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I. INTRODUCTION

Gravitational modification is one of the main directions
one can follow in order to describe the late-time universe
acceleration and/or the early-time inflationary stage (see
for instance [1, 2]), which has the potential advantage of
avoiding introducing exotic fields and the concept of dark
energy (see [3, 4] and references therein). Definitely one
should note that, apart from the different physical inter-
pretation, one can transform from one approach to the
other, partially or completely, keeping track only of the
number of extra degrees of freedom [5]. Thus, one can
have various combined scenarios, with nonminimal cou-
plings between gravity and scalar fields being the most
used class.

Speaking of modified gravity, a natural question arises,
namely what formulation of gravity to use as a basis of
modification. The usual approach on the literature is to
start from the standard curvature gravitational formula-
tion, that is from the Einstein-Hilbert action of General
Relativity, and extend it in various ways [1, 2]. How-
ever, a different but still very interesting class of modified
gravity could arise starting from torsional formulations of
General Relativity (GR). In particular, it is well known
that Einstein also constructed the “Teleparallel Equiv-
alent of General Relativity” (TEGR), where gravity is
described not by the curvature tensor but by the torsion
one [6–10]. The Lagrangian of this theory is given by
contractions of this torsion tensor, namely the torsion
scalar T , in a similar way that the Lagrangian of Gen-
eral Relativity is given by the Ricci scalar R, that is from
contractions of the curvature tensor. Hence, instead of
modifying GR one could try to modify TEGR. The most
interesting feature is that although GR coincides with
TEGR at the level of equations, their modifications do
not, and thus they correspond to different classes of grav-
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itational modification.
The simplest modification of TEGR is to replace T

with f(T ) in the action, resulting to f(T ) gravity [11, 12],
in a similar way with the f(R) modification of GR. Since
f(T ) gravity has no known curvature equivalent and is a
novel modified class, its cosmological [12–14] and black
hole [15] applications have attracted significant interest.
A next extension of TEGR arises if one construct and use
higher-order torsion invariants, in a similar way to the
use of higher-order curvature invariants in GR modifica-
tions. Thus, constructing the teleparallel equivalent TG
of the Gauss-Bonnet term G, one can build the f(T, TG)
paradigm [16], which is not spanned by the f(R,G) class
and thus is a novel gravitational modification. Further-
more, one could extend TEGR to f (T,Lm) scenario [17],
with Lm the matter Lagrangian, or to f(T, T ) theory
[18], with T the trace of the energy-momentum ten-
sor, inspired respectively by the f (R,Lm) [19, 20] and
f(R, T ) [21, 22] extensions of curvature-based gravity,
where again both these theories are different from their
curvature counterparts.

One could proceed further, and introduce nonmini-
mal couplings in the framework of TEGR, in a simi-
lar way that one introduces these couplings in GR [23].
Thus, in [24] we formulated the scenario of “teleparallel
dark energy”, in which T is coupled to an extra scalar,
and as expected this scalar-torsion theory is different
from scalar-(curvature)tensor model, that is from non-
minimal quintessence, with interesting phenomenology
[25–29]. Since scalar-torsion theories are different than
scalar-(curvature)tensor ones, in the present work we are
interested in exploring various features of the cosmolog-
ical dynamics of both theories, and investigate their dif-
ferences and similarities. Indeed, we do find that the
behavior of the phase space is different in the two con-
structions, and amongst others we find that the scalar-
torsion can be free from run-away solutions, which are
typical for the standard curvature-based theory of non-
minimally coupled scalar fields.

The plan of the manuscript is outlined as follows: In
Section II we briefly present teleparallel equivalent of gen-
eral relativity and its scalar-torsion extension. In Sec-
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tion III we perform a detailed dynamical analysis, while
in Section IV we compare the obtained results with the
corresponding behavior of nonminimal scalar-curvature
theory. Finally, Section V is devoted to the conclusions.

II. TELEPARALLEL AND SCALAR-TORSION
THEORY

In this section we briefly review the teleparallel for-
mulation of General Relativity and its modifications. In
this construction the dynamical variables are the vierbein
fields eA(xµ), which can be expressed in a coordinate ba-
sis as eA = eµA∂µ

1. The vierbeins at each space-time
point form an orthonormal basis for the tangent space,
and they are related to the metric tensor through

gµν = ηAB e
A
µ e

B
ν , (1)

where ηAB = diag(1,−1,−1,−1). Concerning the in-
dependent object that defines the parallel transporta-
tion, i.e. the connection, we use the Weitzenböck one
w

Γ
λ

νµ ≡ eλA ∂µeAν [30], which leads to zero curvature. Thus,
the gravitational field is described by the torsion tensor,
which reads

Tλµν =
w

Γ
λ

νµ −
w

Γ
λ

µν = eλA (∂µe
A
ν − ∂νeAµ ). (2)

In particular, constructing the torsion scalar T as

T ≡ 1

4
T ρµνTρµν +

1

2
T ρµνTνµρ − T ρ

ρµ T
νµ
ν , (3)

and using it as a Lagrangian, variation with respect to
the vierbeins leads to exactly the same equations with
General Relativity [6–10]. That is why Einstein named
this theory “Teleparallel Equivalent of General Relativ-
ity” (TEGR).

