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Introduction

1. Breakdown of general relativity theory?
1. Weak field regime (solar system, galaxies)
2. Strong field regime (pulsars, black holes)
3. Cosmology (dark matter, dar energy)

2. Quest for a new theory of gravitation?
1. New-dimensions (braneworld)
2. Non-riemannian space-times manifolds

3. New field equations
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I General Relativity

1. Geometric framework
2. Field Equations
3. Test particle motion (geodesic postulate)

4. Matter coupling (minimal coupling)
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General Relavity — Geometric framework

I 1. Pseudo-Riemannian spacetime manifold
2. Lorentz Metric (lengths, angles) ds* = gMVdCE”"dI“
3. Levi-Civita connection (Christoffel symbols)
(parallel transport, covariant derivative)
L o = %gaﬁ (0ugpv + Ovgus — 939w )
No torsion and no non-metric

T?w — Fcﬁu - FC;/M =0, Qamx — vagm/ =0
4. All properties determined only by the metric
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I General Relavity — field equations

1. Einstein-Hilbert action
S:/\/——ng4x
2. Einstein Equations (vacuum)

1
GMUZRPW— §gMyR:U ‘(:}RM;,:O
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I General Relavity — test particle motion

1. Geodesics
A dz dxP d?x” dx” dx®
ds = § \/ 3 d\ =0 p —
/" f;\ 9oPaN ax d)\2+{uoz}d)\d)\ 0
2. Auto-parallels (affine parameter)

. d2a:'p_|_ 0 dx¥ dx _ 0
u'u“vuu =0 d)\2 776" d\ d\

Obs. :same curves.
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General Relavity — test particle motion
I 1. Geodesic postulate. Test particle motion:

1. Massive particles: time-like geodesics, proper

time and space-time interval (-+++):

o)
dr = —ds*  uP = % g’ = -1

2. Light rays: null geodesics, causality (light cone)

d82 — 0 et — dd:,c)\” gﬁykuky — ()
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General Relavity — matter coupling

1. Principle of minimal couple

Special Relativity ---- > General Relativity
Ny = diag(—1,+1,+1,4+1)— g,

0, — V,

2. Momentum-energy tensor
0Snr = 5] «./—gLMd4$ — /x/gTﬁwég“yd‘lx

3. Einstein equations 1

pr — Lpypy — §guuR — T,uu
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I Scalar-tensor General Relavity (GR)

1. Weyl's integrable space-time (WIST)
2. Field Equations (metric and Weyl's scalar)
3. Test particle motion

4. Matter coupling
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Scalar-tensor GR - Weyl's integrable space-times

1. Lorentz metric g2 = gwd;[;ufdmv G = Gop

2. Weyl's connection (symmetric). No torsion

w | o |
WY ok ) A F Il',I ya F Il',I X i y I,"}ﬁ
i _{ o }* 5 (Vo0 + 00y = 9uv®)

3. Non-metricity. Weyl's vector 1),
; i} f . |
Vl*’.q}kﬂ — ()y,(],m o ].—"l}ngf-j” o ]'_‘jjflug‘lﬁ}l E=: _wl»’g}k,u

4. No second-clock effect. Weyl's scalar 1

wu — ;ufw

5. All properties determined by both 9o and ¥
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Scalar-tensor GR - Weyl's integrable space-times

1. Weyl's transformations @ = (") = (2",z',2°,2°)

Guv (2) = "W (2) P(z) = Y(x) — o(2)

2. Curvature of WIST and Weyl's transformations

R = Ry - (“:uu B 59WD”U) ~ 9 (900000 — 0,40,9)

P

A . 3 _
R=R-—30y — 55‘“@{1&}“-‘{;{: R,Lw — R,Lw

A

R=¢T"R

obs. (hat): R = R(g), R, = R,.(g) (only metric)



Conformal Invariance and Scalar-tensor

formulation of General Relativity
(Weyl's integrable space-times)
J. Fonseca Neto, C. Romero (UFPB / Brazil)

Scalar-tensor GR - field equations

1. Conformal invariant action ( 9> and ¥ )
S = ./.-\f—yET"IDRdfliﬂ

2. Field equations (Weyl's scalar and metric)

5 i S .
R =R —30¢ — Z0,40"¢ =0

- | e | Y
Gp,u = Gy.u 2 (T,"i’;_u.y = fy’p.u[l'ﬂ{") 1 § (dﬂwdy?;f; g iy;w@ﬁwd“w) = ()
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I Scalar-tensor GR - test particle motion

1. Weyl's geodesics (auto-parallels)
2. Massive particles
3. Proper-time (affine parameter)

4. Lagrangia



Conformal Invariance and Scalar-tensor

formulation of General Relativity
(Weyl's integrable space-times)
J. Fonseca Neto, C. Romero (UFPB / Brazil)

Scalar-tensor GR - test particle motion

1. Light motion. Weyl's null geodesics (auto-paralles)

N, dit dz” ov(g.) .p dk’ ; P
bk =gy =0 KV OR = xR =0

2. Metric null geodesics are Weyl's nuli

geodesics reparametrized. Same light-cones

dﬁ R dL
ﬂf\— g e — [P LBLY _ 4P WIS R i

do\2 [ d2zP dx® dz¥ d?o do \ di| dz”
— + Tﬁ — | = —_— 4+ =]
dA do? " do do d A2 d\ ) dA\| do
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Scalar-tensor GR - test particle motion

1. Massive test particles. Proper-time (affine parameter)

and Weyl's time-like geodesics (auto-paralles).

