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SUMMARY

Most of issues that I'll be tackling in this talk are not new. Most of them started since
the discovery of the accelerated expansion of the Universe in 1998. Here |'ll review
one of the most popular alternatives to explain this phenomena and which consist in
modifying gravity in the most simple way, without introducing new helds and while
respecting most of the basic tenets of Einstein's GR. This alternative is termed f(R)
gravity, a particular case being the paradigmatic fgr(R) = R — 2A, (i.e. Einstein's
theory 4 the infamous cosmological constant). Suitable medifications of fer(R)

the '\ term may produce an adequate accelerated expansion with a
“dark-energy equation of state” w = —1, but which varies in cosmic time; an
interesting possibility that can be tested in a near future. Nevertheless, modifying one
of the most successful theories in physics comes with a many of the usual

(the field equations are different), thus, for every

specific propesal f(R) # fer(R) . Here ['ll
try to summarize until what extent this alternative theories can be viable in several ﬁ

astrophysical and cosmelogical scenarios.
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MOTIVATION

— ADM paradigm within GR: the simplest and perhaps most successful cosmological
model.

— Alternative Theories of Gravity: try to “replace” components.
This is just one among several possibilities (e.g. inhomogenecus models within GR).
More complicated, but it's a worth exploring pessibility (| skip the heuristic and
philosophyical arguments about the “problems” of A. But if you want a thorough and
recent review on the subject see: E. Bianchi & C .Rovelli arXiv:1002.3966 and J.
Martin: arXiv:1205.3365.)

— f(R) metric theories of gravity: a possible explanation for the accelerated expansion

of the Universe as opposed to the (As far as we know, DM

must be considered, otherwise it seems impossible to recover the rest of cosmological

observations.). These alternative theories of gravity (like others) allows for an ﬁ
. unlike A.
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SNIA DATA

Di(z) = cHy 'z +1) I %,—] (for k = 0), u = 5log(Dy /Mpc) + 25
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f(R) METRIC GRAVITY

f(R
S(gab, Y] = ( )x/_sd’*x + Simatt[8ab, V] (1)
where R =Rical scalar, f (R) isa C but otherwise arbitrary function of
R, , and v represents collectively the matter fields - ordinary

and DM - [here = Il
Varying the action Eq. (1) with respect to the metric yields

1
fERah o Ergﬂb — Wﬂvﬁ i EﬂbD) fﬁ' o l"Ff“l-;h!: : [2)

where fg := 8rf, O = g?®V.,V;, and Ty is the EMT of matter.

THEOREM | ]

Take V* on both sides of Eq. {2) and prove that the EMT of matter is conserved:

Yola-—Dn: (3} ﬁ
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When expanding the derivative ¥V acting on fp we obtain

1
o = 7-{ fanVaVsR + Fasn(VaR)(VR)

—Eab E (Rfg —f) +frrLIR + ﬂ?ﬂi‘{?ﬁ}il } + ETat:u ; (4)

fr
where (VR)? := g®(V.R)(V:R).
When taking the trace we obtain the following EOM for R:

OR= — KT — Yigen (VR + 2 — Ry (5)

where T := T7,. Using this equation to replace LIR in (4), the latter becomes
1
G = - eV VR + fear(VsR)(VoR) — 22 (Rf + £+ 26T ) +1Ta| . (6)

and treat the theory as a system of
for the Ricci scalar ' and the metric ., respectively.

Exercise: take f{R) = R — 2\ and show that Egs. (6) and (5) reduce respectively to the GR+A
theory:
Gp+8ash = &Tw (7}
R = #8—_xT. (8)
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GR VS. ALTERNATIVE THEORIES OF GRAVITY

The basic axioms of GR are kept in f(R) gravity:

% The spacetime is a &-dimensional differential manifold endowed with a
Lorentzian metric (M, gas).

2 Gravitation is described geometrically in terms of the Riemann tensor K, ; # 0
(Rabar = 0 only when the spacetieme is globally flat).

