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Motivations

v

Quantization of the free electromagnetic field :

(MA), :=0A,-V,V-A+R,A, =0.

- DMV(val) = <2M(X)2\V(X,)>vac-

Flat RW space in cosmology : ds? = a%(7)(d72 — dx?).

v

v

No explicit function available (1?7)

v

Cosmological particle production (Parker) and the
Gupta-Bleuler condition.
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Quantization in W gauge

Practical algorithm

1 Define a scalar product on the space of the solutions of the
classical field equations. Product degenerate if gauge freedom.

2 Eliminate the degeneracy : extend the space of solutions
(consider new field equations).

3 Quantize the field solution of the extended equations.

4 Select the subspace of physical states (GB condition).
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Scalar product

» L=1F?

. 7oA B) A, 0L oL

OV,B, OV,A,
> (A B) = —i/za#J”(A, B*),

B,.
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Scalar product

» L=1F?
oL oL
> THAB) = AGT T, T av,a, B
nBv pn v

(A, B) = /auj (A, BY),
px
No causal reproducing kernel (G(x,.), A) = A(x) if gauge.

v

v
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Two-point function in flat Robertson-Walker spacetimes

Extended equation

In practice %,_-2 + L¢r

MA=0 Historical Minkowski-Lorenz
EA=0 gAu — aZA
CA=GA=0-A

MA, = A, — 8,(0 - A).

GA=0 CA=0
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Quantization and GB condition

» {¢} basis of positive frequency modes of the space of
solutions of the extended equation:

> 3 8, [0), A, G (x,x'), etc.

» GB condition: CA(H)|W,) = 0 iff |[W,) “physical state’.
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Quantization and GB condition

» {¢} basis of positive frequency modes of the space of
solutions of the extended equation:

> 3, 3], |0), A, Guu(x,x"), etc.
» GB condition: CA(H)|W,) = 0 iff |[W,) “physical state’.
> <\|JA1|MA|WA2> = 0 and <WA1|gA|WA2> - 0, ’\UAI >, |\~IJA2>
physical states.
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Extended equation

> LW = 1F2 4 1(V. A)? — DA, + R"A, =0, modes?

» Flat RW space : ds? = a(7)(d72 — dx?).
» Global Minkowskian coordinates (one chart).
» In Minkowskian coordinates:
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Quantization in W gauge

Extended equation

> LW = 1F2 4 1(V. A)? — DA, + R"A, =0, modes?

» Flat RW space : ds? = a(7)(d72 — dx?).
» Global Minkowskian coordinates (one chart).
» In Minkowskian coordinates:
O?A,— W, A+ (0 — W) W-A=0, W:=dlna2
» Can be obtained from LM = 1F2 + 1 ((0+ W) - A)?
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Conformal mapping

Minkowskian coordinates <= Conformal mapping:

RW M
MA, =0 MA, =0
Euv = a(X)ZWW
EMVA, =0 < - EYA,=0
ARV = AM = A
V-A=0 0+ W)-A=0
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Quantization in W gauge

Using Lorenz Minkowski

Minkowskian coordinates <= Conformal mapping:

RW M

MA, =0 MA, =0
B = a(X)zn;w

EMA,=0 — — DOA,=0
AR = AM — A

(V-W)-A=0 0-A=0
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Extended equation in W gauge

»0-A=0—(V-W)-A=0.
» PA=0— (MA),+ (V,+ W,)(V-W)-A=0.
A A )
> ASW)L = efl )(k)m exp {—i(wkt — k- x)}.
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Two-point function in flat Robertson-Walker spacetimes A view of Gupta-Bleuler quantization method.

An attempt in the Lorenz gauge
Quantization in W gauge

Extended equation in W gauge

v

0-A=0—(V-W)-A=0.

PA=0— (MA), + (V. + W, )(V—-W)-A=0.
A A )

ASW)L = efl )(k)m exp {—i(wkt — k- x)}.

