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|. Motivations

@ The massive gravity [gravitons have tiny but non-zero mass] has had a long
and rich history since the seminal paper by Fierz & Pauli [PRSA173(1939)211].

@ van Dam & Veltman [NPB22(1970)397] and Zakharov [PZETF12(1970)447] showed
that in the massless limit, it cannot recover GR.

@ Vainshtein pointed out that the nonlinear extensions of FP theory can solve
the vDVZ discontinuity problem [PLB39(1972)393].

@ Boulware & Deser claimed that there exists a ghost associated with the sixth
mode in graviton coming from nonlinear levels [PRD6(1972)3368].

@ Building a ghost-free nonlinear massive gravity, in which a massive graviton
carries only five " physical” degrees of freedom, has been a great challenge for
physicists.

e de Rham, Gabadadze & Tolley (dRGT) have successfully constructed a
ghost-free nonlinear massive gravity [1011.1232, 1007.0443].

@ The dRGT theory has been proved to be ghost-free for general fiducial metric
by some different approaches, e.g., Hassan & Rosen [1106.3344, 1109.3230].

@ The dRGT theory might be a solution to the cosmological constant problem.
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|. Motivations

@ An interesting extension of dRGT theory is the massive bi-metric gravity
(bi-gravity) proposed by Hassan & Rosen, in which the reference metric is
introduced to be full dynamical as the physical metric [1109.3515].

o For interesting review papers, see de Rham [1401.4173]; K. Hinterbichler
[1105.3735]; Schmidt-May & von Strauss [1512.00021].

@ It is noted that most of previous papers have focused only on
four-dimensional frameworks, which involve only the first three massive
graviton terms, Lo, L3, and L4.

@ There have been a few papers discussing higher dimensional scenarios of
massive (bi)gravity theories, e.g., Hinterbichler & Rosen [1203.5783]; Hassan,
Schmidt-May & von Strauss [1212.4525]; Huang, Zhang & Zhou [1306.4740].
However, these papers have not studied the well-known metrics in higher
dimensions, e.g., the Friedmann-Lemaitre-Robertson-Walker (FLRW),
Bianchi type |, and Schwarzschild-Tangherlini metrics.

@ We would like to investigate whether the five-dimensional (bi)gravity theories
admit the above metrics as their solutions.
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Il. Cayley-Hamilton theorem and ghost-free graviton terms

@ Recall the four-dimensional action of the dRGT massive gravity [1011.1232,
1007.0443]:

M2
Suq = 7p/d4x‘/—g{R+ mé (£2 + as3l3 —|-Oé4£4)},

where M, the Planck mass, m, the graviton mass, a3 4 free parameters, and
the massive graviton terms L; defined as

1 2
L2 = IKP — (K% £5 = 51K - [KIIK? + 517,
L - Toeene2r o T o Zeeest - L
L4 = SIKT* = SUCPIC + 21K + SN - 51,
@ Square brackets:
[K] = trk*,; [K]? = (trKH,)?: [K?] = trKH o K®,; and so on.
@ The square matrix K#, is defined as

ICN’V = 6”1/ Y f;bau@aaaqsbgayv

¢? ~ Stiickelberg fields; g, ~ (dynamical) physical metric,

fap ~ non-dynamical reference (fiducial) metric of-smassive gravity:
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Il. Cayley-Hamilton theorem and ghost-free graviton terms
@ Recall the four-dimensional action of the massive bi-gravity [1109.3515]:
Sug =M? / d*x\/gR(g) + M? / d*xVFR(f)
+2m? eff/d xf(blg + asllz + a4L{4)
where
~1
U, = %/J,—; MefF = (l\jlé% + /\jlﬁ) .

@ The square matrix *,, is defined as

’CHV = 6”1/ Y f#agau’
guv ~ (dynamical) physical metric,

fu ~ full dynamical reference (fiducial) metric.
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Il. Cayley-Hamilton theorem and ghost-free graviton terms

@ We will construct higher dimensional terms L,~4 by applying the well-known
Cayley-Hamilton theorem for the square matrix [C*,,.

