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o Building 5 DoF Potentials V(N, N, 4%)
/d4X \/g [ MP%L (R o m2 V) + Ematter}

e Dirac’s Constrained Hamiltonian Dynamics
o Constraints — Partial Diff Eqgs in field space
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Canonical Analysis Review

Configuration space : ¢;, i=1,.... N, Lagrangian L(¢i, b;)

oL 0’L
Phase space : (¢;, I; = — r= Rank| —/———| < N
pace : (61, My = 5.) 56 57
Primary : P.(q, g,MM) =0, a=N-—r
Total Hamiltonian : Hr=Ng—-L+ P
conservation of the constraints : P={P, Hr} =0

{Primary, Secondary, Tertiary, ...} — {{F.C.}, {S.C.}}
{FC,FC}=0, {SC,SC}#0

2N —#(S.C)—2#(F.C)
n 2

DoF
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DoF

@ 10 DoF in gy,

‘ +4 scalars‘ ‘ +4 Vectors‘ ‘ +2 tensors ‘
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DoF

@ 10 DoF in gy,

‘ +4 scalars‘ ‘ +4 Vectors‘ ‘ +2 tensors ‘

@ 4 DoF in go, are non dynamical (for non derivative
modifications of GR):

‘ —2 gcalars ‘ ‘ -2 Vectors‘ 0 tensors

@ In GR, general coordinate invariance x* — x* 4 £H:

‘ —2 scalars ‘ ‘ -2 vectors‘ 0 tensors

In GR DoF=2 (tensors)
Without Diff. DoF< 6 (2 scalars + 2 vectors + 2 tensors)

@ A Massive spin 2 in d=4 has 5 DoF ( 1 scalar + 2 vectors + 2
tensor)
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Canonical Analysis for GR

Phase Space 2 x 10 dim: (N, Ni, ~v;;) + (Mo, M;, 79), ~&=(x, n)
ADM decomposition

v N2 —2 pgi A
g = (N*NZ NP Al iVN*,;I/\/"NJ')’ H = /d3x H/(%}R(% 77) N
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Canonical Analysis for GR

Phase Space 2 x 10 dim: (N, Ni, ~v;;) + (Mo, M;, 79), ~&=(x, n)
ADM decomposition

v _ [ —-N"2 N2 N 3
gk —<N’2Ni v,-j_,\,72,\,,\,, ) /dx HGR(y, 1) N

@ Primary Mo ~ 0 and then H — Hr = H+ [d3x M M,
@ Secondary Sp = HSR ~~

o Tertiary Ta = {Sa, H} o< {HSE, HER} oc HER =~ 0

GR Algebra

F.C.= {4 HSRY

20—2><4(|_|A)—2X4(8A)
2
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Canonical Analysis for modified gravity

= /d3x [’H/(-;)R(% ) NA + V(N, Ni? A//ij)]

A i _ _ 2
NA = (N, N, v = 2 VAB:TNaAﬁ’ V=N.,7V
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Canonical Analysis for modified gravity

= /d3x [’H/(-;)R(% ) NA + V(N, Ni? A//ij)]

A _ i _ oV — _ 9%y _
N% = (N, NY), VA_TNA’ VAB—Wv V=N,V

o Primary Mo~ 0andthen H — Hyr = H+ [d3x M My
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Canonical Analysis for modified gravity

H:/d3x [HEE(y, m) N*+V(N, N, )]
NA = (N, N, va = 2 VABEBTIZ%, V=N,7V

o Primary Mo~ 0andthen H — Hyr = H+ [d3x M My

@ Secondary Sp = HS’R + VA =0
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Canonical Analysis for modified gravity

= /d3x [’H/(-;)R(% ) NA + V(N, Ni? A//ij)]

NA (N, N, vy = 2 VABETNBA%* V=N,7V
o Primary Mo~ 0 and then H — Hr = H+ [d3x M M4
@ Secondary S = HS’R + VA =0
o Tertiary Ta ={Sa, H} + B Vap~0

(a) Det|Vap|#0
(b) Det|Vap| =0

two cases
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Dirac Constraints case (a)

Ta = {Sa, H} +ABVap ~ 0

If Det|Vag| # 0 — all \* are determined

end of the counting of the constraints:

20 — 4 (My) —4(Sa)

F =
Do >

=6

Around Minkowski: 5 (massive spin 2) +1 (Scalar— B.D. Ghost)
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Dirac Constraints case (b)

ﬂ:{SA, H}—F)\BVAB%O
If Det|Vap| =0 — DoF < 6

r = Rank|Vag|

For r = 3 the potential is satisfying a Monge-Ampere equation in
the NA variables (non linear Partial Diff Eq of the second order)

DoV — (020 nV) (0%V) " (8%noV) =0

NB: No Y involved
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Dirac Constraints case (b)

Vap is a 4 x 4 matrix with Det|Vap| =0andr =3

one zero eigenstate Y and three non zero eigenstate E/\ ; , ; i.e.