Modes in Minkowski — Modes Robertson-Walker.

v

v

v

Minkowski 9, Killing — Robertson-Walker 9, conformal
Killing.
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Extended equation in W gauge

v

0-A=0—(V-W)-A=0.
PA=0— (MA), + (V. + W, )(V—-W)-A=0.

A A .
ASW)L = efl )(k)i(%);l 5o OXP {—i(wkT — k- x)}.
Modes in Minkowski — Modes Robertson-Walker.
Minkowski 9, Killing — Robertson-Walker 9, conformal
Killing.

Modes of positive frequency with respect to the conformal
time 7: conformal vacuum.
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Scalar product, space of solutions

(A, B) = —i/zauj“(A, B*)

M RW

A A

M LRW — =4 M

Ju(A,B) | Thw(A,B) = a=*Jji(A, B)
o o = a'o))

Ty 2 rw

> (A B)rw = (A, B)u.
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An attempt in the Lc
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Scalar product, space of solutions

(A, B) = —i/zauj“(A, B*)

M RW

A A

M LRW — =4 M

Ju(A,B) | Thw(A,B) = a=*Jji(A, B)
o o = a'o))

Ty 2 rw

> (A B)rw = (A, B)u.

» Same space of solutions.
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Physical states

» (V= W)-AD |w) =0,

» A unambiguously defined (conformal vacuum/time).
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Two-point function in W gauge

» Du(x,x") = —nu,,DA(,,s)(x,x'), conformal scalar function.
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Two-point function in W gauge

» Du(x,x") = —nu,,DA(,,s)(x,x'), conformal scalar function.
» Dy(x,x') = —nw,a(x)D(s)(x,X/)a(X/),
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Two-point function in W gauge

» Du(x,x") = —nu,,DA(,,s)(x,x'), conformal scalar function.
» Dy(x,x') = —nw,a(x)D(s)(x,X/)a(X/),

> x,x' _ L € (X) | &uw(X) a(x)a(x) D) (x, x’
Dt ) == (55 + B ) (a1 D ),
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Two-point function in W gauge

> W(x x') = nu,,D(s)(x x"), conformal scalar function.
Dy (x,x') = —1a(x) D) (x, x")a(x'),

N _ _1 gLW( ) g,ul/(x) "\ H(s) /
Dyu(x,x") = 5 < 2(x) + 2() a(x)a(x")D*¥(x,x").
Short distance (Hadamard) behavior:

s _ _ cst
D( )(X,X/) = a l(X)a l(X/)m

v

v

v
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A us ructure

Conformally flat spacetimes from IR®

SO(2,4) — (R®,n), n = diag(+ + — — ——), C the null cone

P; :={y € R®: f(y) = 1}, f homogeneous of degree 1.
Xr = PrNC: a spacetime.
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ANTES

Minkowski, dS, AdS

y° y*
Example: fe(y) = (1 + &)~ + (1= &)=, (plane)

&= +4H? de Sitter,
X, =Q¢&= 0,  Minkowski,
&= —H?> Anti de Sitter
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A useful ture

Conformal (Weyl) relation

f‘ 2
Xf,, X, are conformally related: g,ill, = <f2> gfy.
1
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Il field in the Eastwood-Singer
A useful structure

Einstein space

a, 3, (0, ) spherical coordinates in R.
All the spacetimes X¢ can be realized on the same underlying set
(part of the Einstein space).
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Minkowskt,

space
— _Xs




The geometrical framework
Two-point functions, conformal gauge, conformally flat spacetimes  The M Il field in the Eastwood-Singer ga

A useful structure

Minkowskian atlas

I\Iinkm\'sl;i\‘
space >




The geometrical framework
Two-point functions, conformal gauge, conformally flat spacetimes  The M Il field in the Eastwood-Singer ga

A useful structure

Minkowskian atlas

Minkowski
\/ space l 95




The geometrical framework
Two-point functions, conformal gauge, conformally flat spacetimes  The Maxwell field in the Eastwood-Singer gauge

A useful structure

The Maxwell field in the Eastwood-Singer gauge



The me
Two-point functions, conformal gauge, conformally flat spacetimes  The Maxwell fleld in the Eastwood-Singer gauge
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The Eastwood-Singer gauge

» ES-A=0 .
ES-A:= DV”—2VM R — gRg'uV AI/.
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A useful structure

The Eastwood-Singer gauge

» ES-A=0 .

