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Introduction

Theories with massless Particles describe long—-range
forces. Seems natural to view them as a smooth limit of
certain massive theories with Finitc:—-range forces.
l:egnman ‘6%

Works for spin Oand1/2.

Moreover, works for spin 1in QED.

Subtleties start at non-Abelian Yang~Mi|ls theorg.

No continuity with the hard mass.

The Higgs mechanism of mass generation leads to

continuitg but with extra fields in the theorg.



' In the most dramatical way the Problem shows up

inthe theorg of gravity.

- Compare the |ong~range interaction in the Einstein theorg
(exchange of massless graviton) with the Finite~range
interaction due to exchange of massive sPin~Z Particle in

j the limit when the mass goes to zero.

\\/ The bencling of Iight bg the

l
: graviton Sun is 3/4 of the Einstein

/\ theorg atm — 0

Three papers N 1970: lwasakx van Dam+\/e|tman Zakharov

The limit m — 0 does exist but does not coincide with m = 0



Generalities

Poincare group rePresentation are ditferent for
m== O =0

m # 0 :

s

Dpu s [1,:0,1,2,3, pup“:m2

spin 8, 2s 4+ 1 polarization states
Dp s pp,pu =0

helicity h = §p/|p], one-dim rep
C PT relates h and — h
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Generalities

Poincare group rePresentation are ditferent for
m== O =0

m;é() Pps, #=0,1,2,3, pup“:m2
spin 8, 2s 4+ 1 polarization states

s p“,pup“:O
helicity h = §p/|p], one-dim rep
C PT relates h and — h
In case of s = 0,1/2 there is no cliscontinuit9 in the number

of Polarization states when m — 0

When s = 1 we deal with three states at m =2
but with on!9 two states, h = x1, for m=o0



Neutral vector field

QED Lagrangjan, for the massless Photon
1 ¥
E = _4—62F[,LVFNV —|— 'c,b'y“’(zau, —I— A“)’Qb = m'tﬂ’l,b

Four fields A, but onlg two helicitg states of the Photon.
The Lagrangian does not Aepencl on all four fields due to

gauge invariance
A, — A, +9,0, ©— e
Fixing the gauge, e.g. Coulomb one, 8A = 0, we have one
field less. Besides the field Ao is not dgnamica ,

2
e o0k
Ao = A YYo¥ . Two clgnamical clegrees of freedom, A+,
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503 switch on thc mass For the VEGLOR feld one adds
2

m i
L = = 3 A, AP Froea ?ormallsm
(&4

Exclucling the nondgnamical Ap we get three d.o.f-
Often is said that an introduction of the mass breaks
gauge invariance. This is not correct, onlg the # of d.o.f.
matters. The gauge invariance can be restored

bg an introduction of an extra field ¢

m2

Lo = (A e “gb)z StUkelberg’s substitution

2¢2

Under the gauge transgormation
O — P — m

SO A, + (1/m)du¢ 1S gauge invariant.



Three Polarization states of the massive vector Particle
with the momentum k,, are described bg the Polarization

vectors €, satisgging felic a—0 5 the rest frame

k* = (m,0,0,0)
6(1)(), 6(2)()’ 6(3)().

After boos’cing along the r-axis, k* = (E,k,0,0),

r

SO =O
o= O O
— = @ G

Sy (2) e

= O D
i e R e,

"g ’
\0)
the h = 0 Polarization vector eM has kinematica”g Iarge

comPonents for Es>m. Theh = +1 Polarizations which

are linear combinations of €(2:3) do not grow with energy.

R iy



The kinematical growtlﬁ of €M for the zero helicitg state

could implg a growth of interaction. However,

kH ™m

fbiger Crag
(i 5 A e b

C O =

The first term clrops from the interaction €“ju due to

the current conservation, the second vanishes at

m — 0

It WQF‘(S for any number of the h = 0 quanta and shows
the clecoupling of the helicitg zerowhen m — 0.

Note that this clecoupling refers to EM interaction of the
neutral vector field. The helicitg zero quanta do not

clecouple from gravitg.