@ In algebra, there exists the well-known Cayley-Hamilton theorem: any square

matrix must obey its characteristic equation. In particular, given a n x n
matrix K with its characteristic equation, P(\) = det(Al, — K) = 0, then
P(K) =K"= Dy 1K™ 1+ D, oK™ — ..
+(—=1)""'D1K 4 (—1)"det(K) I, = 0,

where D,_; = trK = [K] and D, (2 < j < n— 1) are coefficients of the
characteristic polynomial.

@ For n =2, the following characteristic equation:
K? — [K]K + det Krxoh =0,
which implies after taking the trace

det Koo = %{[KF - [K2]} ~ %
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Il. Cayley-Hamilton theorem and ghost-free graviton terms

@ For n = 3, the corresponding characteristic equation:
K3 — [K]K? + % {[K]* — [K?]} K — det K3x3l3 = 0,
which leads to
det Kas = { KPP~ 3IK7IIK] + 2K} ~ 2.
@ For n = 4, the corresponding characteristic equation:
K* - [K]IK? + % {[K]* - [K?]} K?
L {IKP ~ 3IK7IK] + 20K} K+ det Kaaly =0,
which gives
det Kaxa = 2—14{[K]4 — 6[KP[K?] + 3[K?]* + 8[K][K’] — 6[K4]} ~ %

@ The higher dimensional graviton terms £,~4 must vanish in all
four-dimensional spacetimes.
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Il. Cayley-Hamilton theorem and ghost-free graviton terms

@ The higher dimensional terms L, = det K« ,/2 can be constructed from
the Cayley-Hamilton theorem to be

Ls

2

Ls

2

L _

2

1
120
= 20[/@][/@] + 15[K]C?]2 — 30[KTIKC] + 24[K%] |,

—{IKIP = 100K K] + 20[CP ]

=70 {[iC]6 15[K]*[C] + 40[KT*[KC°] — 90[K]*[K*]

+ 45[K]?[K?)? — 15[K?)® + 40[K3)? — 120[K3][K?][K]
+90[KA[KY] + 144[K5][K] — 120[&6]}

=z 040{[/C]7 — 21[KCPP[K?] + 70[K]*[K?] — 210[K]P[K*]

+ 105[K]P[K3)? — 420[KJ2[KC?][K3] + 504[K][K°] — 105[K2]*[K]
+ 210[K2J?[K3] — 504[KC3][KC°] + 280[C3]2[K] — 420[K3][K*]

+ 630[K4[K2[K] — 840[KC][K] + 720[/@]}.
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Il. Cayley-Hamilton theorem and ghost-free graviton terms
@ A five-dimensional scenario of massive gravity [1602.05672]:

M2
S = 7p /dSX,/—g{R—l- mé (£2 + a3Llz + agly + Oé5£5)},
@ The corresponding five-dimensional Einstein field equations:
1
<R/u/ - 2Rg/u/) + mg (X/l,u + U\//U/ + as W,ul/) - 07
1 ~
X[LI/ = 5 (04[/2 + /8£3) Suv + X/tll?
X = Kyw — [Klguw — o {K2,, — [K]K,w }
L
+ﬂ{ICiV_[K]IC + 2ICMV}7

Y, =— %gw + Vs Vi = ﬁ;cW _ élcfw + KIS, - K

2 By
L
Wi = 25 8w+ Wi,
WLV - %’Cﬂl) - &K:z £2 [IC]’C4 =+ ICZV?
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Il. Cayley-Hamilton theorem and ghost-free graviton terms

@ Herea=a3+1, B =a3z+ as, and 0 = a4 + as.

o Note that Y, = 0 in four dimensional spacetimes [Do & Kao, PRD88(2013)063006]
but # 0 in higher-than-four dimensional ones .

Similarly, W,,,, = 0 in five dimensional spacetimes but # 0 in higher-than-five
dimensional ones.

@ The constraint equations associated with the existence of fiducial metric:
. ~ ~ 1
tuy = X +0 Y +oasWy,, — 5 (aslo + aals + asLs) g = 0.

