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The	
  shape	
  of	
  our	
  universe	
  
SN	
  1997	
  	
  =	
  	
  Sidereus	
  Nuncius	
  1997	
  	
  



1997.	
  The	
  an.	
  de	
  Si3er	
  universe	
  

E(2,d-­‐1)	
  :	
  	
  ημν	
  =	
  diag(1,-­‐1,……,-­‐1,1)	
  



Classical	
  Strings	
  



GKP’s	
  rota.ng	
  folded	
  string	
  (2002)	
  



GKP’s	
  rota.ng	
  string	
  (2002)	
  

!2 > !1



Jacobi	
  ellip.c	
  func.ons:	
  a	
  reminder	
  

sn(u, k) = y = sin�

cn(u, k) = x

a

= cos�

dn(u, k) = r
a

u =
R Q
P rd✓ =

R �
0

d✓p
1�k2 sin2 ✓



Jacobi	
  ellip.c	
  func.ons:	
  a	
  reminder	
  

	
  



GKP’s	
  rota.ng	
  string	
  (2002)	
  



GKP’s	
  rota.ng	
  string	
  (2002)	
  



3D	
  -­‐>	
  2D	
  	
  

!2 ! 0

!1 ! 0

Also trivial but less

The string becomes pointlike



2D	
  “GKP’s”	
  string	
  



Ellip.c	
  func.on	
  and	
  theta	
  func.ons	
  
#3(z, ⌧) =

P1
n=�1 exp(i⇡n2⌧ + 2⇡iz)



The	
  trick	
  of	
  the	
  tale:	
  
	
  GKP’s	
  string	
  in	
  hom.	
  coordinates	
  



GKP’s	
  string	
  on	
  the	
  cone	
  



Constraints	
  on	
  the	
  cone	
  



Doubly	
  ellip.c	
  strings	
  on	
  the	
  cone	
  



Constraints	
  
Amounts	
  to	
  another	
  (possibly	
  unknown)	
  iden.ty	
  among	
  theta	
  
func.ons	
  and	
  their	
  deriva.ves	
  



Finite	
  open	
  strings	
  
Project	
  back	
  to	
  AdS/dS	
  

Constraints	
  are	
  sa.sfied.	
  	
  
	
  
String	
  equa.ons	
  also	
  (I	
  leave	
  this	
  as	
  an	
  exercise!)	
  



Finite	
  	
  open	
  strings	
  



Finite	
  	
  open	
  strings	
  



Finite	
  	
  open	
  strings	
  



Semi	
  infinite	
  Strings	
  
Project	
  back	
  to	
  AdS/dS	
  

Constraints	
  are	
  sa.sfied.	
  	
  
	
  
String	
  equa.ons	
  also	
  (I	
  leave	
  this	
  as	
  another	
  exercise!)	
  



Finite	
  	
  open	
  strings	
  



All	
  in	
  all	
  



Infinite	
  open	
  (AdS)/	
  closed	
  (dS)	
  strings	
  



Infinite	
  open	
  (AdS)/	
  closed	
  (dS)	
  strings	
  



Integrability	
  
Jacobi	
  and	
  Neumann’s	
  conoidal	
  coordinates	
  on	
  
the	
  sphere	
  	
  S2 = {X2

0 +X2
1 +X2

2 = 1}

a0 < ⇣1 < a1 < ⇣2 < a2

X0(⇣1, ⇣2) =
q

(a0�⇣1)(a0�⇣2)
(a0�a1)(a0�a2)

,

X1(⇣1, ⇣2) =
q

(a1�⇣1)(a1�⇣2)
(a1�a0)(a1�a2)

,

X2(⇣1, ⇣2) =
q

(a2�⇣1)(a2�⇣2)
(a2�a0)(a2�a1)

,



The	
  conoidal	
  coordinates	
  are	
  the	
  zeros	
  of	
  the	
  func.on	
  

qX(⇣) = X2
0

⇣�a0
+ X2

1
⇣�a1

+ X2
2

⇣�a2

qX(⇣) = (⇣�⇣1)(⇣�⇣2)
(⇣�a0)(⇣�a1)(⇣�a2)

The	
  off-­‐diagonal	
  components	
  of	
  the	
  metric	
  vanish	
  and	
  the	
  conoidal	
  coordinates	
  	
  are	
  	
  
orthogonal	
  

ds2 = � 1
4 q

0(⇣1) d⇣21 � 1
4 q

0(⇣2) d⇣22

!1 1 2 3

!4

!2

2

4

X2
0 (⇣1, ⇣2) =

(a0�⇣1)(a0�⇣2)
(a0�a1)(a0�a2)



AdS	
  I	
  
Jacobi	
  and	
  Neumann’s	
  conoidal	
  coordinates	
  on	
  	
  	
  

