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LIntro

MOTIVATION AND GOALS

» Consistency requirements for higher spin theories
(1) Degree of freedom count
(11) Stability viz. no ghosts
(111) Predictivity i.e. hyperbolicity
(1v) (Sub)luminal propagation

» dRGT massive gravity: no Boulware-Deser ghost
C. de Rham, G. Gabadadze, A. Tolley [2010,2011]

» Presence of superluminalities (cf Galileons in the decoupling
limit)

» Interpretation of non-linear propagation analysis results
S. Deser, M. Sandora, A. Waldron, GZ [arXiv:1408.0561]
S. Deser, A. Waldron, GZ [arXiv:1504.02919]
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METHODOLOGY

v

Linearize perturbations over an mGR solution

v

Compute covariant constraints

v

Compute characteristic matrix for perturbations

v

Make analogy with charged spin 3/2 model
W. Rarita, J. Schwinger [1941]

Infer propagation properties

G. Velo, D. Zwanziger [1969,1970]

1. Hyperbolicity requirements
2. Superluminality and causal structure(s)

v
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L outline

NON-LINEAR THEORY

PERTURBATIVE ANALYSIS

SPIN 3/2 ANALOGY
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NON-LINEAR THEORY
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LNon—Iinear theory

GENERAL SETTING

» dRGT massive gravity: first order Cartan formalism

» 4 vierbein 1-forms ™ := e,Mdx* (16 fields)

» 6 connection 1-forms w™" := w,™"dx* (24 fields)

» dRGT action (4 fiducial vierbein 1-forms f™ := f,™dx*)

S = —% /emnrs eMeh [dwrs+wrtwts]
+m /Gmnrse ﬁO ee"e® 531 ne"f° + 62 e"f f 4+ B3f"f F°
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L Non-linear theory

EQUATIONS OF MOTION

» Zero torsion condition
T =Ve" :=de" +w",e" = 0
» Einstein equations

Gm = Gy — m?ty, ~ 0

» Einstein 3-forms
G = %emnrse” [dw™ + w"w™]

» Mass term 3-forms
tm = €mnrs [Boe"e"e® + fre"e S + Bae"f S + Baf " f o]

» 40 eoms for 40 dynamical fields
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L Non-linear theory

PRIMARY CONSTRAINTS

» Space-time decomposition of a p-form (p < 4)
0:=0+6

where 6 A dt = 0

» Primary constraints: purely spatial part of the eoms
T"=de" +w",e" =0
Gm~ m’tn

» 1244 =16 constraints
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LNon—Iinear theory

SECONDARY CONSTRAINTS

» Symmetry constraint
1
G[me,,] = EemnrserVTs ~0
So time, ~ 0 and generically
F=enf"=0

» Vector constraint

1
VG, = Eemn,sT" [dw"™ 4+ w"w™] = 0

So Vtm, ~ 0 which reduces to
V= emmsM™ K™ ~ 0

where M™7(e" =) and K™ := w™" — o™"(f")
» 6+4=10 constraints
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LNon—Iinear theory

TERTIARY CONSTRAINTS

» Curl of symmetry constraint
VF = Kpe™f" =0

where the purely spatial part is not new!
» Curl of vector constraint

VYV = €mpsM™VK?® + ... =0

» VK'™: no time derivatives on-shell
» Scalar constraint:
S =VV=x=0
» 34+1=4 constraints
» 40-16-10-4=10 first order dofs OR 5 physical dofs
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L Non-linear theory

SUPERLUMINAL PROPAGATION ANALYSIS

» Are wavefronts allowed to propagate along spacelike
hypersurfaces?

» Superluminal shock solutions

(2)-(2)e

with [£,| — oo and &, timelike

— Solutions with discontinuous normal derivatives along some
spacelike hypersurface?

» Effective linearization of the theory about some background...

! Which metric defines spacelike/timelike?
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PERTURBATIVE ANALYSIS
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PERTURBATIONS ABOUT A MEAN-FIELD SOLUTION

» Replace
em —»eM4em

wmn — wmn + )\mn
» Expand to quadratic order in (e, \)

1 1
5(2) — §/€mnrs [emgnvArs_i_ 5 (emen)\rtAts_i_Rmngrss)

— m? (360e'"e"5r55 +261eMfe"e® + o f”’f”e'ss)}

> (e,w) solution of non-linear system of eoms and constraints
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DEGREES OF FREEDOM AND CONSTRAINTS

» Linearized equations of motion

Ve™ + \"e, = 0
1
5 €mnrs [e”V)\’s + S"R's] ~mTm

where 7, == €mnrs [3,80 elefes + 2B, e"f e+ B f"f’ss}

» Linearized constraints
1
Ve +AMe, =~ 0~ > Emars [e”VXs + e”R’S] —m’T,

€ A 0 % s [M™N + 2(Bre™ + fof M) "K'
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L Perturbations

CHARACTERISTIC MATRIX

QUESTION

Hypersurface ¥: ¢(x*) = 0 with normal covector ¢, = 0,0
» |s the Cauchy problem for the perturbations well-defined?

