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Basic Motivations



Motivation | (Original, most recently)
Cosmology and the Dark sector(s)

7 39p DARK ENERGY

..\2%% DARK MATTER
3.69% INTERGALACTIC GAS
0.4% STARS, ETC.

@ Cosmological constant problem. Can a small graviton
mass naturally explain the observed smallness of A?

@ The Dark sectors. Can a modification of Einstein gravity
“remedy" the inclusion of unknown energy sources?



Motivation Il (Original in strict sense & more general)
To understand spin-2 interactions in field theory



Motivation Il (Original in strict sense & more general)
To understand spin-2 interactions in field theory

Good understanding of lower spin theories
@ Spin-0: Higgs(?!), Inflaton(??), #%* mesons,. ..

@ Spin-1/2: Leptons, quarks, baryons

@ Spin-1: Photon, gluons, Z, W=, vector mesons,.. .



Motivation Il (Original in strict sense & more general)
To understand spin-2 interactions in field theory

Good understanding of lower spin theories
@ Spin-0: Higgs(?!), Inflaton(??), #%* mesons,. ..
Klein-Gordon: (O —m?) ¢ =0
@ Spin-1/2: Leptons, quarks, baryons
Dirac: (i) —m)y =0
@ Spin-1: Photon, gluons, Z, W=, vector mesons,.. .
Maxwell, Proca: (O — m?)A, =0



Motivation Il (Original in strict sense & more general)
To understand spin-2 interactions in field theory

Good understanding of lower spin theories
@ Spin-0: Higgs(?!), Inflaton(??), #%* mesons,. ..
Klein-Gordon: (O —m?) ¢ =0
@ Spin-1/2: Leptons, quarks, baryons
Dirac: (i) —m)y =0
@ Spin-1: Photon, gluons, Z, W=, vector mesons,.. .
Maxwell, Proca: (O — m?)A, =0
What about spin-27?
@ Spin-2: Graviton, mesons,. ..



Motivation Il (Original in strict sense & more general)
To understand spin-2 interactions in field theory

Good understanding of lower spin theories
@ Spin-0: Higgs(?!), Inflaton(??), #%* mesons,. ..
Klein-Gordon: (O —m?) ¢ =0
@ Spin-1/2: Leptons, quarks, baryons
Dirac: (i) —m)y =0
@ Spin-1: Photon, gluons, Z, W=, vector mesons,.. .
Maxwell, Proca: (O — m?)A, =0
What about spin-27?

@ Spin-2: Graviton, mesons,. ..
Einstein-Hilbert (massless): R, — g, AR =0

But no consistent theory of massive/interacting spin-2??



Motivation Il (Original in strict sense & more general)
To understand spin-2 interactions in field theory

Good understanding of lower spin theories
@ Spin-0: Higgs(?!), Inflaton(??), #%* mesons,. ..
Klein-Gordon: (O —m?) ¢ =0
@ Spin-1/2: Leptons, quarks, baryons
Dirac: (i) —m)y =0
@ Spin-1: Photon, gluons, Z, W=, vector mesons,.. .
Maxwell, Proca: (O — m?)A, =0
What about spin-27?

@ Spin-2: Graviton, mesons,. ..
Einstein-Hilbert (massless): R, — g, AR =0

But no consistent theory of massive/interacting spin-2
until recently!!
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Linear massive spin-2 fields + History
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The FP equation:
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Fierz-Pauli theory
The FP equation:
Linear massive spin-2 field h,,, in background g,.,

- 2 -
&1 o — Ny — 308) + B (R — Guut) =0

[Fierz, Pauli (1939)]

(D = m§P> A + 2R, hpe =0, VFh,, =0,

(2/\ - 3m§P> g h =0

Problem: Nonlinear completion in terms of g, = 9, + .
Generically removes a constraint, resulting in a propagating
ghost-mode. [Boulware,Deser (1972)]
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Historical progress
Construction of a ghost free theory of massive interacting
spin-2 fields
@ Free linear theory without a ghost [Fierz, Pauli (1939)]
@ No-go for interacting nonlinear theory [Boulware, Deser (1972)]

@ Goldstone “theorem" for spin 2
[Arkani-Hamed, Georgi, Schwartz (2003)]

@ “Proof" of ghost in massive gravity
[Creminelli, Nicolis, Papucci, Trincherini (2005)]