8 The theory should be covariant (diffeomorphism invariant).

& The equivalence principle holds: test particles move on geodesics of the metric

Zsb- | he laws of physics (those compatible with special relativity) are still valid
locally.

& The only quantity pertaining to spacetime that should appear in the laws of
physics is the metric (minimal coupling).

8 Assume the usual Levi-Civita connection (no torsion and the theory is metric
compatible Vs = 0).

¢ The field equations should be linear in the sscond derivatives (quasilinear PDE). ﬁ
f(R) f(R)=R-2A.
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f(R) GRAVITY (BRIEF HISTORICAL REMARKS)

— MNon-linear Lagragians in R, Ryp, and Ky date back since the years that followed

GR (H. Weyl, 1921; K. Lanczos, 1938; Buchdahl| 1970). They were analyzed much
later in different contexts. For instance, in cosmology ...

— 1979 (A. Starobinsky), as models for inflation.: f(R) = R — aR?.

— 1982 (R. Kerner) as a “cosmological model without singularity”. Remark: Several
f(R) models considered today are very similar to those considered in that paper.

— 1986 (J.P. Durisseau & R. Kerner) as a “reconstruction of inflationary model”.

— As mentioned before, the discovery of the accelerated expansion of the Universe

renewed the interest in this kind of models. The first ones proposed within the specific

goal of producing an accelerated expansion were: Cappozziello (2002), Cappozziello et

al. (2003), Carroll et al. (2004,2005).

— Since 2003 a boom of papers analyzing f (R) gravity in all possible scenarios have
appeared in the literature: perhaps (R 2/week). ﬁ
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f(R) GRAVITY CAN MIMIC A

Notice that in vacuum, R = Fﬁ — const. is a solution of

OR = —— [T~ Fagg(VRP+ 2 7], (8)
HH
provided K is a root of (i.e. 2f(R1) = Rifg(R1)), assuming for
instance fge(R1) # 0.
That is, (e.g. maximum or minimum) of the “potential”

In such an instance, the feld equation

o= 1 [fmv,mmfm{m o = (an-l—f+2mT‘ﬂ) +&T37] . (@)

reduces to P
i —g,le (in vacuum) . (10)

f(R) theory behaves like GR with an effective cosmological constant Aer = Ry /4 |
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(GRAVITATIONAL TESTS

Important tests for any gravitational theory:

« Cosmology: SNIla data, age of the Universe, nucleosynthesis,
perturbed FRW (CMB), etc.

- Solar system: classical tests: Does f(R) gravity really pass those
tests or not ?

- Strong gravity: binary pulsar, neutron stars (mass vs. radius,
EOS), BH's etc.

+ Formal issues: Cauchy problem, singularity theorems, BH's:
existence and uniqueness, etc.
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FRW cosmoLocy

dr?
& = _d® + £(1) [1 — 5+ (dai +sin’ ﬂm,f)] , (11)
whera When obtaining numerical solutions we shall focus only on the "flat” case
k _ FEFI
- -|-§ r [meR - —[fnﬁ' f]] =3 (12)
_q _ Kp
dla=H+H = a(ﬁ“”’“r?) . {13)

-

Ry /13=h gp /3 when p—0 and if R—Ry
where H = 2/a is the Hubble expansion. From Eq. (4} we find

R=_3HR- — [fennlRY: +2f — faR—x(p ~ 30)] - (14)
Mo N——
VI(R)
R(t) Ry V(R) R:d R
gy P& Porit R~ Ry H+H!:ﬂfaﬂsﬁ1fﬂ:hdff3}0
Aggr >0 Thus — . This what happens precisaly when solving

the full equations numerically taking into account all the matter terms.



