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Introduction

@ Large number of vector fields are present in the standard model and its
extensions.

@ It is natural to consider vector field models of inflation.

@ Anomalies found in the Planck data could be explained with the
addition of vector fields.
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Introduction

The main purpose is to analyze possible vector field inflation models using
the techniques of dynamical systems.
The following conditions must be fulfilled:

o Inflation must last long enough to solve the classical problems of
cosmology.

@ Inflation must be finite.

@ The anisotropic expansion must agree with the observational data.
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Scalar field inflation

o The methodology will be illustrated by the dynamics of the scalar field
whose lagrangian density is:

Ly =gt =Vip). (1)

o The energy density and pressure associated to the scalar field are:

1
1
p=-¢>=V(p). )

2
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Scalar field inflation

o The field equations are:

L,

3mpH? = 59 +V(@), “)

: 3 1 (1, p+p
H=—|-H>4+—(z¢*-V =— , 5
[2 + 22 (zw (<p))] 2ni2 Q)
¢=-3H¢p—-V,, (6)

where
1
r 87G

is the reduced Planck mass and G is the gravitational constant.
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Dynamics of a scalar field

@ We define the following dimensionless variables:

’ v N7
e R~ S AL
@ Autonomous dynamical system:
H' = —Hx?, (®)
x' = -3x — Ay? 4+ x3, ©
y = Axy + x?y, (10)

where a prime denotes derivation with respect to the number of e-folds
and the parameter A is:
A="2Ve
2V

@ The Friedmann equation becomes a constraint:

Y

3=x%+y2 (12)
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Dynamics of scalar field

@ The definition of the variables allows us to decouple the Hubble
parameter.

@ Using the Friedmann equation the dynamics is reduced to the following
single equation:

x = g(x) = =3x —3A + Ax? + x> (13)

@ x, = —A is an equilibrium point.
@ The condition for the existence of inflation is that the potential

dominates i.e. y dominates. From the Friedmann equation we obtain
the following condition A% < 3.
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Stability

o To analyse the stability, the equation (13) is linearized:

x' = g'(xe)x,
= (=34 A?)x. (14)

@ When —3 + A2 < 0 the critical point is stable. Therefore inflation is
stable.
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Slow-roll inflation

o The following are the conditions for slow-roll inflation:
Bt == b= pe— L4
€ = —— s = |- —F €| = |46 — ——|,
H " 2HH 2H €
1€
=2e—--—| K 1. (15
2€
@ The slow-roll parameters evaluated at the critical point are:

e =A% n= A% (16)

Inflation is attractive

Slow-roll inflation requires A? < 1 < 3 = Asymptotic stability.
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Evolution of A

@ The evolution of the system approaching to the critical point must be
faster than the evolution of the critical point itself.

1 dx. - 1 dx‘ | (17
— ———| = |mg|.
Xe dN xdN b
o The last condition is equivalent to:
[2¢ —n| < |—3+€|. (18)

@ The conditions of slow-roll guarantee the condition (18), so during
slow-inflation the parameter A evolves slowly.
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2

Particular case V = 1m?¢p?

1

@ For the case V = 1m?¢?, the condition for existence of inflation is

2/3 < (¢p/mp)>.

10 20 30 40 50 60 70

(a) y vs number of e-folds N. (b) € vs number of e-folds N.

Figure: Behaviour of the system when the condition for the existence of
inflation is satisfied.
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Particular case V =

1 2 3 4 5

(a) y vs number of e-folds N. (b) € vs number of e-folds N.

Figure: Behaviour of the system when the condition for the existence of inflation is
not satisfied.
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Geometry of spacetime

@ We assume a homogeneous but anisotropic spacetime. We choose
Bianchi Type I metric expressed in the following way:

g =1 gux = gyy =T g =70 (19)
@ Global Hubble parameter:
H :=q. (20)
@ Cosmic shear: .
Hy-H ¢
a

o Current value of the cosmic shear X'

—0.012 < ¥y < 0.012. (22)

L. Campanelli, P. Cea, G. Fogli, and A. Marrone, Testing the Isotropy of the Universe with
Type Ia Supernovae, Phys. Rev. D83, 103503 (2011)
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U(1) field vector Model

o The lagrangian density of the abelian vector field is [Cembranos,
2012a]:

1
Ly = _ZFWFW —V(A4,4%), (23)

where V = A(—A4,A")".
@ The vector field is homogeneous and the spatial components can be
lined up in the z-direction 4,, = (4;,0,0, A;).

