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Introduction

Large number of vector fields are present in the standard model and its
extensions.
It is natural to consider vector field models of inflation.
Anomalies found in the Planck data could be explained with the
addition of vector fields.
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Introduction

The main purpose is to analyze possible vector field inflation models using
the techniques of dynamical systems.
The following conditions must be fulfilled:

Inflation must last long enough to solve the classical problems of
cosmology.
Inflation must be finite.
The anisotropic expansion must agree with the observational data.
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Scalar field inflation

The methodology will be illustrated by the dynamics of the scalar field
whose lagrangian density is:

L' D ';�';� � V.'/: (1)

The energy density and pressure associated to the scalar field are:

� D
1

2
P'2 C V.'/; (2)

p D
1

2
P'2 � V.'/: (3)
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Scalar field inflation

The field equations are:

3m2pH
2
D
1

2
P'2 C V.'/; (4)

PH D �

"
3

2
H 2
C

1

2m2p

�
1

2
P'2 � V.'/

�#
D �

�C p

2m2p
; (5)

R' D �3H P' � V;' ; (6)

where
mp D

1
p
8�G

;

is the reduced Planck mass and G is the gravitational constant.
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Dynamics of a scalar field

We define the following dimensionless variables:

x D
P'

p
2mpH

; y D

p
�V

mpH
D

p
V

mpH
: (7)

Autonomous dynamical system:

H 0 D �Hx2; (8)

x0 D �3x �ƒy2 C x3; (9)

y0 D ƒxy C x2y; (10)

where a prime denotes derivation with respect to the number of e-folds
and the parameter ƒ is:

ƒ D
mp
p
2

V;'

V
: (11)

The Friedmann equation becomes a constraint:

3 D x2 C y2: (12)
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Dynamics of scalar field

The definition of the variables allows us to decouple the Hubble
parameter.
Using the Friedmann equation the dynamics is reduced to the following
single equation:

x0 D g.x/ D �3x � 3ƒCƒx2 C x3: (13)

xc D �ƒ is an equilibrium point.
The condition for the existence of inflation is that the potential
dominates i.e. y dominates. From the Friedmann equation we obtain
the following condition ƒ2 < 3.
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Stability

To analyse the stability, the equation (13) is linearized:

x0 D g0.xc/x;

D .�3Cƒ2/x: (14)

When �3Cƒ2 < 0 the critical point is stable. Therefore inflation is
stable.

José Fernando Rodríguez September, 2014 9 / 39



Slow-roll inflation

The following are the conditions for slow-roll inflation:

� D �
PH

H
� 1; j�j D j �

RH

2H PH
C �j D j2� �

1

2H

P�

�
j;

D j2� �
1

2

�0

�
j � 1: (15)

The slow-roll parameters evaluated at the critical point are:

� D ƒ2; � D ƒ2: (16)

Inflation is attractive

Slow-roll inflation requires ƒ2 � 1 < 3 H) Asymptotic stability.
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Evolution of ƒ

The evolution of the system approaching to the critical point must be
faster than the evolution of the critical point itself.ˇ̌̌ 1

xc

dxc

dN

ˇ̌̌
<
ˇ̌̌ 1
x

dx

dN

ˇ̌̌
D jmˇ j: (17)

The last condition is equivalent to:

j2� � �j < j � 3C �j: (18)

The conditions of slow-roll guarantee the condition (18), so during
slow-inflation the parameter ƒ evolves slowly.
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Particular case V D 1
2
m2'2

For the case V D 1
2
m2'2, the condition for existence of inflation is

2=3 < .'=mp/
2.
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Figure: Behaviour of the system when the condition for the existence of
inflation is satisfied.
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Particular case V D 1
2
m'2
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Figure: Behaviour of the system when the condition for the existence of inflation is
not satisfied.
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Geometry of spacetime

We assume a homogeneous but anisotropic spacetime. We choose
Bianchi Type I metric expressed in the following way:

gt t D 1; gxx D gyy D �e
2.˛C�/; gzz D �e

2˛�4� : (19)

Global Hubble parameter:
H WD P̨ : (20)

Cosmic shear:
† WD

Hxy �H

H
D
P�

P̨
: (21)

Current value of the cosmic shear †01:

�0:012 < †0 < 0:012: (22)

1L. Campanelli, P. Cea, G. Fogli, and A. Marrone, Testing the Isotropy of the Universe with
Type Ia Supernovae, Phys. Rev. D83, 103503 (2011)
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U(1) field vector Model

The lagrangian density of the abelian vector field is [Cembranos,
2012a]:

LM D �
1

4
F��F

��
� V.A�A

�/; (23)

where V D �.�A�A�/n.
The vector field is homogeneous and the spatial components can be
lined up in the z-direction A� D .At ; 0; 0; Az/.
The reduced lagrangian is:

Lr D e
3˛

�
m2p

�
�3 P̨2 C 3 P�2

�
�
1

2
gzz PA2z � �

�
�gzzA2z

�n�
: (24)
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Field equations

3m2p
�
H 2
C P�2

�
D �

1

2
g33 PA2 C �

�
�g33A2

�n
; (25)