Now, the expresion for the Ricci scalar is given by

R:ﬁ(H-|—2H2-|—£) . (15)
Note that by using ,
which shows the of the equations (c.f. the 555 case) |

T35 of matter is a mixture of three kinds of perfect Hluids: baryons, radiation and dark

matter, in a epoch where they don't interact with each other except gravitationally.
Then for each matter component the EMT conserves separately and V, T2 =0

(i = 1,3 — baryons, radiation, DM) leads to
pi=—3H(pi+pi) - (16)
The total energy-density is p = }; pi = — T, and since ppg, py = 0, and

Prad = F[‘E.-fl;’a then T = T]J.m + T]]M — _[Fhm + F]}M]. Then Eq. [].E] Il'ItEEmtEE
- mer T PEDM 'ﬂ?nﬂ : [1?-]

(a/a0f (a0}’
where the knotted densities are the densities today. Here ap = a(1g), fp is present
cosmic time. The differential equations will depend explicitly on a(t) via the matter ﬁ

.|_

terms.
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EQUATION OF STATE (EOS) oF GDE (1ST PART)
In the ACDM model the equation of state wy = py/py = —1. We shall define an EOS
for the modified gravity contribution given by (for f(R) # R)

wy =% (18)
Px
where py is defined from the modified Friedmann equation, so that it reads

H2 =% (p+ ) = 2L, which leads to

1
ox = Hﬁ?

In a similar way we define px, so that the dynamic equation for H reads

H+H1=—§{p+ +3(prad + ]}=—”T{1+3 } (20)

where . From this latter, we obtain

{ (faR - f) - 3fggHR—|—:¢p{1—fg]} (19)

1
PX = ot [‘ (faR + f)+ 3fagHR — K (p — 3praafs)
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WHICH f(R) ?

Among the infinite a priori possible choices of f(R) (restricted by fg > 0

50 as to Ge = Go/fr > 0 and frg > 0, stable perturbations around a
background),

— Simplicity — f(R) = R — 2A. But we don't want this. We want
something with wx(t) such that today wy = —1.

— Ingeeniring, trial and error, handcraft, reconstruction, ....
— |s there any new physical principle that single out an f(R) different

from fgr(R), that match all the tested gravitational observations and yet
provide
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SPECIFIC f(R) MODELS

Given a specific f(R), we integrate the differential equations forward from past to

future with suitable “initial conditions”. We have considered three specific f(R)
models which have become very popular in the literature

* Miranda et. al. model (PRL 102, 221101, 2009)

F(Rhvgw = R — AR,n (1 n Rﬂ) . (22)

*
We used § =2 and R, = H3.
+ Starobinsky model (JETP Lett. 86, 157 2007)

5)
F(R)s: = R + ARs (HF) ~1| . (23)

s
We take g =2 and A = 1, Rs ~ 4.1THZ.
* Hu & Sawicky model (PRD 76, 064004, 2007)
R 2yn
Cl( ! m ) . (24) ¥ ;_
c(R/m2)" 41 Ay
We take n = 4, m?* 0.24H§, ¢; ~ 125 x 1073 and ¢ ~ 6.56 x 10~°.
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f(R) Models

R/Hp



Potentials V(R) = —Rf(R)/3+ [ f(x)dx such that . At the of
V(R) (notably at the global minimum) is reached where the models behave
a5 3 , where V'(Ry) = 0. The specific cosmological models interpolate
between a large R (at early time) and near the nontrivial minimum R # 0 at present time.

f(R)mw




NUMERICAL RESULTS

Plntﬁf vez, z=28 1210 _1_
0

F(R)mow
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Plot £; vs z
0 = rpi/(3H?), i = matt, rad, X; matt = baryons + DM.
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Deceleration parameter: g = — a_f?.'I -— iﬂ'sﬂ- -1— EEI - -} (1+13 !
% (FpR+F)+3fppHR—kp ; i
% (FfpR—f) -3 ppHR+xp

1

o 0781 x 107y ~ 12,07 x 107y (with & = 0.7)

The age of the Unverse: ~ i = Hﬂ_
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f(R)maw
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Luminosity distance and SNla data confrontation (k = 0): df® = %] where

_ -1l d3t Sl B
¢ —cH ‘[Eﬁmiz_j 1.

