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SHORT TALK



Tachyons

A What do we meanby tachyon®

A Local anctovariantquantumtachyonsdo not
exist

A DeSitterlocaland covarianttachyonsDOexist
for discrete (hteger) valuesof the negative
squaredmass

A Donot knowyet the physicaimeaning(if any)
AEND OF THE SHORT TALK



Long talk

(Now you may start again to watch
the screen of your laptop or surf
U0KS AYUSNYSI



Relativistic Tachyons

A s thetrasmissiorof energy faster than light
contradicting special relativity’>

E — mc
12 F

A When v — ¢ Eandp diverge.

A A classical massive particle moviv_< ¢ at one tin
cannot movev > ¢  at a later time; this does not rule
2dzi 20KSNJ alLJ NLAOt Saeg Y2
Instance do exist! But they areassless




Relativistic Tachyons Il

= pl = m = ip
2y 2y
62 C2
2p2 — (2 = ;24 %:%>1

CSAYOSNHBQA NBAYISNLIINBGF GA?2
Emission of a positive energy tachyon = Absorption of a negative energy tachy

N



Linear Quantum Field Theory

} The degrees of freedom of standard linear fields arevided by
the commutatorfunction: a bidistributionthat vanishes apacelike
separated pairs

[p(x1), ¢(x2)] = C(z1,22)1

} On a globally hyperbolic manifold the equations of motion plus
canonical initial conditions unigquely determine tbemmutator

(g, + m?)C(z1,20) =0, i=1,2

C(z1,22)|,0-,9 =0,

9 . _
8—3380(5517332)‘58(1):3;8 = thé(x1 —x2) =0



Two-point functions

+ A Hilbert space representation is associatedatoytwo-point
functionthat solves the equations of motion

(Ozy +m*)W (21, 22) = (Ozy + m*)W (z1,22) = 0
+ The functional equatiofcanonical quantization)
W(z1,z2) — W(x1,22) = C(x1,22)
} And the positivedefinitenescondition
[ W (@1, 22)[(@1) f (22)dz1dzs > O

1 For Minkowski,dSadSor other simmetriesif unbroken: invariance:

W(gx1,g9z0) = W(x1,x2)



Spectral Property

There exist a complete set of states having positive energ}'

Il cwvaeno f1

W(xq,...,xn) is the boundary value of a function W(z1,...,2n)
holomorphic in the tube {Im(z;41 — 2) € VT of the com-
plex Minkowski spacetime

Consequences

1) 2 pt functions and propagators  2) Free fields
3) Perturbation theory 4) Renormalization



KleinGordon fieldsummary

(O+ m?)¢(z) =0 (Ozy + m2W(z,y) = 0

E=w—> ( g@W(@:o
(p° —m*)W(p) =0 +

W(p) = A0(p°)6(p* —m?)+ B O(—p°)5(p* —m?)






KleinGordonbradyons

(04 m?)é(z) =0 (

= (

V

zy + mz)W(ma y) =0

¢+ m2)W(€) =0
A

(p° —m*)W(p) =0 +

W(p) = A0(°)5(p? —m?)+ B4 %)

Spectral condition

1
(2m)4

W(x—2z) =

/e—ip-a:eip-a:’g(pO)é(pQ B m2)



The spectral condition implies that the Fourier
representation is meaningful in a domain
of the complex Minkowskspacetime

W(z—2) = /p0>5<p2 —m?)

‘zl' T (mzi V)‘f pv

|Zil T* (imzil V)l

SE-E R




Spectrum + Lorentz Inv.

Wz —2") = W(¢) is maximally analytic

The Cut reflects Causali
and the Quantum




KleinGordon tachyons |

(0 —m2)é(z) =0 (Ozy —mA)W(z —y) =0
(p? +mA)W(p) =0  W(p) = 6(p® + m?)