X0(⇣1, ⇣2) =
q

(a0�⇣1)(a0�⇣2)
(a0�a1)(a0�a2)

,

X1(⇣1, ⇣2) =
q

(a1�⇣1)(a1�⇣2)
(a1�a0)(a1�a2)

,

AdS2 = {X2
0 +X2

1 �X2
2 = 1}

a0 < a1 < a2

X2(⇣1, ⇣2) =
q

� (a2�⇣1)(a2�⇣2)
(a2�a0)(a2�a1)

,



The	
  conoidal	
  coordinates	
  are	
  the	
  zeros	
  of	
  the	
  func.on	
  

The	
  conoidal	
  coordinates	
  	
  are	
  	
  one	
  spacelike	
  and	
  one	
  .melike	
  

ds2 = � 1
4 q

0(⇣1) d⇣21 � 1
4 q

0(⇣2) d⇣22

qX(⇣) = X2
0

⇣�a0
+ X2

1
⇣�a1

� X2
2

⇣�a2

qX(⇣) = (⇣�⇣1)(⇣�⇣2)
(⇣�a0)(⇣�a1)(⇣�a2)

!2 2 4 6

!1.0

!0.5

0.5

1.0

a0 < ⇣1 < a1 < a2 < ⇣2



Integrability	
  AdS	
  II	
  
Jacobi	
  and	
  Neumann’s	
  conoidal	
  coordinates	
  on	
  	
  	
  

X0(⇣1, ⇣2) =
q

(a0�⇣1)(a0�⇣2)
(a0�a1)(a0�a2)

,

X1(⇣1, ⇣2) =
q

(a1�⇣1)(a1�⇣2)
(a1�a0)(a1�a2)

,

AdS2 = {X2
0 +X2

1 �X2
2 = 1}

X2(⇣1, ⇣2) =
q

� (a2�⇣1)(a2�⇣2)
(a2�a0)(a2�a1)

,

a0 < a2 < a1



The	
  conoidal	
  coordinates	
  are	
  the	
  zeros	
  of	
  the	
  func.on	
  

The	
  conoidal	
  coordinates	
  	
  are	
  	
  one	
  spacelike	
  and	
  one	
  .melike	
  

ds2 = � 1
4 q

0(⇣1) d⇣21 � 1
4 q

0(⇣2) d⇣22

qX(⇣) = X2
0

⇣�a0
+ X2

1
⇣�a1

� X2
2

⇣�a2

!1 1 2 3

!6

!4

!2

2

4

6

⇣1, ⇣2 < a0 < a2 < a1
a0 < ⇣1, ⇣2 < a2 < a1

a0 < a2 < ⇣1, ⇣2 < a1
a0 < a2 < a1 < ⇣1, ⇣2



@tX · @tX = �1

4
q0(⇣1) ⇣̇

2
1 = �⇣1(t)� ⇣2(s)

4D(⇣1(t))
⇣̇1(t)

2,

@sX · @sX = �1

4
q0(⇣2) ⇣

0
2
2
= �⇣2(s)� ⇣1(t)

4D(⇣2(s))
⇣ 02(s)

2
.

D(⇣) = (⇣ � a0)(⇣ � a1)(⇣ � a2).

1

Integrability:	
  separa.on	
  of	
  variables	
  
X0(⇣1(t), ⇣2(s)) =

q
(a0�⇣1(t))(a0�⇣2(s))

(a0�a1)(a0�a2)
, X1(⇣1(t), ⇣2(s)) =

q
(a1�⇣1(t))(a1�⇣2(s))

(a1�a0)(a1�a2)
,

X2(⇣1(t), ⇣2(s)) =
q
� (a2�⇣1(t))(a2�⇣2(s))

(a2�a0)(a2�a2)
,



Constraints	
  

✓
d⇣1
dt

◆2

= (⇣1 � a0)(⇣1 � a1)(⇣1 � a2),
✓
d⇣2
ds

◆2

= (⇣2 � a0)(⇣2 � a1)(⇣2 � a2)

@tX · @tX = �@sX · @sX =
1

4
(⇣2(s)� ⇣1(t))

1



String	
  equa.ons	
  
@ttX � @ssX + [(@tX)

2 � (@sX)

2
]X = 0

¨⇣1
ai � ⇣1

+

˙⇣21
2(ai � ⇣1)2

+ ⇣1 + Ci = 0

⇣ 002
ai � ⇣2

+

⇣ 02
2

2(ai � ⇣2)2
+ ⇣2 + Ci = 0

Automatically satisfied provided

2Ci = A� ai, A = a1 + a2 + a3

1



Perspec.ves	
  
	
  

•  Higher	
  genus	
  case	
  –	
  nontrivial	
  examples	
  	
  
•  Physical	
  interpreta.on	
  
•  Work	
  in	
  collabora.on	
  with	
  Michel	
  Gaudin	
  
(Saclay)	
  