Non-Abelian Vector Field

The Lagrangian of Yang~l\/\i”s theorg

s 1 a < a a a abc Ab Asc

The multiplet of fields Af; 8 acljoint representation of the
group G

Again one can introduce the “hard” mass m,

m?*

2
Em — _2—92 (AF") .
The am[:)htudc of the process with the n massive cluanta

il e aj ...an l-'l']_a']_ Ilr'n,az'n,
Mn o Tul...un 61 e o o en

| et us choose Polarizations to be zero helicitg, fcs

k m k
Gui — £ = ’n“ 9 M:(—]_ T)
h=0 <m+E—|—|k| >X ’ n ,|k|

i s ™ iy
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it the only one Polarization IS longi’cuclinal we see the
same clecoupling at m — 0 as in the Abelian case,

H1lpay...a H2 a2 HUnQn —
because k Tu iy €1 Pl date

hC two quanta are longltuclmal

2
HiErat 2 asmai...an N3a3 Hn Qn,
X T‘ul L €3 ¥

which cloes not vanish When the commutator og color

generators [t9, E2leLa )

11



Thus) for two longitu&inal quanta we see a finite

ciscontinuitg at m — 0. For more thantwo h = 0

quanta we get a singular behavior)

E ) o Kh riplovich) A.V. 71

M'fbh:o o< gnhZO (_
m

It shows both, absence of the zero mass limit and
nonrenormalizibilitg of the théorg with the “hard” mass in

Perturbation theorg.

To isolate the singular behavior it is convenient to use the
Stijkelberger methocl,

A,=U "B, U+iU '8,U, A,=Alt*, B,=Bi"
U = exp(1¢p?t?) € G.

12



The substitution bring In a gauge reclunclancg)
B, — SB,S ' +is8,87', U—SU, SeqG,
where S is the gauge transformation matrix.
Fixing the gauge bg Putting B = 0. It means that B,
describes the transversal quanta while U = exp(i¢p?t?)
refers to the longituclinal ones.

The |eacling at E>m amPIitudes for longituclinal
quanta are given b}j the Lagrangian

Tr(8, U 10"U)

Sy

This is a chiral model with G R G sgmmetrg group. The

model is norenormalizable, and its couplin g/m s
PHng

singular S e U
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On the other hand it gives a hint how to overcome the
strong coupling.
In the linear o-model which for ¢ = SU(2)is

1 A
L= {a,,,qﬂa“q) +m2ete — Z(cb’fcbf}, = o+ ipr?,

the growth will stoP at energics larger than the mass of of
extra o Particle, Mme. It isjust what is used for the Higgs
mechanism of generation of the mass for non-Abelian
vector field with o beinga Phgsical Higgs field. Note, that in
the Higgs mechanism there is no 'umP in the number of
clegrees of freedom. This Provicf,es a continuityat m =0

together with renormalizabilitg.
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Massive Gravity
The Einstein theorg of gravitg

1
2 2
i S sl

R is the scalar curvature for the metric g, , g9 = det|lgu|

Near the Hlat vacuum nw = Diag(1,-1,-1,-1) one can exl:)ancl
Guv = NMuv + hpw

In c]uaclratic in . approximation the Lagrangjan describes

the massless graviton with two Polarization states, h = £2.

One can pass to the massive s = 2 tensor field adding the

Pauli-Fierz term
2

Lo = —M3 = [(hyw)” — (122)’]

15



For the zero helicitg state in the rest frame

00 0 O
Seleial 102 00 0
w600 -1 0

00 0 -1

After the boost along X~ax|s

k2 kEFE - i
poc o s L 0\ 21 B0ENEQ 0
2 kE E? 2 1.V
opteds U d el Tl e e M T gl
vélo o -1 o V6 | m? SRRl Sl
4 1 R gt o gt
o g - 2 /o

Consider emissionofthe h = 0 quanta. The term Ic'“k”/m2
clrol:)s out because the interaction h**T,, contains the
conserved energg—-momentum tensor Tuw . The second term
gives the finite amplitude of the emission for Iongituclinal
quanta.This IS an origin of lwasaki-van Dam-Veltman-

Z akharov discontinuity.
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The discontinuitg theg demonstrated was actua”g not in
the graviton emission (this was done later) but in the

bencling of Iight bg the Sun.