KleinGordon tachyons |

(0 —m?)p(x) =0 (Og,y — m)W(z —y) =0

(p° +mHW(p) =0  W(p) =6(p*+ m?)
N —ip-(—2') 572 2

W —a) = [ 7562 +m?)

A The 2p function is covariant and positive definite

A The commutatorvanishes identically

A Theanticommutatordoes not (but the
guantization Is not canonical)

A The energy spectrum is unbounded below




KleinGordon tachyons |l (Feinberg

(O-m?e(z) =0  (p? +m?)W(p) =0
W(p) = 0(p°)5(p? + m?) + (= m?)







KleinGordon tachyons |l (Feinberg

(O-m?p(z) =0  (p?+m2)W(p) =0
W(p) = 0(p°)5(p? + m?) + (= m?)

1 i ; /
o P T 1PT 0 5 2_|_m2
onyi ) ()3 +m?)
A¢KS alj dzl yﬁ)\i | G)\Z;fé A a yzé 02 JI
A The commutatordoes not vanishes: it is neither canonical nor
covariant

A Theanticommutatoris covariant but it not canonical (Feinberg
Ayod21Sa GKS yIEYS adaOolfl NI FSNYA

A The energy spectrum is bounded below in every frame. Positive in
the chosen frame (nowovariant spectral condition)

W(x—2') =




KleinGordon tachyons lIBchroey

ACSAYOSNBQA ljdzl yOGAT I GA
covariant by adding a complex manifold to
CSAYOSNHQa AYUSIAINI GA:

3
Wz —2) = 1 / e—i\/m(ajo—gjlo)eiﬁ.(f_ff) d>p
p>m

(27")d p2 — m?2






ACSAYOSNEQA ljdzk yGATFGA2Y YE& 068
O2YLJX SE YIYATZ2TI R U2 CSAYOSNHAOQa
IV i (10—2) i (i) __ P
Wie =) (2m)d P>m€ ’ pQ—mQT

+ L e—\/mz—p2(a:0 :B’O)ezp (2—a") d3p
(2m)@ Jp<m m? — p?

A The 2point function is covariant but not positive definite. It is not a
tempered distribution but grows exponentially in momentum space

A Locality holds. The theory is canonical
A There exists no Lorentz invariant physical positive subspace

A This quantization may be obtained as the analytic continuation to
Imaginary masses of the standard KG fields

=(z2)’




Summary

A When quantizing the Kleiordon tachyon it
IS Impossible to reconcile the axioms.

A Give up either locality and covariance or
positivity (and of course the spectral
condition).



de Sitter



Energy content of the universe

Ordinary
matter 5%




Eg Friedmann

N\ 2
2 a 3 K
H= = (—) = 7G(ppm + PR+ PA) — 3
a 3 a
+ StateEqs od the various components of the cosmic flu
1
py =0, prp= PR PN TPA
= 0AYS S@z2tdziAzy 2F (UKS 1 c
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Einstein Equations
1
i= Aa 2=-Ad2-K
3 3

K=1 — a(t) = \f%cosh \f%t

el e [ — () a(t):exp\/ét

' K=-1 — a(t)z\/%sinh\/gt




ds?

Spherical de Sitter model|

2 2 2 —
dX3 —dXx?—...dX3| .=

dt? dX2 + sin? x(df? + sin? 0d¢?))
V e S N e




Flat de Sitter model

ds?

dXQ—dX2—...dX2| —
@) 1 4dS



Open de Sitter model

X0 =:.RsuﬂyRcoshX
X1 = Rsinh 4 7 sinh xsindsin ¢
¢ Xo = RsmhRsthsmeco&ﬁ

-—anhxcose

ds? = dX§—dX?—...dXZ

|d8 —

dt? dXQ + sinh?2 x(d#? + sin? 9dgb2))
\/\/\/\/\




The shape of our universe

2 2 2 — 2
XO_Xl_...Xd—_R

M@ ' =diagl,-M = XD) 5 J

G = SO(1,d)



