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Spin Hall Effect of Light (SHEL)
in the Lab (spin-geometrical optics)
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Experimental verification of SHEL ez

Fig. 1. The SHEL at an air-glass interface.
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How does spin affect the trajectory
of light in ...the Cosmos?

http://lanl.arxiv.org/abs/1610.00555
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The cosmological
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The Principle of General Covariance & Spinning particles

Matter configurations: distributions on the set of all Lorentz metrics, g, of
spacetime, M, with signature (-, —, —, +).

Spinning test particles: first-order tensorial distributions, 7¢, supported by
a worldline C, viz.,

1
(Tc,og) = fc [5 T 6g, + ©P V68, | dT

where compactly supported variations 6g serve as test-functions.
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The Principle of General Covariance & Spinning particles

Matter configurations: distributions on the set of all Lorentz metrics, g, of
spacetime, M, with signature (-, —, —, +).

Spinning test particles: first-order tensorial distributions, 7¢, supported by
a worldline C, viz.,

1
(Tc,og) = fc [5 T 6g, + ©P V68, | dT

where compactly supported variations 6g serve as test-functions.

Principle of general covariance: the value (7¢, 6g) should be independent
of the metric in the orbit of g under Diff;(M); this translates as [souriau74]

(Te,Lygy =0 (1)

for all Y € Vects(M).
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The single condition (1) yields respectively:
@ that the distribution (7) is actually of the form

. 1 .
Te.d0 = | [P”XV Ot + 5 XV, 08, | O

where P = (P*) is the linear momentum , X = (X*) the velocity, and
S = (S"") the skew-symmetric spin tensor at event X € C,
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The single condition (1) yields respectively:
@ that the distribution (7) is actually of the form

. 1 .
Te.d0 = | [P“XV Ot + 5 XV, 08, | O

where P = (P*) is the linear momentum , X = (X*) the velocity, and
S = (S"”) the skew-symmetric spin tensor at event X € C,
@ the universal Mathisson-Papapetrou-Dixon equations

. 1 .
mo H Qaf yp
Pt = 2Raﬁ,p8 X
S = PHX - P'X

where R = (R__. ") is the curvature of the Levi-Civita connection of g,

afp

and the dot stands for the covariant derivative along C,
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The single condition (1) yields respectively:
@ that the distribution (7) is actually of the form

. 1 .
Te.d0 = | [P”XV Ot + 5 XV, 08, | O

where P = (P*) is the linear momentum , X = (X*) the velocity, and
S = (S"”) the skew-symmetric spin tensor at event X € C,
@ the universal Mathisson-Papapetrou-Dixon equations

. 1 .
mo H Qaf yp
Pt = 2Raﬂp8 X
S = PHX - P'X

where R = (R__. ") is the curvature of the Levi-Civita connection of g,

afp
and the dot stands for the covariant derivative along C,
© the first-integrals of the Papapetrou equations
1
V(Z)=P,Z"+ ES“VVyZV = const. 2)

for all Killing vector fields Z.
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An equation of state

Notice that this system of ODE is non-deterministic: no expression for
the velocity! Need for an equation of state! We choose [Tulczyjew59]

SP =0 (3)

which implies P2 = P,P* = const & Tr(S?) = —S,,,S*” = const. Those will
be taken as constants of the system: for photons we posit

1
PP=0 & - ETr(SZ) =s° (4)

with P future-pointing, and where the scalar spin is
s = +h. (5)

and the helicity (handedness) y = sign(s).
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The Souriau-Saturnini equations

The resulting equations of motion read then intrinsically [Souriau-Saturnini’76]

. 2

X = P+ o SAO)P (6)
- PH(A(S))

P R(S)(S) )
S = PAX (8)

where “Pf” is the “Pfaffian”,
1
PE(R(S)) = —7R(S)" *(R(S))u
and
R(S)(S) = Ruypo S

is assumed to be nowhere zero to guarantee the localization of the particle
on a curve. N.B. The velocity is always orthogonal to the momentum,

X1P=0.

» Back
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Symplectic mechanics: the free system

The system becomes singular wherever R(S)(S) = 0. In, e.g., flat
spacetime, it reads

X L P
P =0
S = PAX.