2 i 7.2 f dzt dz¥ %
[—IT — _EIL dS f}grrf”-'[ g = T e e— L L
dr dr
| - dz® dx” (g.4) du” } ok
3 [dr=0[1/ega = ofu’ V¥l = —-H’ wut =0
/{ /\/{ g ida dT fi.l (r i

Weyl's time-like geodesics are different from metric

time-like geodesics.
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Scalar-tensor GR — conformal killing vectors
I 1. Symmetries.Conformall killing vectors.

J 2 _dy
k= O‘}\ ‘{‘ﬁ{-}n "{:Fu{flrux = —k Yalur = T

v Juv

Invariant under Weyl's transformations
: po— dz¥
2. Constants of motion Y = 7,

I R T T, E_E(“‘H {h' («r ( ( )j—j diy)
Ciry = kou” = g k™’ 47 e (1) = Cigy(moJe

7 i T, d .. _ u|d¥, d
H'(ﬁ:j — € ﬂ;gyk'r (! d_TH'IIFr} = e !Efra}*d_f(&}] 0
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Scalar-tensor GR - weak field limit
I 1. Weak field slow motion limit.

ﬂ';m - ”Irm T Fhlrru 11‘1 — EwU

2. Test particle motion

d2zH dx® daP v € 5 ..
N 1 P — 5~ = —5C V{hoo +%o)
dr? B dr dr i 2
3. Newtonian potential 2
U = —(hoo + %)

2
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I Scalar-tensor GR — Einstein and Weyl's frames

1.Einstein and Weyl frames (gauges)
Several equivalent descriptions
of the gravitational field related by

Weyl's transformations

1. Einstein frame (gauge) - unique

~b

G = ewgw = 1N, LEE =0

2. Weyl's frame (gauge) - several
(9% ™), .., (g%, ™)
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I Static Spherically symmetric WIST

1. Static spherically symmetric solution

2. Conformal killing vectors. Const. of motion
3. Gravitational redshift

4. Precession of the perihelium

5. Einstein frame (gauge)
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Static Spherically symmetric WIST - solution

1. Field equations

- 1 A 1 o s e
}?.l"-f’r = R.I’”*r - (l"'r-'ll":ﬂ-” o GIHJ'JHDT.J:J) o E (.-t}.l'u,rdn'[r."lrdtlt.flj - d.tﬂ.ts"x‘fjutﬂ'l'!) = ()

2. Solution
w(r) = ]n[l _ i] Koo df + Fdr Pdy P :ﬂn[ﬂ]“ do

r-r —— ——

{,- — J".':?}I F=FN F=1rs
rs = 2m r > 2m
3. Weak fied limit
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Static Spherically symmetric WIST — conf. Kill. vec.

1. Conformal killing vectors
& =(1,0,0,0) »*=1(0,0,0,1)

2. Constants of motion. Energy and momentum angular

dt 2+ dr 2+ o\’ | do . 5
( — ( — oo | — ] +gua|l — ] = —¢
Jno 7 g1 o G429 7 g33 e

y ' I . I . . fff
E = eY6u” = €Y go5u€? = ¥ goou’€® E = e’g00

dr

3 . do

L =e"g33—
] £ L’dddT

L = e"nou® = €¥ o ‘f.s”'-r]-ﬁ = e" 33U
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Static Spherically symmetric WIST - properties

1. Gravitational redshift. Static observers

dry = \/61')(T"'4)QQU('I’A)dt dry = Ve¥(ra)dt

ﬁ’!f":‘('rﬂ :)

d’?"q — dTH

e Y(rg)

= _ , —=m
vV \/ e¥(ra)et(re) %

Av Vet(ra) — y/et(rs) Av ( 1 1 )

' T4

Equal to Schwarzschild space-time.
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Static Spherically symmetric WIST - properties
1. Orbit equation

1 ' . ' P .2 2 4
f = 7Tt = dt/dr I = d?"/dr 0 =4 gool” + g117° + g33¢9” =€~

E—EﬂbE‘Z 5 E—Z'L’f’LQ , 1 E? EjllLE ({m)i L?
— _e ¥ = —+5 — | +— =
goo kL g33 ‘ . r oo 933:-1“-4 o 933
du\ 2 d*u
P (—=) —(1-2mu)’L?=0 — +u—3mL*u* =0
do do?
2.Precession of the perihelium G M

OPprec = c? a(l —e?)

Equal to Schwarzschild



I Conformal Invariance and Scalar-tensor
formulation of General Relativity
I (Weyl's integrable space-times)

J. Fonseca Neto, C. Romero (UFPB / Brazil)

I Static Spherically symmetric WIST

Einstein frame (gauge)
Performing a Weyl's transformation
to the Einstein frame (gauge) where
the Weyl's scalar Is zero, the solution

reduces to Schwarzschild solution.
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Merci beaucoup
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