The asymptotic cone
{8 —¢4—...—¢2 =0}

M@D: ' = diagl,-m = X1} ¥



The asymptotic cone: causal structu

X,Y are spacelike separated iff (X —Y)2 < 0 (X —Y is
outside the cone)

(X -Y)2=X?4Y?-2X-Y=-2R°-2X-Y



dstimelike geodesics




The asymptotic cone as the de Sitter
momentum space

Geodesics: de Sitter

Xu(r) = \/% (fue% — nue_%)

MinkowsKi

2u(r) = 2u(0) + - W

Xu(0) = 5= (€ = 1u)
X(1) = X(O)e_% kﬁf sinh %.




Conserved quantities

72 (6 =)
ENAM
— TcC




Energy

A In special relativity the energy of a particle is measured relative to
an arbitrary given Lorentz frame, being the zero component of a
four-vector.

A This picture does not extend to the de Sitter case where frames are
defined only locally.

A The maximal symmetry of the de Sitter universe allows for the
energy of gointlike particle to be defined relative to just one
reference massive free particle understood conventionally to be at
rest (a sharply localized observer)

A The energy of the free particle,() with respect to the reference
geodesic,V) is defined as follows

C K(fm) (u,v)

u - v

E=FEg¢(u,v) =— = B, (&m) -



Energy

Geodesics parameterized by (£, X) and (u,Y)
20 X)(E-Y) = (X - Y)(€-u)

E=m

(€ X)(u-Y)
( t
Yo = Rsinh% + 5xek|7?
Y1 = exp(f)z1
¢ Yo = exp % T2
Y3 = exp(%) 3
_ t 1 L2
Y4 = Rcosh — 5pek|T]

Geodesics observer at rest at the origin
Y =(0,0,0,0,R), u=A(1,0,0,0,1)



Energy
ds® = c2dt? — eQCt/RcSijd:cid:cj = 2dt® — az(t)dijdxidxj.
Y = (0,0,0,0,R) and u = A(1,0,0,0,1).

Energy of the particle parameterized by (&, X)
as seen by te reference observer (u,Y)

oo X)(EY) = (XY u) _ke® o4 40
v me (- X)(u-Y) = g (X=X,

_ R cr _er _m RdX(0)
Xulr) = g (Gne = me ) g_kR(X(O)J“ . dr )
E_mczﬁ—igcip-— mCQ _E',L,’Lp

dr R \/1—a2(t)"é—§ R
- t ! 2( )i
Uzz%: piz—mBQCt/Rdi—— ma (t)’v

T -y



Energy

E can be interpreted as the correct de Sitter energy of the particle is
confirmed by noting that it is the conserved quantity associated to the
Invariance of the particle action under time translation.

Indeed, since in flat coordinates the spatial distances dilate in the course
of time by the exponential factor the expression of an infinitesimal
symmetry under time evolution is

t —t+ e,
C

! — b — E.rze.
The action

2¢c J
S——mc/\/l—eRtUU 0;; dt

IS invariant and E can be obtained from S by standard methods



Classical scattering
by +bs—c1+...+cy

Problem: find the outgoing momenta (£¢,7n¢) given the
ingoing ones (x;, ().

R cr _cr

M) = gy (Guet = e F)

K; = m;c LSEARS: Ky =mgc Sy A g
Xi * Gi T

iK'_%Kf Xi—Ci_X_ﬁf—??f
(A 9 E— — ’




Example: particle decay

mi1 — U1+ §o

m? + p3 — p3 ]F\/(ml pT — p13)? — 4ufu3 1\

2mypg 2myp

o S

(12
\
/ml u3 + p3 jE\/(ml i — 15)° — 4“1#21
\ 2mypo 2my po ’)

mi1 > (1 T Q2.
Mass subadditivity

will not hold in the quantum description




de Sitter plane waves

DX, 8) = (X - =
— (XO£O . Xl&-l _ ngd))\

ANeC, £2=0

fw(a’;,p) — eip-:ﬁ — ezm(ﬁx)\




de Sitter plane waves
(X-O =M +d- D)X

Involution:

