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Zel'dovich idea for perturbation theory :
e Newtonian Lagrangian perturbation theory.

e Inject the perturbation field into the density functionnal o without
truncating.

We want to extend it to GR.

4

Formulate the equations in terms of a single dynamical field n?.

4

Perturb it and try to find the separable non propagating and
propagating parts.

— Inject the solution without truncation into the functionals of the
metric to keep non-linear terms.
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Newtonian gravity : Eulerian VS Lagrangian description

Trajectory function :

e We link the Eulerian x to the Lagrangian X coordinates by
x = f(X,t)
e The velocity is then : v = (X, t)
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Euler-Newton System and Lagrange-Newton System
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Euler-Newton System and Lagrange-Newton System

. Oi 1 mn i ¢j
f=g 0= J [ J= éeffkﬁ’ f\/fjmen ’ )
5abFT[if[|)j] =0 ; V.g:/\—47TGQ . (10)
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Euler-Newton System and Lagrange-Newton System

.. . 1 .
f:g ,Q: % / J: 66Uk6Imn fl‘lfjmflrn , (11)

.. 1 I
Sapf i F =0 Eeabce’kl LS =N — 4Gy (12)

Conclusions :
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Euler-Newton System and Lagrange-Newton System
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Conclusions :

e Newton's equations expressed in a single dynamical field f.

8 sur 41

(13)

(14)



Euler-Newton System and Lagrange-Newton System

. i 1 mn i ¢j
f=g 0= Qj /= 66Uk€I f\/fJ\men ’ (15)
=0 i e LG = - arGa (1)

Conclusions :

e Newton's equations expressed in a single dynamical field f.

e This description breaks down when two trajectories cross each
other...
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Eulerian perturbation theory
e The Eulerian velocity field v(x,t) and density o(x, t) are perturbed.
= They will thus not undergo big variations.

Lagrangian perturbation theory
e Only the trajectory field is perturbed : f = fH + P
e Large density contrasts are allowed.

Figure : Density from Eulerian numerical simulation (left) and Lagrangian
analytical solution to order 2 (right). A. Melott. Size of the box : 200h~* Mpc.

Extend to Relativity the Lagrangian perturbation theory !J
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Standard Perturbation Theory

Two manifolds :
e The flat background,
e The physical space.

There exist many mappings between the two :
e Choosing one means fixing a gauge.

e Physical quantities are gauge-invariants.

SPT perturbs the metric :
Buv = Nuv + hp,l/
~— ~—
Minkowski <1
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341 foliation

e Matter model : Irrotational dust fluid.
= Spacetime can be foliated into spatial hypersurfaces of constant
time : X;.
e The normal vector to X; is the 4-velocity u.
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Local coordinate basis :
Lagrangian coordinates : X; {dX'} local coordinate basis.

e The local coordinate basis changes on M.
= The Newtonian deformation form is df? = ﬁ?dXi.

Relativistic analog of df??

Non—integrable Cartan’s coframe fields : n? = 1% dX'

14 sur 41
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1n? encode the geometry of spacetime & the dynamics of the fluid :

b

g=Gprn'®n

e G,y is the coframe metric (G5 = d4p in the orthonormal case).
e {a=1,2,3} is a counter : a non—coordinate index.

e Thus i is a coordinate index.

15 sur 41
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Leapee! (ﬁajnbknC,) ‘= R + (4nGo+ N) &,

25€abee ™m0 = =5 + (87Go+ A)
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Einstein equations for irrotational dust (ADM)

Gab ijfin" = 0

Heavee (P515) = —R; + (47Go + A) o,
2J abc ,'7_]77 kn I J 0 J
Tbeabcemjkﬁamﬁt}nck = —% + (87Go+N)

<€abc€ikl773j77bkﬂcl> = (eabee™i?mb,ne) ;

Einstein's equations fully expressed in terms of 7.
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The Minkowski restriction

e MR is a condition for the curved space to become flat.

e Coframes become exact forms :

773 N dfa—>i

= 'Rij =0
= 7 global coordinate transfo. such that the metric is euclidean.

o X — x™=fm(X' t)

o ds? =g dX'dX/ = 5m,,f|§"dX" f|J’.’de = Omndx™ dx".
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Electric part of the Lagrange-Einstein system :
63[)778[1-77[3-] =0 (17)

1
Seance i, = A= 4nGo (18)
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Electric part of the Lagrange-Einstein system :

Sabii 0’y = 0

1
§€abcflk 773,77bk77 | = N — AnGo;

MR of this system of equations
Sapf S fy = 0

1
Eeabce’klfa R fS = N —4rGg .

(17)
(18)

(19)

(20)

We recover the Lagrange-Newton system for f= g
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The idea :

e Perturb the coframe 12 and solve 15'—order equations.

— The solution will be injected into the functionals of the metric
without truncating.

Split the solutions into :

e a separable part that does not describe deviations to flatness

e a part that deviates to flatness and contains GW !

