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The shape of our universe
SN 1997 = Sidereus Nuncius 1997
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1997. The antl de Sltter universe

X8 —X?—...— 1+X = R”

E(Z,d-l) . r]uv — diag(l,-l, ...... ,'1,1) SO(Q, d — 1)



Classical Strings
t,s — Y (t,s) € dS(AdS)

String equations

07Y; — 02Y; + [(8;Y)? — (85Y)?]Y; = O

Conformal gauge constraints:

(8,Y +8sY)? = 0.




GKP’s rotating folded string (2002)

AdS3 ={Y e R*: Y2 =YY = Y§+Y?-YE-Y$ =1}
( Yy = cosh p(s) cos (wqt)
Y7 = cosh p(s) sin (wqt)
Y> = sinh p(s) cos (wot)
Y3 = sinh p(s) sin (w»ot)

p(s) = p(s+2L)

\
Conformal gauge constraints:

(8,Y +8,Y)? = 0.

dp\? _ o 5 2 sinh2
—~) =wfcosh p(s) — w5 sinh? p(s)



GKP’s rotating string (2002)

dp\? _ > 2 2 i 2
— ) = wicosh® p(s) — w5 sinh“ p(s)

ds
2L p d 4K k
2L—/ ds—4/ ° P (k)
\/w cosh? p — w3 sinh? p w2
Wi
tanhpg = +— = £k Wo > W1

W2



Jacobi elliptic functions: a reminder
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Jacobi elliptic functions: a reminder

! ‘ —
- snu = cnudnu = V1 —sn2uv'1 — k2 sn2 u,
du

du

Iy’ | )
(ﬂ> = (1-y )1 —k"y").



GKP’s rotating string (2002)

y = coshp transforms the constraint into a
nonlinear Jacobian differential equation:

(v)2 =w3 -1+ (2 k) y? - (1 - k%) "]
Initial condition p(0) = O; solution
coshp=nd (ws; k), sinhp=k sd(ws;k),

Yo = nd (ws; k) cos (kwt), Y7 = nd (ws; k) sin (kwt),
Yo = k sd(ws; k) cos(wt), Y3 =k sd(ws;k)sin(wt).



GKP’s rotating string (2002)

2L . Ak E(k)
E = YooY — YooY )do =
. (YoY1 — YpY1)do T2
2L . . 4F(k
S= [ (Va¥3— Y3¥2)do = (k; — 4K (k)

£ =&(S)



3D ->2D

AdS3 ={Y e R*: Y2 =YY = Y§+Y?-YE-Y$ =1}

Yy = cosh p(s) cos (wqt)

Y7 = cosh p(s) sin (wqt) .

Y, = sinh p(s) cos (wot) P8 =Pls+20)
. Y3 = sinh p(s) sin (wot)

wi; — 0 The string becomes pointlike

wo — 0 Also trivial but less



N\

2D “GKP’s” string

AdS3 ={Y e R*: Y2 =YY = Y§+Y7—

P

Yy = cosh p(s) cos (wqt)
Y7 = cosh p(s) sin (wqt)

| Yo = sinh p(s)

(8;Y + 85Y)2 = 0.

1
coS (w1 8)

cosh p(s) —

sinh p(s) — tan(wqs)

Y5 =1}




Elliptic function and theta functions
O3(z,7) =>.0° ___exp(imn?t + 2miz)

sn(z, k) =

2
— V2 _
bk

{ Yo = nd (ws; k) cos (kwt), Y7 = nd(ws; k)sin (kwt),

Yo =k sd(ws; k) cos(wt), Yz ==k sd(ws;k)sin(wt).
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_930]7) ,,_ 93 _ 93(0]7)

92(0|7)’ 93 93(0|7)
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The trick of the tale:
GKP’s string in hom. coordinates
AdS3 ={Y eR*: Y2=Y.Y = Y§+Y?-YE-Y$ =1}

Y = 193794(8) cos (kt), Y= 193‘94(8) sin (kt),

2Y1 2V1
Yo = ﬁ4ﬁ3(§) cos (1), Y3 = 64193(3) sin (),

Coz={(€RIT?: 2 =& =¢g+E7-65-¢5-6, =0}
String on the cone

[ &0 = 9394 (3) cos (kt),
§1 = 9394(8) sin (kt),

(t,s) = &(t,s) = & = V291 (5) cos (t),
£3 = U291(5) sin (t),

| €4 = U493(8);




GKP’s string on the cone

(t,8) = &(t,8) = S

[ £o = 9394(5) cos (kt),
€1 = 9¥394(3) sin (kt),
Er = Y201 (5) oS (1),

§ € Cp 3 is a well-known quadratic identity
between theta functions (Whittaker, p. 466):

2 =¢3+67 -5 -3¢ =

= 93°04(8)% — 92701 (3)° — ¥94°93(58)* = 0.