@ Nonlinear massive spin-2 field in flat space shown to be
ghost free in a “decoupling limit"
[de Rham, Gabadadze, Tolley (2011)]
@ Nonlinear massive spin-2 field in curved space shown to
be ghost free nonlinearly [Hassan, Rosen (2011-2012)]
@ Fully dynamical theory of interacting spin-2 shown to be
ghost free nonlinearly [Hassan, Rosen (2011-2012)]
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Covariant constraints counting in Fierz-Pauli



Fierz-Pauli theory
The FP equation:

Linear massive spin-2 field h,,, in background 7,
0w = E5 Moo + T (B — 1h?) =0

E02 oo = —3[00TV2 + 17V, Y, — 62V, — 8LV,

— V2 + nﬂyvpva} Poo



Fierz-Pauli theory

Divergence, VHE,, = 2 (V“hm, —V.,h)

implies on-shell V*h,, =V, h

Double divergence, VAVY6E,, = @ (V#V*h,, — V2h)
and trace, 7*6E,, = V2h—V+rv¥h,, —3h
combined, V*V*§E,, — T §E,, = 3 h

implies on-shell h =0

Resulting in system

0

(V2= m?) b =0, Vihy =0, h
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Ghost free bimetric theory
The basic construction:

£ = m5\/|19|1R(g) — 2m*/|g|V(S; Ba) + mZ/|f|R(f)
S=/g7'f, VIgIV(S:Bn) —\f ' Ba-n)

V(S; Bn) = Zﬂnen(s Bo "‘Zﬁnen(s lg=f|Bq
n=1

Elementary symmetrlc polynomials
eO(X) =1 ) &4 (X) = [X]v eZ(X) = %([X]2 — [XZ])a
es(X) = g([XI° — 3[X][X?] + 2[X°]) ,
ea(X) = 73 (IXI* — B1X]%[X?] + 3[X*)? + 8[X][X°] — 6[X*)),

ed(.x) = det(X)
ex(X)=0 for k>d, [enX)~(X)"]



Ghost free bimetric theory, contd.
Equations of motion:

Ru(9) ~ 39w R(9) + 75 Vi, = 0

R (f) — 3w R(f) + %; Vi, =0

related through interchange symmetry
g,ul/ < f;Lllv 5” < /34—177 mg < mf
Bianchi constraints (for conserved sources):

IvHve, =0="vrV/,
related through the covariance identity

V ‘g| IvH Vﬁl/ =V ‘f| fv/l, ‘//51/



Ghost free bimetric theory, contd.
Equations of motion:
Ry, — %gMVR+ %Vw =0

~ 4N
A = 3R+ TV, = 0

related through interchange symmetry
g,ul/ < f;Lllv 5” < /34—177 mg < mf
Bianchi constraints (for conserved sources):

ViV, =0 =17,
related through the covariance identity

\% ’g| \%a V,ul/ — *\/m@/‘ ‘7;11/



Ghost free bimetric theory, contd.

For example

V= ——2 8(x/!glv)5gpg
Vigl 99
Matrix polynomial in S = /g—'f

Viur =Gup | B00% — B1 (S, — e102) + B2 (IS, — 1%, + 23
—Bs <[83]pu — e[S, + &S, - 9355”



Massive gravity limit of bimetric theory
Define m* = m3m? and define o = m¢/m,
R;W(g) - %QWR(Q) + m? ng =0

R (f) — 1., R(f) + gj Vi, =0

In the limit o« — oo and B4 = o®Af/m?

R/W(g) - %QWR(Q) + m? Vﬁy =0
Ruv(f) = 36 R(f) + Aty = 0
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Linearised theory



Linearisation, general outline
Linearised equations of motion
0E,, = 8gGu + mPogV,, + mP6gV,, =0

- . m2 2
0B = 61w + 501 Vi + —5 39 Vi = 0



Linearisation, general outline
Linearised equations of motion

0E,, = 8gGu + mPogV,, + mP6gV,, =0
0B, = 0:G + mPoiV,, + mPo4V,, =0

Now a — oo implies 6f,, — 0



Linearisation, kinetic terms

5G s =&, 00
+ 1 (0007 0 Vis — 2000 V?7 — 260570™ Vi ] 640

€, 0000 = —3 [5555v2 + g7V, — 80V, — 8EVOV,
- g,ul/gpav2 = QWV’)VU} 5gpa
Linearised Bianchi identity ¢ (g*”V ,G,.,) = 0 imply the following
linear identity

vudg,m/ = 5g,upvpguy+ggyvp6gop_%gkpguavaég)\p"i‘%gauvuég,uo



Linearisation, interactions
Vi = 6gVi + 6V

3
= gpa Vou(sggpu — Qup Z(_1 )nﬁn

n=1
zn:( {[s" d zk: "ek_m(S) [S"13S]|
k=1 =1 7
+ e 1(S) Zk [smsssn k] ”V}
m=0

5V = V(9w — s S = S71, 80— Ba—ny Viw — V)



The square root matrix and its linearisation

How compute the variation of a square root matrix in closed
form? From the relation S?> = g~ we know

682 = —g169S% + g~ '6f

Approach |: The Cayley-Hamilton theorem

Approach Il: The Sylvester matrix equation



The square root matrix and its linearisation
Approach |: The Cayley-Hamilton theorem
St e8P+ e,5%—e3S+e41=0
Provides the solution

58 = X! [532[32 — e;S] +[S? + €1]65?