\\\\S\\\\v//*7/////

: 3 2 prvio3 ot
| gra\/ltOn A — —M—l%l TP"V D ; Ta,@

o ool e e the energy-momentum tensor, normalized

af
as 2p,pv at the zero momentum transmcer. In thé massless
case the Propagator
pryieB _ 1 (nuanuﬁ S nuﬂnva 3 nw/naﬁ)

) 2k, K+
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is fixed bg the unitarg condition for the exchaﬂge bg
the h = +2 states.

hosnawitihene -ns=2+3 and ftyes—"10

h(l):i01 h(l):i 10
vz \1 0)’ D L T

: i 1
Z hg:,,)nh](cl) S 5(5mk5nl + OmniOnk — dmnékzl) .

i—=il32

The Potential for the interaction of two massive sources is

k. =3 A GNMy Mo
Vo(r) = — e’ R
(271')3 4M1M8 T

18



In the massive case there are five states which in the rest

frame are gjven ]:)g the traceless Rmn |iving in d=%, m,n=1,2.%
5

=1

After the boost Omn — —Guw + (kuky/m?)

1
2(kyk#* — m?2)

(non”B 4 pByre _ Enuunaﬁ)

D#%u;a,@ = :

up to noncontributing terms containing k.

The static Potential becomes

4 GnM M
V()(’I"):—g Dleitel. e

—mr

Tr

The additional attraction is due to the nelicitg ZEero
(graviscalar) 6xclﬁange. I extra scalars are added the

cliscrepanc9 INcreases.



Of course, one can introduce Gn = gGN to get the same
static Po‘cential However, when it comes to the light for
which T! =0 we get the factor 3/4

8GN 1
AO e 12 (THUT,I“/ = ET[{;,LTI;V)’
3 87TGN : 1
i 17 e 1% ali%
i e s 4 1220 (Tm/T STNTV ) ;
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Nonlinear Corrections

What are corrections due to nonlinear terms in the graviton
interactions?

In case of massive Yang~~f\/\|”s feld every extra Iongltuclmal
Partlcle glves a Fac’tor 9~ Whlch 1mplles tlﬂat Pc—:rturbatxon
th !:) l th Ecr i T =

eory is broken energles arger than :
Similarlg, forthe h =0 Particle in the massive gravity

I e OF-

Mp; m?2

Arkani—-Hamed) Georgj, Schwarz '02

Ee ~ (Mpym?)'/?

21



The first calculation was 58 years earlier. It was in
application to the field of the static source (Schwarzschilcl

Problem) where the exl:)ansion Parameter was 1Councl to be

M,
MPZ,l T

p,\'/
ge, : i i
: R
A )l( // \\
/\ B

o iy imPlies that corrections are small at » > Ter

- ( : )2 AN 72

r2m?2

+ oo

1/5 1/5
rcrz( A ) = (ﬁ) JVME/Myp, instead of E/Mp

2 4 4
]Vlfq77z m



For the largest m = 1/10%cm from PDG and g = 3 - 10°cm

for the Sun we get

rer ~ 10%tcem

At the distance of solar system r ~ 10*°em
the next~to~leading corrections are about 1032

times bigger than the |eacling term.

One cannot re|9 on WCB‘( COUPIiﬂg.

23



Nonperturbative Screeni ng,

No analog of the Higgs mechanism for the graviton mass.

What we can do about the theory with ultra~strong
coupling’? Classical nonlinear equations 1S a Possible route

to g0 begonc] Perturbation tlﬁeorg.

1 1
it 2 Ly et AN
R, 5 guwR 5 m*(hu nﬂyh,y) == ME)I

Ty

Although Per’tubative solution generates stronglg couplecl
zero~lﬁe|icitg modes nonpertubativelg theg can screen
themselves Proviclinga continuitg at m — 0 with the

massless Einstein theorg.

24



Higher powers of huv 1N the mass term are not fixed.

Spherical symmetric metric
ds® = dxtdx"g,, = e’dt* — e?dp? — e p?*(dB? + sin? Odd?)

New radius coordinate T instead of p and A instead of o

e?H
a2 Az
r=pe o=
p : 1 p du
2 dp
In massless case )
(ALY ALY 1 g
I/():—)\():ln 1—— )| = — o M—..., [1,0:0
r r 272

In massive case the Pérturbative solutionat > ru

M rm 1 rp 217
V —— T Y 1 | ST L e e | LN N ) A T i X 1 oL |
< 32m4r2 ) 4 2 r ( S8mir2

21
s i <1+ TM+...>.

