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The shape of our universe

G = SO(1,d)



Its cousin: the anti de Sitter

2 2 2
X2 — X2 - =R

et n , =diag(l,-1,e.-1,1)  SO(2,d — 1)



dS / AdS physics.
What Are the Problems?




Penrose Diagrams
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QFT: (Conformal) Embedding in the ESU
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Avis,Isham,Storey (1978)



BTW: dS is more malicious (and misterious)

than AdS




The asymptotic cone

{8 —¢4—...—¢2 =0}




The asymptotic cone: causal structure

X.Y are spacelike separated iff (X —Y)2 < 0 (X —Y is
outside the cone)

(X —Y)2=X°4Y?-2X.-Y=-2R°-2X.Y



The asymptotic cone




The asymptotic cone provides the causal
structure

X e Y on AdS are spacelike separated iff (X-Y)? <0
(in the ambient space sense)



Particles geodesics




The asymptotic cone as the de Sitter
momentum space

Xu(r) = A (60 — e )

X'U“(T)XMQ(’T) =
2 CT _<CT
'2%5(6261% +n%e R —25-77) = —R*

Xu(m) = Xu(0)e™ ' 4 El¢) sinp cr.

Minkowski z,(7) = x,(0) + %



Conserved quantities




AdS: timelike geodesics
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Coordinates:
Vacuum Cosmological Equations

ds? = dt? — a(t)? (13@2 - r2(d62 + sin? 9dq§2))

1 1
5/\@ 0l = —/\a K

K=1 — a(t)_\fcosh\ft

K=0 — a(t)=exp /At

K=-1 — a(t)=/3sinh,/A¢ '




Spherical de Sitter model

Xo!
|
%
( Xy = Rsinh(t/R)
X1 = Rcosh(t/R)sinfsinxsin ¢
¢ Xo = Rcosh(t/R)sinfsinxcosq¢
X3 = Rcosh(t/R)sinfcosy
X4 = Rcosh(t/R) cos#6
3
R=,/=
N
2 __ 2 2 2
ds® = dX3—dX?—..dX3| .=

= dt? — R?cosh? L (d92 + sin20(dx? + sin? Xd¢2))






Flat de Sitter model (Lemaitre, 1924)

Xo = Rsinh4 + JL.ef|7?
X1 = exp(%)z1
! Xo = exp(g)w
X3 = exp(5) w3
_ t 1 F=2
X4 = Rcoshg — speR|T|
2 2 2 —_
dX?—...dX3| =







Open de Sitter model (de Sitter 1917)

RsunthoshX

Rsinh 4 7 sinh xsindsin ¢

RsmhRsthsth’COqu
L sinh y cos @

ds?> = dX3—dX?—...dX3| .=

= dt? — R?sinh? & (dX2 + sinh2 y(d#2 + sin2 edqs?))
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AdS: Poincaré coordinates

Xd -+ Xd—l—l — &Xpv

( Xy = ez
¢ Xy = Sihhv—l—%e“az2
— 1l v,..2
\ Xg+1 = cCoOshv — 5e’x
x2:a:%—m:12—...—m§_1

@: QQUCZCL'MdZUu —B
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Xg - X2 ... — X2

2 —
Xd—l—l_l



2 2 2 2 — P2
X3-XP .. - XF+XG, =R,
( __  sint T 71' o
X0 —  COSp —5 <1<3 ~os
X; = tanpuw; |@2=1 il
X+l = ey 0<p <3 1
ds? = (:O;Q'O(altz—sin2 pdw?—dp?) | (r =tanp)

C(r) = AdS|; - oney IS @ Lorentz manifold
(not strongly causal)




Jacobi Elliptic functions

sin” ' (z) =

T (lxr
J0 \/ 1 — 22’

u—/ \/1—k25m 7,

SNU = Sing, CNU = COS o,

dnu = /1 — k2sin ¢



Jacobi elliptic functions: a reminder

/@b do

U =

0 \/1—k25in29

SNU = Sing, CNU = COS 9,

dnu:\/l—kQSinqb
d

7—Huuw= cnudnuy = V1 —sn2uv1 — k2sn2 .
du

I\ ‘. .
(ﬂ) = (L—=y)(L—k"y").

du




W. Schwalm, Physics, Univ. N. Dakota

sn(u, k) = .
cn(u, k) = z/a,

dn(u. k) = r/a.
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Jacobi elliptic functions

| | 1 1. 1
= g Cu = g nhdu = In«
_ Shu 1. _ dnu . Chu
= &he deu = G osu = oo

dn cdy = Shu g, — Chu

ST w dnu dnu



Theta functions

0(z,0) = 9(=|r) =Va(z,q) = 3 (—1)"¢" exp(2inz)

q = exXpPIinT

V(z + m,q) = 9(z,q)
9(z +77,q) = —q L exp(—2iz) 9(z, q)

The Jacobi theta function is the unique solution to the heat
equation with periodic boundary conditions:

1 92

aming2 M) =0

2 y(alr) +



The four types of theta functions

0. @)

9a(z) =9z )= Y (—1)"¢" exp(2inz)

NnN——00

U3(2z,q) = U4 (z + %W, Q>

1 1
P1(z,q) = —iexp(iz + ZiWT)qS‘ (z + 57T q)

1
Vo (z,q) = Y (Z QW,Q)

q = exXpinT



Strings
t,s - Y (t,s) € dS(AdS)

String equations

OFY; — 92Y; + [(0Y)? — (8sY)?3]Y; = O

Conformal gauge constraints:

(8,Y +8sY)? = 0.




