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The shape of our universe

G = SO(1,d)



Strings and particles: the anti de Sitter
umverse

XZ—X2-.. —x2 1+X — RZ

et n, =diag(l,-1,me-1,1)  SO(2,d — 1)



dS and AdS QFT: What Are the Problems?




The asymptotic cone

{¢8 - €% — ... — €2 =0}




The asymptotic cone: causal structure

X.,Y are spacelike separated iff (X —Y)2 < 0 (X —Y is
outside the cone)

(X -Y)°=X24Y2-2X.Y=-2R?°-2X.Y



The anti de Sltter universe

XZ—X2-.. —x2 1+X — RZ

et n, =diag(l,-1,me-1,1)  SO(2,d — 1)



The asymptotic cone




The asymptotic cone provides the causal
structure

X e Y on AdS are spacelike separated iff (X-Y)?<0
(in the ambient space sense)



ds timelike geodesics




AdS: timelike geodesics




The asymptotic cone as the de Sitter
momentum space

Geodesics: de Sitter
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Energy

In special relativity the energy of a particle is measured relative to
an arbitrary given Lorentz frame, being the zero component of a
four-vector.

This picture does not extend to the de Sitter case where frames are
defined only locally.

The maximal symmetry of the de Sitter universe allows for the
energy of a pointlike particle to be defined relative to just one
reference massive free particle understood conventionally to be at
rest (a sharply localized observer)

The energy of the free particle (§,n) with respect to the reference
geodesic (u,v) is defined as follows

cK(gm)(u,'v)

u-v

FE = E(g)n) (’U,,’U) —_— — E(u,fu)(ga "7) .



Energy

Geodesics parameterized by (&£, X) and (u,Y)
_ o X)(EY) — (X Y)(E - w)

E

(€ X)(u-Y)
( 1 t
Yo = Rsinh% 4 55eE|#|?
Y1 = exp(%)az1
! Yo = exp(f)ao
Y3 = exp % 3
Y, = Rcosht — LeR|7|?
\ R~ 2R

Geodesics observer at rest at the origin
Y = (OaOaOaOaR)a ’U’ZA(]-:O)O)O:]-)



Energy
ds? = c2dt2 — e2¢t/ R(Sz-jdxid:r:j = 2dt® — a,2(t)63-jd:z:id:r:j :
Y =(0,0,0,0,R) and v = X(1,0,0,0,1).

Energy of the particle parameterized by (&, X)
as seen by te reference observer (u,Y)

s X)(EY) = (X V)W) _ he?

(€ X)(u-Y) R ¢
R or e m RdX(0)
X — R — R —_ |
D = gy (e e )= (X(O) S ) |
. 2 |
i dx’ Dy = _me2ct/Rd_$z _ ma? (t)v’

dt’ dr 2
4 \/1—a2(t)%§



Energy

E can be interpreted as the correct de Sitter energy of the particle is
confirmed by noting that it is the conserved quantity associated to
the invariance of the particle action under time translation.

Indeed, since in flat coordinates the spatial distances dilate in the
course of time by the exponential factor the expression of an
infinitesimal symmetry under time evolution is

t —t+ e,

. . C .
! — 't — —2'e.
R

The action
etV fUJ
S——mc/\/l—eR 5Zjdt

is invariant and E can be obtained from S by standard methods



Classical scattering
bi +b> —c1+ ...+ cy

Problem: find the outgoing momenta (£f,nf) given the
ingoing ones (x;, ().

R cr _cr
Xu(r) = N (EﬂeR — nue R)
. . A
K; = mjc Xi /\ Gi Kfszc gf i
Xi - Gi Sf "N




de Sitter plane waves

PA(X,8) = (X - )N =
— (X0£0 o lel . ded))\

w(ajjp) — e'ip-.:c — ezm(ﬁw))




de Sitter plane waves
(X-ON=AQ+d—1)(X-ON

Involution:

A—XA=-X—(d—1)

A+ X=—(d—1)

(X&) M9l = (—A—d+1) (- M) (X- s) —A—dTl

Scalar waves with (complex) squared mass:

m2 = A\

(O+2X) (x-9*=0,

+AX) (X - =0



Principal de Sitter waves

\)

OA(X,€) = (X -€)~ 2 Fiv
A=-A—(d—1)=-9%1 —iv ‘
d—1" .
Y3 (X,6) = (X -€)"2 ¥ =) (X, E)

A= dal Fiv, rveR

m2 =M =2 = (151)" 402> (15)°



Complementary de Sitter waves

A= dgl v, veR
PA(X,E) = (X - )~z + \

T hese waves do not oscillate!

