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Scalar fields coupled to gravity

S = /d4$\/—_g[LGR + L] }

Lgr — gravitational Lagrangian
general relativity; Lar = R
square gravity; Lgr = R + cR?
f(R)-theories; Lar = f(R)
etc...

Lg — scalar field Lagrangian,
ordinary STT; Lg = —€¢(V¢)? — 2V (¢)
€ = +1 — canonical scalar field
e = —1 — phantom or ghost scalar field
with negative kinetic energy
V(¢) — potential of self-action
K-essence; Ly = K(X) [X = (V¢)?]
etc...
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Scalar fields coupled to gravity

Bergmann-Wagoner-Nordtvedt scalar-tensor theories

S = [ dtav=gl1 ()R~ h@) (Vo) ~ 2V (9)] J

f(¢)R = nonminimal coupling between ¢ and R
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Scalar fields coupled to gravity

Bergmann-Wagoner-Nordtvedt scalar-tensor theories

S = [ dtav=gl1 ()R~ h@) (Vo) ~ 2V (9)] |

f(¢)R = nonminimal coupling between ¢ and R

Conformal transformation to the Einstein frame (Wagoner, 1970):

d d
Guv = f(®) g ﬁ =f |fh <d§5>

—1/2

S = /d4x\/j§ [R — e(@w)Q = 2U(1:‘>)] }

) = new scalar field € = sign {fh +3 ((Tf) }

U(1¢) = new effective potential



Scalar fields coupled to gravity

General scalar-tensor theories

5= [ atev=gr(6, B) - (V6 - 2V (6] J

F(¢, R) = generalized nonminimal coupling between ¢ and R
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Scalar fields coupled to gravity

General scalar-tensor theories

5= [ atev=gr(6, B) - (V6 - 2V (6] J

F(¢, R) = generalized nonminimal coupling between ¢ and R

Conformal transformation to the Einstein frame (Maeda, 1989):

o= g =[0I
ny — iz

167 OR

S = /d4x\/7

—— —h(®)pH(Ve)? - 32%1/} 2(V)? + U(¢,w>]

1 = Q% = new (second!) scalar field
U(¢p,1) = new effective potential
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Scalar fields coupled to gravity

Some remarks:

@ A nonminimal scalar field is conformally equivalent to the minimal
one possessing some effective potential V' (¢)
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Scalar fields coupled to gravity

Some remarks:
@ A nonminimal scalar field is conformally equivalent to the minimal

one possessing some effective potential V' (¢)

@ A behavior of the scalar field is “encoded” in the potential V' (¢)
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Scalar fields coupled to gravity

Some remarks:

@ A nonminimal scalar field is conformally equivalent to the minimal
one possessing some effective potential V' (¢)

@ A behavior of the scalar field is “encoded” in the potential V' (¢)

@ The potential V(¢) is a very important ingredient of various
cosmological models: a slowly varying potential behaves like an
effective cosmological constat providing one or more than one
inflationary phases.

An appropriate choice of V(¢) is known as a problem of fine tuning
of the cosmological constant.
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Nonminimal derivative coupling generalization

S = /d4x\/jg[R - g,qu’u(b,v - 2V(¢)]
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Nonminimal derivative coupling generalization

S = /d4x\/jg[R - g,qu’u(b,v - 2V(¢)]

v

F(¢,R, Ry, ...)

nonminimal coupling
generalization!
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Nonminimal derivative coupling generalization

S= / Aoy =g[R— g6 .6, — 2V (8)]

s pN

F((D R, Rw/-, 000 ) K(d)v Qb,/.u ¢;;U/7 200 480 Rm/e o0 )
nonminimal coupling nonminimal derivative coupling
generalization! generalization!
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Horndeski (Galileon) theory

In 1973, Horndeski derived the action of the most general scalar-tensor
theories with second-order equations of motion
G.Horndeski, IJTP 10, 363 (1974)

Horndeski Lagrangian:

i

L=z J

K(¢,X), X = §(Vo)?
£3=G3(¢» )09,
£4:G4(¢, )R+ Gax(¢,X) [(06)* = (V,.V.0)?]
5=G5(0, X)G V'V
(o,

X) [([@¢)° = 3(0¢)(VuVu8)® + (VuVue)’]

Notice: Generally, there are no conformal transformations which
transform the Horndeski theory to the Einstein frame!