The luminous distance in log-scale (modulus distance) is given by
i i=m— M = 5log,(d* /Mpc) + 25.

ONION 2 —+
Riegs 98B
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THE EOS OF GEOMETRIC DARK ENERQY —
AMBIGUITIES— (2ND PART) sgz PRD 89, 084010, 2014

For cosmological applications it is sometimes useful to write the f(R) field
equations as "Einstein” field equations with a total-effective EMT:

e % enVaVsR + fn(VaR)(VoR) — E2 (Rl + + 24T ) + K T.y].

Because the EMT of matter T, itself is mixed in a non-trivial way with
factors, thus

T;5(A,B) :==AT;S — BT, , ¥
Depending on the values adopted for the scalars A and B (see next slide) the
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Alternatively, one can write t‘xh(A, B) in terms of purely geometrical
quantities:

T;.:E(A'-l B) = £~ (AGzp — B&.p) - (26)
where

1
ﬂ-_.b e fpl'.;,b — fm}vavﬁ.ﬂ e fﬂﬂﬂ[vnﬁ}[vbﬂl + &ab [E [RFR - f] I fRRDE S fﬂﬂﬂ'[vﬁ}:]
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EMT of GDE

energy-density, pressure and EOUS of GDE

FX(A B):= AT®™t _ BT,

Px

[[fnﬁ' f) — ameRJer( Jﬂ)]

P = —3e [; (faR + f) + 3feeHR — & (F. _ 3,;,,&_&)]

- _ B
P
Definition EMT
I{T,{, Pxy B, wx) 1 1 Tﬁ conserved
Il [T:'Ib’x* Py Py iy ) fa | 1 ]-;,x conserved
(T o o wy) | fe | 1 T4 not conserved
v [T:’xi p;’, p;’, w;"'} | fn_l ]-:,x not conserved (conserved enly in vacuum)
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Now, the X~EMT of the Definitions | and |l are conserved (V* T}, = 0)
because Tis" is conserved (due to the Bianchi identities—+ Gy = 75",
T(AB):= TH"— =Ty ) and the EMT T, of matter alone is also

conserved *(Eeme)  |n particular, for cosmology, Definitions | and | yield

f +3H (pi +px) =0 (27)
(for i =1, 11).
A corollary is that the EMT of
therefore

f +3H (g + px) 0. (28)

This is rather unpleasant (in my opinion). Yet several authors have considered

them. Furthermore, despite that the EMT of Is conserved, the

associated in cosmology turns to be because as | will ﬁ
show in a moment.
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f(R)maw
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EOS Il wf = =% MJWQ and St
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OTHER f(R) MODELS

The prototype model f(R) = AR;(R/R;)" (where AR, = const. = a;H2, the
dimensionless constant a, is some kind of "normalization factor” which is feed so as
that for all the models, we have that H = Hy today, when integrating from the matter
domination epoch to the future) was one of the first to be analyzed so that it
produced a late accelerated expansion. Recently it was the between
several authors (5. Capozziello et al., PLB 639, 135, 2006; PLB 664, 135, 2008; GRG
40, 357, 2008; Carloni et al., CQG 22, 4839, 2005; GRG 41, 1757, 2009) and the
results of L. Amendela et al. (PRL 98, 131302, 2007; PRD 75, 083504, 2007; |IMPD
16, 1555, 2007). The orange group claimed that this kind of models were ruled out
because wheter the produced a late time acceleration but an inadequate matter
domination epoch or the opposite. The green group criticized their analysis on two
grounds: 1) They resorted to the scalar-tensor approach, which the Capozziello et al.
group raised “doubts”; 2) The phase-space (dynamical system) analysis was ﬁ
“incomplete” (Carloni et al. group).
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As concerns the first criticisms Amendola et al. repeated the analysis in the original
frame and recovered the same conclusions. They have not address the second
criticism.