XEVap =0, EBVip=k,E)Y n=1,23

M=z 4 Z za ED = 2 A 4+ 20 from AMT03 5 (2, 2,2103)
n
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Dirac Constraints case (b)

Vap is a 4 x 4 matrix with Det|Vap| =0andr =3

one zero eigenstate Y and three non zero eigenstate E/\ ; , ; i.e.

XPVap =0, EEVap=k,EY 1n=123
M=z 4 Z za ED = 2 A 4+ 20 from AMT03 5 (2, 2,2103)
n

Only one Ty is a true Constraint:
Ta = {SA, H}+>\B Vap ~ 0
{SA’ H} + E\B Vap~=0— S\B Zn=1,2,3 fixed

T XA Ta =X {Sa, H} =0 true constraint
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Dirac Constraints case (b)

Vap is a 4 x 4 matrix with Det|Vap| =0andr =3

one zero eigenstate Y and three non zero eigenstate E/\ ; , ; i.e.

XPVap =0, EEVap=k,EY 1n=123
M=z 4 Z za ED = 2 A 4+ 20 from AMT03 5 (2, 2,2103)
n

Only one Ty is a true Constraint:
Ta = {Sa, H} + P Vap =0
{Sa, Hy + 3B Vap~ 0= X 2, 123 fixed
T = X*Ta=x" {8, H =0 true constraint
Q o {T, H}+ M ({Vap, H} +{Sa, Se}) x®+...~0
only the z component is free
Qo zx*{Sa, Sg} xB+ ..



Dirac Constraints case (b)

Case («) A {Sa, S} xB#0

where Sy = Ha + Va

z is determined and Q =~ 0 is not a constraint on the DoF
20—4(MNa) —4(Sa)—1(T)
N 2

DoF =55
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Dirac Constraints case (b)

Case («) A {Sa, S} xB#0

where Sy = Ha + Va

z is determined and Q =~ 0 is not a constraint on the DoF
20—4(MNa) —4(Sa)—1(T)
N 2

DoF

=55

Case (B) XA {Sa, S} XB =0
z is not determined and Q ~ 0 is a new constraint

_ 20—4(NpA)—4(SA)—1(7T)-1(9)
2

NB: z is determined if Q 4 # 0 — DoF=b

DoF

<5
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Note about the last Constraints

Structure of the last constraint: z {Sa, S} xP

[ v 2) 209 x°0) (Sa). Sa(y)} — always zero?
even (A, x)<(B, y) odd (A, x)<(B, y)

{Sa(x), SB(y)} =Pas(x) 6(x —y)+ Ran(x) 0« d(x—y)

odd A<+B even x>y  even A-B odd x>y

odd (A, x)»(B, y) odd (A, x)<(B, y)

/dy z(y) x*(x) X®(¥)RaB(x, ¥) Ox 6(x —y) = — d(2(x)* F(x, x))

F(x,y) even x4y

_1
2 z(x)

Denis Comelli Cargese 2013



5 DoF Conditions

Conditions for the potential V to have 5 DoF

@ Monge-Ampere equation

Det’VAB’ == 0 — 31%(]]} -

81310 NIV (81%]1 N]i})il 813]] Ngv - O = DOF - 55

@ Extra Differential equation

X* {Sa, Sg} AF =

where V = ~1/2p,

oV 02V
j
o T2 G
XA Vap =0, &4 =xA/x0

=0|< DoF =5
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Solution of the Monge-Ampere eq

D.B. Fairlie and A.N. Leznov, (1995)

Implicit change of variables N — ¢/ such that

N =NE+ Q&) | = &€ =E(N, N, 7)

The solution is given by:

VN, &, 4y = U+ N7 (£+0:U Q)

Where the two free functions U(¢, 4V) and E(&1, 4Y) fix also

Q&) = —(FaU) ™" 9a€

V=U+N"1 (gfug-ug;- 55)
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Solution Monge Ampere + Extra eq

. 0?%p ou u
A _ - J
+2¢ gjaNAayiJ_o 8§1+ 5

oy

. =0
oN!