PH D �3H 2
�

1

3m2p

�
1

2
g33 PA2z C �.n � 3/

�
�g33A2z

�n�
; (26)

R� D �3H P� �
1

3m2p

h
g33 PA2z C 2n�

�
�g33A2z

�ni
; (27)

dV

d.A2/
A0 D 0 (28)

RAz D � PAz .4 P� CH/ � 2n�
�
�g33

�n�1
A2n�1z : (29)
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Dynamical system

We define the following dimensionless variables:

† �
P�

H
; x �

q
�
1
2
gzz PA2z

p
3mpH

; y �

p
V

p
3mpH

: (30)

The field equations are equivalent to the following dynamical system
together with a constraint:

†0 D x2 � 2ny2 � 3†C �†; (31)

x0 D �2x � 2x† � 2n�y2 C �x; (32)
y0 D ny.2† � 1/C 2n�xy C �y; (33)

1 D †2 C x2 C y2; (34)

where � is:
� D mpV;A=V:
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Possibility of inflation

The slow-roll parameter � in terms of the new variables is:

� D 2x2 C ny2 C 3†2: (35)

The Friedmann equation implies � > 1 for n � 1.
This model is ruled out as an inflation model.
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SU(2) vector field model

The lagrangian density corresponding to the vector field is [Cembranos,
2012b]:

Lm D �
1

4
F a��F

a��
C
�

2
.A� aI� /

2
�V.MabA

a
�A

b�/; (36)

where
F a�� D A

a
�;� � A

a
�;� C gc

a
bcA

b
�A

b
� :
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Field equations

�
�
3 RAa0A

a
0 C 21

PAa0A
a
0H C 9.A

a
0/
2 PH

C3. PAa0/
2
C 9.Aa0/

2H
�
� 6mp. PH CH

2/ D

� 9mp.H
2
� P�2/ � 3V � V 0gij;˛MabA

a
i A

b
j

�
1

2
gij PAai

PAaj � g
PAai cabcA

b
0A

c
j g
ij

� cabccade

�
1

2
g2Ab0A

c
i g
ijAej C

1

4
Abi A

c
j g
imAdmg

jnAen

�
C
3

2
�. PAa0 C 3A

a
0H/: (37)
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Field equations

6m2p. R� C 3 P�H/ D �
1

2
gij;�

PAai
PAaj � g

PAai cabcA
b
0A

c
j g
ij

� cabccade

�
1

2
g2Ab0A

c
i g
ij
;�A

e
j C

1

4
Abi A

c
j .g

imgjn/;�A
d
mA

e
n

�
� V 0gij;�MabA

a
i A

b
j : (38)
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Field equations

Equation for the vector field:
For the time component:

�. RAb0 C 3
PAb0H C 3A

b
0
PH/C g PAai cabcA

b
0g
ijAcj

C g2cabccadeA
b
0A

c
iA

d
0A

e
jg
ij
C 2VMabA

a
0 D 0: (39)

For the spatial components:

glj RAaj C gcabc
PAb0A

c
j g
lj
C Pglj PAaj C gcabcA

b
0
PAcj g

lj

gcabcA
b
0A

c
j Pg
lj
C 3 P̨ .glj PAaj C gcabcA

b
0A

c
j g
lj /

g PAcj cabcA
b
0g
ij
C g2cabcccdeA

b
0A

d
0A

e
jg
lj

C g2cadecdbcA
e
ng
jnAcjA

b
i g
il
� 2V 0MabA

b
l D 0: (40)
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Particular case

We study the particular case Aa� D A
a
0δ
0
�.

Similar to a scalar field but it is not the same:

" D T �� D V C
�

2
. PAa0 C 3A

a
0H/

2; (41)

p D
" � T

�
�

3
D �V �

3

2
. PAa0 C 3A

a
0H/

2
� �Aa0.

PAa0 C 3A
a
0H/: (42)
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Reduced lagrangian

The equations in this particular case can be deduced from the following
lagrangian:

Lr D e
3˛

�
�3m2p

�
P̨
2
� P�2

�
C
�

2
. PAa0 C 3A

a
0 P̨ /

2

�V.MabA
a
0A

b
0/
i
: (43)
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Change of coordinates

When Mab is diagonal, the lagrangian (43) is invariant under
“rotations” in the .A10; A

2
0; A

3
0/ subspace.