22 sur 41



First—order intrinsic Lagrangian perturbation theory
Perturbation scheme
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Perturbated coframe :

05 = a(t) i = a(t) (67 + P3(X, 1))

Initial conditions :

o n2(t) = a(t) 67 = g;(t) = Gy = 0; + GV
° P,J(t,) = Uj

° P,J(t,) = W — 2H;Uj;
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Perturbated coframe :
n? = a(t) i3 = a(t) (67 + P3(X,t))

Initial conditions :

ni(t) = a(t) of = g;(t) = Gy = 65+ G
Pyi(t) = Uy

Pij(t) = Wy — 2H;U;

Metric g5 = 2(t) (8 + G + 2P + P Pyj)
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Perturbated coframe :
n? = a(t) i3 = a(t) (67 + P3(X,t))

Initial conditions :

o 1B(t) = a(t) 3 = g;(t) = Gy = 55 + G

° P,'j(ti) = Uj

° P,'J'(ti) = VV,'J' — 2HiU,'_,'

e Metric g; = a*(t) <(5,-j + G,-J(-l) + 2P + P Paj)
e Perturbation decomposition P;j = P¢§;; + M + P

24 sur 41
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First—order Einstein equations for irrotational dust
(ADM)

B =0

Evolution equation for the extrinsic curvature
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First—order Einstein equations for irrotational dust
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.. - (1) .. - _
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First—order Einstein equations for irrotational dust
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ikl »a b . C _ ikl »a b . c
(Q)bc6 U /)Hi = (eabc6 U I)U

26 sur 41



First—order Einstein equations for irrotational dust
(ADM)

‘Bij =0
- . (1) .- . _
HP + 4nGopa 3P = —% —a3w

lp. _ 1.,
§PIJ—2HJ\I
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Further decomposition for I1;; :

£n

e Separable and has the same time—depedance than the trace P,

ij :

e Can be obtained from the Newtonian solution.

"n

e Decoupled from the trace P,

ij .
e Contains the physics of the propagation of GW.

Py = 3P+ N+ 11
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Trace equation :

We combine the Hamilton constraint and the trace part of the evo-
lution equation to get Raychaudhuri equation :

P+ 2HP — 4rGopia 3P =a3W . (21)
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Ny +3HM; —a? (Wﬂ T HiU't'l>

22)
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23)
ko loo k3 Lk (
(”uluﬂL AL " =5 nj|ki> :
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Traceless equations :
From the momentum constraints %PU = %I’I"ﬂ,-
e we couple EMj; to P

e and decouple ;.

For "'I1;;, we obtain :

) L
MR+ 3R - a2 Pl = a2 (Mwl e HRUE) L (24)

and for £1M;, we get :

Efly+3H BNy — a2 (W + HEU) =0 . (25)

30 sur 41
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Initial conditions splitting :

To understand the dynamics of deformations of spacetime, we split
intial conditions into an integrable and a non-integrable part :

Us = S+ U; and Wy = —¢p; + Wy . }

e S is the peculiar—velocity potential,

e ¢ is the peculiar—gravitational potential. On flat spacetime
AP =41 Gy;.

We choose :
EVV,;’ + HiEUI-Jt-I — DU(HIS o d)) : Hwtl + HHutI th HiHU,‘Jt'IJ

Dy = 00j — 18,10

31 sur 41




First—order intrinsic Lagrangian perturbation theory

Solutions to the first—order equations
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Separable non-propagating solutions

P=2NgV and EM;=Dyv .
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Separable non-propagating solutions

P=AoV and EM;=DyV .

Then, W(X, t) is solution of

V4+3HWV —a2(HiS—¢)=0.
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Separable non-propagating solutions

P=2NgV and EM;=Dyv .

Then, V(X t) is solution of

V4+3HWV—a2(HiS—¢)=0. (26)

For an Einstein-de Sitter background (A =0, k = 0)

W(X,t) = YC1(X) (g)_l +VC2/3(X) (5)2/3 + Y CO(X)

— 3 3 9 2 gb
v 1 2y . V¥V ,~2/3 . V0
( —— Sl"-|-(;5l" ( —St'——d)t' (

5( I l ) ' 5 I 10 v 47(G0Hi
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The non—integrable dynamics
We solve :

H”U + 3HH|_|,J — a2 HHy'Tk =

34 sur 41
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The non—integrable dynamics

We solve :

My + 3K, — a2 e =

e Peculiar solution : HﬂZeC(X)

34 sur 41
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The non—integrable dynamics

We solve :

H|_|,J + 3HHﬁU —a? H|_|,'J'|l|(k =32 <HVV,§I + HiHUUt-I> . (29)

e Peculiar solution : HI—IZeC(X)

e Homogeneous solution HI—IZ-O"’(X, t) contains propagation : GW.

Monochromatic solution of pulsation w :

N (X, 6) = (Ci" To(3wt?*113) + ¢p yo(3wti2/3tl/3)>

K+ _iK-X K— _—iK-X
{C,-j e —i—C,-j e }
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Minkowski Restriction
P2 = |l + no vorticity = P; = WV ; J

° HFI;j—>O

e Only integrable Newtonian dynamics, no GW.

Comparision to Scalar Vector Tensor decomp. in comov. synchro.
gauge
P, EM; +«+—  the two scalar fields.
HR GW :
n; +— the propagating tensor mode.

P( ,t),En;( ,t),"M;( ,t): = local coordinate on curved space
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Sum up and conclusions :

In analogy with the Newtonian case, we have formulated Einstein
equation in the Cartan formalism :

e We have perturbed a single dynamical field : the Cartan coframe.
e We obtained the 15—order Einstein equations.

e The perturbation field has be splitted into an integrable
non-propagating and a non-integrable propagating part.

Y

The integrable part can be obtained from Newtonian dynamics.

Y

The non-integrable part encodes the deviations to the flat space :
the GW.
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Sum up and conclusions :

We compared these solutions to the standard comoving synchronous
ones :

= The scalar part can be formally linked to the separable
non-propagating part.
= The tensor part corresponds to the non-integrable part.

The difference is that our coordinates are defined on
locally curved space sections.
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Outlook :

e How can we link our quantities to the gauge-invariants of standard
perturbation theory ?

e What does this theory gives at further orders?
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