UE,Y) =URT - ¢ &)
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Solution Monge Ampere + Extra eq

. 0?%p ou u
A _ j
+2¢ gjaNAayiJ_o 8§1+ 5

oy

. =0
oN!

U A1) = UGY - £ )| =uKh)

VN, N 9) = () + N7 (8, 4Y) + ogatt(KY) @2 (€' 4 1))

V(N, N, y0) = ¢+ N7! (£ +0aU Q)

N1:N§i+Qi, Ql

gg]

561

with K = 4 — ¢ ¢
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The Energy for the 5 DoF Potential

H = HBack. + HSurf. =
/d3x (H N +Hi N'+V) + Hapu

H|on shell — /d3X \ﬁ 6(5’7) +Hapm
Bulk Energy Density
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Example of 5 DoF Potential

‘vf U+N? (£+u£ig‘)‘ ‘N‘7N5‘+Q‘, o' = —u

—1 ~
cigi Eej ‘

Ni N

If £& 7)=E()— &€ =N/N = Ki=nl_ = = gl

V=U(g") + N E(yY)

H|on shen = /d3X V7Y €(7) + Boundaries
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Lorentz Invariant ghost free DeRGT potential

‘V:LHN” (e +U Qi)‘ N =N+ Q) Qizf(,{gigjg

| K =A -

1 i £l

u:Tr(Kl/Z)_?’a = —, Ui Q' = ——————

Vi = (Tr(/Cl/Q) —3)+N! m = Tr [(gﬂa 770”/)1/2} _3

H’on shell — /d3X \ﬁ g(é; ')/) + Boundaries
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ructure of the Potential

Any scalar diff invariant function of g is trivial so to build a gravitational potential V(g ) we need to break diff.
invariance.

@ Lorentz invariant Theories: Add an external tensor mn

V(X) =g nav) = V(TrIX?),

We can preserve some symmetry in some specific background: Global Lorentz symmetry of the frozen
metric /\;7 -n-Ayp=mn

V(Trl(n+h) " n) o Tr[(h-m))l,  g=mn+h

symmetry of the perturbations: h — /\57 ~h- Ay Butfor g = g + hwith g # 1 no A;) Symmetry!!
No Local Lorentz symmetry: given g and 7 in the Local Lorentz frame

g —n and

n — Diag||no, n1, m2, 3l
@ Rotational SO(3) Invariance: Add an external spatial metric S

V(N scalar, N' vector, 7jj tensor) o< Rotational scalars

Unbroken rotations only around ;; o< J;; as for homogeneous representation of FRW.

Both model can became diff. invariants:

Add Fields (Stuckelberg trick) < More symmetries
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Quadratic Perturb. in Minkowsky

Quadratic fluctuation’s Lagrangian (the most general SO(3)
invariant case) for gu, = N + hu

M2
L) = Liy + TPI (mp hoo +2 m3 hg; — m3 h% + m3 hi; —2 mj hoo hiy)

° & m ?é 0 2Tensor + 2Veci.“or + 15calar =5 DoF
° 2 Tensor = 2 DoF

Phenomenolo 2
gy ¢~17§+m2r2(c1§+c2%logmr), mr <1
e No VDVZ discontinuity o roor
D~ 7(A157M1’ + Azeszr), mr> 1
r

my
¢~ Mp — mZ —m}V e~ MpymV e
1

@ Strong coupling scale Ao ~ /m Mp; 4 <y my A, b~ Moy b
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Minkowski perturbations

. i 1
VE(R—m® (U+NT(E+QU))) o Ul,=0, U+E-ZE

Minimum

=0
n

(81U = v u’, 0 i€ = £’
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Minkowski perturbations

. 1
2 —1 i _ / / _
\/Q(R—m (U+N (g-s-QUi)))\—LU\n—O, L{+S—§S =0
Minimum n
(O U =y U, 0 ;€ =y &)
Masses
—— 8fk 3
2 2 / 2 2 941 2
mg =01}, mi =m?> U k , mg=—-m“U| , my3#0
0 " oN 2 n
N =N g+ Qi(e) -
w2 = 2 2 di;
3 oN 0

5 perturbative DoF < U'|,) # 0 < £ # 0 < Energypuy # 0

Ex: (1) E=£&(y) = ¢ =N/N—-m? =2m?