+3Gs. x
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Theory with nonminimal kinetic coupling

Action:

5= [dlovma {gE -l + 1660 - 2V(0)} ’

Field equations:

GHV = 871' [Tuy =F K/@;,w]v
g™ + KG* |V, V¢ =V

Ty =V 10V 06 = 560, (V0)? = 9,V (9),

Ouw=—3Vu0 V¢ R+2Vad V(,0Ry) — 5(V)*Gw + VGV 0 Ryaup
VW VOV, Vad = Vi Vid 06+ g [ — VOV Vo Ve + 3(00)
~Va¢ Ve R

Notice: The field equations are of second order!
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Cosmological models: General formulas

Sushkov, 2009; Saridakis, Sushkov, 2010
Ansatz:

ds® = —dt* + a*(t)dx>, |
¢ = o(t)

a(t) cosmological factor, H = a/a Hubble parameter

Field equations:

3H? = 4n¢? (e — 9xH?) + 87V (),
2H + 3H? = —dr¢? [e tk (2H +3H? 4+ 4H<‘z$¢'r1)] + 87V (),
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Cosmological models: General formulas

Sushkov, 2009; Saridakis, Sushkov, 2010
Ansatz:

ds® = —dt* + a*(t)dx>, |
¢ = o(t)

a(t) cosmological factor, H = a/a Hubble parameter

Field equations:

3H? = 4n¢? (e — 9xH?) + 87V (),
2H + 3H? = —dr¢? [e tk (2H +3H? 4+ 4H<‘z$¢'r1)] + 87V (),

C
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Cosmological models: I. No kinetic coupling

Trivial model without kinetic coupling (x = 0)

5= [atev=g Lfr - (Wﬂ J
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Cosmological models: I. No kinetic coupling

Trivial model without kinetic coupling (x = 0)

5= [atev=g Lfr - (W)Z} ’

Solution:

t = 0 is an initial singularity
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Cosmological models: Il. No free kinetic term

Model without free kinetic term (e = 0)

S = /d4x\/jg |::T - ’{GHVQS,/_LQS,V]
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Cosmological models: Il. No free kinetic term

Model without free kinetic term (e = 0)

S = / d*zv/=g [:T - HG%#d)W]

Solution:

alt) = 2% ()= ——") k<0

2/37k|

ds? = —dt? + t*/3dx?

t = 0 is an initial singularity
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Cosmological models: Ill. Ordinary scalar field without

potential

Model for an ordinary scalar field (¢ = 1)
without potential (V' = 0)

R
S = /d4$\/jg{8ﬂ_ — (g“” + HG”V)¢,;L¢,V}
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Cosmological models: Ill. Ordinary scalar field without

potential

Model for an ordinary scalar field (¢ = 1)
without potential (V' = 0)

R
S = /d4$\/jg{8ﬂ_ — (g“” + HG/LV)¢,M¢,V}

Asymptotic for t — oo:

a(t) ~ ao(t) =3 () ~ ¢o(t) =

1
Int
2V 3w J

Notice: At large times the model with k # 0 has the same behavior like
that with k = 0
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Cosmological models: Ill. Ordinary scalar field without

potential

Asymptotics for early times
The case x < 0:

t

£2/3.
2/3m|k|

a0 = i Qi R

ds? o = —dt?® + t*/3dx?

t = 0 is an initial singularity

The case xk > 0:

~ eHxt.
Ap—s—co X € "7 ¢t~>foo

~ Ce t/VE

2 _ 2 | 2H.t 7,2
dsi_,_.o =—dt"+e dx
de Sitter asymptotic with H,, = 1/v/9x




Cosmological models: Ill. Ordinary scalar field without

potential

Plots of « =lna incase k #0, e=1, V =0.

2
04 N
od
1A
1]
LU] ] a(t) -2
3]
-3 -4+
—4- -6 T
-10 5 ) 0 5 10 100 0 100 200 300
() k<O (b) k> 0;
Kk =0;—1;—-10; —100 k= 0;1;10;100

De Sitter asymptotics: a(t) = t/3/k

Notice: In the model with nonmnimal kinetic coupling one get
de Sitter phase without any potential!
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Cosmological models: IV. Phantom scalar field without

potential

Plots of a(t) in case kK <0, e=—1, V=0
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3 7 ./, 3
s
it
0 e 0
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I K
-10 “10d
LR U T T T T -15 T T T T
-4 -2 0 2 4 -4 -2 0 2 4
(@) (9k*) "t < a? < (3KH) 7! (b) & > (3k*)~!