@ Due to these constraint equations the Einstein field equations for g,,,, become

1 m?
(Rp,u - ERg,uV) - 7g£Mgp,1/ = O; ‘CM = £2 + (X3£3 + a4£4 + O45£5;

1
= (R — ERgW) + Amgu = 0 (Bianchi constraint, 0" Ly = 0),
with Ay = —méCM/2 as an effective cosmological constant.
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Il. Cayley-Hamilton theorem and ghost-free graviton terms

Ghost free issue

@ Follow the analysis of dRGT papers [1011.1232, 1007.0443] by considering the

tensor X/EZ) and its the recursive relation:

n

X (g K) = (=17

— (n—m)!

n! m A(n—m
K L™ (K)

X = — e XD 4 e x Vg,

@ For the 4D case Xp(f,l,)(g,,,,,7 K)Y~Y.=0-— X;(L'f,>4)(g,,,,,,/C) =0—=no
ghostlike pathology arises at the quartic or higher order levels with arbitrary
physical and fiducial metrics.

o Similarly, for the 5D case X\ (g, K) ~ W, =0 = X7 (g, K) = 0 —
any ghostlike pathology arising at the quintic or higher order levels must
disappear, no matter the form of physical and fiducial metrics.

@ The similar conclusion is also valid for higher-than-five massive gravity
theories.
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II. Simple solutions for a five-dimensional massive gravity

@ Solve the constraint Euler-Lagrange equations of fiducial metric's scale
factors, which are indeed equivalent with t,,, = 0, in order to obtain the
value of Ay,.

These constraint equations are not differential but algebraic.

Solve the corresponding Einstein field equations to obtain the value of
physical metric’s scale factors.

@ The fiducial metrics will be chosen to be compatible with the physical ones,
i.e., they have the similar forms.

FLRW (isotropic):

ds2y(gu) = — Ni(t)dt? + ai(t) (d>?2 + du?),
dszy(fap) = — N3 (t)dt* + a3(t) (d5* + du?) .
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II. Simple solutions for a five-dimensional massive gravity

@ Bianchi type | (anisotropic):

ds2y(gu) = — Ni(t)dt? + exp [2a1(t) — 40(t)] dx?
+ exp [2a1(t) + 201(¢)] (dy® + dz*) + exp [281(t)] du?,
dszy(fap) = — N3 (t)dt? + exp [2ao(t) — 4o (t)] dx?
+ exp [2aa(t) + 202(t)] (dy? + dz*) + exp [282(t)] du?,
@ Schwarzschild-Tangherlini black holes:
2
Ff (t.r)

dr? r?dQ2
2 f:a — N2 2 2D 3
ds2,(fyp) 2 (t,r) dt? + et 2 (t, r) dtdr + M (er)

with dQ3 = d6? + sin® 0dp? + sin sin® pdy)?.

r?dQ3

dszy(8uw) = — Ni (t,r) dt® + H2(t,r)’
1 9

+ 2D, (t, r) dtdr +
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lI1. Simple solutions for a five-dimensional massive gravity

. 0Ly _ OLm __
o FLRW: 25 — 2L _ g,
0Ly _ 0Ly _ OLm __ 0
ON, — Oap ~— Oop 7

: ce 9Ly _ OLw _ 9Ly _
Schwarzschild-Tangherlini: G5t = G2 ar = 0.

Bianchi type I:

Note again that the Euler-Lagrange equations < t,,, = 0.

The constraint equations are non-linear algebraic equations — we obtain
several values of Ay [see the paper 1602.05672 for more details].

@ Recall the Einstein field equations for physical metric:

1
(R;w - §Rg;w) + Avguw = 0.

