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Building the Lagrangian

ΦA=0,1,2,3 ⇒︸︷︷︸
shift sym.:Φa→ΦA+∂cA

∂ΦA

⇒︸︷︷︸
Lorentz Scalar

CAB = ∂µΦA gµν ∂νΦB →︸︷︷︸
SO(3)Φ

C 00 ≡ S︸ ︷︷ ︸
Scalar

, C 0a ≡ V︸ ︷︷ ︸
Vector

, C ab ≡ T︸ ︷︷ ︸
Tensor

:

S, Tr [Tn=1,2,3], V · Tn=0,1,2,3 · V

⇒︸︷︷︸
Lorentz Vector , SO(3)Φ Scalar

uµ ∼ εµαβγ eabc∂αφ
a∂βφ

b∂γφ
c →︸︷︷︸

Lorentz Scalar

uµ∂µΦ0

9 operators
A, B = 0, 1, 2, 3 , a, b, c = 1, 2, 3
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Lagrangian of 4 scalar + shift sym.

At lowest order in derivatives: CAB = ∂µΦA gµν ∂νΦA

S =

∫
d4x
√
−g

(
M2

pl R + U(CAB)
)

Eqs of Motion:(
UAB gµν +

(
UAB, CB + UAD, BC∇µ ΦC ∇νΦD

))
︸ ︷︷ ︸

Rank[%]= # DoF

∇µ∇ν ΦB = 0 ↔ ∇νTνµ = 0 (A, µ = 0, 1, 2, 3)

UAB = ∂U/∂C AB , UAB,CD = ∂2U/(∂C AB∂C CD )
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Lagrangian of 4 scalar + shift + SO(3)Φ symm.

global internal spatial SO(3)Φ symmetry

Φ0 → Φ0, Φa → Ra
b Φb R RT = I , a = 1, 2, 3

SO(3)Φ Tensors : C ab, C a0, C 00

Operator Definition

CAB gµν ∂µΦA ∂νΦB , A,B = 0, 1, 2, 3

Bab C ab = gµν∂µΦa ∂µΦb , a, b = 1, 2, 3

Z ab C a0 C b0

X C 00

W ab Bab − Z ab/X
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Lagrangian of 4 scalar + shift +SO(3)Φ symm.

SO(3)Φ Scalars

L.V . : uµ = − εµαβγ

6 b
√
−g

εabc ∂αΦa ∂βΦb ∂γΦc , Vµ = − ∇
µΦ0

(−X )1/2

L.S.:

Operator Definition

X C 00

b
√

detBBB

Y uµ∂µΦ0

yn Tr (BBBn ·ZZZ ) , n = 0, 1, 2, 3

τn Tr (BBBn) , n = 1, 2, 3

wn Tr (WWW n) , n = 0, 1, 2, 3

Oαβn

(
X/Y 2

)α (
yn/Y

2
)β

USO(3)Φ invariant = U (X , Y , yn, τn)︸ ︷︷ ︸
9 operators
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Shift Sym.+ SO(3)Φ + Non Linear Sym.

Four-dimensional media

Symmetries of the action LO scalar operators Type of medium

ΦA → ΦA + f A , ∂µf A = 0 X , Y , τn , yn supersolids

Φa → Φa + f a(Φ0) X , wn

Φ0 → Φ0 + f (Φa) Y , τn

Φ0 → Φ0 + f (Φ0) τn , wn , Oαβn

Φa → Φa + f a(Φ0) & Φ0 → Φ0 + f (Φ0) wn

Vs Diff: Φa → Ψa(Φb) , det |∂Ψa/∂Φb| = 1 b, Y , X superfluids

Φ0 → Φ0 + f (Φ0) & Vs Diff b, Oα

Φ0 → Φ0 + f (Φa) & Vs Diff b, Y perfect fluid

ΦA → ΨA(ΦB ) , det |∂ΨA/∂ΦB | = 1 b Y Superperfect fluid (ρ + p = 0)
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Operators with only Φ0 or Φa scalars + shift + SO(3)Φ+
Non Linear Sym.