@ Massless particles are thus delocalized in Minkowski spacetime: they
live on null affine hyperplanes P-.
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Symplectic mechanics: the free system

The system becomes singular wherever R(S)(S) = 0. In, e.g., flat
spacetime, it reads

X L P
P =0
S = PAX.

@ Massless particles are thus delocalized in Minkowski spacetime: they
live on null affine hyperplanes P-.
@ Their spaces of motions are 6-dimensional Poincaré-coadjoint orbits

O,, = (Spin(3,1) x R*>")/(SO(2) x R3)
whose origin can be freely chosen as 1y = (Sp, Po) € s¢(3,1)" where
P2 = 0 with Py future-pointing, also SpPp = 0,and s = + ,/—%Tr(Sg).
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Symplectic mechanics: the free system

The system becomes singular wherever R(S)(S) = 0. In, e.g., flat
spacetime, it reads

X L P
P =0
S = PAX.

@ Massless particles are thus delocalized in Minkowski spacetime: they
live on null affine hyperplanes P-.
@ Their spaces of motions are 6-dimensional Poincaré-coadjoint orbits

O,, = (Spin(3,1) x R*>")/(SO(2) x R3)
whose origin can be freely chosen as 1y = (Sp, Po) € s¢(3,1)" where
P2 = 0 with Py future-pointing, also SpPp = 0,and s = + ,/—%Tr(Sg).

@ Those O,, are prequantizable if s € %hZ [Souriau's5]. Geometric
analogue of Wigner’s massless representations of Poincaré group.
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Symplectic mechanics: the free system

The system becomes singular wherever R(S)(S) = 0. In, e.g., flat
spacetime, it reads

X L P
P =0
S = PAX.

@ Massless particles are thus delocalized in Minkowski spacetime: they
live on null affine hyperplanes P-.
@ Their spaces of motions are 6-dimensional Poincaré-coadjoint orbits

O,, = (Spin(3,1) x R*>")/(SO(2) x R3)
whose origin can be freely chosen as 1y = (Sp, Po) € s¢(3,1)" where
P2 = 0 with Py future-pointing, also SpPp = 0,and s = + ,/—%Tr(Sg).

@ Those O,, are prequantizable if s € %hZ [Souriau's5]. Geometric
analogue of Wigner’s massless representations of Poincaré group.
@ The latter are symplectomorphic to projective twistor spaces PT*.
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Free massless spinning relativistic particle
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Symplectic mechanics: minimal gravitational coupling

Minimal gravitational coupling:
@ Poincaré group ~» bundle Spin(M) of spinor frames, or rather bundle
of Lorentz frames SO (M) parametrized by (X*, e}) for bosons.
@ Maurer-Cartan form ~» Levi-Civita affine connection form © = (w, 6).
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Symplectic mechanics: minimal gravitational coupling

Minimal gravitational coupling:
@ Poincaré group ~» bundle Spin(M) of spinor frames, or rather bundle
of Lorentz frames SO (M) parametrized by (X*, e}) for bosons.
@ Maurer-Cartan form ~» Levi-Civita affine connection form © = (w, 6).
Using same origin o : (So, Po) € s¢(3,1)*, define the 1-form of SO (M):

a = ug-©
P63 + %sgbwab. (9)
Its exterior derivative {2 = da descends to “evolution space”
V = S0, (M)/SO(2)

described by X, P, S as in (3,4), namely P* = Pge’; and S* = Sgbe’a‘eg.
This presymplectic 2-form on V reads

1 1 / ) 1 v ) (o
Q=d"P, A dX* + 5 d'S/ A S dYS) + 2 P AXPA X7
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Symplectic mechanics: minimal gravitational coupling Il

@ The characteristic distribution, ¥ = ker(£2), yields exactly the set of
equations of motion (6)—(8), justifying equation of state (3).
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Symplectic mechanics: minimal gravitational coupling Il

@ The characteristic distribution, ¥ = ker(£2), yields exactly the set of
equations of motion (6)—(8), justifying equation of state (3).
@ The particle is localized by the gravitational field since dim ¥ = 1

wherever
R(S)(S) # 0. (10)

The space of motions U = V/F is an 8-dimensional symplectic
manifold (compare with the 6-dimensional space of free motions).
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Symplectic mechanics: minimal gravitational coupling Il

@ The characteristic distribution, ¥ = ker(£2), yields exactly the set of
equations of motion (6)—(8), justifying equation of state (3).

