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§ 1 Kerr spacetime

Kerr spacetime: vacuum, stationary, axi-symmetric, asymptotically flat

In Boyer-Lindquist coordinates

2
ds* = - =8 g+ Ain? H(d(p— 2aMr dt) + 24 £ 346"
A > A
where A(r)=r2—2Mr+a2
3(r,0)=r*+a’cos’ 0 A(r,0)= (r2 +azz)2 ~A(r)a’sin*6

—o<t<+00, —o<r<+o, O0<sfO=sm, Os@p<2x

M : ADM mass a : Kerr parameter (angular momentum L=aM)
a* < M? : larger root of A(r) = 0 (r = M + VM2 — a? > M) is the event horizon
a’> > M? : always A(r) > 0 holds. No event horizon.

Ring singularity at » =0, 8= 7/2 1s naked.



In Boyer-Lindquist coordinates

ds® = —%d}f2 +%sin2 H(d(p—

2aMr

2
dt) + Edr2 +3d6*
A
where A(r)=r2—2Mr+a2
3(r,0)=r"+a’cos’ 0 A(r,0)= (r2 +azz)2 - A(r)a’sin’6

0

Frik time coordinate basis=Killing vector field

Ergo-region (ergo-sphere): e is spacelike

0 0 r? + a?cos?0 — 2Mr
g(a,§)=— 5 >0 for M—+M2?—a2cos20 <1 < M + M2 — a2cos26

0
Killing “energy” of a particle: E = u-a can be negative in the ergo-region.



Penrose process: Kerr BH case
R. Penrose (1969)

J— Extraction of rotational energy
is possible.

Not so effective---




Collisional Penrose process: Kerr BH case

T. Piran, J. Shaham, and J. Katz (1975), ---
E3 :E1+E2_E4>E1+E2

/’/’ \ \\\ EZ
"Ergo-sphere
; Collisional Penrose process

f E,=FE,+E,—E3<0 More effective than original one.

1 ’ - . 3

." ."E _ <0 “‘. “z ".
; / s : | ; Extraction of rotational energy

RS 4 / E, is possible.

el - Original Penrose process

E, .
T < 1.3 Not so effective:---



Banados-Silk-West (BSW) collision
T. Piran, J. Shaham, and J. Katz (1975), Banados, Silk, West (2009)

Extreme Kerr black hole M = a

E;
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Energy at the center of mass frame

| Ex

! :' ll - ZM lz - ZM
4 - E — 2
Ly ,"ZM em = |P1 +p2|_)\/—m\/lz—2M+l1—2M
forr- M
— oo forl; »2M
r=2M B Even if dark matter particles can interact

through only gravity, they can interact with any other particles!

What will we observe?



Collisional Penrose process
through Banados-Silk-West (BSW) collision

Extreme Kerr black hole M = a

E;
I, # 2M
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How large efficiency do we have?

n_E1+E2<(2+x/§) ~ 14

By a collision between two particles from infinity,

Harada, Ogasawara and Miyamoto (2016)

Through multiple collisions, there is no upper bound.

Berti, Brito, Cardoso (2014)



BSW collision: Charged BH case

BSW collision may occur.

Extreme Reissner-Nordstrom black hole M = Q

m?2 r

. E? M2
Particlel: E1=¢>0—> Vv, =—-|—=-1 <1 __)
Particle 1 asymptotically approach r = M.

Particle 2: neutral and marginally bound E, =m > 0,q, =0

: 2m2r LM, E?  |E? . E? (1 M)Z
= - — — —1|—=—-(1——]) | >
‘m M r  m2 m2 m2 r

for r- M

Ei=q4 E; =m

0 = ) .
m 4y > m>0,q;=0 Center of mass energy can be indefinitely large!



Collisional Penrose process: Charged BH case

Through BSW collision between radially moving two particles

Extreme Reissner-Nordstrom black hole M = Q

Critical charged particle: E; = q4
Non-critical particle: E; # q,
E., > ofor r->M
E5
Ey + E,

There is no upper bound on the efficiency n =

with my = m, = m3 = m,.
1 2 3 4 Zaslavskii (2010)

There is no upper bound on the mass ms.
my X E,, > for r-> M

Nemoto, Miyamoto, Harada, Kokubu (2012)

E1:q1 EZ:#CIZ
ml,q1>0 m2>O;CI2



Reconsideration on collisional Penrose process: Charged BH case

A-momentum conservation: myuy; + myu, = msus + myy

miu,; + myu, . min, + myn,

Center of mass dyad frame: u:= , N
Ecm ECTTL

where Ecm: = |m1u1 + mzuzl

Uz = ucosha+nsinha Uy = ucoshf+nsinhf
EZ, + m% — mZ EZ, + mZ — m3
cosha = COSh,B =
2Ecmms 2Ecmmy

cosha>1 and coshf =1 === FE.,, = M3+ My

= Large E., is necessary forlarge ms.

Production of a super-heavy particle needs a BSW collision.



v

EOM of charged particle: mu"V,u, = qF,,u

If there is a Killing vector &¥, uu e (muy, + qAy)| = 0 =P £¢(mu, + qA,)=constant
o . o d qQ
The conserved energy of a particle in Reissner-Nordstrom spacetime: E = —mu - §+7

A-momentum conservation: myu; + myu, = myuz + myuy,
at a collision event
Charge conservation: q; + q; = q3 + qa

ﬁ E1+E2 - E3 + E4_



d q3Q d qu0

Ey = —mauz -+ —— for particle-3. Ey = =Mty o+ == for particle-4.

r r

We may consider a situation L »>E,+E, with g4+ ¢, =q3+qa.
r

L

Es > E; + E,

There is no upper bound on the efficiency of the energy extraction.