ES-A:= (0OV” -2V, (RW — Rg””)) A,
> gfuu in(X)g;w:

ES-A=Q*X)(ES-A+ W-(MA)),

W =dInQ2.

(MA), :=D0A, —V,V-A+RA,
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A useful structure

The Eastwood-Singer gauge

» ES-A=0 .
ES-A:= <DV” - 2VM (RHV - 3Rguy>) AI/.

> g = Qz(x)g;u/:
ES-A=Q*x)(ES-A+ W-(MA)),
W =dIn Q2.
(MA), :=0A, -V, V-A+RA,

» Maximally symmetric spaces:

R
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A useful structure

The main result

Let a a one-form hom. deg. zero, j one-form hom. deg. —2 such that

D(,a :j
y-a= 07
tndlx; € T(Xf),
Let /r : X¢ 2 x = I¢(x) = x € R® (canonical injection), then
Af = [¥(a) and J© := [}(j) defined on X; satisfy
MA" = J*
ES- A" =0.
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A useful structure

> ac Ql(R6)
~l If
I
a" € Bf ——>Qu(X¢) 3 A

Bf = U T:(R®), B, the set of sections of B}
x€Xr
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A useful structure

A useful structure

> ac Ql(R6)

~l I

l¢

a" € Bf ——>Qu(X¢) 3 A
Bf = U T:(R®), B, the set of sections of B}
x€Xr
, R .

> Oea=j — (O — D)af, = ji.

6
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A useful structure

> ac Ql(R6)

~l I

I

a" € Bf ——>Qu(X¢) 3 A
Bf = U T:(R®), B, the set of sections of B}
x€Xr
, R .

> Oga=j — (O - g)ag =l

» af — af, I = ¢, p, + such that y®a, = ai.
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A useful structure

Two-point functions

» A solution for the classical “two-charges problem” in de Sitter
space.
S. Faci, E. H, J. Renaud, Phys. Rev. D 84, 124050 (2011).



The g rical framework
Two-point functions, conformal gauge, conformally flat spacetimes  The Maxwell field in the Eastwood-Singer gauge

A useful structure

Two-point functions

» A solution for the classical “two-charges problem” in de Sitter
space.
S. Faci, E. H, J. Renaud, Phys. Rev. D 84, 124050 (2011).
» Covariant two point function in de Sitter space.
S. Faci, E. H, J. Queva, J. Renaud,
Phys. Rev. D 80, 124005 (2009).
u H? 1
D“y/ = 8? <Z_]_g“”/ — n“n,,/>, Z = cosh (H/,L),Z 2 -1
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Summary

» Simple closed expression of two-point function for the Maxwell
field in flat Robertson-Walker spacetimes.

» Formalism to handle conformally invariant equations.

» Solution of classical problem in de Sitter, explicit two-point
function for the Maxwell field.
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Summary

L(A;,0,A;). real homogeneous polynomial of degree 2.

oL

(LA = SOAY

and M(A) :=

0 (0,A))

one can define the unique symmetric bilinear form (, ) such that
L(A) = (A A): (A, B) = 3(L(A+ B) — L(A) — L(B)).

L(A+ h) — L(A) = 2(A, h) + o(h),

from which, one obtains,

(LAY 8,B; + M(A)' B, = 2(A, B).



Summary

Define
THA,B) = A (LB — B (L AW .

Remark that
V,.JMA, B) = A [vu (L.B)" — M(B)’]

=By [V, (LAY — M(A)'].

(A, B) = —i/zauj“(A, B"),

hermitian sesquilinear form independent of ¥ (A, B solutions).
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