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We study the dynamics of classical and quantum particlesingoin a punctured plane
under the influence of a homogeneous magnetic field and drivea time-dependent singular
flux tube through the hole.
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1. Introduction

The model under consideration was introduced by physigistsder to understand
the integer quantum all effect and much investigated by emattical physicists
who introduced topological indices in order to explain theamtization of charge
transport observed in the experiments; consult [5] for acess to the literature.

Let m >0, e > 0, i > 0 be physical parameterg, € R?\ {0}, ¢* = (—g2, q1)
and ® : R — R be a smooth function. The time-dependent Hamiltonian is

B o1\ |
g _ > ) g,
2 27iq|

1 A 2 A =
%(P_e (f,Q)) s (taq)—(

where in the classical case € R? and the Hamiltonian is a function on the phase
space and where in the quantum cagse- (—ihd,, —ifid,) and the Hamiltonian is

the Friedrichs extension ofl/2m) (p — eA(t, ¢))? defined onCg° \ {0}.
In the quantum case we discuss the meaning of the propagadosteow that an
adiabatic approximation is valid. To this end we introdulce hotion of a propagator
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weakly associated to a time-dependent Hamiltonian. A etgiresentation is given
in [2].

For the classical case we show: in the past the center is baoddhe particles
spiral inward towards the flux line, their motion being acpamied by energy loss;
after hitting the puncture they become “conducting”, i.Be tmotion becomes a
cycloid around an outward drifting center orthogonal to thduced electric field.
The outgoing drift is without energy loss.

The latter results have not been published yet but can bedfaurpreprint [3].
Finally let us note that the dynamics of the classical systethout magnetic field
was discussed in [1].

2. The quantum case
2.1. Existence and adiabatic approximation

We discuss the caseé,® = const. After rescaling the physical parameters
and restricting ourselves to a sector of fixed angular moumentve consider in
L?((0, 00), rdr) the operator

H(s) = 13 8+1 +r22
s) = - -1 O 2 S 5]
which is essentially self-adjoint orCg° (0, 00)) iff |s| > 1, and defined by the
regular boundary condition at — 0 for |s| < 1. We study the “adiabatic” limit
(e — 0) of the evolution equation

iedsU(s, so)y = H(s)U(s, so)y¥

for the propagatorU. Now, Dom(H (s)) is time-dependent and so the existence
of a unique solution of the evolution equation is not assu¢efd [6]); on the
other hando, H (s) is not relatively bounded and the gaps between the eigessalu
E,..1(s) — E,(s), are approximately constant im and thus the known theorems (cf.
[4]) do not assure the validity of the adiabatic approximiati

Our solution to these problems is the following: we use thplieit knowledge
of the spectral measure df(s) to show the existence of an “adiabatic” propagator
Uag- Uag in turn is used to define a unique propagaidy weakly related toH (s).
Then we show thal/,q is an approximation ofU,, (see Section 2.2 for the weak
relationship).

The spectrum ofH(s) is discrete. Denote byE,(s), ¥,.(s), P.(s) the eigen-
values, eigenfunctions (chosen real) and eigenprojecti@mspectively; letP(s) :=
iy n(0sPy)Py(s). Define Hag(s) and its propagatolUag by

Haq(s) :== H(s) +&P(s) and Uad(s)¥,(0) := eXD(—é/&)%(S)-
0

THEOREM 1. For s > 0,
Q) 1P|l < M(s) where M(s) is a positive increasing function o,
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(2) 3Ar(s) differentiable such thatP = i[H,T"] and |[T'(s)| + |1, (s)|| < const

3) s
H/ U, PUad| < const es,
0

(4) For C(s) defined byid,C(s) = —(U;ijUad)(s)C(s), C(0) =id, it holds
|C(s) —id | < const eM (s) exp(sM(s)).