Media with reduced internal dimensionality

Symmetries of the action LO scalar operators Type of medium

(Φa) Φa → Φa + ca , ∂µc
a = 0 τn solid

(Φa) VsDiff b = b(τn) perfect fluid

(Φ0) Φ0 → Φ0 + c0 , ∂µc
0 = 0 X

b =
1

6
(2 τ3 − 3 τ2 τ1 + τ 3

1 )
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Lagrangian Materials ⊂ Massive Gravity Theories

It is possible to choose the comoving coord in such a way that the fluid
system is at rest
Unitary Gauge:

If Det|∂αΦA(x)| 6= 0: ΦA(x) ≡ xµ δA
µ

→ Spontaneous Breaking of spacetime symmetries (TX : xµ → xµ + cµ)
but Internal symmetry can compensate (TΦ : ΦA → ΦA − cA)
Residual symmetries: Tx + TΦ (the same for Rotations)

⇒ homogeneity and isotropy of background configurations

hAB ∂µΦA∂νΦB → hµν frozen metric

(ex: ηµν (Lorentz Inv.), δi
µ δij δ

j
ν , δ0

µ δ00 δ
0
ν (Lorentz Br.) )

LO self-gravitating media Map Massive gravity

L(CAB , gµν) Unitary gauge −→ L(hµν , g
µν)

OLO : X , Y , τn, yn ←− Stuckelberg trick ADM: N, N i , γij
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Thermodynamics

Postulated Fundamental Relation

s = s(ρ, n) or in the energy representation ρ = ρ(s, n)

I Law of Thermodynamics

dρ = T ds + µ dn → T ≡ ∂ρ

∂s

∣∣∣∣
n

, µ ≡ ∂ρ

∂n

∣∣∣∣
s

.

Euler relation

ρ+ p = T s + µ n ,

Gibbs-Duhem relation

dp = s dT + n dµ
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Hydrodynamical Equation of Motion

Hydrodynamic equations express conservation laws

Diff. invariance:

∇νTµν = 0

Space time translations. Rotations and boost are identically conserved.

Global U(1) symmetry:

∇µ nµ = 0 ;
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Perfect Fluids

variables: uµ (u2 = −1), n, ρ, p

Tµν = (ρ+ p)︸ ︷︷ ︸
Euler : T s+µ n

uµ uν + p gµν = (T sµ + µ nµ)uν + p gµν

nµ = n uµ, sµ = s uµ

EoM : ρ̇+ θ(ρ+ p) = 0→ T ∇αsα + µ ∇αnα︸ ︷︷ ︸
0↔0

= 0 ,

(ρ+ p)u̇µ + (δνµ + uµu
ν)∇νp = 0

∇αnα = 0 ⇒ ṡ

s
=

ṅ

n
= −θ ⇒ uµ∇µ

( s
n

)
≡ σ̇ = 0 ;

(θ = ∇µuµ , ḟ = uµ∇µf ) entropy per particle σ = s/n is conserved

along the flow lines (adiabatic fluid).
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Perfect Fluids Lagrangian
Vs Diff: Φa → Ψa(Φb) , det |∂Ψa/∂Φb| = 1

SFluid =

∫
d4x
√
−g U(

Φ0→0︷︸︸︷
b , Y︸ ︷︷ ︸

Φ0→Φ0+f (Φa)

;

Φa→0︷︸︸︷
X )

uµ = − εµαβγ

6 b
√
−g

εabc ∂αΦa ∂βΦb ∂γΦc , Vµ = − ∇
µΦ0

(−X )1/2

b = det|∂µΦa ∂µΦb|1/2, Y = uµ ∂µΦ0, X = ∂µΦ0∂µΦ0

U(b, Y ) → Tµν = (U − b Ub) gµν + (Y UY − b Ub) uµ uν

U(X ) → Tµν = U gµν + 2X UX Vµ Vν

T Perfect Fluid
µν = ρ gµν + (ρ+ p) vµ vν
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Fluid/Superfluid

Density, pressure and conserved currents for Perfect fluid
Lagrangians

Lagrangian ρ p Cons. Currents

U(b) −U U − b Ub Jµ = b uµ

U(Y ) −U + Y UY U Jµ(1) = UY uµ

U(X ) −U + 2X UX U Jµ(2) = −2 (−X )1/2 UX Vµ

U(b, Y ) −U + Y UY U − b Ub Jµ = b uµ, Jµ(1) = UY uµ
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Matching Thermodynamics - Perfect Fluid Lagrangian

