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o Lagrangian of 4 scalar fields £(9#=012:3)

Stuckelberg fields for spont. broken space-time symm.;
$?=54:3 comoving coordinates of the continuous medium;

@0 internal time of the medium

o Internal Symmetries: shift, SO(3)e, Non Linear extensions
o Symmetries and Media (Supersolids, solids, superfluids, fluids)
o Media Lagrangian C Massive Gravity

o Lagrangian formulation of Perfect Fluids

e Perfect Fluid Lagrangian <> Thermodynamics
e Some applications: relativistic Bose-Fermi gas, van der Waals

gas, barotopic fluids
e Thermodynamical stability versus Dynamical stability
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Building the Lagrangian

$A=01,23 o DA
~—
shift sym.:®3—®A+9cA
= (" =9,0"g"9,08 — =5 "=V, ct=T:
~— ~— —— e — ~——
Lorentz Scalar SO(3)¢ Scalar Vector Tensor

S Tr[Tn:1,2,3] VA Tn:0,1,273 Y

a b c 0
= Ut~ PV €1 00?0520, ¢ —  uMD,d
Lorentz Vector, SO(3)¢ Scalar Lorentz Scalar

AB=0,1,2,3, a,bc=1,23
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Lagrangian of 4 scalar + shift sym.

o At lowest order in derivatives: | C8 = 8M¢A g" 9,0"

S = /d4x V=g (M3 R + U(C*®))
Egs of Motion:

(UAB g + (UAB, & + Unp, e V" &€ v%f’)) V.V, 0P =0 & V'T,.=0

Rank|[%]= # DoF

Upg = 8U/BCB, Upg cp = 82U/ (8CBoCP)
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Lagrangian of 4 scalar + shift + SO(3)¢ symm.

global internal spatial SO(3)¢ symmetry
®0 5% 5 RIOP RRT=1 a=1,2,3

SO(3)e Tensors : C2b, C0 (00

Operator Definition

CAB g 0,009,008, A B=0123

Bab C* = g9, ®29,0>, ab=1,23

Zab CaO CbO
X COO
Wab Bab _ Zab/X
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Lagrangian of 4 scalar + shift +SO(3)¢ symm.
S50(3)¢ Scalars

po By s . vHO
LV.: u= —627\/_?63& Ba®® 95 0,05, VH = ~Cxy
Operator Definition
X COO
b vdet B
LS. Y ul‘aucbo
Yn Tr(B"-Z), n=0,1,2,3
Th Tr(B"), n=1,2,3
Wp Tr(W"), n=0,1,2,3
a B
Oagn (X/Y2)" (mn/Y?)

USO(3)® invariant — v (Xa Y7 Yn, 7—n)
——_————

9 operators
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Shift Sym.4+ SO(3)e + Non Linear Sym.

Four-dimensional media
Symmetries of the action LO scalar operators Type of medium
A S A LA, 9,FA =0 X, Y, Tn\ ¥n supersolids
7 5 o7 4 £2(0) X, wy
o0 — @0 4 F(9?) Y, Tn
o0 — ¢ 4 F(90) Ty Wi, Oagn
@7 — o7 4 f2(00) & o0 — o0 4 £(00) Wn
VeDiff: ®2 — Wa(ob), det |9V /90| =1 b Y, X superfluids
o0 — o0 4 F(0°) & V;Diff b, O
@0 — o0 4 F(7) & V,Diff b Y perfect fluid
A 5 WADB), det|owA/00B| = 1 by Superperfect fluid (o + p = 0)
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Operators with only ®° or ®? scalars + shift + SO(3)e+

Non Linear Sym.