4 m
S (- )m+kem,ks4—mTr[sk—2532]]

—1 k=1

N —

with
(63 —e1e2) 1+ €4S — e, 52

X1—— 5 5
€764 + €65 — e1606
1 3 1C2C3




The square root matrix and its linearisation
Approach Il: The Sylvester matrix equation

AX+XB=C
Unique solution iff o(A) N o(B) = 0

Our case
S6S +6SS = 68°

has the unique solution

4
58 = 1x—1 > > (1) "esk(S)S* M 25828
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Covariant constraints analysis in Massive gravity



Redefined fluctuations
Consider new fluctuations 69’ and ¢’ defined by
6S=—-g'6g'S?+ S 'g16rS!
We have
g '6g=8g7"dg' +g '6g'S

and
f16f =S 1 15f + fF1sFS1

These are Sylvester type equations. The redefinitions §g’ and
df’ exist and are uniquely invertible iff o(S) N o(—=S) = 0

Dramatically simplifies the linearised interaction terms.



Full Massive gravity analysis, 6f,, =0

Construct generalised traces
of =[Sk, gSE,.
and generalised divergences

vy =[SK]" VPVHSE,,

Find linear combination
3
Cog=>  (ufof +viv]) ~0
k=0
Only k = 0,1,2,3 necessary to consider due to C-H theorem

54—61SS+6282—63S—|—641=0



Generalised traces
The relevant ones for our purposes are given by
®F ~ -2 {gp’*S"“ - Sp"g"‘“} ViV,u0g,,
qg.;? ~ [[SZ]PUng + SPISHEH _ SIKGPH _ [32]0#9/)%
— e SP7g" + e g’”‘“S(’“] ViVu0d,,
Of ~ =[S g + SIS — STHS — [S°) g
— (912 — 2e2) SP7 gtk + (ef - 292) g”*’”S”“]V,{VHch;w



Generalised divergences

,I] ~ m2{ﬁ1 [gpmsau . Spag;u-i:|
+ 52 |:g;m[s2]pcr + SPogHE _ g,u,p[82]m< _ QP QoK
+ 019" 5™ — 15" 5]
+ B[S — ST — SR + S LSR
+ [SQ]MpSO’H - Sun[s.?]pa

+ e1g""[SP)77 + €1 877 SH"
— e gup[SZ]m — e S*P Sk

+ 69" 57 — 6,5 g™ | }vnvuégzg



Problem when 3 # 0

By inspection one easily finds the constraint
1 g g g g 1 g U g
Cg = 5/31 (DO -+ 52(131 — B3 ¢2 = e1<1>1 + éeg% -+ W\U
~ B3 ([Sz]upszm _ S“”[Sz]p") vau(sg,/oa

Constraint is manifestly covariant if 33 = 0. For /33 it has to be
checked in component form after a 3 + 1 spilit.

Dramatically simplified analysis with the redefined variables.
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“Covariant" constraints in full bimetric theory



Statement of problem & Connection to MG analysis
Construct linear combination
3
C=Cq+Cr="> (ufof + viu] + ufo + v[w})
k=0

Due to Massive gravity analysis all coefficients are known and
only remaining term to study is

[S™%.9" 9" VAV 56t Vi + SV 5213V 55 Vi

These have to vanish separately. There are no covariant
constraints. Needs to be checked after 3 = 1 split
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Summary

@ Full linearisation of bimetric theory and Massive gravity for
arbitrary backgrounds

@ Linearised problem only well-defined if o(S) N o (—-S) =0

@ Simplified linearisation in terms of redefined fluctuations,
which manifestly encode o(S)Nao(—S) =0

@ Existence of a scalar constraint necessary to remove the
B-D ghost

@ Covariant constraint in Massive gravity if 53 = 0

@ No covariant constraint if 83 £ 0

@ No covariant constraint in bimetric theory



The end is only the beginning ...

Thanks for your attention!
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