(

ρ(I,D), p(I,D)︷︸︸︷
ρ, p ,

2 indep.I+2 dep.D(I)︷ ︸︸ ︷
s, T , n, µ )︸ ︷︷ ︸

Thermo variables

⇔ U( O︸︷︷︸
b, Y , X , (b,Y )

), Tµν → p(O), ρ(O)

ex: I = (n, s), D = (T , µ), O = b then I promote O → O(I)

U(b) : ρ(n, s) = ρ(b) = −U(b) , p = U − b Ub with b = b(n, s):

bs ≡ ∂s b|n, bn = ∂nb|s

ρ = ρ(n, s) : T (n, s) ≡ ∂ρ

∂s

∣∣∣∣
n

= −Ub bs ,

µ(n, s) ≡ ∂ρ

∂n

∣∣∣∣
s

= −Ub bn

Euler : ρ+ p = s T + n µ (It has to be valid for any U)

=⇒ −b Ub = − s Ub bs − n Ub bn → Ub(b − s bs − n bn) = 0

b = s f
(n
s

)
and T = −Ub(f − n

s
f ′), µ = −Ub f

′
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Matching Thermodynamics - Perfect Fluid Lagrangian

(

ρ(I,D), p(I,D)︷︸︸︷
ρ, p ,

2 indep.I+2 dep.D(I)︷ ︸︸ ︷
s, T , n, µ )︸ ︷︷ ︸

Thermo variables

⇔ U( O︸︷︷︸
b, Y , X , (b,Y )

), Tµν → p(O), ρ(O)

We postulate O = O(I) such that: It has to be valid for any U

ρ(I, D(I)) = ρ(O(I)), p(I, D(I)) = p(O(I))

I Law of Th.︸ ︷︷ ︸
dρ=Tds+µdn

, Euler eq.︸ ︷︷ ︸
ρ+p=Ts+µn

, Gibbs Duhem︸ ︷︷ ︸
dp=sdT +ndµ

⇔ Conservation Law : ∇T = 0

es: I = (n, T )→ D(I) = (µ(n, T ), s(n, T )) and O = (b, Y ), p = U − b Ub, ρ = −U + Y UY

dρ(O(I)) = Tds(I) + µ(I)dn

ρ(O(I)) + p(O(I)) = T s(O(I)) + µ n(O(I))

b = n, Y = T , s = UY , µ = −Ub
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Thermodynamical potentials and related thermodynamical
variables

Thermo Pot. I Leg. Transf. D

energy ρ s, n none T = ∂ρ
∂s

∣∣∣
n
, µ = ∂ρ

∂n

∣∣∣
s

free energy F T , n F = ρ− T s s = − ∂F
∂T

∣∣
n
, µ = ∂F

∂n

∣∣
s

grand potential ω T , µ ω = −p s = − ∂ω
∂T

∣∣
µ

, n = − ∂ω
∂µ

∣∣∣
T

potential I s, µ I = ρ− µ n T = ∂I
∂s

∣∣
µ

, n = − ∂I
∂µ

∣∣∣
s

The Thermodynamical connection with Perfect Fluid Lagrangian it works

when

U ≡ −Thermodynamical Potential
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Dictionary: Thermo ↔ Lagrangian

Potentials U(b) U(Y ) U(X ) U(b, Y )

ρ = −U ρ = −U + Y UY ρ = −U + 2 X UX ρ = −U + Y UY
Indep. p = U − b Ub p = U p = U p = U − b Ub

Variables Jµ = b uµ Jµ = UY uµ Jµ = −2 (−X )1/2 UX Vµ J
(1)
µ = b uµ

J
(2)
µ = UY uµ

(µ, s) b = s Y = µ X = −µ2 b = s, Y = µ
I = −U n = 0 n = UY n = −2 UX

√
−X n = UY

T = −Ub T = 0 T = 0 T = −Ub

(n, T ) b = n Y = T X = −T 2 b = n, Y = T
F = −U s = 0 s = UY s = −2 UX

√
−X s = UY

µ = −Ub µ = 0 µ = 0 µ = −Ub

(µ, T ) Y = T f
(
µ
T

)
X = −µ2 f

(
T
µ

)
ω = −U n = UY f ′ n = UX (T f ′ − 2µ f )

s = UY (f − µ
T

f ′) s = −UX µ f ′

(n, s) b = s f
(

n
s

)
ρ = −U µ = −Ub f ′

T = −Ub (f − n
s

f ′)

b → n, s , Y → µ, T , X → µ, T
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Barotropic Fluids p = p(ρ)

