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Thermal history after the hot big bang

Just photons, protons, electrons, neutrons, and decoupled neutrinos left 

+ CDM (assumed non-interacting by this time)

Neutrinos too low energy to easily detect today



As the Universe expanded it cooled, eventually the temperature was low 
enough that neutral atoms could form; this is the epoch of recombination. 

After recombination photons could travel (mostly) unimpeded and should be 
observable today. We  see the last-scattering surface.

Recombination



BACKGROUND RADIATION
COBE MISSION
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error bars are too small to see ςvery accurate fit to black body thermal spectrum

[Fixsenet al]

Using ρ ÚὝ ȟ 4z withὝ ȟḐςȢχὑ

ᵼ ᾀzḐρρππ(well after the epoch of matter-radiation equality)  

Recombinaton 4z σπππὑ



+ O(10-5) perturbations

+ Dipole (local motion Doppler shift)

(almost) uniform 2.726K blackbody

0th order (uniform 2.726K) + 1st order perturbations (anisotropies)



PERTURBATIONS

Conformal time

Perturbation that we 
see in the observed CMB

See galaxies formed
by gravitational collapse of 
small initial perturbations

Earth today

Perturbation that evolves into galaxies
that we later see.

Past light cone

BUT: Universe recombines at same temperature everywhere; recombination is 
an equal temperature surface (ÁÔὝz in the gas rest frameeven in a perturbed 
universe

ςwhy do we see temperature variations at all?



14 000 Mpc

z~1000

z=0
ɗ



Å Linear modes cause anisotropic redshifting along the line of sight 

- 0th order equal-temperature last scattering surface modulated by 1st order perturbations

generates linear CMB anisotropies

Å linear perturbations are observed in perturbed universe:

-1st order small-scale perturbations are modulated by the effect 1st order large-scale 

(and smaller-scale) modes

non-linear CMB anisotropies, mainly CMB lensing (2nd order and higher)

For simplicity consider recombination to give sharp visibility

(instantaneously opaque ᴼ transparent)

ᵼ In the background, CMB photons come from single spherical 

shell about us at background conformal time –z



Need to use geodesic equation to see how photon energy changes along line of sight

Us

Affine parameter ‗

4-momentum ὴ

(this defines choice of  normalization of ‗

Use linear perturbation theory with 

- Conformal Newtonian Gauge (CNG) [scalar perturbations]

Last Scattering



Zero component of geodesic equation in the Conformal Newtonian Gauge: 

Linear CMB anisotropies

Note: perturbations ɮand ɰare functions of time and position
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Integrate along light cone between time –and today (–), rearrange
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All photons redshift the same way, so ὯὝḐὉȢ

Recombination at fixed temperature Ὕz in gas rest frame.

Also add Doppler effect:

More details https://cosmologist.info/teaching/EU/notes_structure.pdf
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Sachs-Wolfe Doppler ISWTemperature 

perturbation at

recombination
(Newtonian Gauge)

” –ȟ● ”ᶻ ”‏–‏” ” (zperturbated and unperturbed LSS at same temperature/density) 
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On large scales (super-horizon for matter-dominated recombination): ɰ

In general need to calculate ɝȟὺ at recombination numerically

In practice recombination visibility is also not sharp

ᵼalso need to integrate over source planes through last scattering

Perturbations O(10-5)

Simple linearized equations are very accurate (except small scales)

Can use real or Fourier space

Fourier modes evolve independently: simple to calculate accurately

Calculation of theoretical perturbation evolution

Optical depthVisibility



ÅThomson scattering (non-relativistic electron-photon scattering) 

- tightly coupled before recombination: ótight-couplingô approximation

(baryons follow electrons because of very strong e-m coupling)

ÅBackground recombination physics (Saha/full multi-level calculation)

ÅLinearized General Relativity 

ÅBoltzmann equation (how angular distribution function evolves with scattering)

Physics Ingredients

To calculate power spectrum from statistically homogeneous and isotropic perturbations

do not need to evolve realisations (unlike in large-scale structure simulations)

Linearity: ὢ▓ȟ– ὢ▓ȟπὝὯȟ–

- only need to evolve transfer function ὝὯȟ–, tells you how all perturbations with same |k| evolve



Perturbation evolution

Perturbations: start of hot big bang Perturbations: Last scattering surface

gravity+

pressure+

diffusion 

ὶ



Last scattering

ᾀzḐρπωπ

Reionization

ᾀḐ7-8

ᾀḐπ

Ὕ ɝὝ

Comoving radial distance ~ 14000 Mpc (ɤ#$-)

In comoving distance



CMB power spectrum ὅ

Å Theory: Linear physics + Gaussian primordial fluctuations

Theory prediction

- variance (average over all possible sky realizations)

- statistical isotropy implies independent of m

- for Gaussian statistically-isotropic fluctuations, ὅcontains all the information 

(fully describes statistics)

ὥ ḳ Ὠ᷿ɱɝὝὣᶻ

ὅḳἂὥ ἃ

Random variates, zero mean ( ɝὝ π)

CAMB: ñpip install cambò https://camb.info

CLASS https://lesgourg.github.io/class_public/class.html

Initial conditions 

+ cosmological parameters

linearized GR 

+ Boltzmann equations

ὅ

http://camb.info/


ὥ ὣ

ὥ ὣ

Single ὰ

Sum over ὰ



Hu & White, Sci. Am., 290 44 (2004)

CMB temperature power spectrum
Primordial perturbations + later physics

diffusion

dampingacoustic oscillations

primordial power

spectrum

finite thickness
suppression by averaging (ᵼgaussianization)

Very small-scale

information wiped out

ὰ



Why ὅoscillations?