One can be based on TEGR and start constructing
various extensions. As we discussed in the Introduction,
the simplest extension is to replace T by T + f(T ) in the
Lagrangian, i.e. formulating f(T ) gravity. Introducing
also the matter sector, the total action will be

S =
1

2κ2

∫
d4xe [T + f(T )] + Sm, (4)

where Sm is the matter action, e = det(eAµ ) =
√
−g and

κ2 is the gravitational constant (we set the light speed to
one). Variation in terms of the vierbeins leads to

e−1∂µ(eeρASρ
µν)[1 + fT ] + eρASρ

µν∂µ(T )fTT

−[1 + fT ]eλAT
ρ
µλSρ

νµ +
1

4
eνA[T + f(T )]

=
κ2

2
eρA

em

T ρ
ν , (5)

1 Greek indices run over coordinate space-time, while capital Latin
indices span the tangent space-time.

where fT = ∂f/∂T , fTT = ∂2f/∂T 2,
em

T ρ
ν denotes the

matter energy-momentum tensor, and we have defined

the convenient tensor S µν
ρ ≡ 1

2

(
Kµν

ρ+δµρ T
αν
α−δνρTαµα

)
,

constructed with the help of the contorsion tensor Kµν
ρ ≡

− 1
2

(
Tµνρ − T νµρ − T µν

ρ

)
. We stress that although for

f(T ) = const. one recovers TEGR with a cosmological
constant, and thus GR with a cosmological constant, for
f(T ) 6= const. the theory is different from f(R) gravity.
Thus, f(T ) gravity is a new gravitational modification
and that is why it has attracted a significant interest in
the literature [12–15].

An alternative extension of TEGR is to introduce a
scalar field nonminimally coupled with T , in a similar way
that in curvature-based gravity one introduces a scalar
field nonminimally coupled to R. In particular, the total
action will be [24]

S =

∫
d4x e

[
T

2κ2
+

1

2
∂µφ∂

µφ− V (φ) +
ξ

2
B(φ)T + Lm

]
,

(6)
where φ is a canonical scalar field, V (φ) its potential, and
B(φ) its arbitrary nonminimal coupling with the torsion
scalar T . Variation with respect to the vierbein yields
the coupled field equation[
2

κ2
+ 2ξ B(φ)

] [
e−1∂µ(eeρASρ

µν)− eλAT ρµλSρνµ +
1

4
eνAT

]
−eνA

[
1

2
∂µφ∂

µφ− V (φ)

]
+ eµA∂

νφ∂µφ,

+2ξeρASρ
µνB′(φ) (∂µφ) = eρA

em

T ρ
ν , (7)

where primes denote the derivative of a function with
respect to its argument.

In order to focus on the cosmological application of
this theory, we impose the vierbein ansatz

eAµ = diag(1, a(t), a(t), a(t)), (8)

which leads to the flat Friedmann-Robertson-Walker
(FRW) metric

ds2 = dt2 − a2(t) δijdx
idxj , (9)

where a(t) is the scale factor. Thus, with this vierbein
ansantz, the equations of motion (7) give rise to the mod-
ified Friedmann equations

3H2 = κ2

[
φ̇2

2
+ V (φ)− 3ξH2B(φ) + ρm

]
, (10)

2Ḣ = −κ2
[
φ̇2 + 2ξHB′(φ)φ̇+ 2ξḢB(φ) + ρm(1 + ωm)

]
,

(11)
where H = ȧ/a is the Hubble function, and dots de-
note differentiation with respect to t. Note that in the
above relations we have used the relation T = −6H2,
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which holds for the vierbein choice (8). Additionally, we
have considered the matter Lagrangian to correspond to
a perfect fluid with energy density and pressure ρm and
pm respectively, and we have defined its equation-of-state
parameter to be wm ≡ pm/ρm. Finally, varying the ac-
tion (6) with respect to φ, and imposing the FRW ansatz,
we acquire the scalar field equation of motion

φ̈+ 3Hφ̇+ 3ξH2B′(φ) + V ′(φ) = 0. (12)

Lastly, note that, as expected, for ξ = 0 the scenario at
hand coincides completely with standard quintessence,
since in this case the scalar field is minimally coupled to
TEGR, which in turn coincides with General Relativity.

III. DYNAMICAL ANALYSIS

In the cosmological application of any gravitational
theory one can find many analytical solutions, and an
infinite number of numerical ones. However, the most
important issue is to investigate the global features of the
dynamics, that is to extract information about the given
cosmological model that is independent of the initial con-
ditions and the specific evolution. This is obtained using
the powerful method of dynamical analysis, which allows
to examine in a systematic way all the possible asymp-
totic cosmological behaviours, that is all the possibilities
of the universe behaviour at late times. In particular, if
stable late-time solutions are revealed, it is implied that
the universe will result to them independently of the ini-
tial conditions and the model parameters.

The phase-space and stability analysis is performed by
transforming the given cosmological model into its au-
tonomous form, which in general will be of the form
dY/d ln a = f(Y), where Y is a vector constituted by
suitable chosen variables and f(Y) the corresponding vec-
tor of the autonomous equations [31, 32]. Then the crit-
ical points Yc of this dynamical system are extracted
imposing the condition dY/d ln a = 0. Thus, in order to
examine the stability of these critical points one expands
the system around Yc as Y = Yc + U, with U the col-
umn vector of the variable perturbations, and for each
critical point he expands the equations for the perturba-
tions up to first order as U′ = Q ·U, where the matrix
Q contains all the coefficients of the perturbation equa-
tions. Hence, the stability properties and the type of a
specific critical point are determined by the eigenvalues
of Q, namely if all eigenvalues have positive real parts
then this point will be unstable, if they all have negative
real parts then it will be stable, while if they change sign
it will be a saddle point.