Media with reduced internal dimensionality
Symmetries of the action LO scalar operators | Type of medium
(@) 7 5 &2 4 ¢?, 9,c° =0 T solid
(¢?) V.Diff b = b(tn) perfect fluid
(@%) 5+ 0, 9,0=0 X

1
b= 6(273737'27'1+7'13)
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Lagrangian Materials C Massive Gravity Theories

It is possible to choose the comoving coord in such a way that the fluid
system is at rest

Unitary Gauge:

If Det|9a®A(x)| # 0: | ®%(x) = x* 67,
— Spontaneous Breaking of spacetime symmetries (Tx : x* — x* + c*)
but Internal symmetry can compensate (Te : &4 — &4 — cA)

Residual symmetries: T, + T¢ (the same for Rotations)

=> homogeneity and isotropy of background configurations

hag 8M¢A8V¢B — hy,  frozen metric

ex: Ny (Lorentz Inv.), 5 0jj 5{,, 50 d0o 53 Lorentz Br.
e " I3

LO self-gravitating media Map Massive gravity
L(C*B, g.) Unitary gauge — L(hw, g")
Oro: X, Y, Tn, Vn +— Stuckelberg trick | ADM: N, N, ~;
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Thermodynamics

Postulated Fundamental Relation

s = s(p,n) or in the energy representation p = p(s, n)

| Law of Thermodynamics

‘dp: Tds+,udn‘—> T

Euler relation

‘p-l—p:Ts—i—,un‘,

Gibbs-Duhem relation

|dp=sdT +ndy|
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Hydrodynamical Equation of Motion

Hydrodynamic equations express conservation laws

o Diff. invariance:
vV, T" =0

Space time translations. Rotations and boost are identically conserved.

@ Global U(1) symmetry:

Vun'=0;
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Perfect Fluids

variables: u* (v> = —1), n, p, p

T,uu = (P+P) Uy Uy + P 8w = (T5u+unu)uu+pguu
Euler: T s+p n
n* = n u*, st =s uy*

EoM : p+60(p+p)=0— TV,+uVe, =0,
0450

(p+p)iy + (6, + uuu”)Vyp =10

o _ S_h__ wo () =6 =0
Vi =0 = Z=2--9 = uvu<n)fa 0;

(0=V,u", f=u"V,f) entropy per particle is conserved
along the flow lines (adiabatic fluid).

Denis Comelli Cargese 2016



Perfect Fluids Lagrangian

VsDiff: ®7 — W (dP),  det oW /9P| =1

00 ®? 0
~ = AN
4 .
SF/uid:/dX\/—gU( b,Y, X)
N——r
PO d04-f(P2)
paBy qu)o
mo_ € a b c [
e T W —ge"bc 0o P’ 03P° 0,9°, V 7(_)()1/2

b = det|9,d° 9" ®°|1? Y = u* 9,0°, X =5,°0"d°
Ub,Y) = T,=U->bU) gu+(YUy—bU) u,u,

UX) = Tu=Ugu,+2XUxV,V,

Tlljsrfect Fluid =pguw + (p + p) Vi Vi
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Fluid/Superfluid

Density, pressure and conserved currents for Perfect fluid
Lagrangians

’ Lagrangian H p p Cons. Currents ‘
U(b) -U U—-»bUp J¢ =bu*
u(y) —-U+Y Uy V) -/(“1) = Uy u#
U(Xx) —U+2X Ux U Sy = —2(=X)"? Ux V"
U(b, Y) -U+YUy | U=-bU, | J*=bu", J(’i):Uyu"
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Matching Thermodynamics - Perfect Fluid Lagrangian

o(Z, D), p(Z, D) 2 indep.Z+2 dep.D(T)
—

( pv p 9 57 T7 n7 :u’) - U(\O,)7 T/ﬂ/ —>p(O), p(O)
Thermo variables b, Y, X, (bY)

ex: Z=(n,s), D= (T, u), O =b then | promote O — O(T)

U(b) : \p(n,s) = p(b) =
bs = 85b|n, bn = anb|s

—U(b) \ p=U— b Uy with b= b(n,s):

p=np(n,s): T(n,s) = op

Euler : p+p=5s T+ np (It has to be valid for any U)
= —bUy,=—sU, bs — nU, bn—)Ub(b—Sbs—nbn):O

b=sf(2) and T = —Up(f = 2F'), p=—Upf
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Matching Thermodynamics - Perfect Fluid Lagrangian

o(Z, D), p(Z, D) 2 indep.Z+2 dep.D(Z)