Å Comoving Poisson equation:  ᶯɮ τ“Ὃ‏Ӷ”ᵼ ɮ τ“Ὃ”ɝ

- potentials approx constant on super-horizon scales
- radiation domination ɟ~ 1/a4

ĄɝḐὯὥɮ

Ą since ʌ~ constant, super-horizon comoving density perturbations grow ~ a2

+ pressure (ὖ for radiation ᵼὧḐ for waves in radiation fluid)

(pressure support/oscillation ᵼstop collapse of radiation perturbations)

+ expansion 

(ɰᶿ ᴼπas physical size ὶof perturbation increases after pressure stops growth)                                                       

ᵼnearly free SHM oscillations during radiation domination driven only by initial collapse

- ñsoundò waves with speed ὧ

more generally:

ὧ
ρ

σ

τ”

τ” σ”

Radiation perturbation evolution



Evolve 1D grid of k values





Contributions to temperature ὅ

+ otherMonopole Doppler ISW

Const.

On small scales ὰḐὯ…z (…z Ḑρτπππ-ÐÃin LCDM)



Cosmic Variance: only one sky, spectrum same at all frequencies (blackbody)

ñCosmic Varianceò

Use estimator for variance:

Cosmic variance gives fundamental limit on how much we can learn from CMB

- smaller errors at high ὰ most information from the small-scale spectrum
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CMB Polarization
Generated during last scattering (and reionization) by Thomson 

scattering of anisotropic photon distribution

Hu astro-ph/9706147

http://background.uchicago.edu/~whu/polar/fig1.ps


Observed Stokesô Parameters

- -

Q U

Q Ÿ -Q, U Ÿ -U under 90 degree rotation

Q Ÿ  U, U Ÿ -Q under 45 degree rotation

Measure Ὁfield perpendicular to observation direction ▪
Intensity matrix defined as

Linear polarization + Intensity + circular polarization

CMB only linearly polarized. In some fixed basis



Alternative complex representation

Define complex vectors

And complex polarization

e.g.

Under a rotation of the basis vectors

- spin 2 field

(Exactly analogous to shear in cosmic shear)



E and B polarization

ñgradientò modes

E polarization

ñcurlò modes 

B polarization

e.g.

e.g. cold spot



CMB Polarization Signals

Parity symmetric ensemble:

Average over possible realizations (statistically isotropic):

Power spectra contain all the useful information if the field is Gaussian

Also cross-correlation ὉᶻὝ ὅ ȟ Parity symmetric ᵼὅ π



Last scattering

ᾀzḐρπωπ

Reionization

ᾀḐ7-8

ᾀḐπ

Ὕ ɝὝ

Ὕ Ὡ ɝὝ

ρ ᾀz

Comoving radial distance ~ 14000 Mpc (ɤ#$-)

Optical depth †

+ large-scale polarization

Reionization scattering



Planck optical depth constraint

Planck 2018 TTTEEE+lowE, ɤ#$-

Pagano et al, arXiv:1908.09856
(óSRoll2ô Planck HFI reanalysis)

Large-scale E polarization (+foregrounds, systematicsé)

† πȢπυτπȢππχ

† πȢπυχπȢππφ
Planck 2018

Planck 2020, arXiv:2007.04997
(óNPIPEô Planck HFI reanalysis)

† πȢπυρπȢππφ

Planck 2018 EE

Belsunce et al., arXiv:2103.14378
(ó̀SRoll2ôô reanalysis)

† πȢπυψπȢππυυ

ὃ ςȢρπ πȢπσ ρπ

ὃὩ ρȢρψψπȢπρ ρπ



Perturbations O(10-5) 

etc,, drdrÐ

)0( =¶Ð v

ÅLinear evolution

ÅFourier k mode evolves independently

ÅScalar, vector, tensor modes evolve independently

Scalar modes: Density perturbations, potential flows

Vector modes: Vortical perturbations

Tensor modes: Anisotropic space distortions 

ïgravitational waves

velocities, v

B modes only from vectors or tensors in linear theory. + non-linear.