Let us apply the above method to the scalar-torsion
cosmology that was presented in the previous section.
As an example we will focus on power-law potentials and
power-law coupling functions, since the exponential cases
have been investigated elsewhere [25, 26]. In particular,
in the following we consider the case where

V (φ) = V0φ
n (13)

and

B(φ) = φN , (14)

where we focus on even n in order for the potential to
be non-negative. For convenience we choose N > 0, al-
though the incorporation of the N < 0 case is straightfor-
ward. Additionally, since for ξ = 0 the scenario at hand
coincides completely with standard quintessence, in the
following we focus on the case of interest of this work,
that is on ξ 6= 0. The dynamical analysis proves to be
different for the cases N 6= 2 and N = 2, and thus in the
following subsections we examine these cases separately.

A. N 6= 2

In order to proceed, and as we described above, we
introduce the following dimensionless auxiliary variables:

x =
κ2φ̇2

6H2[1 + κ2ξB(φ)]
(15)

y =
κ2V (φ)

3H2[1 + κ2ξB(φ)]
(16)

z =
κ2ρm

3H2[1 + κ2ξB(φ)]
(17)

m =
φ̇

Hφ
(18)

A =
B′(φ)φ

1 + κ2ξB(φ)
=

N

1/φN + κ2ξ
. (19)

Note the useful relation between A, x, m, namely

6Nx(N − κ2ξA)
2−N
N = κ2A

2
Nm2. (20)

Furthermore, it proves convenient to additionally define
the following functions, where in our case become just
dimensionless parameters:

b =
B′′(φ)φ

B′(φ)
= N − 1 (21)

c =
V ′(φ)φ

V (φ)
= n. (22)

In terms of the auxiliary variables the first Friedmann
equation (10) gives rise to the following constraint

1 = x+ y + z, (23)

while using additionally the above parameters and the
scalar-field evolution equation (12), we can obtain the
following expressions for the physically interesting quan-
tities:

φ̈

Hφ̇
= −3− m

2x
(κ2ξA+ ny) (24)

Ḣ

H2
= −3x− κ2ξAm. (25)
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Since we are interested in investigating the dynamical
features of the pure modified gravitational sector, we fo-
cus on the vacuum case ρm = 0. Hence z = 0 and the
dimensionality of the phase space is reduced by one. In
this case, the cosmological equations of the scenario at
hand are finally transformed to their autonomous form

dm

d ln a
= −3N(κ2ξA+ n)(N − κ2ξA)

2−N
N

κ2A
2
N

+
κ2A

2
Nm3

2N(N − κ2ξA)
2−N
N

+m2
(n

2
+ κ2ξA− 1

)
− 3m (26)

dA

d ln a
= Am(N − κ2ξA), (27)

where we have replaced b+ 1 = N as it arises from (21).
The system (26),(27) admits only one real critical

point:

1. Point P1: m = 0, A = − n
κ2ξ

The critical point P1 corresponds to m = 0, A = − n
κ2ξ ,

which according to (20) leads to x = 0, and then using
(23) to y = 1. Since A = const. from (19) we deduce that
the scalar field is also constant at P1, namely

φN = φ0
N = − n

κ2ξ(N + n)
, (28)

while according to (25) we find that Ḣ/H2 is zero. Thus,
knowing additionally that y is non-zero, from (16) we
deduce that the Hubble function obtains a constant non-
zero value at P1, namely

H = H0 =

√
−nV0φ0

n−N

3Nξ
, (29)

and thus the universe is in a de Sitter phase where the
scale factor expands exponentially as

a(t) = a0e
H0(t−t0), (30)

where a0,t0 are constants. We mention that the de Sitter
fixed point always exist for N odd, while for N even it
exists only for ξ < 0.

Linearizing the perturbation equations around P1 and
extracting the eigenvalues of the corresponding pertur-
bation matrix, as we discussed earlier, we find:

λ1,2 = −3

2
±
√

3

2κ2

(
− n

κ2ξ

)−N
2

·

{
nκ2

ξ

[
4ξN

(
− n

κ2ξ

)N
2

(N + n)
2
N − 3

(
− n

κ2ξ

)N−1
]} 1

2

.(31)

Due to the complexity of the above expressions it is
not possible to derive analytical results for the signs of

the real parts of these eigenvalues. Thus, we perform a
numerical scanning in the parameter space.

In Figs. 1 and 2 we present the stability regions in
the parameter subspace (n, ξ) for N = 2 and N = 4
respectively. Since for ξ < 0, n < 0 the de Sitter solution
exists only for negative φn−N0 (see Eq. (29)), we restrict
ourselves by odd integer |n|, in other quadrants n can be a
continious variable (in white zones the de Sitter solution
does not exist). As we observe, in the case where both N
and n are positive we find that there is not any stability
region, and thus point P1 is saddle. However, in the case
where n < 0, and for N > 2, we do find stability regions,
that is in this case the de Sitter point P1 is stable. We
do not consider negative n further in the present paper.