Comments on the proofthe main problem is to control the operator bound on
1?(N) of the matrix

) W HY) 1 (m+1\"?
e E,—E, n—m\n+1 '

This is done in a number of steps. As an illustration, the fatgtp is to find a

bound onL?((0, 00), dx) for the self-adjoint integral operator with the kernel

K(x,y):—i<£) for x <y, K(x,y):l—<z>s for x > y.
y \y X \x

The bound read$K| < (s + %)—1. But more steps of similar nature are needed to
complete the proof. O
REMARKS 1.
1. Dom(Had(s)) = DOM(H (s)), Uad(s)(DOM(Had(0))) = DOM(Had(s)),

1£0;Uad(8)¥ = Had($)Uad(s)¥, V¢ € Dom(H (0)).

2. C(s) is well defined by the Dyson formula.
3. Un(s) := Uay(s)C(s) is a propagator and the candidate to be generated by
H(s). Further it holds

[Uw(s) — Uad(s)[l < eM(s) expls M (s)).

4. It is an open question whethé&r(s) preserves DortH (0)) and thus whether
U (s) Dom(H (0)) € Dom(H (s)).

2.2. Weakly associated propagator

While we cannot show that the propagatby, is the propagator ofH (s) we
can show that it is the unique propagator weakly associate{iHt(s)}; so if the
propagator forH(s) exists, it equalsUy.

The definition of weak association relies heavily on the awtiof the quasi-
energy operator which is directly related to the propagator= $4(—id,)il*, where

U= fea Uy,(s,0)ds. We say that a propagatd@r,, is weakly associated tdf (s) iff

S5}
K=—-io;, +9 wheref;:/H(s)ds.
R
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One can actually prove that in this way introduced notion @fakv association
generalizes the standard relationship between a propagaid a Hamiltonian as
well as that at most one propagator can be weakly associateal Hamiltonian.
For details see [2].

3. The classical case
We again discuss the linear cadgr) = ®qr. After a rescaling one is lead to
consider the Hamiltonian flow of
1 . 1 t
H(s)=>(p—a(g)®, withaq@)=(Z-0¢—)q"
2 2 q

for ¢ := e®o/(2rw), w := eB/m. Because of the cycloid-type nature of the
trajectoriesq(t) around a moving center we use the natural splitting = ¢ + v+
where v := p —a(q), c :=q — vt. Let us denote

&(p) := (Cosgp, sing) .
An appropriate canonical coordinate system is then defimedhat
q = [cl&(p1) + [v|e(—g2).

The action—angle coordinates redd = |c|?/2, I = H, ¢1, ¢, the transformed
Hamiltonian is an integral of motion

K(p,I) =1 — ¢pargy/ 2l &(p1) + v 22 &(—¢2)).
The fundamental relation between the centeand the energy is
lc(s)|?

2

where so is a constant depending on the trajectory. The asymptoticabeur
described below is illustrated by Fig. 1 depicting a typit@jectory.

= H(s) + ¢(s — s0),

THEOREM 2. For any fixed initial condition there exists a constan > 0 such
that

IS \@e(“—g—f) 19 L J2p e(—s)

ﬁ §—>00 4¢2 ¢ /|s| s—
a2 H(s)
H iy .
(s) ) |s] §—>—00 ¢

Proof: The problem can be reduced to a two-dimensional system cuitindinates
J: =1L+ and ¢ := @1 + @o. After a change of variables one arrives at a system
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Fig. 1. A typical trajectory of the Hamiltoniad (s).

of differential equations which is equivalent to the inegequations
xj(s) =c18Jj_1(s) + cosY;_1(s)

Ts r
—7/(Y,--1(S)J1(T) — Ji—1()Y1(0)) F (z, x1(7), x2(7))dT,

j =12, where the numbers;, ¢, involve initial conditions and

X1 s
F(s,x1,x2) :=¢ — — — )
g \/Xf+ (x2 — )% + $252 + x1
The integral equations allow for iterative solution and amel suited for asymptotic
analysis. 0
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