E;
= — CO
E, +E,

n for g3Q — o

But BSW collision is not a necessary condition for large E;.



If the self-gravity is taken into account, what happens?

Let’s consider two spherical dust shells with electric charge.
S =ou®u

r2
fi(r)

2M;  Qf
Black hole where  fi(r) =1 _TI"'%

+ r2dQ>?

Region 3 Line element in Region 7: ds? = —f;(r)dt? +

Region 2

Through Israel’s formalism, the self-gravity of the shells
can be completely taken into account.

K, — K_=8n(S— htrS)

\ 4

EOM of a dust shell 7+ V;(1r;) =0
Shell 2



If the self-gravity is taken into account, what happens?

Energies of shells

1
1
1
I 2 2 2 2
E, <O I _ Q7 — Q1 _ Q3 — Q3
My, qa | By =My =My ===, Ea = M3 =My ==
Region 4 : 2 2 2 2
Q5 — Q% Qi — Q1
My, Q4 Es = M3 — M, — o E, =My —M; — >

E, + E, = E; + E, holds trivially at the collision event.

Region 1
1,01 %

Region 3 Energy extracted from BH
| Ms3, Q3
Region 2 E., = lim E5 = M; — M,
M;, Q; E, T
E, ma, 4z

|s there an upper bound on E,,?
mq, 41



From non-decreasing nature of Misner-Sharp energy

2
Misner-Sharp energy: Eys = %(1 +%9+9_>

E, <0 where 64 :expansions of nulls normal to a sphere of r=constant.

My, 4y

In untrapped region (6,6_ < 0),
MS energy is non-decreasing with respect to r,
if the dominant energy condition holds.

Region 4
M4_, Q4

2
% Eys =M —% in RN spacetime
_ Region 3 Q2 QZ Qz
Region 1 M3, Q3 Non-decreasing at collision: M; —~—= < M, — ~= < Mz — —
M1, Q1 |Region 2 2r 21 2r
M2, @2\ E, | 2 _ 2 2 2
E m _ Qi — Q% Q1 M? M,
1 2, 42 = M3 — My < M3 — M, + <SMg—M;+—<M3—M +—< M;——
my, gy 2r T 2r T 2r T 2
1,

Q=0 Q% < M? r> M,



2 2 2 2
— M M
MSMR,—M1+&SM3—M1+—1<M3——1

ZT' T 27‘ T ZT' T 2
: 02>0 Q% < M? r> M,
1
1
E, <0 ! . N oy M
My, Q4 ! Qs =0, Qf = Mf, r = M are necessary conditions for Egx = M3 5
1

Region 4
M4, Q4

My
} M4=M3_Eexz7W|th Q4=O

e

After the maximal energy extraction,
BH should be a Schwarzschild one with M;/2 .

Region 3
Region 1 Ms, Qs
M1,Q1 |Region 2 The area of the event horizon is unchanged.
MZ) QZ Ez
E, My, 4o Ainitiaqr = 4TMF
2
my, 41

M, ,
Afinal =41 (2 . 7) = 47TM1



r=0

r=0

Collisional Penrose process around a charged BH

B S - An example of spherical shells-

Extreme Reissner-Nordstrom black hole  Q; = M;

Region 3 Shell 1: neutral  g; =0 Shell 2: neutral g, =0

Region 1
(Region 5)

Shell 1

Shell 3: charged ¢q5 = 0Q; Shell 4: charged q4 = —01

mq = Mg my, =My

We require

4-momentum conservation: mquq; + myu, = mauz + myuy



From the conservation of 4-momentum

2
mm
Fon = My — My + 20— 1

2r r T~

Effect of self-gravity

I':= —u, -u, > 0: Gamma factor of relative velocity
Region 3

Region 1
(Region 5)

Shell 1 2 2 2 2
Ecm = —(m1u1 + mzuz) =mq + m, + Zmlsz

[ > oo for BSW collision  ===p F, . decreases!

BSW collision is not so good for energy extraction.

In present case, BSW collision does not occur (g, = 0).




Region 1
(Region 5)

Shell 1

Shell 3

Region 3

82

M,
—&

Collision event at r = 0<exk1

2(3E; + E5)
M

!

Ell EZ = M]_XO(SZ)

> (0 so that the collision is outside the BH,
and Shell 3 goes away to infinity.

Almost maximal!

M
E,. =71[1 — e+ 0(?)]
My 5
M4:7[1+€+0(8 )]

Eex
Ei+E,

-2

X & — 00

Efficiency of energy extraction n =



Summary of collisional Penrose process
around a charged BH

* In the case of test particles, there is no upper bound on the
efficiency of the energy extraction, but BSW collision is not a
necessary condition for it.

o |f the self-gravity of colliding objects is taken into account,
there is an upper bound on the extracted energy consistent
with the area law of BH.

« We could construct an example of the nearly maximal energy
extraction and furthermore no upper bound on the efficiency
exists.