B. N = 2

In this case we also use the auxiliary variables (15)-
(19), the constraint (23) remains the same, but now re-
lation (20) simplifies to

x =
κ2Am2

12
. (32)

Moreover, instead of (24),(25) we now have

φ̈

Hφ̇
= −3− 6

ξ

m
− 6

n

κ2mA
+
nm

2
(33)

Ḣ

H2
= −κ

2Am2

4
− κ2ξAm. (34)

Hence, the autonomous form of the cosmological system
becomes

dm

d ln a
= −3m− 6ξ − 6n

κ2A
+
κ2Am3

4

+m2
(n

2
+ κ2ξA− 1

)
(35)

dA

d ln a
= Am(2− κ2ξA). (36)

The system (35),(36) admits four real critical points:

1. Point Q1: m = 0, A = − n
κ2ξ

The first critical point Q1 corresponds to m = 0, A =
− n
κ2ξ , which according to (32) leads to x = 0, and then

using (23) gives y = 1 (again we focus on the case ρm = 0
i.e. z = 0). Hence, this point can be obtained from
point P1 of the previous subsection, setting N = 2. In
particular, from the definition of A in (19) we find that
the scalar field is constant too, namely

φ2 = φ0
2 = − n

κ2ξ(2 + n)
, (37)
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FIG. 1: Stability regions of de Sitter point P1 in the parameter subspace (n, ξ) for N = 2. Green regions correspond to saddle
behavior, while black regions denote stable behavior.

while from (34) we deduce that Ḣ/H2 is zero. Thus,
knowing additionally that y is non-zero, from (16) we
deduce that the Hubble function obtains a constant non-
zero value at Q1, namely

H = H0 =

√
−nV0φ0

n−2

6ξ
. (38)

Therefore, the universe is in a de Sitter phase where the
scale factor expands exponentially as

a(t) = a0e
H0(t−t0). (39)

Note that this de Sitter fixed point exists only for ξ < 0.

The eigenvalues of the perturbation matrix can be ob-
tained from (31) setting N = 2, and thus we have

λ1,2 = −3

2
± 1

2

√
9− 24ξ(n+ 2). (40)

Therefore, we can easily see that this point is always a
saddle one.

2. Point Q2: m =
√

6ξ, A = 2
κ2ξ

The second critical point Q2 exists only for ξ > 0 and
corresponds to m =

√
6ξ, A = 2

κ2ξ , and thus according to

(32) we get x = 1, and then using (23) we obtain y = 0.
Therefore, from (34) we find that

Ḣ

H2
= −3− 2

√
6ξ, (41)

which leads to

a(t) = a0|t− t0|
1

3+2
√

6ξ , (42)

where a0,t0 are constants. Note that at t → ∞ both H
and Ḣ tend to zero (H ∼ t−1 and Ḣ ∼ t−2), but with the

ratio H/Ḣ2 being the constant given in (41). Inserting
the scale-factor expression into the m-definition in (18),
we extract the scalar-field solution as

φ(t) = φ0|t− t0|
√

6ξ

3+2
√

6ξ . (43)

Finally, substituting the coordinates of Q2 into (19) we
deduce that φ → ∞, and thus the only case is when
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FIG. 2: Stability regions of de Sitter point P1 in the parameter subspace (n, ξ) for N = 4. Green regions correspond to saddle
behavior, while black regions denote stable behavior.

t0 < t → ∞. Hence point Q2 cannot give rise to a Big
Rip [33].

Lastly, substituting these expressions into the y-
definition in (16), we deduce that in order to have self-
consistency the potential must have n < −2, which is not
of interest for the scope of the present work.

3. Point Q3: m = −
√

6ξ, A = 2
κ2ξ

The third critical point Q3 exists only for ξ > 0 and
corresponds to m = −

√
6ξ, A = 2

κ2ξ . Thus, from (32) we

acquire x = 1, and then from (23) we get y = 0. From
(34) we find that

Ḣ

H2
= −3 + 2

√
6ξ, (44)

which, for ξ 6= 3/8, leads to

a(t) = a0|t− t0|
1

3−2
√

6ξ , (45)

where a0,t0 are constants. Note that at t → ∞ both H
and Ḣ tend to zero (H ∼ t−1 and Ḣ ∼ t−2), but with the

ratio H/Ḣ2 being the constant given in (44). Inserting
the scale-factor expression into the m-definition in (18),
we obtain the scalar-field solution as

φ(t) = φ0|t− t0|
√

6ξ

2
√

6ξ−3 . (46)

Substituting these expressions into (16), and contrary to
point Q2, we deduce that self-consistency is obtained for
both positive and negative values of n. Restricting our-
selves to the positive-n cases, we extract the following
requirements for the existence of this critical point:

For n < 2 it exists for ξ ∈
(

0;
3

8

)
∪

(
3

8
;

6

(n+ 2)
2

)

For 2 ≤ n it exists for 0 < ξ <
6

(n+ 2)2
.