@ The corresponding solution for FLRW physical metric:
A
a1(t) = exp [\/ éwt] .
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II. Simple solutions for a five-dimensional massive gravity

@ The corresponding solutions for the Bianchi type | physical metric:

Vi = exp [3a1] = exp [3ag] {cosh (3I:I1 t) + % sinh (31:/11')} ,
1

cosh (3H1t) + 3%1 sinh (3Hst) | ,

o1 =00+ \/ozo + aoﬁo - H2 /{ [cosh 3H1t) ) =2 sinh (3l:11t)}

1
X [cosh (3H1t) + 3% sinh (3H1t)} } dt,

Vo = exp [f1] = exp [fo]

1

with with H? = 4H?/9(1 — \p), H? = Vo HZ, and HE = AM . Additionally,
o, &0, Bo, Bo, 0o ~ initial values.
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lI1. Simple solutions for a five-dimensional massive gravity

@ The Schwarzschild-Tangherlini solution [Tangherlini, Nuovo Cimento 27(1963)636]
to the 5D massive gravity:

d52 = — f(r)dt2 + L’J + r2dQ2
f(r) 3
A
N2(t,r) = F2(t,r)=f(r)=1— % _ ?Mrz’

H2(t,r) = 1, D3(t,r) = 0.
where p = % ~ mass parameter, M ~ the mass of source, and Gs ~ 5D
Newton constant.

@ Ay> 0 (< 0) ~ Schwarzschild-Tangherlini-(Anti-) de Sitter metric.
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IV. Simple solutions for a five-dimensional massive
bi-gravity
@ The action of five-dimensional massive bi-gravity [1604.07568]:
Ssa =M / d®x/gR(g) + M? / d®xVR(f)
L 2mE M2, / dSX\/E(Uz + alls + oulls + a5L{5),
where
1 2 2 1 3 2 3
t = S {IK1 = 1}, v = S{IKP = 3] + 20,
1
Us = 5 { IK]* = B[KTIC] + 32 + BIKTIK?] - 6[K°) .
L1

Us =5 = ﬁ{[ic]s — 10[KP[C?] + 20[K]?[KC°] — 20[K?] (K]

+ 15[K][K32 — 30[K][K%] + 24[&5]}.
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IV. Simple solutions for a five-dimensional massive
bi-gravity

@ The Einstein field equations for physical metric (identical to ones for massive

gravity):
1
M; <R;u/ - 2Rgm/) + m2Me2fFH51512(g) - 07

5 — x 5
HELV) (g) - Xl(uj) + UYlSu) tas WFW’
X6 — _ (aha + BU3) 8uv + XA(L?/)’

i
X = Ko — [Klguw — a{/cfw - [IC]IC#,,} n 6{1wa ~ [KIK2, +u21qw},

N2

Y(5) = _u4g;uz + \7;515/)7

Nz

V) = UsKy — UsIC2,, + KIS, — K2,

VV/LI/ = *Z/ISg;Ll/ + VNV,LLV)
V~V/Ll/ - u4IC,uy - u3lcf“, + u2lcil, — [K]’Ciu + ’wa
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IV. Simple solutions for a five-dimensional massive
bi-gravity

@ The Einstein-like field equations for reference metric:

1
\/?M% <R/u/(f) - 2611/R(f)) + \/EszsfFS;(ﬁ/)(f) = 0’

S(F) = Ko+ { K] + sty + aahs + asthe b + 0 {2, — [K]K0 }
= B{RE, — IR, + ek | — o {tsRon — K2, + KIRE, - K2, }
— Q5 {Z/{4I€W/ — Z/ﬁ’%iy + UQK:?UJ — [K]I%fﬂ’ + I%ls“/} .
e K's are defined as l@w = ICZ)‘C”,7 I@fw = ICfLICng, and so on.
@ These equations are differential, not algebraic as ones for the reference metric
in the massive gravity — the massive graviton terms U;'s will not easily turn

out to be effective constants — need the help of the Bianchi identities for
both physical and reference metrics:

D;G.(g)=0 — Dg"Hfg(g) = 0 (physical metric),

D{ G, (f)=0 — Df [\\/fé’:s}(ﬁ)(f)} = 0 (reference metric).
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IV. Simple solutions for a five-dimensional massive
bi-gravity