The perfect fluids U(b), U(Y ), U(X ) are all barotropic.
p = U − b Ub, ρ = −U; p = f [ρ]→ Differential eq for ρ(b) : −ρ+ b ρb = f [ρ]

p = w ρ with constant w

U(b) = b1+w , U(Y ) = Y (1+w)/w , U(X ) = X (1+w)/2w ,

Cold Dark Matter (w = 0): ρ = m n→ U = −m b with b = n, s = 0, µ = m

Radiation (w = 1
3
): ρ = 3 p = T 4, U = Y 4/3 with Y = T , s = Y 3, µ = 0

Chaplygin gas : p = −A/ρ, with constant A

U(b) =
√

A + λ b2, U(Y ) =
√

A + λ Y 2, U(X ) =
√

A + λ X
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Bose-Einstein and Fermi-Dirac distributions

Relativistic limits: T � m , α = e
µ
T

p =
ρ

3︸ ︷︷ ︸
barotropic eq of state

= −ε g

π2
T 4 Li4 (−ε α) ,

n = − ε g

π2
T 3 Li3 (−ε α) , s =

4

3

ρ

T
− n log(α) ;

U(Y ) =
g

3
Y 4 , Y = T f

( µ
T

)
where f

( µ
T

)
=

[
− 1

π2
ε Li4

(
−ε e

µ
T

)]1/4

For µ
T � 1 we have Y → T ; for µ

T � 1 we have Y → µ
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Bose-Einstein and Fermi-Dirac distributions

Non relativistic limit: m� T

n = g

(
mT

2π

)3/2

e
(µ−m)

T , ρ = n (m +
3T

2
), p = n T � ρ .

b=n,Y=T

U(b, Y ) = b Y

{
1 + Log

[
g

b

(
m Y

2π

)3/2
]}
− b m .
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van der Waals gas

(p + κ n2) (1− γ n) = T n ,

b=n,Y=T

U(b, Y ) = b

{
b κ+ Y −m + Y log

[
g (1− γ b)

b

(
mY

2π

)3/2
]}

.

ρ = b

(
m +

3

2
T − n κ

)
;

s =
5 b

2
+ b log

[(
m Y

2π

)3/2
g(1− b γ)

b

]
;

µ = m − 2 b κ+
b Y γ

1− b γ
+ Y log

[
b

g(1− b γ)

(
m Y

2π

)−3/2
]
.

Denis Comelli Cargese 2016



Thermodynamical Stability

The entropy density s = s(ρ, n) is a convex function, thus the Hessian matrix
|sij | ≡ |∂2

ij s|, i , j = ρ, n. is negative define

sρρ + snn ≤ 0, sρρ snn − s2
ρn ≥ 0

ωµµ + ωTT ≤ 0, ωµµ ωTT − ω
2
µT ≥ 0 ω = −U(X ), U(Y )

UX + 2 X UXX ≤ 0, (f ′2 − 2f f ′′) UX ≥ 0 , X = −T 2 f [z], z =
µ

T
,

UYY ≥ 0, f ′′ UY ≥ 0 , Y = T f [z], z =
µ

T
,

ρss + ρnn ≥ 0 ρssρnn − ρ2
sn ≥ 0 ρ = −U(b)

Ubb ≤ 0, f ′′ Ub ≤ 0 , b = s f [z], z =
n

s
,

Iµµ ≤ 0 Iss ≥ 0 I = −U(b, Y )

Ubb ≤ 0, UYY ≥ 0 , b = n, s, Y = T , µ,

for f = fB/FD we have f ′′ ≥ 0 and (f ′2 − 2f f ′′) ≤ 0 so that

UYY , UY ≥ 0 ; Ubb, Ub ≤ 0 ; UX + 2 X UXX ,UX ≤ 0
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Goldstone Bosons fluctuations

Φi (t, x j ) = x i + π
i (t, x j ), Φ0 = t + π

0

Thermo stability + (p + ρ) ≥ 0 ⇒ Dynamical stability but Th.s.⇐⇒× (p + ρ) ≥ 0 + D.s.