A=-A-(d-1)=-%t v

P3(X,6) = (X -€)7Z ¥ £ (X, E) = (X, €)
12 — A\ — (d 1)2—1/2




Discrete de Sitter waves

v, vER, |v] > (%1) \

P\ (X,6) = (X -€) 2 TV

have real but negative squared<4mass.
2 _\Y _ (d=1\2 .o
m? == (%51)" -2 <0

A= 451

2

dS Tachyons?

(X -6)" and (X -&)"log(X &), n integer
(X-& 4l and (X&) dtllog(X - ¢€)



The plane waves are however irregular

UA(X,€) = (X - O
XedS:(X-¢€)=0

(XN = [X €M (@(NO(X - &) + b(\)O(—X - €))
Choice of a and b: go to QF T

skip



dS: construction of two-point
functions
W(a1,20) = [ e 7P 20(p0)5(p? — m?)dp

Frq(X1,X2) = [ (X1 OME- X)Ly (6)

Y —

( x; T )\)_\) F\(X1,X2) =0,




They are dS invariant
Plane waves are homogeneous functions of &

Y(X,a€) = (X - a)?* = a™MP(X, &)
(X1 - a@)Ma - X2)* = aM A (X1 - O)Me - Xo)A
A= —-(d-1)

Frq(X1,X2) = [ (X1 M€ X2) " dpy (6)

F\(9X1,9X2) = F)\(X1,X2) = F)\(X71 - X>2)



How to chose the right coefficients?

W X €dS:(X-€6) =0

(X - = |X €M (a(N)O(X -€) +b(N)O(—X - £))



de Sitter tubes
dS¢ = Zg — Z% — ... Z%2 = —R?

Z7=X4iY X?2_Y?2=_R?2 X.Y=0
7T =Y in the forward cone.

T— =Y in the backward cone.



v (Z,€) = (Z - €)* is globally well defined in
both the past and future tubes because the

imaginary part Y-£ is always positive (negative)
for Z € TT (alternatively Z € TT1)

Boundary values on the reals:
(X -0 = |X ¢ (0(X - &) + eFmo(—X - )



n d—1 | .
%_L(Zaf) — (.CU L ny) 2 |’U/7

are globally well-defined in the tubes.

( ) y
10 = R_smhé-k%xzexp% 0 = 1+
{ #¢ = x' expp, ¢ & = n
d — t 1,2 t
\ €T == RCOShR—ﬁX expﬁ. k é‘d — %(1 _,,,]2)

V() = [Ix(t £ ie x) - £(n) 3 el dx

([

o (k) = = (2me~t)3 exp(ikn) k= H® (ke t)

)
)

|
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Fourier representation for Bunch-Davies aka
Euclidean aka ......two-point functions

For Z1 € T~ eZQET+
W(Z1, Z5) = [y (Z1-©) (€ - Zo) @Dy (e)

To be compared with the standard flat case:
W(a —20) = [ e P21 29(p0)5(p? — m?)d"p
z1 €17 zo € T+



Fourier representation for Bunch-Davies aka
Euclidean on the real manifold

Wi(X1,X2) = [y X1 - €N Xa - €
x (0(X1€) + e ™ 0(=X1 - €)) (0(X2 - €) + €™ 0(—X2 - €)) du(€)




Wa(Z1, Zp) = [Y (Z1- &)™ (& Zo) @ Dap(e)

(= Mr(A+d-1 d 1-—
_ TEITO+ )gFl(—)\,)\—I—d—l; = —)

