = z¢ has a non-trivial polynomially bounded solution}
and E,(T\S,) =0
Proof. The stated behaviour at infinity of the generalized eigenvectors and the
spectrum of U(p) are related by Sh’nol’s Theorem. This well known determin-
istic fact for self-adjoint operators was proven in [4] to hold in the unitary
setup for band matrices on [?(Z). It is straightforward to check that the result
holds for band matrices on [2(Z,C?M), with M finite. O

Secondly we prove the existence of a finite cyclic subspace:

Lemma 10.2. Let M € N;rt # 0. Denote Iy := {0} X Zapr. The vectors
{eu; € Io} span a cyclic subspace of 12 (Z x Zanr).

Proof. The only non-vanishing elements in U are the blocks given in Eq. 1.
Denoting generically the elements of S by

(3 )

and observing that U, L =10, we have
Ugjtizrieizr)  Uejrizmiei+i2edn) | _ (@ B
Ugjort1)i2i2k)  Ul2j2041);(2j4+1,25+1) v 0
_ (U(2j+2,2k+2);(2j+2,2k+1) U(2j+2,2k+2);(2j+1,2k+2)>
Ujs1,2k41);2542,20+1)  U@j41,2k41)5(2541,2k42)
and

[SSIp]

— 1 —
Uzg 2k);(25+1,2k) U (24,2k);(24,2k+1) _ (04
(2g+1 2k+1);(25+1,2k) U(2J+1 2k+1);(27,2k+1) B

)

Ul Ut
( 2]+2 2k+1;25+2,2k+2 2g+2 2k+1;25+1, 2k+1)
U2J+1 2k+2;25+2,2k+2 U23+1 2k+2;25+1,2k+1
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Computing Ue(o2r) = a€(1,2r) + V€(0,2k+1) and the corresponding expressions
for U_le(l)gk), Ue(o,2k+1)> U_le(_1,2k+1) we infer:

1
€(1,2k) = E (U€(0,2k) - '76(0,2k+1))

V-1
€(1,2k+1) = Ee(O,Qk) - = €(0,2k+1)

B
€(—1,2k+1) = § (U€(0,2k+1) - a€(0,2k+2))
)

Qrr1
€(—1,2k+2) = ;6(0,2k+1) - EU €(0,2k+2)-

Thus vectors with indices in {£1} X Zops belong to the subspace generated by
U jEl(Io). The lemma follows by induction. O

Let I ={0,1} x Zoar, @ =T?"N | P = @ycpanny; dl, b= {B;}jezn g €
Q, and ©; = {6,}je;. We shall use the notation Q 5 p = (p, ;).
Denote

. 2) o= i (110l A Pos ()W) - 1 06l A P ),

if the limit exists.
By construction, 5.1, it holds for almost every p

A = Aum(p)
By definition Aps(p, z) is independent of the finitely many Oy, if p =

(P, ©r). By Theorem 6.1 there exists Q(z) C Q with P(Q(z)) = 1 such that for
any z € T\R

)\M((ﬁv 9])72) = )\M > 01

for all §; € O and all p € Q(z). We can apply Fubini to the measure P x dl to
get the existence of )y €  with P(Qg) = 1 such that for every p € Qg there
is BT) eT with Z(Bﬁ) =0 and

M ((B,0r1),2) >0 forall 6; € O, and all z € By©. (19)

Then we show that for p € Qo, BT,C is a support of the spectral resolution
of U((p,©r)) for almost every 6; € ©; w.r.t. d!ll on THI.

For any fixed j € I, we introduce the spectral measures p, associated
with U(p) = [, #dE,(x) defined for all Borel sets A € T by

1 (A) = (e; | Ep(A)]e;).
Since U(p) = D(p)S, where D(p) is diagonal, the variation of a random phase
at one site is described by a rank one perturbation. More precisely, dropping
the variable p temporarily, we define D by taking §; = 1 in the definition of
D:

D=D + |€j><€j|(1 _ gj) _ elog(gj)lejﬂej\p’
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so that, with the obvious notations,
U=DS = elog(gj)lejﬂele_

The unitary version of the spectral averaging formula, see [9] and [3], reads in
our case: for any f € L*(T

/dl /f )yl o, () /f )di(x

Applied to f = xB,, the characteristic function of By, this yields

0=UBp) = | by, (B 16y (20)
T
Consequently,

u{ﬁ@[)(Bﬁ) =0, forevery 0, € O, k# j and Lebesgue-a.e. 6;.
Therefore, for all € Qp, there exists J; € TH! s.t. [(J;“) = 0 and
01 C Jp = iy, (Bp) =0, Vi€l (21)

Now fix p € Qo and ©; C J; and consider p = (p,©;). By Lemma 10.2
and (21) we deduce that E,( 7) = 0. If S, is the set from Sh’'nol’s Theo-
rem 10.1, then the set S, N B is a support for E,(-).

Now take z € S, N Bﬁc. By Theorem 10.1, U(p)¢ = 2% has a non-trivial
polynomially bounded solution . On the other hand, by (19), Ay (p,2) > 0.
Thus, by Osceledec’s Theorem, every solution which is polynomially bounded
necessarily has to decay exponentially both at 400 and —oo, and therefore it
is an eigenfunction of U(p). In other words, every z € S, ﬂBﬁC is an eigenvalue
of U(p), hence S, N By is countable. Therefore E,(-) has countable support
thus U(p) has pure point spectrum. With

Qo :=={(@,{0;}jer) st. D€ Qo, {0;}jer CO1 C Jp},

we have
peEQ = o(U(p)=0. (22)
Also, from I(J;“) = 0 we have
(®@jerdl)(Jp) = (®er d)(T) = 1. (23)

As P(Q) = 1, we conclude from (22) and (23) that

Bloo(U(p) = 0) = P() = [ dB)(@serdi) () = 1,
Q
which proves that U(p) has almost surely pure point spectrum. The fact that
the support of the density of state coincides with the almost sure spectrum,
see [20], shows that ¥,, = T.
We finally show that almost surely all eigenfunctions decay exponentially.
Note that we actually have shown above that the event “all eigenvectors of
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U(p) decay at the rate of the smallest Lyapunov exponent” has probability
one, since this is true for all p € Qy. Measurability of this event was proven
for the case of ergodic one-dimensional Schrodinger operators by Kotani and
Simon in Theorem A.1 of [22]. The proof of this fact provided in [22] carries
over to the CC model as well. It is enough to note that, due to Lemma 10.2,
we may use pp, = » jel H% as spectral measures in their argument. 0
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