4mir2
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The factor1/2in A,,, reflect vDVZ cliscontinuitg.

Exl:)ansiorx in the mass instead of G~ leads to

e —T—M+O(m2\/er3), X T—M—I—O<m2 'rM'r3>,
r r

8’)‘]\/_[
13r

nai— + O(m2r2) 3

This solution is clear|9 nonanalgtic in Gn. Itis valid at
Te 2>T >TM
Its asgmptotics at r > rcis not known -- could be
exponentia”9 growing instead of clecreasing. It looks as
a continuous at m — 0 solution is alwags Possible but

a ; exPonentia”g clecaging solution is in doubt.

Damour, Kogan and Papazoglou '03; Deffayet et al



Unresolved Problems

Boulware and S. Deser 72 Besides five degrees of freedom for
massive s — 2 the sixth one shows up at the nonlinear level.
At the linear level

O*(huy — uwh) =0,  h = h
follows from
1 R 3
R;u/ v 5 g;u/R o 5 m (hp,v T nuuhﬁy) = M2
Pl
and R vanishes. Then h=h2 is fixed

Sy . 5

= 4=
3'rn,2MP2,1 7k

Ty

Thus, OERLS =0y 2p S for noninteracting ﬁeldj 5 degrces
of freedom. At nonlinear level R does not vanish and h
becomes clegree of freedom. See recent works

Gabadadze; De Rahm For Possible Jres_oluti__on_._ __
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Brane Gravitg

Dvali, Gabadaze and Porrati '00 One extra dimension y.

S = Mp, { / d*z\/—g O R(g™) + % / d*zdy 9(5)R5(g(5))}

The Parameter' Me related 5(:] and 4d Planck masses:

B e 2
M* = 7 'MPI

‘Two matter sources on the brane interact }39 one~graviton

CXCI’TangC as
8nmG N

Al—grav(kvy o yO) = Y FE mcm
The coefficient 1/ % demonstrates Perturbative vDVZ

clisc:ontinuitg. Strong couPIing summation restores

T;,I,I/Tl j ET“T,U
Qv 3 nov

continuitg. Deffayet, Dvali, Gabadadze and A.V. 01
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Higgsization of Gravitg
and

Breaking | orentz Invariance

In Higgs Phase of massive non-Abelian vector field the vacuum
condensates are not invariant under action of group
generators Q.

Analog for massive gravity: breaking actions of Poincare
generators Py and My | .e. translational and Lorentz
invariance.

Models with breaking L orentz (but not translations) were

suggesteclj Arkani-Hamed, Cheng, Luty and Mukohyama '03; Rubakov 04,
Dubovsky '04 .

- To llustrate the idea let’s aPPIH it to Yang-Mi”s theorg.

29



Instead of the Lorentz-invariant “hard” mass term m2AZA““

let us introduce

1
5(m2)“VAZA$ (m?)* = Diag(0, —m?, —m?, —m?)

Equations of motion
DsG (mz)’,fAZ =J,
after aPPIication of D” give

DY [(m2)’,jAZ} =0 — 8"A%=0 (n=1,2,3)

It is the Coulomb gauge condition which imPIies two clegrees of

freedom for each a.The Gauss law for Ap

1
(0F o * A
Ag = DmDmJO

30



As a result we come to two transversal ﬁelcls Plus

interaction. Two currents 7 and J

interact as
1 5ij S (ksz/EZ) 1 m2
LI 2 T . M 2ty .. T . ” .
| A= ]OE2JO g Ji= dupnen s +JOE2(k2— 2)J0

The instantaneous term vanishes at m =0
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Conclusions

* Massive modifications of gravitg in the Lorentz-inva-
riant fashion (l:ierz-Pauli theorg} are cha”enging:
vDVZ cliscontinuitg) Boulware-Deser instability,
ultra~strong cou Dling.

*» While it is Possib e that these theories make sense when

ultra-strong cou :)ling IS Fu”g accounted for there is no
much 01C theoretical control.

\ Lorentz~brea|<ing condensates could Procluce a
tractable theorg in weak Coupling with many interesting

Phenomenological COﬂSCC]UCﬂCCS.
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