(4m)d/21 (4) 2
F(-\)r(A+d-1 _d-2 _d=2
— ( ) ( ] ) (CQ o 1) 2 P_AEQ(C)
2(2m)2 2
a) W(Z», Z>) Is invariant under .
) ( 2 2) | C — Zl . 22
the complex de Sitter group
W (Zq1, Z>) is maximally analytic. c=-1
T he cut reflects causality

b) W(X1, X5) is b.v.of W(Z1,2Z5) from T— x T+t
The permuted function W (X5, Xq)
is b.v.of the same W (Z4,2Z5) from T+ x T~



One point tubes (AdS)  z=x-iv

AdSe =72 - 72— ... 72 |+ 73 =—|—R2"’\§2—Y2: R?_
X-Y=0

T _ ZcAdS? :Y* >0, T _ ZcAdS? :Y* >0,
Y, X, - Y,X, >0 Y, X, -Y,X,<0




AdS Klein Gordon fields

V(Z,8) =(&-2)°

W(z,2) = [ (26772 T due)

v(2) 1s a (point dependent) path in the complex
asymptotic cone bordered by the plane &-Z =0



What about positivity?

[ Wa(X1, X2) F(X1) F(X2)dX1dX5 > O

For principal fields positivity is obvious
Wu(Z1,22) = [Y(Zlf)_%Hy(ﬁ'zz)_dg_l_wdu(i)

dS-Fourier transform

d—1 .

e = [(6- X017 au© f(x)deo

[ W(X1, X2) F(X1) S (X2)dX1dX5 = [y F(e, ) 2du(€) > 0



Complementary fields (inflation)

W, (Z1,22) = [y(zzi)_%_IJFVI(S'Zz)_%_l_V"du(E)

The proof is a little more difficult;
based on the following relation valid for v > O:

(X +4iY) ]2 =

:I:z?r.vr (d 1

/ (- )2 HUX £iY) €177 Vdp(e)
(2?1’) QVI_ (v)

skip



De Sitter Tachyons

W/\(Zla ZQ) — r(_A) GA(C) ) C=21-4>,

r(A+d-—1) Cd 1-¢
GA(C)—(%)d/Qr(%) oF1 (<0 A+d-1; 5 =0
Wn(C)zoo

Gn(C) = cpoFy (—n, n+d-—1; %; %) is a polynomial.

Cn(X1, X2) = limy_,, C\(X1, X2) =
= limy_,,,[W (X1, X5) — W) (X5, X71)] exists and is nontrivial.

Wn(Z1, Z2) = /\Ii_n;lnl’(—)\) [GA(¢) — Gn(C)]

Wn has the right commutator:
Wn(Xl:XQ) — WH(XQaX].) — OW(XIJXQ)



The field equation gets an anomaly

Wn(Z1, Z2) = )l\[pn F(=X) [GA(C) — Gn(Q)]

[0 —n(n+d—1)]Wn(¢) = Gn(©),
[0 —n(n+d—1)]¢(X) = Qn(X)

Q,, |[phys) =0



Fourier representation

Wn(z1, 20) = Wn(z1, 20)—Ft (21, 20) — F2(21, 20)+Gn (21, 22).

WaGe,22) = [ [ Gre©' 47" (6 €)™ 10g(6-€) (22 €)™ du(E)du(€)
Fi(a1,2) = j / 0g(z1 - €)(z1 - O (6 )" (2 - €)1 du(€)dpa(€)
FR(21,2) = [ﬁ/ﬂy(zl O (¢ €N log(z - €) (22 €V du(€)du(e))

vV ekEbk, E,= {\U € CSO(Xd) ; /Gn(atl cxo)W(xo)dry = 0}

Wn(z1 - 22)|E, xB, = Wn(21,22)|E, < E, -

(Working hard one can show that the theory) is local, de Sitter
invariant and positive definite

The equation of motion is obviusly anomaly-free

The positive physical space disappears in the flat limit



Remarks

Ford > 2isan even integer z = —(21—22)%/4 =

(14¢)/2.
Bn = 2172 A(2, n, d)—109(2)B(z, n, d)+C(z, n, ),

A, B, C are polynomials in z
The most singular term is locally Hadamard(CCR)

(4r) "2 (4-1) 172

A fully positive de Sitter non-invariant Allen-
Folacci type quantization does not exist for
m #= 0. Note that the Allen-Folacci two-point
function does not coincide with wy, on the phys-
ical space.