(2) LI implies m? = m? — oc 3

k 2
8N17
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Cosmology of Massive Gravity

Buv = DiagHN2(t)7 _a2(t)v _az(t)’ _a2(t)||

Ni=¢l =, aw,-jszmjs', £(a), U(a), E=-6%¢, &=
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Cosmology of Massive Gravity

Buv = DiagHN2(t)7 _a2(t)v _az(t)’ _a2(t)||

Ni=¢l =, aw,-jszmjs', £(a), U(a), E=-6%2¢' g =

7N
QL
N~
N
|

=H?=N? <%m;/tl‘;%l - m2L{) , | H (5’ - g) =0 (Bianchi id.)

Denis Comelli Cargese 2013



Cosmology of Massive Gravity

Buv = DiagHN2(t)7 _a2(t)v _az(t)’ _a2(t)||

N =¢l =0, 8 ;€= e, E@), U@), E=-6%¢, & =—5 af’lfga
a\? p £
—) =HP=N? (P U ), |1 (&~ ) |=0 (Bianchiid.)
« 6 Mg, 2
Algebraic constraint on « with two possibilities

@ a = g const i.e. no FRW

/ — § = / . — — 870
0 '-35 = Automatically ex: £ =0or £ Vel
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Cosmology of Massive Gravity

Buv = DiagHN2(t)7 _a2(t)v _az(t)’ _a2(t)||

N =¢l =0, 8 ;€= e, E@), U@), E=-6%¢, & =—5 af’lfga
a\? p £
—) =HP=N? (P U ), |1 (&~ ) |=0 (Bianchiid.)
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Cosmology of Massive Gravity

Buv = DiagHN2(t)7 _a2(t)v _az(t)’ _a2(t)||

N =¢l =0, 8 ;€= e, E@), U@), E=-6%¢, & =—5 af’lfga
a\? p £
—) =HP=N? (P U ), |1 (&~ ) |=0 (Bianchiid.)
« 6 Mg, 2
Algebraic constraint on « with two possibilities

@ a = g const i.e. no FRW

/ — § = / . — — 870
0 '-35 = Automatically ex: £ =0or £ Vel

but on Minkowski

8/
Z/l|77 =0, U+ <5 — 2) = L{" =0— m% =0 strong coupling
N——

=0 n

Denis Comelli Cargese 2013
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FRW versus Minkowski

Mink

1
u‘l\41nk:07 Z/{,+g,_7g

If we require that pmagter — 0 < gu — 1w then

/
u Mink

8’—15

=0
FRW

=0= m% = 0 — Strong Coupling

The way out is: No Minkowski space in absence of matter: U/, # 0
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Cosmology of Massive Gravity and DeSitter

,Oeff:m2 MIQDIU 22/{/
Weff:_1+ U =

11— %aa log U
peit = m* My (—U+2U)
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Cosmology of Massive Gravity and DeSitter

,Oeff:m2 MIQDIU 22/{/
Weff:_1+ U =

11— %aa log U
peit = m* My (—U+2U)

2 2
m ; m Uu
m% = 7N2 Z/{/ é-,lNi mi = — (u/ — >
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Cosmology of Massive Gravity and DeSitter

pest = m° MIQDI U ou’ a
Weff = —1 + T —-1-— gc‘)a logUd
peit = m* My (—U+2U)
2 2
2 ML 2 Im ;U
m = U SN m4—m(“‘z>
2
m
-1 1
Weff + m% 5 mz glNl
DeSitter < weg = -1 = m% = 0 — Strong Coupling
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Present Cosmology

Fora<l, U= U, (a—1)"

1 12 —Us(2Up +U
ul —(1- a)ul Uo _22 +h) +
3 Uy 3142

Weff = —1 —

From Planck-+-BAO+WP

w=wp+ wy(l—a)—=>w = 71.041“8:;, w, < 1.3

Uy
—| =0.12+21 =
—2.1 Z/{O

&

<33
0

m% 31U

A -7 4 ~0.112 for i,:3 2 (asin L.I.
m2 Uy +3Uy =9 S =372 )
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Conclusion

@ Given two arbitrary functions U(KY) and £(&1, 4V) (of the
specific arguments) the deformation potential V of
any massive gravity theory with five propagating DoFs can be
written as

Vv :Z/[Jr./\/'il(g —U; Z/[ijl 51)

with N' = N & — 2" & and KT = 41 — £ig
@ We analyzed in a model independent way FRW cosmology of
any massive gravity theory with five degrees of freedom

@ The existence of a FRW background requires the selection of
a particular subclass of massive gravity theories

@ Tension between FRW versus Minkowski - DeSitter
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