A—s A= —\—

)\—|—)_\:—(d—1)
(X&) ATl = (“A—d+1) (-2 (X- &)~ 41

(d—1)

S

Scalar waves with (complex) squared mass:
m2 = A\

(

+ M) (X -9)*=0,

+2X) (X -O)r=0



Principal de Sitter waves

OA(X,€) = (X - £)~ 2 T

A=-A—(d—-1)=-951 —iv
d—

Y3 (X,6) = (X -€)2 % = 4, (X, )

A= dal Fww, veR

2 5= 2 = (1) 442 > (45



Complementary de Sitter waves
A = dalll/, v € R

_d—1

DX, E) =(X-¢) 2 TV \
T hese waves do not oscillatel
A=-A-(d-1) =%t —v

"-—\
2

Y3 (X,6) = (X €)Y £ (X, ) = (X, )

m2 = A\ = (d_—l)z—VQ

(133) <o < (13)




Discrete de Sitter Waves

A= 41y ueR, ] > (451) \

GA(X, O = (X - 7 |

have real but negative squared<:ass.
2 _ \y _ (d=1\2 >

m? == (%51)" -2 <0

dS Tachyons?

(X -6)" and (X -&)"log(X -€&), n integer
(X&) 91 and (X&) "9 llog(X -¢€)



dS construction of twepoint
functions
W(a1,25) = [ P m1eP20(p0)5(p? — m?)dp

Fy (X1, X2) = f(X1 OME - X)) T dp, (€)

Y —

( x; + A)_\) Fy(X1,X2) =0,




They aredSinvariant

Plane waves are homogeneous functions of &
(X, a8) = (X - aé)* = a*P(X, €)

(X1 - a€)*(a€ - Xo)* = aMA(X1 - )M - X))
A= —-(d-1)

Frq(X1,X2) = [(X1- M€~ X2) ™~ dpus (6)

Fy(9X1,9X2) = F)\(X1,X2) = F)\(X1-X?)



The plane waves are however irregula

Pa(X,€) = (X - O
XedS: (X -6 =0




Spectral condition: de Sitter tubes

dS¢ =22 — 72 —...Z9 = —R?
Z=X4+iY, X?2-Y?2=_R? X.Y =0

TT =Y in the forward cone.

T =Y i the backward cone.



U (Z,8) = (Z - €)* is globally well defined in
both the past and future tubes because the
imaginary part Y-£ is always positive (negative)
for Z € TT (alternatively Z € T1)

‘-'-:“-" -

Boundary values on the reals:
(X -2 = |X € (0(X - &) + eFmo(-X - )



sz:;(zaf) = (x £y - &) dE %

are globally wetdefined in the tubes.

( . (

20 = Rsmh}%t—l—%zxzexp% 0 = %(1-|—
\ ZE; = x! eXp?’ L t 4 g'L — 1 n
|t = Rcosh§ — 5pX° exp 5. \ gd — 5(1_

%(t’ k) = /[X(t +ie,x) - £(n)] 2T eFxdx

([

o (k) = = (2me~t)3 exp(ikn) k= H® (ke t)

)
)

|
N

(2ret)3 exp(ikn) k™ H{Y (ke )

NIW| «.0lW
3

w;(tak) — l_(



Fourier representation for BDaoint functions

For Z,1 € T~ eZQET‘I'
W(Z1, Z2) = [y (Z1- )N (€ Z2) @Dy (¢)

To be compared with the standard flat case:
Wzt —22) = [ e P27 29(p0)5(p? — m?)d*p
21 ET™ 2o €T



Fourier representation on the real manifold

Wi (X1, X2) :[)/'Xl EN | X - £

x (0(X1- ) + e ™0(=X1-9)) (0(X2 - &) + €™ 0(~X2 - €)) dpu(€)