We have performed a full numerical analysis based upond the equations presented
before, and we confirmed the same findings of Amendola et al., namely, these models
appeared to be ruled out (L. Jaime et al., PRD 87, 024029, 2013).
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i 7y
o, H-I-H_l

(=-gp=-—"p = —%:%(14—3 ). So if the Universe

start accelerating. The figure on the right summarized our findings:

VA

IIIUP/J'

ot

Marcelo Salgado®, In collaboration with Lulsa G. Jaime, Leonardo Patifio  Viabllity of f{R) gravity: a quick review



We have also analyzed the so called exponential gravity model

f(R) = R [R - A(1 — e~ )], where R:= R/R, and R, ~ H& (see arXiv:1211.0015:
Proc. 100 years after Einstein in Prague). This mode| seems to be also cosmologically
viable:

This mode| have been studied in more detail (perturbations) by Linder (PRD 80,
123528, 2009) who showed that is a potentially viable model.
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The following models have been ruled out in one way or another (cosmology, solar

system, etc.):
u
i = ey (29)
4
i - R %—H{}R, (30)
f(R) = aR™", (31)
f(R) = R+aR™™, (possibly viable for a < 0,n = 1) (32)
f(R) = RPe™, (33)
f(R) = RP(logaR)?, (might succed for p=1,9>0,g#1)  (34)
f(R) = RPe/R, (35)
f(R) = R+aR2, (36)
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f(R) GRAVITY AND THE CMB

In order to analyze the angular anisotropies in the CMB, and all its accompanied
features, within the framework of f(R) gravity, a linear perturbation analysis similar to
the one of GR has to be performed. In practice, everything is more-less the same,
except that instead of having an EMT of matter in the r.h.s. of the Einstein
equations, one has an effective EMT that includes the geometrical parts due to the
modifications of gravity. So, the perturbation procedure proceeds as follows:

g = p+08m » 08 < &Y (33)
6 = ¢+, 69K ¢ (34)
T = To+68Ts , 6Tk TS, (35)

where ggb stands for the unperturbed FRW metric, and dg.p is the metric
perturbation which will describe the inhomogeneities and anisotropies associated with
the perturbed spacetime. Here ¢ is any scalar associated with f(R) gravity, like R, fg,
frr, and frpg; finally the last equation describe the pertubed EMT of matter
(baryons, photons and DM, as in GR). This analysis is not new and dates back since
the Starobinsky (1981) analysis of inflation and the Mukhanov et al. formalism (Phys.
Rep. 215, 1992). One obtains then (modulo gauges) a set of field equations for the

perturbation 2., and the scalar field 4R or éfp.
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Many articles treat f(R) gravity like an example of a scalar-tensor theory. In that
instance, the formalism of perturbations have been developed in the past. More
recently, this formalism has been revisited in many articles (e.g. Hu & Sawicky, PRD,
76, 104030, 2007; Pogosian & Silvestri, PRD; 76, 023503, 2008) specifically for f(R)
gravity. Indeed, a so called Parametrized post-Friedmannian framework for modified
gravity, was devised in the previous papers, allowing to parametrize the deviations with

respect to GR-cosmology independently of the metric theory at hand. This framework
is reminiscent of the Parametrized Post-Newtonian formalism intended to parametrize

the deviations of GR with respect to other metric theories of gravity, but within the

context of the solar system experiments and binary pulsar.
So, for instance, when considering only scalar metric pertubations in the Newtonian

gauge around a FRW metric with Euclidean (flat) 3-slices one has

ds? = —(1 + 2¥)dt? + 2%(t)(1 - 20)d; k' . (36)
In the early Universe in pure GR, one has
b=V (37)

since 67" ;~0 (for i # j). However, in f(R) gravity, the corresponding components
diagonal components of 5T_ff (which includes the modifications of gravity) are not
zero, then ¢ £ VW,
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So one of the PPF quantities is