@ The reduced lagrangian is:

L, =e> [m,% (-3¢ +36%) — %g”Af -1 (—g“Aﬁ)n} )
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Field equations

. [y

3y (H? +6%) = =g P A2 + 2 (—g P 4%)", (25)
. 11 4.
H=-3H>— — | -¢g®42 +2(n-3) (-g>4)" |,  (6)
3my [ 2
5= —3HG— [g33A2 +2nA (—g33A2)"] , 27
3m§ z 4
dv

— Ao =0 28
d(42)"° @9

. n

A, = —A, (46 + H) — 202 (=g%)" " 421, (29)
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Dynamical system

@ We define the following dimensionless variables:
L I 4 0
V3m,H C = V3m,H '

o The field equations are equivalent to the following dynamical system
together with a constraint:

Y=—, x=

ST

Y =x2—2ny? — 3T + €3, (31)
x' = —2x —2x¥ —2nTy? + ex, (32)
Y =nyQT —1)+2nTxy + ey, (33)

1=3%24x24)2 (34)

where I is:
C=mpVa/V.
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Possibility of inflation

@ The slow-roll parameter € in terms of the new variables is:
€ =2x% +ny? + 332 (35)

o The Friedmann equation implies € > 1 forn > 1.

José Fernando Rodriguez September, 2014



Possibility of inflation

@ The slow-roll parameter € in terms of the new variables is:
€ =2x% +ny? + 332 (35)

o The Friedmann equation implies € > 1 forn > 1.

@ This model is ruled out as an inflation model.
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SU(2) vector field model

o The lagrangian density corresponding to the vector field is [Cembranos,
2012b]:

1
L = —zF,f:vFW+§<A%J‘)2—V(MabAZAb“), (36)
where

Fltblv = Aﬁ,u - Az,v + gcabcAﬁAl\z-
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Field equations

E[3A%AZ + 21424 H + 9(A8)?H
+3(48)2 4+ 9(A8)?H] — 6m,(H + H?) =
—9my(H? = 6%) =3V — V'g" , Mp AL A?

— EguAgAq — gA;?CabcAgAquj
— CabcCade ( 2AbAc i Ae + AbAc lmAd g/"Ae)

+ ES(Aﬁ +34%H). (37)
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Field equations

6m§(6 +36H) = —Eg‘J,OA?A;‘ — gA?cabcAgA,c'gU

1 . 1 o
— CabeCade (EngﬁAfg”,gAjﬁ + ZA?A;(g”"gf"),aAf’,,A;)

—V'g¥  Map AL AL (38)

José Fernando Rodriguez September, 2014 21/39



Field equations

Equation for the vector field:

@ For the time component:
E(AG + 3AGH + 340 H) + g Af cape Afg" AS
+ 8%CabcCade AG AL AL A58 +2VMap AG = 0. (39)
@ For the spatial components:
gAY + geapc AGAS Y + 8V A4 + geapc AYAS Y
geabe AGAS Y + 30 (gY AY + geape AGASEY)
8ASCape AGSY + g2CapeCeac AGAG ASgY
+ g%CadeCanc AL g AS AP G — 2V My AY = 0. (40)
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Particular case

: — 0
@ We study the particular case A} = Agd),.

o Similar to a scalar field but it is not the same:

e=TH, = V4 5 (dg 43451, (D)
e—T",

3

3 . :
p= =—V - E(Ag +3A8H)? — EAS(AS + 3A2H). (42)
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Reduced lagrangian

@ The equations in this particular case can be deduced from the following
lagrangian:

§

L, =e* [—3m§ (6> —6%) + E(Ag + 348%4)?

—V(MapAGAD)|. @43)
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Change of coordinates

o When M, is diagonal, the lagrangian (43) is invariant under
“rotations” in the (A}, A3, A3) subspace.