= —
(o.p , s, T,np) < UWQ) Tw-—pO) p(O)
Thermo variables b, Y, X, (bY)

We postulate O = O(Z) such that: It has to be valid for any U
p(Z, D(I)) = p(O(T)), p(Z, D(T)) = p(O(1))

| Law of Th., Euler eq., Gibbs Duhem < Conservation Law : VT =0
— —
dp=Tds+pdn p+p=Ts+un dp=sdT+ndp

es: Z=(n, T) = D(Z) = (u(n, T), s(n, T))and O = (b, Y), p=U—>bUy, p=—-U+Y Uy

dp(O(T)) = Tds(T) + 14(Z)dn
p(O(T)) + p(O(Z)) = T s(O(Z)) + 1 n(O(T))

b=n Y=T, s=Uy, p=—-Up
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Thermodynamical potentials and related thermodynamical

variables

|

| Thermo Pot. | T | Leg. Transf. | D |
energy p s, n none T= g—’s) o H= %ﬁ .

’freeenergy]-' H T,n‘]::p—Ts‘ 5:_%,7,”:%5
grand potential w || T, w=—p s = — g# = %‘uj :
potential Z s,p | T=p—pun T:%M,n:—g—is

The Thermodynamical connection with Perfect Fluid Lagrangian it works

when

‘ U = — Thermodynamical Potential ‘
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Dictionary: Thermo <+ Lagrangian

[Potentials_| U(b) | J
=—U
Indep. =U—-bUy
Variables Ju =buy,
(> 5) b=s X
Z=-U n=0 n
T=-U, T=0 T
(n, T) b=n Y =T X = _712
F=-U s=0 s = Uy s=—2Ux vV—X
nw=—Up nw=0 p=
— © — 2 T
(u, T) Yfo(T) X=—pu f(#)
w=-U n=Uyf’ n=Ux (Tf —2puf)
s=Uy(fF—4f) | s= —Uxpf
(n, s) b:sf(g)
=-Uu = —Upf
T=—Uy(f—2f)

’b—>n,s‘,‘Y—>u, T‘,‘X—>,u,T‘
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Barotropic Fluids p = p(p)

The perfect fluids U(b), U(Y), U(X) are all barotropic.
p=U—bUy, p=—U; p=f[p] — Differential eq for‘p(b) c—p+ b pp=flp] ‘

with constant w

U(b) = b™™, U(Y) = YIHI/v (X)) = XU/,
Cold Dark Matter (w = 0): p:mnﬁwith b=n,s=0,p=m
Radiation (w =1): p=3p=T" | U= Y*/3|with Y =T, s=Y3 u=0

Chaplygin gas|: p = —A/p, with constant A

Ub) = VA+ AR, U(Y)=VA+AY2, UX)=VA+AX
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Bose-Einstein and Fermi-Dirac distributions

Relativistic limits: , a=eT

p & 4.
L e S T4 (—
p €= is (—ea),

barotropic eq of state

{

n:fe% T Liz(—€a), s =

[SIN
)

— n log(«);

1 1/4
yél |y = Tf(%) Wheref<%) {_Wzgm (_ee‘;)]

For £ <« 1 wehave Y — T; for & > 1 we have Y — p
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Bose-Einstein and Fermi-Dirac distributions

Non relativistic limit:

mT\? wm 3T
n=g e ™, p=nlmt—) p=nT<p.

2T
}—bm.

U(b, V) = bY{l—i—Log

g (mY\3?
b<2ﬂ'>
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van der Waals gas

(p+xm?)(L—~n)= Th,

U(b, Y):b{bn+Y—m+ Y log

g(l—~b) [mY 3/2
b 2m

p:b(m—&—%T—nn);
5b mY\*? g(1—bv)]|

bY~ b my\ *?
=m- Y lo .
nw=m 2bfi+1_b7+ |: = b’y)( )
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Thermodynamical Stability

The entropy density s = s(p, n) is a convex function, thus the Hessian matrix

|sij| = |03sl, i,j = p, n. is negative define
2
Spp + San <0, Spp Snn — Spn > 0
W A @17 0, W wrT — Wy > 0 \ w = —UX), U(Y)