GKP’s rotating folded string (2002)
AdS3 ={Y e R*: Y2 =YY = Y§+Y?-YE-Y$ =1}

Yy = cosh p(s) cos (wqt)
Y7 = cosh p(s) sin (wqt)
Y> = sinh p(s) cos (wot)

. Y3 = sinh p(s) sin (wpt)

p(s) = p(s+2L)

Conformal gauge constraints:

(8,Y +£8,Y)2 = 0.



GKP’s rotating string (2002)

(8Y £85Y)2 = (8;Yg£0sYy)? + (8:Y1 £0sY1) %+
—(8Ys £ 05Y2)? — (84Y3 + 85Y3)° = 0O

dp\> _ > 2 2 i 2
—.) =i cosh“ p(s) — w5 sinh< p(s)

dp 4K(k)

2L PO
2L = / ds = 4/
\/w cosh? p — w3 sinh?p w2

tanh pg = +1 — g
w2



GKP’s rotating string (2002)

y = coshp transforms the constraint into a
nonlinear Jacobian differential equation:

(v)2 = w3 [_1 + (2 B kQ) 2 — (1 B kz) y4]
Initial condition p(0) = O; solution

coshp=nd(ws; k), sinhp=k sd(ws;k),

Yy = nd (ws; k) cos (kwt), Y7 = nd(ws; k)sin (kwt),
Yo =k sd(ws; k) cos(wt), Yz =k sd(ws;k)sin(wt).



GKP’s rotating string (2002)

2L . 4kE(k)
E = YooY — YoYi)do =
; (YoY1 — YoY7)do 2
2L . . 4F(k
S= [ (Va¥3—Y3¥p)do = (k; — 4K (k)

£ =&(S)



3D ->2D

AdS3 ={Y e R*: Y2 =YY = Y§+Y?-YE-Y$ =1}

r

Yy = cosh p(s) cos (wqt)
Y7 = cosh p(s) sin (wqt)
Y> = sinh p(s) cos (wot)
Y3 = sinh p(s) sin (w»ot)

p(s) = p(s+2L)

\

AdS3 ={Y e R*: Y2 =YY = YZ+Y7-Y5 = 1}.

Yy = cosh p(s) cos (wqt)
Y7 = cosh p(s) sin (wqt)
| Yo =ssinhp(s)

N




2D GKP’s string

AdS3 ={Y eR*: Y2 =YY = YZ+Y7-Y5 = 1}.

(Yo = cosh p(s) cos (w1t)
Y7 = cosh p(s) sin (wqt)
| Y5 = sinh p(s)

N

(6tY i 83Y)2 —

1
cos (w1s)

cosh p(s) —

sinh p(s) — tan(wqs)




Elliptic function and theta functions

9391 (2/05) V492(2/9%5) V493(2/9%5)

sn(z, k) = cn(z, k) = dn(z, k) =

9o94(2/93)’ 9o94(2/9%)’ I394(2/93)

_ 93 _950|n)  ,_ 93 _ 93(0|7)
93 93(0]7) 93 93(0|7)

Yo = nd (ws; k) cos (kwt), Y7 = nd(ws; k) sin (kwt),
Yo = k sd(ws; k) cos(wt), Y3 =k sd(ws;k)sin(wt).

Yo = giggg% cos(kt), Y= gigggsi sin (kt),
\ 991 (5 9o
— U2VU1\S 2U1




The trick of the tale:
GKP’s string in hom. coordinates

Yo = gigf;@ cos (kt), Yi= 3333% sin (kt),
< -
¥o01 _ U (s

Coz={6 cRUT?: 2 =¢.¢ = ¢5+£7-¢5—-€5—-€5 = 0}

String on the cone

f

£o = ¥394(5) cos (kt),

§1 = U394(8) sin (kt),

(t,s) = &(t,s) = ¢ & = ¥2091(5) cos (1),
§3 = 9291 (8) sin (1),

| €4 = 9493(8);




GKP’s string on the cone

(t,8) = &(t,8) = §

[ &9 = 9394(5) cos (kt),
€1 = 9394(3) sin (kt),
Er = 9201 (5) Cos (1),

§ € Cr 3 is a well-known quadratic identity
between theta functions (Whittaker, p. 466):

2 =¢5+€7 €565 €2 =

= 93°04(8)% — 92°91(3)% — ¥4°93(8)* = 0.