¢
=V (43)
which, like in the PPN formalism, parametrize the deviations with respect to GR. The

fact that in modified gravity « 3 1, affects the primordial (plateau) Sachs-Wolfe effect
(small £ large angular scales) , which is related to the CMB temperature anisotropies

produced by the gravitational shifts of light when the |atter traverses well potentials
producen by the inhomogeneities of matter.

b
T — (2%t - 0053t + [ A0 Y0,

La
where t, = time at recombination (last scattering surface) and t; = today
The term ®(xg, ty) gives an isotropic contribution around the observer (i.e. the
probe ), while the temperature anisotropies at different points of the last scattering
surface ghﬂ combined with the correponding gravitational potential ® (3G, t.) gives
the known term of ®(xz, t:)/3. The last term corresponds to the ISW (see Merlin & ﬁ

Salgade, GRG 43, 2701, 2011 for a simple and geometrical derivation)
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f(R) models vs CMB

From “Cosmological constraints on f(R) accelerating models”, Y.S. Song, H. Peiris,
and W. Hu, PRD vol.76, 063517 (2007)
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f(R) GRAVITY AND THE SOLAR SYSTEM TESTS

Solar system tests: weak field limit. Consider static and spherically
symmetric perturbations (|¢|, |/| < 1) around a De Sitter background:

ds* = —(1— ¢ — Aegrr®)dt? + (L + % — Aerr®)dr® + r* (d6® +sin® 6d®)  (39)

In GR+A
6 = 2M/r (40)

b = 2M/r (41)

Aer = A (42)

y = %:1 (83)

where v is one of the Post-Newtonian parameters. At solar system scales we can in
fact neglect the term Agzr2. Now, in f(R) gravity

¢ = 2M/r
v = yM/r

At = Ri/4
v # 1
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In fact ~y depends on the the parameters of the theory f(R) and on the global
properties of the Sun, like Rg and M. According to the observations (Cassini probe:
Bertotti et al. Nature 425, 2003, 474)

ly -1 ~107° (48)

It turns out that (Faulkner et al., PRD 76, 063505, 2007)
2A

ly-1|= ITA
where ' is the so-called which is related to the
(Khoury & Weltman, PRL 93, 171104, 2004); PRD 69, 044026, 2004) the scalar field
degree of freedom fg is supressed in regions of “high" density (the Sun) and at low
density (cosmological scales) has noticeable effects, like the cosmic acceleration. This
phenomenon is highly dependent on the contrast density between the central object
and the surrounding environment and also on the details of the specific f(R) theory.
When the chamelon effect takes place, the scalar field fr behaves like the electric
potential within a conductor: inside the object fr ~ const. except within a thin shell
dRg with where the gradient of fp is large (screening effect like

(49)

within a conductor).
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Example of solution with thin shell.




Outside the object fg oc Mg /r. In this instance it is possible to satisfy the bound
(Faulkner et al., PRD 76, 063505, 2007)

2A _E

Iy 1|_3+ﬁ{10 (50)
if A =6Rg/Rg < 1. The thin shell parameter depends on the two minima of the
effective potential V_z(fg, pin out) Whose respective values inside the extended object
(e.g. the Sun) where and outside depend on p;, and pout and the bulk properties of
the object (e.g. Mg, Rp).
However, when the chameleon does not ensue, fp behaves like the electric potential
within a dielectric: it has important variations within the object and the “thin" shell

disapears: A = §Rg /R ~ 1 and therefore

20 1
\»,-1|:3+—&~5>>105 (51)
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In Fig. 8 we show |y — 1| for the same n = 4 models.
The deviations peak at ~ 107'%. Such deviations easily
pass the stringent solar system tests of gravity from the
Cassini mission [95]

v —1]<23%x107° (63)

FIG. 8: MMetric deviation parameter |+ — 1| for n — 4 mod-
els and a series of cosmological field amplitudes o with a

galactic field that minimirzes the potential. These deviations
are unobservably small for the whole range of amplitudes.