Unstable Particles

P

q

- 2gi(2m)4 o
(pa|SIk) = ZECT 5, (k — p — )




Interaction

Switch an interaction

[79() £(x) da
£(z) = : do(x)p1(x) o (a)"2 :

g(x) is an infrared cutoff . g(x) — 1 in the end (adiabatic limit).

Special case L(x) = :¢"(x) :

In the following

L(z) = : ¢o(x)d1(x)p2(x) :



Transition probability at first order

F— w@ { |Fow) Bo(w) do
[ fo(2)Waueler! y) fo(y)da dy

N\
[ Wing (e, ) Wau, ) du =(C(mo, )§(mg — a2)Wing(z, ©).
\%\
Wi (4, v)Wm,(u, v) = p(az;ml?mz) a(u, v) daQ
o e = G

f Wing (v, ) fo(z)dz



Projector identity

e Proiector identity: non trivial holds only for
the pricipal series

/wy(z, x) w,(x, y) de = 2w coth nvd (V2 —v?)wy (2, y)



Technical intermezzo 1:
computing the KL weight

Fourier (momentum space) representation of the two-point
function satisfying the positivity of the energy spectrum axiom:

1 :
(21 / e P (p%)s(p? — m?)dp

pr = p0z0 — plgl — _ pd—1gd—1

Wi (u, v) =

Wi (u, v) - Wmo(u, v) =

1 .
~ (2m)2d-2 / e 1 P1HP2) (=) (p9)5(p7 — m3) 0(p3)3(p3 — m3) dp1 dp>




Computing the KL weight

p(s; m1,ma) = (2m) =4 [ 5(P—p1-p2) 5(p3-m)0(D) 6(p3—m3)0(3) d%p1 d’ps

where PO = /5, P=0, s> 0.

pls; mi,mo) = (21 [ 5(p} —m)ow) 5 (s — 2v/5p] + mi — m3) dipy

(2m)179Q, 1 (o 5 (Tz L m2 (s+m% — m%)2) =2 g

1

2V's 0 45
d—3
B 4\/s 4s
1-d 5 5 %
— (27) Qg1 (s — (m1+m>)9)(s — (mq1 — m»o)*)
4\/5 45
QTTTJ,/Z

= Yn>1

" r(n/2) -



Equal masses

1 d—3

5 2 2 2 2

p(mOn ml? ml) — d—1 d—1 (mo - 4m1) ’ Q(mo N 4m1)
22d-377 (451 mg

. 2 _ 1 3
d=4 : p(mg, my, my) _m(m%—sz%)zQ(m%—éLm%)



KL weight

Evaluate the Mehler-Fock transform

d—2 d 2 d—2 2

hy(r, v, \) = 1°°°p R ORETN L (W) ~ )% du

which provides the Kallen-Lehmann weight

d—1 P d—1 . d—1 d—1
p(k2, v, \) = r( 2 -I—w) r( 2 'w) ( + A) ( 2 1/\) sinh(wk) hy(k,v, A),
2(2m) 13

One needs something like a vectorial Fourier transform adapted
to the de Sitter geometry



Another integral representation

Let us evaluate the 2 pt function at purely imaginary
events of the past e future tubes

d-1 % d—— v — 5=
Wy (—1y, ?:'y,) — i 2 —I_,;d_l)_lr(d ?’ )/( g)_——HV ) ) dgl dou"}’(E) —
_rE+ae)r (d—f—%ff) 2 N\ R
G (g )
Yy = (ua Y u2 T 170‘_-5)

62(1,6) 3
y = (1,0,...,0) t
yy =y'=u>1
y =1

0=

d-2 1 —d=1_gy
. (u) = m/m (y-§) dp~ ()




Fourier-like representation

d—2 d—2 d—2

o0
P o 5 5 B __ .
hg(k,v,A) = /4 P—%-I— R(u) P—%—I— (u)P_%_i_ A(u)(u 1) du

Ju [33 (y-€)" 2 T (y-6) T M (y-&3) T P dydS2 d2p d23




Star-triangle identity

1) Integral on the hyperboloid: a star-triangle relation
[ -2ty g)ta(y - gg)mtedy =

= C(a1,azaa3)(€1 £2)"3 (&2 - 53)(11(53 £1)%?