Wi(Z1, Z2) = [y (Z1- O (€ Z2) @ Dau(e)
F(=IrrA+d-1) ( d 1-— )
= Fil-=X A+d—1;, =, —=) .
(47T)d/2|_ (%) 2401 + 5 5
Fr(-\)r(x+d-1 _d=2 952
= LEVTOHAZD 2y p 2 )
2(2m)2 2
a) W(4», Z>) iIs invariant under .
) (Z2,22) | C — Zl , Z2
the complex de Sitter group
W(Z1,Z>) is maximally analytic. ;=1
The cut reflects causality

b) W(X1,X5) is b.v.of W(Z1,2Z5) from T— x Tt
The permuted function W(X», Xq)
is b.v.of the same W (Zq,Z5) from T+ x T~



Physical fields
[ Wa(X1, X2)F(X1) f(X2)dX1d X5 > O

A For principal fields positivity is easy
W21, 22) = [ (20677 (e 22) 77 (o)
A de Sitter Fourier transform(s)
d—1 .

Fule,—) = [(6- X)L 7 Y f(@)do
}_—(ga ZV) — .?—I—(ga _ZV)

| Wo X1, X2) XD F(X2)dX1dXo = [ 1F4(6, ~)Pdp(e) > 0



Complementary fields (inflation)

W,i(Z1,22) = [y(Z?@_(j?—l_'_l/,(f*zz)_%_uldu(ﬁ)

A Positivity is a little less direct. Fo¥0 we have
(X)) 72 =0, [(6- )T TN £iY) - €177 Vdu(€)
Foew) =0 [ )T T (6, —1)du(e)

A The kernel in the following expression is positive
definite for O<n<(d-1)/2

Wo, Fo £y =0y [T (&) (- &)™ 2 T Fy (¢, —v) du(€du(e)



De Sitter Tachyons

Wix(Z1, Z2) =T (=) G\() , (= 21-Zo,

_FrA+d-1) _ 4416
G/\(C)—(47T)d/2|_(%) QFl( A Atd= 1o S ) .
Wn(¢) = o0

Nl .

Gn(C) = ennFy (—n, n+d-—1; & %) is a polynomial.

Cn(X1, X2) = limy_,,, O\(X1,X2) =
= limy_,,[W(Xq1, X2) — W) (X5, X1)] exists and is nontrivial.

Wn(Z1, Z2) = lim T(=X) [GA(¢) — Gn(Q)]

R A—1
Wy has the right commutator:

Wn(X1, X5) — Wn(X2, X1) = Cn(X1, X5)



The field equation gets an anomaly

Win(Z1,Z2) = lim T(=X) [GA(¢) — Gn({)]

A—n

[0 —n(n+d—1)] Wn(¢) = Gn(©),

[0 —n(n+d—1)]¢(X) = Qn(X)

Q,, |[phys) =0



Euclidean approach6laccy

Euclidean action for a massive field

S(8) =3 [, /ade [(V)>+m262] =2 [ av (~00+m>4?)

The Laplace-Beltrami operator on S% possesses a discrete
spectrum of eigenvalues \,.

Ot = —And, i=1,....dp
An = n(n + 3) n=20,1,2,...

The degeneracy is dn, = %(n + 1(n+2)(2n + 3). ¢4 may
be taken real and orthonormal:

AV ¢Ldh, = Snmdi;, 3 Z oL (2)p () = 6% (a, 2").

54 =



Zero modes

The lowest eigenvalue of the laplacian L is A\g = 0.
The unique eigenfunction ¢g is called the zero mode:
it is a constant given by the normalization relation

3
=v 2= =
®0 -
Orthonormality gives

1
dV = — A% =0 if 0]



Infrared divergence

1
¢ = Zan¢na S(¢p) = 5 Z()\n + mz)anQ-

G(z,z'; m?)

_ L8] 6o exp(=8) _ = dn(@)on ()
[dlé] exp(=5) = An o+ m?