COMPACT OBJECTS: TOOL TO TEST FURTHER f(R)
THEORIES

* In fact it was only recently that several authors have tried to construct
relativistic extended objects in the framework of f(R) gravity.

 In particular Kobayashi and Maeda (PRD 78, 064019, 2008; PRD 79, 024009,
2009) using the

shown that such objects cannot be constructed because a
developed within the object.

* Later Babichev and Langlois (FRD 80, 121501(R) 2009; gr-gqc/0911.1297,
2010) reanalyzed the issue and concluded that KM results was a consequence of
the use of an incompressible fluid, and that using a more realistic EOS

(polytropes) such singularities were not found.

* However, Upadhye and Hu (PRD 80, 064002,2009) found that relativistic
extended objects can indeed be constructed, but that the absence of singularities ﬁ

got nothing to do with the EOS, but rather with a “chameleon mechanism”.
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* Under such mapping the Ricci scalar has a behavior of the sort R ~ 1/(x — x0)
where y := dpf and yp = const.

* The key point is to determine if the dynamics of y leads it or not to the value
¥ = o within the spacetime generated by the relativistic object.

* lrrespective of the different results and confusing explanations obtained by those
works we argue that their conclusions are rather questionable due to the fact
that the above scalar-field variables are ill defined. To be more specitic,

. Since similar kind of singularities were also
found in the cosmological setting (Frolov, PRL 101, 061103, 2008),

(several authors have already criticized the use of such potentials).
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We congider the following metnic that allows us to describe 555

aﬂ_-.{;}ahm{.-phﬁ(aﬂﬂ.ﬂuﬁ}. {o1)
The field Egs. then mad
| 3 of o 2
E”—a—[n{ y -1 n]+(;—ﬂ—;)# (g3)

{where | 2= d /o). Fromthe t — t,r — r,and @ — # of field Eqs. and after several non-trivial manipulations we found

ol - {lf{l—m]—lmrzm?'t+—{ )+ —— (2R — F +&T)

v ] R n L3 Rig
—emr (T + T",]+z{1—m}rﬂ+1rn"rm}, (o)

- w2y +26T ) + X gfm — 1) — , (o4)
T i |
am m A i A

e : [ﬂ'#—-[ 1+ ]+—[ﬂ( )+—(—+—)].
fp (] 2r m B R m R
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of the above system of ODE's:

* Notice that Eqs. for n' and '’ are not independent. In fact, one has the
freedom of using one or the other. Nevertheless, we have used both to check the

consistency of our equations and the numerical code (solutions).

* Now, from the usual expression of R in terms of the Christoffel symbols one
obtains,
1

R = 2233 [4n2m{m—1}-|—mm"{4n—|-rn’}

—Ernml[in’ o m”} +r? mnﬂ] : (96)

As one can check by a , that using the Egs. for m’, n’, 0’ in
the above Eq., one finds an identity . This result confirms two things: 1)
Our Egs. are consistent and no elementary mistake was made in their derivation;
2) The previous expression for K does not provide any further information.

* When defining the first order variables Qn = n’ and Qg := R’, the above system
of ODE's have the form

not been considered previously. These equations can be used to tackle several

. As far as we are aware, such a system has ﬁ
aspects of 535 spacetimes in f(R) gravity.
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+ We observe that /- f(R) = R

* Like in the general case, our system of ODE's has the exact de Sitter
solution n{r) = m(r)~1 =1—Aggr?/3, R = Ry = const. with Az = Ry /4 and
Ry = 2f(Ry)/fr(Ry).

* We also need the matter equations V*T;; = 0. So for
Tap = (p+ P)uatiy + gapps we get

P = —(p-+p)r2n (97)

This is the moditied Tolman-Oppenheimer-Volkoff equation of hydrostatic
equilibrium which is to be complemented by an EOS.
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NUMERICAL RESULTS

* For simplicity we shall assume an incompressible fluid (p = const.)