Constraints on the cone

AdS string in homogeneous coordinates

(1
Lo Vi) =8 a0 ()
Eq+1(2,8)
t,s —&u(t,s), n=20,1,...,d+ 1, is a two-surface in Cs 4.
| 1
d+1

z,w can be either t or s.

If Y; satisfy the constraints in AdS,;, the functions &, also
do in C(2,d) and viceversa. .



Doubly elliptic strings on the cone

A fundamental quadratic identity between theta functions:

91 (£)? 91(8)%—02(8)? 92(3) 2 +93(5)% 93(8)°—94(1)? 94(8)* = O

_J o =91({)v1(58), & =93(t)V3(5),
(£,5) = &(t5) = { €2 = 92(D) 92(3), &3 = V(D) V4(3).

2 =g+ -6 -¢5=0

(t,s) = &(t,s) € Coo



Constraints

Amounts to another (possibly unknown) identity among theta
functions and their derivatives

4
O - D€ + 05€ - 0sE = =037 3~ (—1)*(96,(D)° 9a(8)® + 9a (D) 94,(3)°) = 0.
i=1
Proof: apply the Laplace operator to the defining identity

4
0=2 @2 +3) Y (- 1D*(al2)?9a)?) =
a=1

(=) (90 (2)*Va(y)? + 9a(2)° 940 (1) + Ja(@)n(2)0a(y)? + Pa(2)*Va(y)Vn(y)) =

4
>

ajl .

> (1) () Fa)? + 9a(2)9u)?) + 2 5L S (- 1) (a(@)20a(y)?) =
O‘jl
>
a=1

(—1)*(9(2)%Pa(y)? + Pal(z)?9,(y)?) = 0.



(t,s) = &(L,5)

(t,8) = Y1) =

Finite open strings

Project back to AdS/dS

_ { §o = V1 (2) ¥1(5),
§o = Vo(t) ¥2(5),

Y1 (ta 3)

Constraints are satisfied.

YQ(ta 8)

( Yo(t,s) =

&0 — 91(D)91(5)

&3 = 04()04(5)
&1 _ 93(8)93(3)

3 194%15 194%3\%
o Ua(t)U9o(s

§3  94(2)9a(5)

&1 = 93(t) 93(5),
£z = 94(t) 94(5).

=k sn(t,k)sn(s, k),
= Ldn(t, k) dn(s, k),
= & cn(t, k) en(s, k),

String equations also (I leave this as an exercise!)



Finite open strings

[ Yo(t,s) = ksn(t k)sn(s,k),
(t,8) > YD) = Yi(t,s) = %dn(t,k}dn(s,k),
\ Yo(t,s) = gen(t k) en(s, k),
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Finite open strings

[ Yo(t, s) k sn(t,k)sn(s, k),
(t,s) = YD) =] Yi(t,s) %dn(t, k)dn(s, k),
| Ya(t,9) 7 cn(t, k) en(s, k),

e i I
[ P

A= /\/Edtds = k2 / \/(sn (t,k)? — sn (s, k)2)2dtds —

= 8(K (k) — E(k))K (k).



Finite open strings

A = / Vhdtds = 8[K(k)? + K(K')? — E(k)K (k) — E(K)K(K)].



Semi infinite Strings

Project back to AdS/dS

_J bo=01(®)¥1(58), &1 = 93(1) 93(5),
(£, 8) = &(t5) = { € = 02(D) 02(3), €3 = 0a(D) 04 (3).

[ Yo(t,s) = S0 ="1DVG) — 1/ gc(r k) sc(s, k),

£ Uo(1)9o(3)
(t,s) = YP(t,5:k) ={ Yi(t,s) &1 — 93()03(5) _ 1 qeey k) de(s, k),
Yats) = =3

o Ua(D)r(s ‘
& = ﬁzéf)ﬁig — k

L)0a (5 K nc(t, k) nc(s,k);

Constraints are satisfied.

String equations also (I leave this as another exercise!)