» Does the system of PDEs (+4-constraints) determine the normal
derivatives Oge, Oy as a function of €, A and their tangential
derivatives on X7

— Rewrite the system of PDEs (+ derivatives of constraints)
€ €
A”@u( \ ) EA“{M&Z)( \ ) ~ B

where A*(e,w), B(e,w; e, A) are 40 x 40 matrices
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L Perturbations

CHARACTERISTIC MATRIX

> X = AM¢, characteristic matrix
» x invertible on X: necessary condition for (locally) well-defined
Cauchy problem
» x non-invertible at some point in ¥: ¥ is a characteristic
surface
I' x closely related to kinetic matrix for perturbations
— May become non-invertible during time-evolution: sign of
strong coupling
» Solving for £, such that |x| = 0 determines the causal
structure of the theory: a cone sheet for each field component

! Hyperbolic system: real cone sheets
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L Perturbations

CHARACTERISTIC MATRIX

» Analogous problem for first order differential equations
a(y,t)y +b(y,t)=0

with y(to) = Yo
» IF a(yo, tp) = 0: impossible to evolve the differential equation
for the given initial conditions at t!

— Characteristic matrix invertibility properties: analogous
statement of the problem for PDEs...

» Causal structure: maximal speeds of propagation for the
different modes

N.B. Equivalent to speed of propagation of discontinuities/shock
wave-fronts for different field components
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RARITA-SCHWINGER MODEL

v

Action
S3/2 = / d*xp, Ay 41D,

where D, := 0, + ieA, + T

v

Equations of motion
RH -— ,y[u7u,yp]py¢p ~0

Constraints

v

» 4 primaries: p = 0 part of the eom
» 4 secondaries: D, R* ~ 0 since [D,,D,] = ieF,, + ’"727[“’)/,,]

v

Degree of freedom count: 16-4-4=8
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LSpin 3/2 analogy

VELO-ZWANZIGER PROPAGATION ANALYSIS

» Characteristic determinant

=@y [er (25) o]
3m?
where IN-_W = %eu,,ngp"
» Two different cone sheets €2 = 0 and ¢2 + (32%) (F-£)?2=0
» |s the extraordinary sheet spacelike?
> If &, = (£,0,0,0) then

xl=¢ {1 NE 32}

» Zero after appropriate boosting!

4

» Different modes propagate on different cone sheets (some of
them wider than Minkowski): crystal-like behavior
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ANALOGY AND EXPECTATIONS

» Analogy with perturbative mGR model

¢# - (€/T7 )‘;Tn)

m mn
A/-L - (ep 7"‘-)“ )

m
N — 1,

» Same propagation peculiarities as spin 3/27

» Hyperbolic regime with different propagation speeds for
different modes...
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VZ-LIKE RESULT

» Special parameter choice: 5, = 3 =0
» Fiducial vierbein flat: ™ = §,Mdx*

» Characteristic matrix written for ¢, = (1,0,0,0)

130x30 0 0
0 fm 0
0 2¢mnrs€” X K”®  emnrs€” x e°
0 " x Knm fm X e,
0 Rm(e, K) Kmn(e, f, K)

— Already different cone sheets seem to exists: spacelike?
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VZ-LIKE RESULT

» Electric and magnetic part of K"
E?:= K% and B, := e K"

» Background choice €® = E? =0

» Characteristic determinant (“roughly”)
~ ~ 1 a =~ ~ a =~
(B28%)(Byy- &) 5(B°8,)(B® &) + 6t (£ &) — 4)

where &, is the 3-inverse of e?

+ VZ boosting argument

23/25



Propagation peculiarities of mean-field massive gravity

LSpin 3/2 analogy

SUPERLUMINALITY VS ACAUSALITY

» If hyperbolic system i.e. real cone sheets: no local acausality!
» Depends on the choice of background

— Closed time-like curves form for particular choices of
backgrounds where hyperbolicity fails

» BUT different modes propagate at different speeds some
superluminal: cf Galileons

» Birefringence properties of the vacuum for the massive
graviton...
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L Conclusion

CONCLUSION

» dRGT covariant constraint analysis

» Characteristic matrix computation in non-linear theory =
Characteristic matrix computation for linearized theory about
some solution

» Analogy with Rarita-Schwinger model
» Some backgrounds: non-hyperbolicity, acausality

— Non-hyperbolic case can be reached dynamically: strong
coupling
» When hyperbolic: multiple causal cone sheets...

— Some modes are superluminal!
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