Ux +2X Uxx <0, (F2—2ff")Ux >0 ‘ X=-T%f2, z= %

\Uyyzo, f”UYZO\, Y:Tf[sz:;.,

2
pss + pon >0 psspan — ps, > 0 ‘ p = —U(b)

n
Up <0, f"U,<0|, b=sflz], z= -,

s
Tpp <0 Tes >0 I=-Ub,Y)
Upp <0, Uyy 20}, b=n,s, Y=T, p,

for f = fg,Fp we have " > 0and (f> — 2f '') < 0 so that

Uyy, Uy 2 0] [ Usp: Up <0} [ Ux +2X Uxx, Ux < 0]
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Goldstone Bosons fluctuations

oi(t, ) = x' + 7i(t, ), ¥ =rt+4xO

‘ Thermo stability ‘+‘ (p+p)>0 ‘é Dynamical stability |but Th.s. <x=> (p+ p) >0+ D.s.

SO = %(P+P)/d4x (#firf -2 (8,-7,r‘)2) )

Ups <0, " Up <0 - 2_ bUw
bb < 0, b < < |(p+p)=—-bU,>0, ¢ = m >0
b

s@y) = %(p + p)/d4x ('irifri - (8;7ri)2)

U
Uyy >0, f" Uy 20| & |(p+p)=YUy >0, 2= LA
Y Uyy

SOX = 2o+ p) [ o (2 - (@1n°F)

U,
2XUxx + Ux <0, ((F)? — 2" Ux ‘2 0 |(p+pP) =2XUx 20, 2=—" >0
2XUxx + Ux

1 r - . .
sDe, v1 = - / d*x[(p + P)e' 5 + py (7% = pp (97" = 2} py w00y

b Upy + Uy)? — b2 Upy U
Ups <0, Uypy >0, |(o+p) = YUy —bUy >0, 2= L% QV) Y >0
Uy (p+p)
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2="r
p
For barotropic perfect fluids U(b), U(Y), U(X)
> dp b Up Uy Ux

Sp=c2dp— c

dp Ub

U(b, Y) is not barotropic

op

adiabatic modes entropic modes

c2 6p +bY (e —c2) éo,
NP,

Y Uyy’ Ux 4+ 2XUxx

s L.
,0=—witho =20

b n
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Conclusions

e Media classification and internal scalar
symmetries

o Media Lagrangians C Massive Gravity
o Perfect Fluid Lagrangians
o Thermodynamics of Perfect Fluid Lagrangians

o Thermodynamical and Dynamical stability
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Non perturbative # DoF and structure of the Potentials
S ) (VA = (N, N, 49)

ADM variables: g¥ = (Nszf i _ NN
o 6 DoF: U = U[N*, ~]: Supersolid
o 5 DoF: U = (U[IC] + (5[5,’}/] ‘|‘Z/{€i Ql)/N)

where N' = N¢' + Q) KV =+7 —¢'¢ and Q' = (9Z,U) 1 0ui€

Solids U(7,) and Perfect fluids U(b = b(r,)), £ = 0
o 3 DoF: U = UI[N, 7] Perfect fluid U(X)
o 3 DoF: U = (U[4] + E[]/N)

o 2 DoF: U = (A +E[7]/N)

5 by [w=T01] ks [m =m0 o0

1oEwee Oapn =1 — £9)°TPe (v —e@ £) ¢

1 £ (
— — _ g2 L T
Y =2 sy b=\ =&, v = 0 ,
Cargese 2016
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Relativistic Solids

Ssolids = /d4xv —8 U(Tn:1,2,3 = Tr[(B = aq’aaq’b)n])
Hook Potential

U(r;) = \/det|B| (A Tr[l — B> + 2 p Tr[(I — B)?]) =
b (6p+9X—(6A+4pu)n+An2+2um)

A p: Lame' Constants, B strain tensor

Tow=_U_ u,u,+2b3,0" ((—(6\+4) + 2)71)0ap + 4uBap) 9, P°
P

P guv+Muw
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