Concerning its stability, the eigenvalues of the perturba-
tion matrix are found to be

λ1 = 2
√

6ξ

λ2 = 6−
√

6ξ(n+ 2), (47)
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and thusQ3 is always an unstable node, since
√
ξ(n+2) <√

6.
Finally, in the case ξ = 3/8 with n < 2 equation (44)

leads to the trivial solution H = H0 = const, and thus
for the scale factor we acquire

a(t) = a0e
H0(t−t0), (48)

while relation (18) leads to

φ(t) = φ0e
−
√
6ξH0(t−t0). (49)

In this case the eigenvalues of the perturbation matrix are
still given by (47) but for ξ = 3/8, and thus we deduce
that Q3 is an unstable node.

4. Point Q4: m = −ξ(n+ 2), A = 2
κ2ξ

The fourth critical point corresponds to m = −ξ(n+2),

A = 2
κ2ξ , and thus according to (32) we get x = ξ(n+2)2

6 ,

and then using (23) we acquire y = 1 − ξ(n+2)2

6 . Hence,
from (34) we find that

Ḣ

H2
=
−ξ(n+ 2)(n− 2)

2
. (50)

For n 6= 2 the above equation leads to

a(t) = a0|t− t0|
2

ξ(n2−4) , (51)

where t0 is a constant. Then, inserting this expression
into the m-definition in (18), we extract the scalar-field
solution as

φ(t) = φ0|t− t0|
2

2−n . (52)

As A = 2
κ2ξ then φ→∞ at this stationary point.

Substituting found solution (51), (52) to the initial
system (10), (11), (12) we get corresponding conditions
of existence (V0 < 0 is not considered in this paper):
for N = 2 and
1). n 6= 2 — even, V0 > 0, 0 < ξ < 6

(n+2)2
, ∀φ0

2). n 6= 2 — odd, V0 > 0, 0 < ξ < 6
(n+2)2

, φ0 > 0 or

V0 > 0, ξ ∈ (−∞; 0) ∪ ( 6
(n+2)2

; +∞), φ0 < 0.

The eigenvalues of the perturbation matrix for Q4 read

λ1 = 2ξ(n+ 2)

λ2 = −3 +
ξ(n+ 2)

2

2
, (53)

This point for ξ > 6
(n+2)2

— an unstable node, for

0 < ξ < 6
(n+2)2

— a saddle, for ξ < 0 – a stable node.

For n = 2, equation (50) does not accept the solution
(51), but it has the trivial solution H = H0 = const,
which inserted into y-definition relation (16) gives H2

0 =

V0

ξ(3−8ξ) . Since we focus on positive potential, i.e. with

V0 > 0, we deduce that this solution exist for 0 < ξ <
3/8. Hence, for the scale factor we obtain

a(t) = a0e

√
V0

ξ(3−8ξ)
(t−t0), (54)

while relation (18) gives

φ(t) = φ0e

√
16V0ξ

(3−8ξ)
(t−t0). (55)

In this case the eigenvalues of the perturbation matrix are
still given by (53) but for n = 2, and since 0 < ξ < 3/8
we deduce that Q4 for n = 2 is always a saddle point.

IV. COMPARISON BETWEEN
SCALAR-TORSION AND SCALAR-CURVATURE

BEHAVIOR

In the previous section we performed the dynamical
analysis of some general scalar-torsion models. In this
section we present specific figures in the phase space, and
we discuss the physical features of the obtained cosmol-
ogy. Then, we compare these results with the known
behavior of the corresponding scalar-curvature scenarios
[34, 35]. Since in scalar-curvature models only the case
of positive ξ has been studied in detail, in the following
we focus on this case too. Similar to the scalar-curvature
models the important regime of dumped scalar field os-
cillations can not be extracted from fixed points analysis
for the set of variables we used.

As it is usual in the majority of cosmological scenar-
ios, the scalar field and the scale factor diverge at the
critical points, and therefore for presentation reasons it
proves more convenient to define suitable compact vari-
ables, projecting the dynamics in the unit circle. In par-
ticular, we define

α =
ϕ√

1 + ϕ2 + ϕ̇2
, β =

ϕ̇√
1 + ϕ2 + ϕ̇2

, (56)

and thus the inverse transformation reads

ϕ =
α√

1− α2 − β2
, ϕ̇ =

β√
1− α2 − β2

. (57)

Obviously we have

α̇ = β
(

1− α2 − αϕ̈
√

1− α2 − β2
)
,

β̇ = ϕ̈
√

1− α2 − β2(1− β2)− αβ2.
(58)

A. N 6= 2

We start by examining the phase portraits for the
N 6= 2 case. As we discussed in the previous section,
the only critical point in this case is the de Sitter point
P1, but since it exists only for ξ < 0 we are not going to
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discuss it in detail. Hence, remaining in the case ξ > 0
we conclude that the only possible evolution is that of
scalar-field oscillations, and the global picture of such
dynamics does not depend on the particular value of ξ.
In order to present this behavior more transparently, in
Fig. 3 we depict the phase-space evolution in the (α, β)
plane, in the case where N = 4, n = 2, ξ = 1, with
V0 = 1, κ2 = 1. Note that this behavior is similar to that
in scalar-curvature case [34, 35].

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

α

β

FIG. 3: The projection of the phase-space evolution of the
system (26),(27) on the (α, β) plane, in the case where N = 4,
n = 2, ξ = 1, with V0 = 1, κ2 = 1, i.e. in the case of
quartic nonminimal coupling function and quadratic potential.
There are no stable fixed points, and the scalar field exhibits
oscillations.