De Sitter asymptotics:
aq(t) = t/+/9|k| (dash-dotted),
as(t) = t/+/3|k| (dotted).
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Cosmological models: V. Constant potential

Models with the constant potential V(¢) = A/87 = const

R —2A
8

s— | dw*g[ ~ [eg +f«:GW1¢,m,u}
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Cosmological models: V. Constant potential

Models with the constant potential V(¢) = A/87 = const

R —2A
8

s— | dw*g[ ~ [eg +H:GW1¢,#¢,U}

There are two exact de Sitter solutions:

I. a(t) = Hpt, o¢(t) = ¢o = const,

¢ 3cH2 — 1|2
. a(t) = bty = |2BEAT Sy
)= = 0= |7
Hy = /AJ3
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Cosmological models: V. Constant potential

Plots of a(t) incase kK >0, e =1, V=A

(a) H <d? < 1/9 (b) 1/9x < &* < 1/3k < H3

De Sitter asymptotics:
a1(t) = Hat (dashed),
as(t) = t/v/9k (dash-dotted),
asz(t) = t/V/3k (dotted).

Sergey Sushkov Cosmology with non-minimal derivative coupling



Cosmological models: V. Constant potential

Plots of a(t) in cases K >0, e=—-1and Kk <0, e=1

6

(a) k<0, e=1 (b) k>0,e=-1

De Sitter asymptotic:
a1 (t) = Hat (dashed).
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Cosmological models: V. Constant potential

Plots of «(t) in case k <0, e = —1

a4 2 o H a

(b) H < 1/9|x] < 1/3|x| < &

20 -

1530
—a 2 o H 4 -a -2 o 2 4

(c) é* < H} < 1/9|x| (d) & < 1/9|x| < H3

De Sitter asymptotics: 1 (t) = Hat (dashed),
as(t) = t/v/9k (dash-dotted), «s(t) =t/+/3k (dotted).
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Cosmological models: VI. Power-law potential

S = /d4x\/—g {8R — [g" + KG" | — 777,2(,52}
™

de
dt

Asymptotics:

Hy ' oo = 1/V/96(1+ 35m?)  primary inflation

H_octcoo = 1/V3K (1 + %lim2> secondary inflation
2 1 sin 2mt

3t 2mt

from inflation

Hi oo = } oscillatory asymptotic or “graceful” exit
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Cosmological scenarios with nonminimal kinetic coupling

and matter Sushkov, PRD 85 (2012) 123520

R—2A

8

S = /d4£17\/ —g { - [g’“' + KGHV](ZS,MQS,V} + Shatter
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Cosmological scenarios with nonminimal kinetic coupling

and matter Sushkov, PRD 85 (2012) 123520

R—2A
8w

S = /d4$\/ —g { - [g’“’ + KGLW](ZS?MQS,V} + Smatter

Stress-energy tensor: T, = diag(p,p,p,p)
Field equations:

3H? = 4ng? (1 — 9xH?) + A + 87p,
2 + 3H? = —4md? [1 e (zH 3H? + 4H¢5¢*1)} +A—8mp

(1 -3kH?)d*$] =0
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Cosmological scenarios with nonminimal kinetic coupling

and matter Sushkov, PRD 85 (2012) 123520

R—2A
8w

S = /d4$\/ —g { - [g’“’ + KGLW](ZS?MQS,V} + Smatter

Stress-energy tensor: T, = diag(p,p,p,p)
Field equations:

3H? = 4ng? (1 — 9xH?) + A + 87p,
2 + 3H? = —4md? [1 e (2H 3H? + 4H¢5¢*1)} +A—8mp
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Realistic cosmological scenario: Master equation

Pi0

Perfect fluid: p; = pETgEETRR Di = W;p;
. i C?/2 A
Density parameters: (},,.0 = P,o, Qgo = / , Qa0 =
pcr pc’f 87Tp07"

per = 3HE /8T
Modified Friedmann equation:

0. Quo(1 — 9xH?)

2 2 m;0 90

H” = Hy | Qa0 + Z a3(4wi)  q6(1 — 3kH?2)2

K3

Constraint for parameters:

Quo(1 — 9xHZ)

=1
(1—3kHZ)?

QAO + Z Qm,-O +
%

Sergey Sushkov Cosmology with non-minimal derivative coupling



Realistic cosmological scenario: Simple model

No coupling: x = 0;

No cosmological constant: A =0

Pressureless matter: p = 0; p = pg/a®

Q Q
2 _ 172 mO0 0 | . _
HHO|:3+6 3 Qm0+Q¢0—1
a a
4 15
ol
3 =1
104
=3
@) 2 HiH 4
B -3
1 -4
-5
0 oA
0 1 z o 1 2 3 4 3 o 1 2 . £ 3
Hyt a a