Primordial Gravitational Waves
(tensor modes)

Å Well motivated by some inflationary models

- Amplitude measures inflaton potential at horizon crossing

- distinguish models of inflation (ñsmall-fieldò vs ñlarge-fieldò; 
detectionᵼ some symmetry that protects ɝ‰ Ḑὓ )

Å Observation would rule out some other models for origin of structure

Å Usually constrain ὶḳὖȾὖ at some pivot scale

ὶḐὕρ ὲ probed by current observations

ὶḐὕ ρ ὲ a target for future observations

ὖ
ς

σ“

ὠz

ὓ



Look at CMB polarization: 

B-mode ñsmoking gunò

Temperature:
- Anisotropic redshifting of 0th order last scattering by
1st order gravitational waves along the line of sight

- cosmic variance limited to 10% 
- degenerate with other parameters (tilt, reionization, etc)

Gravitational waves anisotropically redshift CMB photons as they pass through

Waves decay after they enter the horizon ᵼsignal from horizon entry only



Polarization power spectra

Current B-mode constraint: ὶȢ πȢπσφ(95%, Bicep/Keck+Planck)

arXiv:2110.00483



CMB Lensing: 1st order light propagation

Spatially varying gravitational potentials: high-ᾀkernel, mostly linear

(perturbations here not to scale)



Credit: D. Hanson



Credit: D. Hanson



UnlensedMagnified Demagnified

Local effect of lensing magnification on the power spectrum



TT

EE

Averaged over the sky, lensing smooths out the power spectrum

Amount of lensing
(ὃ ρis actual level)



Lensed temperature depends on deflection angle

Lensing Potential

Deflection angle on sky given in terms of angular gradient of lensing potential

co-moving distance to last scattering

Newtonian potential



Deflections O(10-3), but coherent on degree scales Ą important!

Deflection angle power spectrum

Linear

Non-linear

On small scales (Limber approx)

Deflection angle power ~ Convergence power ὅ ὰὰ ρ ὅȾτ



╒■ ╒■ ╒■ ╒■

╒■ ╒■ ╒■ ╒■

╒■ ╒■ ╒■ ╒■

╒■ ╒■ ╒■ ╒■

Lensing reconstruction (concept)

Measure spatial variations in magnification and shear

Use assumed unlensed spectrum, and unlensed statistical isotropy



Lensing Reconstruction ïQuadratic Estimators

Credit: Anthony Challinor



Map of the gradient-mode lensing

Planck 2018

ACT DR6 (2023)

70% of the sky

Only largest lensing modes resolved

23% of the sky

But higher resolution



ACT DR6: arXiv:2304.05203

+ cross-correlations with many other large-scale structure probes

(can do tomographic cross-correlation)

Lens cosmic variance/Ὢ limited Reconstruction ñnoiseòlimited



arXiv:2303.13313

https://arxiv.org/abs/2303.13313


Comparison with galaxy lensing

Å Single source plane (known distance given cosmological model)
- limited information on low-redshift dark energy

Å Statistics of sources on source plane well understood
- can calculate power spectrum; Gaussian linear perturbations
- magnification and shear information equally useful - usually discuss in terms of deflection 
angle; 
- magnification analysis of galaxies much more difficult 

Å Hot and cold spots are large, smooth on small scales
- óstrongô and óweakô lensing can be treated the same way: infinite magnification of smooth 
surface is still a smooth surface

Å Source plane very distant, large nearly-linear lenses
- much less sensitive to non-linear modelling, baryon feedback, etc.

Å Noise-dominated on small scales
- but smaller scales more limited by non-linear modelling anyway

Å Nearly full sky, high redshift kernel ᵼsome sensitivity to matter turnover scale

Å Systematics completely different
- CMB/galaxy cross-correlations can be a good way to calibrate bias/systematics



Delensing (ὃ ρ



Delensing (ὃ πȢυ



Delensing (ὃ πȢρ



Delensing (ὃ πȢπρ

Analogous to reconstruction in BAO analysis: sharpens peaks, cleans non-linear B modes



Other non-linear effects

ÅThermal Sunyaev-Zeldovich
Doppler from electron velocity dispersion in hot gas: frequency 
dependent signal: probe of clusters (strongly non-linear)

ÅKinetic Sunyaev-Zeldovich (kSZ)
Doppler from bulk motion at low redshift; (almost) frequency 
independent signal (more linear signal)

Å + others mostly small



Foregrounds: synchrotron ᴼDust/Cosmic Infrared Background (CIB)

Less of an issue for polarization (except low Љ)

Planck 2018



SPT
ACT

Lensing important at υππὰ σπππ
Dominated by SZ, CIB etc. on small scales

+ foregrounds

- actually dominate at ὰḻςπππ



New CMB observations will measure 
smaller scales than Planck, and much 
improve measurements of CMB 
polarization (and hence lensing/B modes)

Current CMB projects

+ others..

South Pole Telescope

Atacama Cosmology Telescope

BICEP array

+ B modes, ὶḐπȢπρ



South pole

Atacama

+

CMB-S4
21 telescopes, 500000+ detectors, 7 years

LiteBird
Satellite, 15 frequencies, low res

+ other proposals

Ali CMB, CMB Bharat, CMB HD, é