B. N = 2

We now examine the more interesting N = 2 case.
For this quadratic coupling function, the quadratic po-
tential n = 2 is an exceptional one, since in this case the
obtained solutions are not power laws but exponentials.
Having in mind the existence and the stability condi-
tions of points Q1 to Q4 of subsection III B, we deduce
that when n = 2, two different types of cosmological dy-
namics are possible:

• In the case where the coupling parameter is small,
namely 0 < ξ < 3/8, only two critical points exist,
namely Q3 and Q4. The evolution starts with a
massless regime (point Q3 which is unstable node)
and ultimately results to (0, 0) point, except for a
measure-zero set of initial conditions which ends
in the saddle point Q4 representing the exponen-
tial solution (54),(55). In Fig. 4 we depict the
phase-space evolution in the (α, β) plane, in the
case where N = 2, n = 2, ξ = 1/4, with V0 = 1,
κ2 = 1.

• In the case where the coupling parameter is large,
namely ξ > 3/8, no critical point exist, and thus

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

α

β

Q
4

Q
4

Q
3

Q
3

FIG. 4: The projection of the phase-space evolution of the
system (35),(36) on the (α, β) plane, in the case where N = 2,
n = 2, ξ = 1/4, with V0 = 1, κ2 = 1, i.e. in the case of
quadratic nonminimal coupling function and quadratic poten-
tial.

the scalar field exhibits oscillations. This behavior
is depicted in Fig. 5, for the case of N = 2, n = 2,
ξ = 4, with V0 = 1, κ2 = 1.
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0.2

0.4

0.6

0.8

1

α

β

FIG. 5: The projection of the phase-space evolution of the
system (35),(36) on the (α, β) plane, in the case where N = 2,
n = 2, ξ = 4, with V0 = 1, κ2 = 1, i.e. in the case of quadratic
nonminimal coupling function and quadratic potential. There
are no stable fixed points, and the scalar field exhibits oscilla-
tions.

Let us now examine the n > 2 case. In this case, the
solutions, when they exist, are power laws instead of ex-
ponentials. Having in mind the existence and the stabil-
ity conditions of points Q1 to Q4 of subsection III B, we
deduce that two different types of cosmological dynamics
are possible:

• In the case of small coupling parameter, namely
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ξ < 6/(n + 2)2, the phase-space trajectories be-
gin from the unstable node Q3 and tend to dump-
ing oscillations near (0, 0) point, since Q4 is saddle.
This behavior can be observed in Fig. 6, in the case
where N = 2, n = 4, ξ = 1/10, with V0 = 1, κ2 = 1.
Note that the points Q3 and Q4 coincide, making
the resulting phase portrait less informative.
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4
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FIG. 6: The projection of the phase-space evolution of the
system (35),(36) on the (α, β) plane, in the case where N = 2,
n = 4, ξ = 1/10, with V0 = 1, κ2 = 1, i.e. in the case of
quadratic nonminimal coupling function and quartic potential.

• In the case of large coupling parameter, namely ξ >
6/(n+2)2, the critical points do not exist, and thus
the scalar field exhibits oscillations. This behavior
can be seen in Fig. 7.

Let us now compare the above behavior with the cor-
responding one in the scalar-curvature case, which will
help to reveal the special features of the nonminimal cou-
pling in teleparallel gravity. We can easily remark two
very important qualitative differences concerning possi-
ble future and past asymptotic in these two theories of
non-minimally coupled scalar field.

Firstly, in the case of standard, scalar-curvature mod-
els with power-law potentials and coupling functions, the
future scalar-field behavior can be of two possible types:
either solutions with φ→∞ or damped scalar field oscil-
lations. The former behavior is realized for n < 2N (in
the present paper notations), and moreover it represents
a Big Rip singularity if N < n < 2N [34, 35]. On the
contrary, in teleparallel nonminimal coupling with pos-
itive even N and n the only stable future asymptotics
are the oscillations (note that in this case one needs to
be based on the numerical investigation in order to study
the phase-space behavior since the scalar field oscillations
cannot be obtained analytically through the dynamical
analysis). In some sense, the theory under investiga-
tion resembles better the theory with minimally coupled
scalar field, where stable future regimes apart from oscil-
lations are impossible for simple power-law potentials.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

α

β

FIG. 7: The projection of the phase-space evolution of the
system (35),(36) on the (α, β) plane, in the case where N = 2,
n = 4, ξ = 1, with V0 = 1, κ2 = 1, i.e. in the case of
quadratic nonminimal coupling function and quartic potential.
There are no stable fixed points, and the scalar field exhibits
oscillations.

The reason behind this difference is quite clear. In the
equation of motion for the scalar field the additional term
originating from the non-minimal coupling, for even N
has the same sign as the potential term for even n, and,
as a result, can only enhance the driven force pushing
the scalar field towards the minimum of its potential. On
the contrary, the additional term in the case of curvature
non-minimal coupling has a more complicated structure,
with different signs, and under some conditions can push
the scalar field into infinity.

Hence, it is evident that in order to make non-trivial
future asymptotics in the present scenario, we need to
balance the potential and correction terms and thus we
need either to consider negative ξ or to match an increas-
ing coupling function with a decreasing potential (or vice
versa, however this case is more “exotic”). For instance,
as we saw, for positive even N and n the fixed point P1

corresponding to de Sitter solution exists only for nega-
tive ξ. The detailed study of such suitable constructed
solutions, based on the interplay between the potential
and the coupling function, lies beyond the scope of the
present work and is left for a future investigation.