* We integrate the equations numerically outwards from the origin r = 0 and
impose regularity conditions at r = 0. We fix p(0) (the central pressure) to a
given value (this fixes one “star” configuration).

* We obtain R(0) by a so that asymptotically the solution
matches the de Sitter solution R = Ry = const. where R is a critical point of
the “potential” . That is,

Furthermore, V(R) is as well defined as the function f(R)
itself.
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* We used first the model f(R) = R — aRyIn(14 R/R;) (o, R, are positive
constants; Ry sets the scale) proposed by Miranda et. al. (PRL 102, 221101,
2009). for this model fg is not pesitive definite in general (only if

a < 14 R/R,) but fgg > 0. Note alse that f(R) is only well defined for

0 < 14 R/R,. A priori there is no guarantee that solutions for R exist satisfying
such conditions.

* Those authors mapped the theory to the STT counterpart. However, unlike the
Starobinsky model (see below), in this case the resulting scalar-field potential
tumns to be single-valued. This is why we take it in order to compare (calibrate)
directly with our method.

* They did not find any singularity within the object.

* Under our approach we associate to this f(R) the potential

V(R) = %{[1 +R) R+ (6a—1)| ~20(3+2R)in 14 R] }, where

R = R/R,. For a = 1.2 (the value that Miranda et al. assumed) this potential

has several critical points ﬁ



BEI = B-af:d=l1+RBS




We have used our approach and found no singularities whatsoever in compact objects
(like in Miranda et al.)
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+ We then used the Starobinsky model £(R) = R — AR, {1 ~ [1+(R/R.)?] 'ﬂ}

with § = 1. The controversy about the existence of extended relativistic objects
(or absence thereof) was originated using this model. As we saw, the STT
approach gives rise to multivalued potentials.

+ With our method, the potential is given by (R = R/R,)

* This potential has a rich structure depending on the value of A.
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For the value A = 1.56 we found the following solutions using a shooting method
aiming to the local minimum. No singularities whatsoever where found.
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Discussion:

Although we have not find singularities in the spacetime generated by this compact
objects, there is a caveat in the above construction:

In almest all f(R) models the dimension parameters like Ry, which settles the scale
~ D=2 are chosen such that Re /G ~ A~ 10~ ¥gcm—3 {.5. =A/Gp). On the other
hand, if one wants to build a realistic neutron star, the typical densities at the center
are p(0) ~ ppyc ~ 10%gem >,

This ratio between densities naturally appears in the equations since the
parameters which define the specific f(R) theory are of the order of A, while the

appropriate dimension within neutron stars is ppy,c. So Pnuc;
A, olr)

p(r)

In other words, the scale of a neutron star is ~ km while the cosmological scales are
~ 100Mpc. We, like the other authors, have not solved this technical problem... " |,
and therefore have constructed

A In both cases the objects are

, where M is the "ADM" ﬁ
mass defined in asymptotically de Sitter spacetimes.



CONCLUSIONS

* f(R) theories are alternative theories of gravity that can produce an accelerated
expansion of the universe “without” the introduction of A. Some specific f(R)
models can pass several gravitational tests (e.g. the Solar System tests,
cosmological). They have some predictions different from GR+ A (e.g. variable
EOS of dark energy, new gravitational-wave modes — breathing mode -, different
Sachs-Wolfe effect, ...)

* However, in my opinion they introduce more troubles than solutions. There is
that allows to single out one function f(K). Simplicity
favors: f(R) = R —2A (i.e. GR4+ A). Time will tell if models different from GR
will be taken seriously in the future.

* As concerns the within f(R) gravity ambiguities may arise.
Putting aside this issue, further experiments will determine if
such varies in cosmic time or net (e.g BigBO55-DES|-, EUCLID,
PanSTARR, WFIRST, ete.). ﬁ
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