T A\,




Integrate the triangle

2) Triple integral on the sphere
= [, (€1:62)"(62:€3)" (6:€1)"2 dSy d22 A2,
d—1

&1 =(1,$21), §1:6=1—-9C21-82p =
£ = (1,€2), (19212 4 1Q22]%) — Q1 - Q0 =
§3 = (1,€23) 511 — Qo2 = A2, =13

. AT NS AZSD2 dQ) dQp d23 =

d—1

2a1 2a> 2a
= /Dp(rl,fr'g,rg) ry L1y 2ry 2 dridrodrs.



Integrate the triangle
= [, (€1:62)"(62:€3)" (6:€1)"2 dSy d22 A2,
d—1
= ) ATS3 NI AZR2 Q) Q2 dQ3 =

2ao

2a 2a
= /p(’rl,rg,'rg) ry Lr5 2rz cdridrodrs.

d—4

p(ry,12,73) = £ / p(ri,ro,r3)dridrodry = 1+rg+r§) 33317 .

J(aq1,a2,a3) are the moments of the probability density of
three random points on a sphere making a triangle with
sides r1, ro and rs.



A Beautiful formula

00 _% _%2 _%2 2 .

/1 P_% Zﬁ;(u) P—%—F (u)P—%—I— )\(u)(u B o
[[eerer=t1T (d?Tl + zen-|—g,521,_|_zﬁnk)

[HE 1l (% + %H’ﬂ [HE’—il r (% + i€ U)] [H n=x11 (d 14 zeff)\)]



p never vanishes.
For m > me = (d — 1)/2R decays into heavier
particeles are always possible

Surprisingly (for me) the Minkowskian result is
recovered in the zero curvature limit by posing
k= MR, v=mR A= m'R:

lim p(k2;v,\) d&? = p(M?:m,m’") dM?.
R—o00



Dimension d=3

> 1 oo tanh(%) sinh 7wk 5
Wole,y)® = E/o (cosh 7k 4+ cosh 27v) & Wiz, y) dr
R  tanh(%9) 1
(1,2) = M29(M—2m)

4 2( | COSh27m)
=14 cosh v

M il fh m S




Complementary fields. Inflation

®.@)
W2(z,2) = / kdk p(K2, V) Wi(z, 2')

— OO

0 N—1
W2 =/ kdi pu(K)Wi + D An(V) Wi, qim42n)
- n=0
Ap(v) = 8m(—1)" M (p+2iv+n)r(—2iv—n)
n\) =— 1+d M (p42iv+4+2n) (—p—2ir—2n)

n!24qr™ 2 RA=2[ (1)
r(u-l-n)'_(—w n)r(u-l-w-l-n)
I_(—w n—l—z)l_(u—l—u/—l—n—l— )

p=(d-1)/2

The number of discrete terms is the largest N satisfying N < 1+ |Sv|— /2, or O if this is negative.
A particle of the complementary series with parameter = 3 can only decay into two particles
with parameter v = %(|,3| + 4+ 2n), where n is any integer such that 0 < 2n < u — |3|, and the
decay is instantaneous.

A particle with mass M < m,. can only decay into two particles of mass m ~ M/\/i.



Infrared limit
g(x) — 1

Xo = R sinh(t/R)

X4

2)\27 coth(mwk)?

2X2C(k)p(s2,v) [g(z) |F(z)[?ds
im e = p(k°,v)
T—oo T [ fo(x)Wi(z, y) fo(y) dzdy K]