Secondly, concerning the past behavior, we also see
that the past asymptotics in the scenario at hand are
different from both minimal and nonminimal curvature
theory. In both these scalar-curvature theories the source
point on phase diagrams represents the massless field
regime, existing if the potential is not too steep (expo-
nentially steep for curvature minimal coupling [36] and
n < 5N for curvature non-minimal coupling [34, 35]).
However, in teleparallel gravity with power-law poten-
tials, this regime exists only if N does not exceed 2. For
N > 2 (as well as for N = 2, and ξ > 6/(n+2)2) we have
infinite scalar field oscillations near a singularity, similar
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to those in the theory of a minimally coupled field with
exponential potentials. Finally, note that in the present
scenario we find that the case of N = n = 2 is exceptional
since only under this condition the unstable exponential
solution exists. This feature has no analogies in the cur-
vature theory.

V. CONCLUSIONS

In this work we investigated cosmological scenarios in
the framework of teleparallel gravity with nonminimal
coupling. Although in the case of absence of the scalar
field, or in the case of minimal coupling, teleparallel grav-
ity is completely equivalent with general relativity at
the level of equations, when the nonminimal coupling
is switched on the two theories become different, corre-
sponding to distinct classes of gravitational modification.
Hence, in order to reveal the differences between nonmin-
imal scalar-curvature and nonminimal scalar-torsion the-
ories, we use the powerful method of dynamical analysis,
which allow us to study their global behavior without the
need of extracting exact analytical solutions.

Focusing on the cases of power-law potentials and non-
minimal coupling functions, we showed that contrary to
the case of scalar-curvature gravity, teleparallel gravity
has no stable future solutions for positive nonminimal
coupling, and the scalar field results always in oscilla-
tions. Additionally, concerning the past behavior, while
scalar-curvature exhibits a massless field regime for not
too steep potentials, nonminimal scalar-torsion gravity
exhibits this feature for not too steep coupling functions.

The reason behind these differences is the specific and
simple form of the nonminimal correction in the scalar
field equation in the case of nonminimal scalar-torsion
theory, comparing to the more complicated correspond-
ing term in nonminimal scalar-curvature theory. In par-

ticular, in the former case the correction term is relatively
simple and thus it can lead to well-determined changes
in the dynamics comparing to the minimal model, while
in the latter case the correction term is complicated and
thus it cannot lead to well-determined, one-way changes
in the dynamics comparing to the minimal model. Hence,
since minimal scalar-curvature is equivalent with minimal
scalar-torsion gravity, nonminimal scalar-curvature grav-
ity is relatively close to them, while nonminimal scalar-
torsion gravity is radically different. The significant dif-
ference of the two theories was already known (for in-
stance in the scalar-torsion case one can obtain the phan-
tom regime, which is impossible in the scalar-curvature
one [24, 25]), however in the present work we verified
it analyzing in detail the dynamics of the pure scalar-
gravity sector, in order to remove possible effects of the
matter part.

Clearly, the torsional modification of gravity, and its
coupling with scalar and matter sectors, brings novel and
significant features, with no known curvature counter-
parts. Thus, it would be interesting to include these ca-
pabilities in the model-building of cosmological scenarios.
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[7] C. Möller, Mat. Fys. Skr. Dan. Vid. Selsk. 1, 10 (1961);
C. Pellegrini and J. Plebanski, Mat. Fys. Skr. Dan. Vid.
Selsk. 2, 4 (1963).

[8] K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524
(1979).

[9] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An
Introduction (Springer, Dordrecht, 2013).

[10] J. W. Maluf, Annalen Phys. 525, 339 (2013).
[11] R. Ferraro and F. Fiorini, Phys. Rev. D 75, 084031

(2007); G. R. Bengochea, & R. Ferraro, Phys. Rev. D,
79, 124019, (2009).

[12] E. V. Linder, Phys. Rev. D 81, 127301 (2010).
[13] S. H. Chen, J. B. Dent, S. Dutta and E. N. Saridakis,

Phys. Rev. D 83, 023508 (2011); P. Wu, H. W. Yu,
Phys. Lett. B693, 415 (2010); J. B. Dent, S. Dutta,
E. N. Saridakis, JCAP 1101, 009 (2011); R. Zheng
and Q. G. Huang, JCAP 1103, 002 (2011); K. Bamba,
C. Q. Geng, C. C. Lee and L. W. Luo, JCAP 1101, 021
(2011); Y. -F. Cai, S. -H. Chen, J. B. Dent, S. Dutta,
E. N. Saridakis, Class. Quant. Grav. 28, 215011 (2011);
M. Sharif, S. Rani, Mod. Phys. Lett. A26, 1657 (2011);
M. Li, R. X. Miao and Y. G. Miao, JHEP 1107, 108
(2011); S. Capozziello, V. F. Cardone, H. Farajollahi and
A. Ravanpak, Phys. Rev. D 84, 043527 (2011); M. H.
Daouda, M. E. Rodrigues and M. J. S. Houndjo, Eur.
Phys. J. C 72, 1890 (2012); Y. P. Wu and C. Q. Geng,