S(2)[b] =
1

2
(ρ + p)

∫
d4x

(
π̇

i
π̇

i − c2
s (∂iπ

i )2
)
,

Ubb ≤ 0, f ′′ Ub ≤ 0 ↔ (ρ + p) = −b Ub ≥ 0, c2
s =

b Ubb

Ub

≥ 0

S(2)[Y ] =
1

2
(ρ + p)

∫
d4x

(
π̇

i
π̇

i − c2
s (∂iπ

i )2
)

UYY ≥ 0, f ′′ UY ≥ 0 ↔ (ρ + p) = Y UY ≥ 0, c2
s =

UY

Y UYY

≥ 0

S(2)[X ] =
1

2
(ρ + p)

∫
d4x

(
c−2

s (π̇0)2 − (∂iπ
0)2
)

2XUXX + UX ≤ 0, ((f ′)2 − 2ff ′′) UX ≥ 0 ↔ (ρ + p) = 2X UX ≥ 0, c2
s =

UX

2XUXX + UX

≥ 0

S(2)[b, Y ] =
1

2

∫
d4x
[

(ρ + p)π̇i
π̇

i + ρY (π̇0)2 − pb (∂iπ
i )2 − 2 c2

b ρY π̇
0
∂iπ

i
]

Ubb ≤ 0, UYY ≥ 0 , (ρ + p) = Y UY − b Ub ≥ 0, c2
s =

(b UbY + UY )2 − b2 UbbUYY

U2
Y

(ρ + p)
≥ 0
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Sound speed

c2
s ≡

ṗ

ρ̇

For barotropic perfect fluids U(b), U(Y ), U(X )

δp = c2
s δρ→ c2

s =
dp

dρ
:

b Ubb

Ub
,

UY

Y UYY
,

UX

UX + 2XUXX

U(b,Y ) is not barotropic

δp = c2
s δρ︸ ︷︷ ︸

adiabatic modes

+ b Y
(
c2

b − c2
s

)
δσ︸ ︷︷ ︸

entropic modes

, c2
b =

∂p

∂ρ

∣∣∣∣
b

, σ =
s

n
with σ̇ = 0
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Conclusions

Media classification and internal scalar
symmetries

Media Lagrangians ⊂ Massive Gravity

Perfect Fluid Lagrangians

Thermodynamics of Perfect Fluid Lagrangians

Thermodynamical and Dynamical stability
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Non perturbative # DoF and structure of the Potentials

ADM variables: gµν =
(
−N−2 N−2 N i

N−2 N i γ ij − N−2N i N j

)
, (NA ≡ (N, Ni), γij)

6 DoF: U = U[NA, γ]: Supersolid

5 DoF: U = (U [K] + (E [ξ, γ] + Uξi Qi)/N)

where N i = N ξi +Qi , Kij = γ ij − ξi ξj and Qi = (∂2
ξiξjU)−1∂ξjE

Solids U(τn) and Perfect fluids U(b = b(τn)), E = 0

3 DoF: U = U[N, γ] Perfect fluid U(X )

3 DoF: U =
(
U[γ] + E[γ]/N

)
2 DoF: U =

(
Λ + E[γ]/N

)
N→ X = −

1

N2
, γ → wn = Tr [γn ] , K → τn = Tr [(γ − ξ ⊗ ξ)n ] ,

Y =
1

N
√

1− ξ2
, b =

√
(1− ξ2) γ, yn =

ξ · (γ − ξ ⊗ ξ) · ξ
N2

, Oαβn = (1− ξ2)α+β
ξ · (γ − ξ ⊗ ξ) · ξ

Denis Comelli Cargese 2016



Relativistic Solids

SSolids =

∫
d4x
√
−g U(τ n=1,2,3 = Tr [(B ≡ ∂Φa∂Φb)n])

Hook Potential

U(τi ) =
√
det|B |

(
λ Tr [I − B]2 + 2 µ Tr [(I − B)2]

)
=

b
(
6 µ + 9 λ− (6 λ + 4 µ) τ1 + λ τ1

2 + 2 µ τ2

)
λ µ: Lame’ Constants, B strain tensor

Tµν = U︸︷︷︸
ρ

uµ uν + 2 b ∂µΦa ((−(6λ+ 4µ) + 2λτ1)δab + 4µBab) ∂νΦb︸ ︷︷ ︸
p gµν+Πµν
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