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Primordial Tensor Power Spectrum

A unique prediction of Inflationary Theory is the existence of PGWs

In Slow-Roll:

PT(k) = AT

(
k
k⋆

)nT

AT ≡ rAS and nT ≡ d lnPT
d ln k

Searching Tensor modes with:
• CMB B-modes

−0.55 < nT < 2.54
• Stochastic Background of Gravitational Waves

ΩGW (kLV ) ≤ 1.7× 10−7 → nT < 0.52

• Big Bang Nucleosynthesis

∆Neff < 0.4 → nt < 0.4

But since kLV ≫ k⋆, and ∆NGW
eff ∝

∫ fmax

fmin

df
f PT (f )

do we parameterize the Power Spectrum (PT ) correctly?
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Extra Radiation from PGWs

Primordial Gravitational Waves behaves as extra radiation =⇒ Contributes to the Energy
budget of the Universe: ΩGW (f ) ≃ PT (f )

24zeq

standard CMB parametrization →≃ 1
nT

[(
f
f⋆

)nT
]fmax

fmin
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Add naive scale-dependence αT ≡ dnT/d ln k →∝
√

2
|αT |e

− n2T
2|αT |
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Stochastic Approach

More general parametrization: lnPT =
∑∞

j=0 aj(x − x0)
j with x0 = ln fCMB

106 different simulations up to jmax = 10

Where is the Physics?
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EFT Approach

The Effective Field Theory of inflation is a general framework for describing fluctuations
around a quasi-de Sitter background

S =
∫
d4x

√
−g

background︷ ︸︸ ︷[
1

2
M2

plR − c(t)g00 − Λ(t) +

corrections︷ ︸︸ ︷∑
n≥2

1

n!
Mn(t)

4(g00 + 1)n − M̄1(t)
3

2
(g00 + 1)δKµ

ν + ...



The system of the Hubble flow equations gives the evolution of any generic quantity Q(ϕ)


dϵQ
dN = ϵQ(θ − ϵ− η − ϵQ) + ϵρQ
dρQ
dN = ρQ(θ − 2η − ϵQ) +

2 χQ

...
d lχQ

dN =l χQ [l(lθ − (l − 1)ϵ− (l + 1)η − ϵQ ] +
l+1 χQ

SR Parameters for Q(ϕ)

lχQ(ϕ) =

(
c(ϕ)
M2

pl

)l (
1

H(ϕ

)l−1 (
1

H′(ϕ)

)l+1
1
Q

d l+1Q
dϕl+1

Many coefficients. Many systems?

Fortunately not.

PT = 1
cT

(
H2

π2M2
pl

)
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Theoretical Monte Carlo

At high frequencies the GW production becomes strongly model-dependent

∆Neff < 0.4 =⇒ ∆Neff ≃ 10−10 − 10−14

More accurate calculations for any reliable conclusion on inflation!
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Thank You!
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Backup slides
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Observing Tensor Modes
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Extra Radiation from PGWs

Primordial Gravitational Waves behaves as extra radiation =⇒ Contributes to the Energy
budget of the Universe: ΩGW (f ) ≃ PT (f )

24zeq

The total amount of radiation is:

ρrad = π2

30

[
2T 4

γ + 7
4T

4
e± + 7

4Neff T
4
ν + 2T 4

GW

]
=⇒ ∆NGW

eff =
8

7

ρGW
ργ

atT ≳ O(1MeV )

and today: ∆NGW
eff ≃ h20

5.6×10−6

(
1
zeq

) ∫ fmax

fmin

df
f PT (f )
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Stochastic Approach

More general parametrization: lnPT =
∑∞

j=0 aj(x − x0)
j with x0 = ln fCMB

1 a0 = ln (rAs)

2 a1 = nT ∈ [−0.5; 1]

3 aj =
1
j!

d j lnPT

d lnj f

4 a1 ≫ aj ≫ aj+1

Matteo Forconi (Sapienza) Inflationary Gravitational Waves contribution 28 Apr. 2023 11 / 14



EFT Approach

The Effective Field Theory of inflation is a general framework for describing fluctuations
around a quasi-de Sitter background

S =
∫
d4x

√
−g

background︷ ︸︸ ︷[
1

2
M2

plR − c(t)g00 − Λ(t) +

different models︷ ︸︸ ︷∑
n≥2

1

n!
Mn(t)

4(g00 + 1)n − M̄1(t)
3

2
(g00 + 1)δKµ

ν + ...


Evolution of the Hubble parameter using Friedmann equations

H2 = 1
3M2

pl
[c(t) + Λ(t)] ä

a = − 1
3M2

pl
[2c(t)− Λ(t)]

Only two independent functions to fully characterize the background evolution: c(ϕ) ,H(ϕ)
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Hubble Flow Equations

The system of the Hubble flow equations gives the evolution of any generic quantity Q(ϕ)



dϵ
dN = ϵ(θ − 2ϵ)
dη
dN = η(θ − 2η − ϵ) +2 λ

...
d lλ
dN =l λ[l(θ − ϵ)− (l + 1)η] +l+1 λ
dθ
dN = κϵ− θ(ϵ+ η)
dκ
dN = −2κη +2 ξ

...
d lξ
dN =l ξ[(l − 1)(θ − ϵ)− (l + 1)η] +l+1 ξ

SR Parameters for H(ϕ)

lλ(ϕ) =

(
c(ϕ)
M2

pl

)l (
1

H(ϕ

)l (
1

H′(ϕ)

)l+1 d l+1H(ϕ)
dϕl+1

SR Parameters for c(ϕ)

lξ(ϕ) =

(
c(ϕ)
M2

pl

)l (
1

H(ϕ)
)l−1 (

1
H′(ϕ)

)l+1
1

c(ϕ)
d l+1c(ϕ)
dϕl+1
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Theoretical Monte Carlo

This block is here for consistency with the other slides. But it is kind of useless...

Taking into account all the operators that induce tensor perturbations, at leading order

PT = 1
cT

(
H2

π2M2
pl

)
with c−2

T = 1− M̄2
3

M2
pl
=⇒ nT = −2ε+ εT

thus

Background: c(ϕ),H(ϕ). Tensor contribution: cT (ϕ) (ϵT = − ċT
HcT

, ...)

At high frequencies the GW production becomes strongly model-dependent!
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