http://arxiv.org/abs/physics/0503046


11

Phys. Rev. D 86, 104058 (2012); H. Wei, X. J. Guo and
L. F. Wang, Phys. Lett. B 707, 298 (2012); K. Atazadeh
and F. Darabi, Eur.Phys.J. C72 (2012) 2016; H. Farajol-
lahi, A. Ravanpak and P. Wu, Astrophys. Space Sci. 338,
23 (2012); K. Karami and A. Abdolmaleki, JCAP 1204
(2012) 007; M. Jamil, K. Yesmakhanova, D. Momeni and
R. Myrzakulov, Central Eur. J. Phys. 10, 1065 (2012);
V. F. Cardone, N. Radicella and S. Camera, Phys. Rev.
D 85, 124007 (2012); Y. P. Wu and C. Q. Geng, JHEP
1211, 142 (2012); M. Jamil, D. Momeni and R. Myrza-
kulov, Eur. Phys. J. C 72, 2267 (2012).

[14] Y. C. Ong, K. Izumi, J. M. Nester and P. Chen,
Phys. Rev. D 88 (2013) 2, 024019; J. Amoros, J. de
Haro and S. D. Odintsov, Phys. Rev. D 87, 104037
(2013); S. Nesseris, S. Basilakos, E. N. Saridakis and
L. Perivolaropoulos, Phys. Rev. D 88, 103010 (2013);
K. Bamba, S. Capozziello, M. De Laurentis, S. ’i. No-
jiri and D. Sez-Gmez, Phys. Lett. B 727, 194 (2013);
G. Otalora, arXiv:1402.2256 [gr-qc]; A. Paliathana-
sis, S. Basilakos, E. N. Saridakis, S. Capozziello,
K. Atazadeh, F. Darabi and M. Tsamparlis, Phys. Rev.
D 89, 104042 (2014); G. G. L. Nashed, arXiv:1403.6937
[gr-qc]; C. Q. Geng, C. Lai, L. W. Luo and H. H. Tseng,
Phys. Lett. B 737, 248 (2014).

[15] G. R. Bengochea, Phys. Lett. B695, 405 (2011);
T. Wang, Phys. Rev. D84, 024042 (2011); R. -
X. Miao, M. Li and Y. -G. Miao, JCAP 1111, 033
(2011); C. G. Boehmer, A. Mussa and N. Tamanini,
Class. Quant. Grav. 28, 245020 (2011); M. H. Daouda,
M. E. Rodrigues and M. J. S. Houndjo, Eur. Phys. J.
C 71, 1817 (2011); R. Ferraro, F. Fiorini, Phys. Rev.
D 84, 083518 (2011); P. A. Gonzalez, E. N. Saridakis
and Y. Vasquez, JHEP 1207, 053 (2012); L. Iorio and
E. N. Saridakis, Mon.Not.Roy.Astron.Soc. 427 (2012)
1555; S. Capozziello, P. A. Gonzalez, E. N. Saridakis and
Y. Vasquez, JHEP 1302 (2013) 039; G. G. L. Nashed,
Gen. Rel. Grav. 45, 1878 (2013); K. Atazadeh and
M. Mousavi, Eur. Phys. J. C 72, 2272 (2012);
G. G. L. Nashed, Phys. Rev. D 88, 104034 (2013).

[16] G. Kofinas and E. N. Saridakis, Phys. Rev. D 90,
084044 (2014); G. Kofinas, G. Leon and E. N. Saridakis,
Class. Quant. Grav. 31, 175011 (2014); G. Kofinas and
E. N. Saridakis, Phys. Rev. D 90, 084045 (2014).

[17] T. Harko, F. S. N. Lobo, G. Otalora and E. N. Saridakis,
Phys. Rev. D 89, 124036 (2014).

[18] T. Harko, F. S. N. Lobo, G. Otalora and E. N. Saridakis,
arXiv:1405.0519 [gr-qc]; D. Momeni and R. Myrzakulov,
Int. J. Geom. Meth. Mod. Phys. 11, 1450077 (2014).

[19] O. Bertolami, C. G. Boehmer, T. Harko and
F. S. N. Lobo, Phys. Rev. D 75, 104016 (2007);
O. Bertolami, J. Paramos, T. Harko and F. S. N. Lobo,
arXiv:0811.2876 [gr-qc]; O. Bertolami, F. S. N. Lobo and
J. Paramos, Phys. Rev. D 78, 064036 (2008); O. Berto-
lami and J. Paramos, JCAP 1003, 009 (2010).

[20] T. Harko, Phys. Lett. B 669, 376 (2008); T. Harko and
F. S. N. Lobo, Eur. Phys. J. C 70, 373 (2010); T. Harko,
F. S. N. Lobo and O. Minazzoli, Phys. Rev. D 87, 047501
(2013); J. Wang and K. Liao, Class. Quant. Grav. 29,
215016 (2012).

[21] T. Harko, F. S. N. Lobo, S. ’i. Nojiri and S. D. Odintsov,
Phys. Rev. D 84, 024020 (2011).

[22] M. Jamil, D. Momeni, M. Raza and R. Myrzakulov, Eur.
Phys. J. C 72, 1999 (2012); M. Sharif and M. Zubair,
JCAP 1203, 028 (2012); F. G. Alvarenga, A. de la Cruz-
Dombriz, M. J. S. Houndjo, M. E. Rodrigues and D. Sáez-
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