@ Solving these Bianchi constraint equations for the FLRW, Bianchi type I, and
Schwarzschild-Tangherlini metrics will yield a solution:

fo=(1- C)2g,w (proportional to g,.).
@ C is a constant obeying the following algebraic equation:

C5—2(0 —28)C* + (a — 88+ 6a+a5/\"42) &
+4(ﬁ—3a+a4M2+1)C2+2 (3a+3a3/\7l2—4)c+4(/\"/l2+1) -0,
W2 = W2/ A2 W12 = M2J(m®M2y); B2 = M2 /(m? M),

@ Once C is solved, the corresponding value of effective cosmological constant
Ay = —m? MZ Uy will be defined as:
Ay = — m*MZC [(0C® 4 4BC% + 6aC + 4)
+(C-1) (a5C3 + 4asC? + 603C + 4)] )
= N§ [M2 4+ M7(1—C)°] # A§M:.

@ Note that in massive gravity, Ay = Mé/\g due to My =-0.
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IV. Simple solutions for a five-dimensional massive
bi-gravity
@ For the FLRW metric:

ax(6) = exp [\/A8/6t] i 2a(t) = (1= Chan(e).

@ For the Bianchi type | metric:
<3l:llt>:| s

(3H1t) |,

exp[3a1] = exp[3aoi] {cosh <3H1t>
1

Bo1
H

1

o1 = 001 + \/0401 + a01ﬂ01 - — /{ {cosh (3H1 t) ;1 (3,‘:I1 t)}

-1

X [cosh (3FLt) + 35’041 (3H1t)” dt.

1

exp[31] = exp[Bo1] [cosh (3Hit) +

explaz] =(1 — C) explaz]; exp[B2] = (1 — C) exp[B1]; o2 = o1,

H? = an8 27(1 — V), H? = VER?. 22 /26



IV. Simple solutions for a five-dimensional massive
bi-gravity

@ For the Schwarzschild-Tangherlini black hole:

NZ(r)y= F2(r)=f(r)=1— B _ A—grz H2(r)=1
ilr)=ri(r)= = , Hi(r) =1,

r2 6
g2 dxtdx = — f(r)dt? + ar + r2dQ3
iz f-(r) 3
dr 2
faddxtdx” = (1 —C)? | —f(r)dt* + iG] + r?dQ3| .
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V. Conclusions

@ An effective method based on the Cayley-Hamilton theorem to construct
arbitrary dimensional graviton potential terms has been proposed.

@ We have shown that the five-dimensional massive (bi)gravity theories with
additional massive graviton term Ls are indeed physically non-trivial.

@ The nature of cosmological constant Ay, can be realized in the context of
massive (bi)gravity. In particular, all complicated massive terms in L), are
behind in a simple constant Ay,.

@ We have found that some well-known metrics such as the FLRW, Bianchi
type I, and Schwarzschild-Tangherlini spacetimes are indeed solutions of the
five-dimensional massive (bi)gravity under assumptions that the physical
metrics are compatible/proportional with/to the fiducial ones.
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(Possible) further investigations

A full ghost-free proof for higher dimensional massive (bi-)gravity [this task
might be straightforward as claimed in Hassan, Schmidt-May & von Strauss, 1212.4525] ?

The stability of Schwarzschild-Tangherlini-(A)dS black holes in the context of
5D massive (bi-)gravity ?

The fate of cosmic no-hair conjecture in massive (bi-)gravity ?
Higher-than-five dimensional scenarios of massive (bi-)gravity ?

Gravitational waves in higher dimensional massive (bi-)gravity ?

Bound of graviton mass in the massive (bi-)gravity [de Rham, Deskins, Tolley & Zhou,
1606.08462] 7

Note that LIGO has announced a bound: m, < 1.2 x 10722 eV//c?

from data of GW150914 [1602.03837].

For a comparison: Mass of electron is given by m. ~ 0.51 x 10° eV//c?,
Mass of neutrino is determined as m, = 0.320 + 0.081 eV//c?.
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Thank you for your attention!
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