Constraints on the cone

AdS string in homogeneous coordinates

(
fs o Yilts) =05 i_o1 4 (1)
Ea+1(1,8)
t,s —&u(t,s), n=20,1,...,d+ 1, is a two-surface in Cs 4.
. 1
62 — 0 — 3ZY38wYZ — 5 (%«:S”@wgm (2)
d+1

z,w can be either t or s.

If Y; satisfy the constraints in AdS;, the functions &, also
do in C(2,d) and viceversa. .



Doubly elliptic strings on the cone

A fundamental quadratic identity between theta functions:

91 (52 91(8)%—92(H)? 92(8)?+93(H)? 93(8)2—94()? 94(8)% = 0

_J o=91(1)v1(5), & =93(t)93(5),
(8, 8) = &(t5) = { €2 = 0o(D) 02(3), €3 = 0a(D) 94 (3).

2 =+ -5 -¢5=0

(t,s) = &(t,8) € Coo



Constraints

Amounts to another (possibly unknown) identity among theta
functions and their derivatives

4

016 - O + 05 - 056 = —03° Y (—1)* (W0 (D)? 9a(3)? + 9a(D? 9,(3)?) = 0.
1=1

Proof: apply the Laplace operator to the defining identity

4
0=2 (R +5) Y. (-1)*Wal@)*a)?) =
a=1

(—1)*(9(2)?9a(y)? + Fa(2)?90(y)? + Ja(@)9n(x)9a(y)? + Ia(z)?Ia(y)In(y)) =

|
NES

1

(- D) @)*Ia)? + 9a(2)206(1)?) + 2 == 3 (~1)" (a(@)*0a()?) =

|
]+

1

o
I

(— 1) (2)%0a(y)? + dalx)?9,(y)%) = 0.

I
NES

1

0
I



Finite open strings

Project back to AdS/dS

_J o=01()¥1(5), &1 = 93(1) 93(5),
(1,5) = &(t,8) = { € = 02(D) 02(3), €3 = 04(D) 04 (3)

(Yo(t,s) = 2= ﬁigﬁi% = k sn(t, k) sn(s, k),

(ts) > yW =1 vi(t,s) = &= gig?gjg% = L dn(t,k) dn(s, k),
\ Y5(t, s) = ii", cn(t, k) cn(s, k),

Eo _ Uo(E)Uo(s
§3  94(8)V4(5)

Constraints are satisfied.

String equations also (I leave this as an exercise!)



Finite open strings

[ Yo(t,s) = ksn(t, k)sn(s,k),
(t,s) - YL =1 vi(t,s) = %dn(t,k)dn(s,k),
\ Yo(t,s) = pen(t k)cen(s, k),




Finite open strings

[ Yo(t,5) = ksn(t k)sn(s,k),
(1) > YD = Vi) = b dn(e.k) dn(s. k),
\ Yo(t,s) = pen(t k) cen(s, k),

o i I
[t P

A= f\/ﬁdtds = k? / \/(sn (t,k)? — sn (s, k)2)2dtds —

= 8(K (k) — E(k))K (k).



Finite open strings

A = f Vhdtds = 8[K (k)? + K(K)? — E(k)K (k) — E(K)K(K)].



Semi infinite Strings

Project back to AdS/dS

_J o=01()¥1(5), &1 = 93(1) 93(5),
(1,5) = &(t,8) = { € = 02(D) 02(3), €3 = 04(D) 04 (3)

(Yo(t,s) = 2= g;ggg;gﬁg — & sc(t, k) sc(s, k),
(t,5) > Y (t,5:k) = Vi(t,s) = &= ggg?ggg% = Ldc(t, k) dc(s, k),
Ya(ts) = g = G830 = Konc(t, k) ne(s, k);

Constraints are satisfied.

String equations also (I leave this as another exercise!)



Finite open strings

(t,s) = Y2 (t,5,k) = ¢

[ Yo (t, 5)

Yl (ta S)

YQ(ta 3)

_ 91(D)91(5) _

T Ua(t)va(s)
— 93(£)93(5) __

_ 2B

T 9a(D)92(5)

k' sc(t,k)sc(s, k),
1 dc(t k) dc(s, k),
nc(t k)nc(s,k);




All in all

Lt [y




Infinite open (AdS)/ closed (dS) strings

A second well-known relation between theta functions

&2 = 91())? 93(8)*+92(5)? 94(3)*—93(H)? 91(8)*—94(£)* ¥92(8)* = 0.

_ o =01(®)V¥3(58), &1 = V2(1) ¥4(5),
(,8) = &t 5) = { €2 = 03(D 01(3), &3 = 0a() V2(5).

[ Yo(t,s) = £ = sn(tk) dc(s, k),
(t,s) =< Yi(t,s) = g—; = cn(t, k) nc(s, k),
| Yo(t,s) = g—g = dn(t, k) sc(s, k)




Infinite open (AdS)/ closed (dS) strings
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