Scale factor a(t)

a(t) o< (t —t.)°

Hubble parameter H(a) Acceleration parameter g(a)
H=aj/a q = da/a?
H(a) — o0 ata—0 q is negative
H(a) — 0ata— o

Qg0 = 0; 0.25; 0.5; 0.75; 1, and Q0 = 1 — Qg0
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Realistic cosmological scenario: Simple model with

cosmological constant

No coupling: K =0

Qmo | Qg0
H HO QA0+L+ ¢ 3 QAO+QmO+Q¢0:1
a(®) H/Hn] 5
N I ”nlzgzas A A A
Scale factor a(t) Hubble parameter H(a) Acceleration parameter g(a)
H=a/a q = da/d®
a(t) oc (t —t)/® att — t. H(a) — co at a — 0 q changes its sign

a(t) x efat at ¢ — o H(a) — Hp at a — o0
Q¢0 = 0.23, QAO = 0; 0.07; 0.27; 0.47; 0.73, and Qmo =1—- Q¢0 = QAO
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Realistic cosmological scenario with kinetic coupling x > 0

H? = H? |Qpo +

QmO Q¢0(1 - 9/"13H2)
a3 ab(1 — 3kH?)?

Universal asymptotic:

H—H,=1/V9% at a—0

Notice: The asymptotic H ~ H,, at early cosmological times
is only determined by the coupling parameter k. and does not
depend on other parameters!
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Realistic cosmological scenario: Numerical solutions

10 1 2 3 [ R P
Hy Hy

Scale factor a(t)

Hubble parameter H(a) Acceleration parameter ¢
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Realistic cosmological scenario: Estimations

Hity ~ 60
ty~ 1073 sec

= H, =1/v9x ~ 6 x 1036 sec™!

k~10""sec? or I, =+rY2~10"2" cm J
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Realistic cosmological scenario: Estimations

Hat; ~ 60
ty~ 1073 sec

= H, =1/V/9x ~ 6 x 106 sec™!

k~10""sec? or I, =+rY2~10"2" cm J

Hy ~ 70 (km/sec)/Mpc ~ 1071% sec™!
v =3kHZ ~ 107109
QmO Q¢0(1 - 9I$H2)

H? = H§ |Q
0 o0t a3 a%(1 — 3kH?)?

= Qa0 + Qmo + Qgo = 1

Qpo = 0.73, Qgo = 0.23, Qo = 0.04 = ¢ =0.25 J
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Perturbations

Perturbed FRW metric: g,,, = G + by
background metric: oo = —1, Gio = gos =0, gi; = a? (t)6s5

metric perturbations (Newtonian gauge):

hoo=—®, ho; = hio =0,
hij:a2 (\I/(SZJ + 6'ij + 8J01 + @w)

Perturbed SET:

0Too=p® + dp,
6Tio=—(p + p)dui,
5Tij=phij + a25ij5p

Perturbed scalar field:

¢ (x,t) = o (t) + 60 (x, 1)
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Perturbations: Perturbed equations

Perturbed Einstein equations

Pi® + PoW + P3V2U + Pydg+ PsV25¢p + Pgdp = 0,
Q10 + Q2® + Q3V?® + Qu¥ + Q5 ¥ + Qs V>V
+Q76¢ + Q366 + Qo V¢ + Q1o0p = 0,
R10;P + RQ@I‘II + R30;00 + R481(5¢ aF R5V20i + Rgdu; = 0,
510;0;P + 520;0;V + S30;0;0¢
+84 (8:C; +8;C:) + S5 (8:C; + 8;C:)
+8663; + Sr6i; + S5V?6;; =0

P;, Q;, Ry, S; — coefficients depending on unperturbed values

P, = -8 (p+ %KH2¢2) , andsoon...
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Tensor perturbations

Two polarizations: 6;; — 07, 6*

Equation for tensor modes

(14 47kd?)6 + (3H + 47k (200 + 3H<£>2)> 0+ :—2(1 — 4mk¢?)h = 0

The case Anrd? < 1:
2

f+3H0+—50=0
a

The case dnkd? > 1:

.. % . 2
0+<2‘Z.5+3H>0—k29=0
10) a
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Conclusions

@ The non-minimal kinetic coupling provides an essentially new
inflationary mechanism which does not need any fine-tuned
potential.

@ At early cosmological times the coupling k-terms in the field
equations are dominating and provide the quasi-De Sitter behavior
of the scale factor: a(t) o eff<t with H, = 1/4/9x and x ~ 10~
sec? (or I, = k7% ~ 10727 cm)

@ The model provides a natural mechanism of epoch change without
any fine-tuned potential.
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THANKS FOR YOUR ATTENTION!
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