Conserved quantities H) the system is constrained in a “plane”.
Change to polar cylindrical coordinates

Lr D e
3˛
�
�3m2p

�
P̨
2
� P�2

�
C
�

2
. Pr2 C r2 P�2 C 6 Prr P̨ C 9r2 P̨2/ � V.r2/

�
: (44)
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Change of coordinates

A1
0

A2
0

A3
0

A1′
0

A2′
0

A3′
0

r

Figure: The green vector represents r D .A10; A
2
0; A

3
0/. The red dashed line

represents the plane where the system is constrained. The prime coordinate system is
chosen so that the A3

0

0 is perpedincular to this plane.
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Dynamical variables

We define the following variables to formulate an autonomous
dynamical system:

† �
P�

H
; x �

p
� Pr

p
2
p
3mpH

; y �

p
V

p
3mpH

; w �

p
3
p
�r

p
2mp

;

‚ �
P�

H
:

and the parameter

ƒ D
mpV;rp
�V

:

The Friedmann equation is:

†2 C
2‚2w2

3�
C w2 C 2wx C x2 C y2 D 1: (45)

The slow parameter is: � D 3†2 C
q
3
2
ƒwy2:
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Dynamical system

Autonomous dynamical system:

†0 D †.� � 3/ ; (46)

x0 D �
‚2w3

�
�
3w3

2
� 3w2x C

r
3

2
ƒw2y2

C
2‚2w

�
C
3†2w

2
�
3wx2

2
�
3wy2

2
C
3w

2

C x� � 3x �

r
3

2
ƒy2; (47)

y0 D y

 r
3

2
ƒx C �

!
; (48)

w0 D 3x; (49)

‚0 D ‚

�
� � 3 �

6x

w

�
: (50)
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Behaviour around the critical points

We find a critical point Xc D .0; 0; 0; 1; 0/.
� evaluated at the critical point is equal to 0. Therefore this point
corresponds to inflation.
To analyze the stability we perform a change of coordinates so that the
critical point is located at the origin: Qw D w � 1
We linearize the equations around the origin:0BBBB@

†0

x0

y0

‚0

Qw0

1CCCCA D
0BBBB@
�3 0 0 0 0

0 �6 0 0 �3

0 0 0 0 0

0 0 0 �3 0

0 3 0 0 0

1CCCCA
0BBBB@
†

x

y

‚

Qw

1CCCCA (51)
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Behaviour around the critical points

The eigenvalues of the corresponding matrix are negative except one
which is 0.

eig D .�3;�3;�3;�3; 0/

The stable manifold is y D 0.
This implies that if the potential is equal to 0 we obtain an infinite
inflationary period.
What happens when V ¤ 0?
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Local center manifold

Theorem (Local center manifold theorem)
Suppose that the dynamical system X D f.X/ has a critical point in the origin and
that Df.0/ has c eigenvalues with zero real parts and s eigenvalues with negative real
parts. The system then can be written in the form

Px D CxC F.x; y/ (52)

Py D P yCG.x; y/; (53)

where C is a square matrix having c eigenvalues with 0 real part and P is a square
matrix having s eigenvalues with negative real part. Furthermore there exists a δ > 0
and function h that defines the local center manifold and satisfies

Dh.x/ŒCxC F.x;h.x//� � Ph.x/ �G.x;h.x// D 0: (54)

The flow on the center manifold for jxj < δ is given by:

Px D CxC F.x;h.x//: (55)
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Local center manifold

The center manifold theorem allows us to decouple the equations
making the analysis easier.
The local center manifold can be approximated by:

† D 0; (56)

x D O.y4/; (57)

Qw D
1

2
y2 CO.y4/; (58)

‚ D 0: (59)

The behaviour in the center manifold is governed by the following
equation:

y0 D

r
3

2
ƒy3 CO.y5/: (60)
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Saddle point

When the parameter ƒ > 0 the critical point is a saddle point.
For a potential of the form �r2n, ƒ > 0.
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w

Figure: Numerical plot of w vs y. The dashed red line represents the center
manifold.
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Slow-roll inflation

We need inflation lasts at least 60 e-folds.
When the system is in the local center manifold, the slow-roll
parameter � is:

� D

r
3

2
ƒy2 CO.y4/: (61)

� D 1 is the end of inflation which equivalent to ymax D

q
2
3

.

Maximum speed vmax D ymax=N D

q
2
3
=N .

If the speed of y in the center manifold is lower than this maximum, we
can obtain an inflationary period long enough as required.
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Numerical solution
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Figure: r is in units of the Planck mass mp
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Numerical solution
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Figure: y vs number of e-folds N.
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Numerical solution
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Figure: � vs number of e-folds N.
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Conclusions

We find that for a potential V D �r2n , it is possible to obtain a finite
inflationary period.
The condition for the existence of inflation is V � 3m2pH

2. This
means that the potential must be negligible compared to 3m2pH

2 in
contrast to scalar field inflation.
V < 2m2pH

2N�2=3 is required so that inflation lasts at least N e-folds.
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What’s next?

Regardin the SU(2) field model, to analyse the case where both the
temporal and spatial components are present.
To analyse the following model

L D
1

2
';�'

;�
�V.'/�

1

4
f .'/F��F

��
�h.'/

1

4
F��

1

2

�����
p
�g

F�� ; (62)

and check if h.'/ D f .'/ / e.�1˙3/˛ which correspond to flat
perturbation spectrum2 is attractive.

2K. Dimopoulos & M. Karciauskas, Parity Violating Statistical Anisotropy, JHEP 1206, 040
(2012)
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