Finite open strings

(t,s) — Y(Q)(t,s; k) = ¢

[ Yo(t, s)

Y1 (ta S)

YQ(ta S)

&

— 91 (0)91(8) _

 9a(D)a(s) T
¥3(£)93(3) __

2~ RaDuas)

Yo(t)2(5)

k' sc(t,k)sc(s, k),
1 dc(t k) dc(s, k),
nc(t k) nc(s,k);




All in all

Lt [y




Infinite open (AdS)/ closed (dS) strings

A second well-known relation between theta functions

&% = 91(5)%93(3)°+92(D)* 94(3)°—93(H)* 91(3)°—94(D)* ¥2(5)* = 0.

_ | o =091(1)93(58), &1 = 92(F)94(5),
(t,8) = &t 5) = { bo = 03(D) 01(5),  £3 = Da(D) 92(5).

[ Yo(t,s) = £ = sn(tk) dc(s, k),
(t,s) =< Yi(t,s) = g—; = cn(t, k) nc(s, k),
| Yo(t,s) = g—g = dn(t, k) sc(s, k)




Infinite open (AdS)/ closed (dS) strings
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Integrability

Jacobi and Neumann’s conoidal coordinates on
the sphere S, = {X§ + X7 + X3 =1}

ag < (1 < a1 < (o < as

Xo(C1,C) = (a0—C1)(ao—C2)

(ap—a1)(ap—az)’
X1(C1,G2) = \/((211:5(1)%21:222))’

Xo(C1, o) = (a2—C1)(a2—C2)

(az—ap)(az—a1)’




The conoidal coordinates are the zeros of the function :
X2 X2 X2 \ k k

0 | 1 | 2 ,

ax (C) |

~ C—ao " C—a1 " Cmaz i

L (C=)(C—C) W \ \

QX(C) o (C_aO)(C_al)(C_aQ)

Xg(ChCQ) _ (ap—C1)(ap—C(2)

~ (ap—a1)(ap—az)

The off-diagonal components of the metric vanish and the conoidal coordinates are
orthogonal

ds? = 3 /(C)dE — § ¢/(G2) d



AdS |

Jacobi and Neumann’s conoidal coordinates on

AdSy, = {X§ + X7 — X5 =1}

g < a1 < a9

Xo(C1,¢2) = ((25:2383:222))’
X1(¢1,C2) = (a1 =G1) (a1 —Ca)

(a1—ap)(a1—az)’

X2(C1,C2) = \/— 261 {2 —Go)

(az—aop)(az—ay)’



The conoidal coordinates are the zeros of the function \

2 2 2 2 S
ax () = C—Sbo | C_éfl C_?’Q \\ (

_ (€—¢1)(C—¢2)
QX(C) o (C—CLQ)(C—CLl)(C_CLQ)

ag < (1 < a1 <ag < (o

The conoidal coordinates are one spacelike and one timelike

ds? = 3 /(C)dE — § ¢/(G2) d



Integrability AdS Il

Jacobi and Neumann’s conoidal coordinates on

AdS, ={X§+ X7 — X3 =1}

ag < a9 < a1

Xo(C1,C2) = \/((35:2388:23’

X1 (¢, G) = (a1—C1)(a1—C2)

(a1—ap)(a1—az)’

Xo(G1, Go) =/~ =il



The conoidal coordinates are the zeros of the function k K

X2 X? X3
ax(C) = C—gfo T j m
C1,C2 < ap < az < ap |
ap < (1,02 < az < ap

ap < az < (1,G2 < ag
ap < az < ay < (1,(s

The conoidal coordinates are one spacelike and one timelike

ds? = 3 /(C)dE — § ¢/(G2) d



Integrability: separation of variables

Xo(Ga(0), Ga(s)) = /@O GOD - x,(Gy(1), Go(s) = |/ 7=

(ap—a1)(ap—az)

Xa(G (), Gal9)) =/ — L2 alfaz—ealo)),

1, 19 C1(t) — Ca(s) ; 2
_ 1, 12 CQ(S) — Cl(t) (2

D(¢) = (¢ — ao)(¢ — a1)(¢ — az).



Constraints

(%)2 = (¢1 — ao)(C1 — a1)(¢1 — az2),
(%)2 = (G2 — ao)(C2 — a1)(¢2 — a2)

9 X - 0,X = —0,X - 0,X = %(CQ(S) a0



String equations

O X — O0gs X 4+ [(0:X)* — (0:X)*]1X =0

1 §i
-G 2a; - )
7 /2

9 2
-+ + G+ C; =0
a; — G 2(a; — (2)? 2

Automatically satisfied provided

+G+C; =0

207;:14—&7;, A:a1+a2+a3



Perspectives

* Higher genus case — nontrivial examples
* Physical interpretation

e Work in collaboration with Michel Gaudin
(Saclay)