@ Conserved quantities = the system is constrained in a “plane”.
@ Change to polar cylindrical coordinates

L, =¢e3 [—3m12, (¢ —6?)
+§(f2 +720% + 6Frd + 9r2a?) — V(r2)] (44

José Fernando Rodriguez September, 2014



Change of coordinates

v
Ag

Figure: The green vector represents r = (A}, A%, AS). The red dashed line

represents the plane where the system is constrained. The prime coordinate system is
/. . .

chosen so that the A(3) is perpedincular to this plane.
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Dynamical variables

@ We define the following variables to formulate an autonomous
dynamical system:

H’  V2V3BmyH’ - BmyH’ - V2m,
6
0=—.
H
and the parameter
A = mpI/sr
VEV
@ The Friedmann equation is:
2@2 2
24 3;) +w? 4+ 2wx + x> +y% =1. (45)

@ The slow parameter is: € = 3%2 + \/gAwyz.
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Dynamical system

@ Autonomous dynamical system:

Y =3(-3), (46)
0%w3  3w?3 3
)C, = — %‘w — % — 3w2x + Eszyz
N 202w N 322w 3wx?  3wy? N 3w
£ 2 2 2 2
3.2
+ xe — 3x — EAy , @7
, 3
y = EAX +€], (48)
w' = 3x, (49)

®'=@(6—3——). (50)
w
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Behaviour around the critical points

@ We find a critical point X, = (0,0,0, 1, 0).

@ ¢ evaluated at the critical point is equal to 0. Therefore this point
corresponds to inflation.

o To analyze the stability we perform a change of coordinates so that the
critical point is located at the origin: W = w — 1

@ We linearize the equations around the origin:

hy -3 0 0 0 0 b))
x’ 0O -6 0 0 -3 X
v =] o 0o 0o o o y 1)
e’ 0 0O 0 -3 0 ®
w’ 0 30 0 0 w
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Behaviour around the critical points

@ The eigenvalues of the corresponding matrix are negative except one
which is 0.
eig = (—3,-3,-3,-3,0)
@ The stable manifold is y = 0.

o This implies that if the potential is equal to O we obtain an infinite
inflationary period.

@ What happens when V' # 0?
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Local center manifold

Theorem (Local center manifold theorem)

Suppose that the dynamical system X = f(X) has a critical point in the origin and
that Df(0) has c eigenvalues with zero real parts and s eigenvalues with negative real
parts. The system then can be written in the form

x = Cx+ F(x,y) (52)
y=Py+G(Kxy), (53)

where C is a square matrix having c eigenvalues with 0 real part and P is a square
matrix having s eigenvalues with negative real part. Furthermore there exists a § > 0
and function h that defines the local center manifold and satisfies

Dh(x)[Cx + F(x,h(x))] — Ph(x) — G(x, h(x)) = 0. (54)
The flow on the center manifold for |x| < § is given by:

x = Cx + F(x,h(x)). (55)
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Local center manifold

@ The center manifold theorem allows us to decouple the equations
making the analysis easier.

@ The local center manifold can be approximated by:

Y =0, (56)
x =00, (57)
&= %yz + 00", (58)
®=0. (59)

@ The behaviour in the center manifold is governed by the following
equation:

y' = @Af +0(°). (60)
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Saddle point

@ When the parameter A > 0 the critical point is a saddle point.
@ For a potential of the form ArZt A > 0.

08

A

%v

-02

Figure: Numerical plot of w vs y. The dashed red line represents the center
manifold.
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Slow-roll inflation

@ We need inflation lasts at least 60 e-folds.
@ When the system is in the local center manifold, the slow-roll
parameter € is:
3
€= \/;Ayz +O@(y%). (61)
@ ¢ = 1 is the end of inflation which equivalent to yn.x = %

@ Maximum speed Upmax = Ymax/N = \/g /N.

If the speed of y in the center manifold is lower than this maximum, we
can obtain an inflationary period long enough as required.
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Numerical solution

L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L ! N
10 20 30 40 50 60

Figure: ris in units of the Planck mass mp
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Numerical solution

Figure: y vs number of e-folds N.
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Numerical solution

3.0 I

2.5

L

10 20 30 40 50 60

Figure: € vs number of e-folds N.
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Conclusions

@ We find that for a potential V = Ar2" | it is possible to obtain a finite
inflationary period.

@ The condition for the existence of inflation is V <« 3m12,H 2. This
means that the potential must be negligible compared to 3m12) H? in
contrast to scalar field inflation.

o V <2m2H?N~2/3 s required so that inflation lasts at least N e-folds.
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What’s next?

@ Regardin the SU(2) field model, to analyse the case where both the
temporal and spatial components are present.

o To analyse the following model

(U 1 o 1 1emvor
L= §¢,M(p’ —V(fp)—zf(w)Fqu _h(w)zFuvzﬁFau (62)
and check if 1(p) = f(¢) ox e 13 which correspond to flat
perturbation spectrum? is attractive.

2K. Dimopoulos & M. Karciauskas, Parity Violating Statistical Anisotropy, THEP 1206, 040
(2012)
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