@ The particle is localized by the gravitational field since dim ¥ = 1
wherever
R(S)(S) # 0. (10)

The space of motions U = V/F is an 8-dimensional symplectic
manifold (compare with the 6-dimensional space of free motions).

e If Zis a Killing vector field of M, its canonical lift, Z¥, to SO (M)
verifies Lsa = 0, and thus defines the momentum mapping W, viz.,

V(Z) = po-O(ZF)
PO 63(Z%) + %Sgbwab(zﬁ)

1
= PuZ'+58"V,Z,
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Specialization of the model:

Spinning light in a Roberston-Walker background
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Photons in Robertson-Walker backgrounds

e The RW metricon M = ¥~ x R, where X is a connected 3-dimensional
Riemannian manifold with constant curvature R(®) = 6K, reads

l|dlx|[?
=-—a(t)? —
with a > 0 the scale factor, t the cosmic time, x € R3 stereographic
coordinates (s.t. b(x) > 0), and || - || the Euclidean norm.

K
S +d? & b(x)=1+ ZIIXIIZ
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Photons in Robertson-Walker backgrounds

e The RW metricon M = ¥~ x R, where X is a connected 3-dimensional
Riemannian manifold with constant curvature R(®) = 6K, reads

l|dlx|[?
=-—a(t)? —
with a > 0 the scale factor, t the cosmic time, x € R3 stereographic
coordinates (s.t. b(x) > 0), and || - || the Euclidean norm.
e The (future pointing) null linear momentum of the particle is written as

K
S +d? & b(x)=1+ ZIIXIIZ

b
P:[ aP J where  p e R3\ {0},
llpll
e Accordingly, the spin g-skewsymmetric (1, 1)-tensor reads
_(sxp)b

Ipll - a where s RS,
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Photons in Robertson-Walker backgrounds Il

Computing the spin-curvature coupling term, R(S), we find Pf(R(S)) = 0
= the linear momentum, P, is parallel-transported.
The system (6)—(8) of equations of motion w.r.t. cosmic time reduces to

ax aa”’b K+ a”?\ w
= = = __|p-[1- — (11)
at lIpll(K + a’?) aa”’ s
d'pP
— =0 12
e (12)
d’s ax
~Z - ppA = 13
ot N ar (13)
where
b
W =pll| @
s

is the polarization vector of the massless particle in the gravitational field,
responsible for the anomalous velocity in (11).
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Twisting photons
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If we define the deceleration function Q(t) := —a(t)a”(t)/(K + a’(t)?),
the previous equations of motion read in our 3 + 1 decomposition:

ax b s
o a[ o+ +0)§] (14)
ap = a s
2 - —g[—op+|lpll(1+0)g]
e K[—o< LA ] (15)
2a - 2a X o ~ P
ds s a lIsli? p
i (1+Q)§xp—;s+a[ S (1+Q)—sOL|pH
K Isi2 ] K p
25 (1 +Q)l(s )S_TXJ_EQ (s"‘)m‘“J“G)
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Conservation laws: Noetherian quantities

Define b := 1+ §|x|? (b = b..), so that the generators Z : X - 6X of the
6-dimensional group of isometries of (M, g) are

I
o

K
5x:wxx+ab_+§x(x~a), ot

with @, w € R3.
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Conservation laws: Noetherian quantities

Define b := 1+ §|x|? (b = b..), so that the generators Z : X - 6X of the
6-dimensional group of isometries of (M, g) are

K
5x:wxx+ab_+§x(x-a), 5t=0

with @, w € R3.
The momenta # & L defined by ¥(Z) =P -a + L - w (cf. (2)) read

b_ p}
P = —|-ap+a'sx—
b, | P Il
+ K 2xxs+a’'x (sx P )x a(x p)x] t
Py : — X — - = cons
2by Pl
1 K
L = s xx@+b+s—§(s~x)x}—const.
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Conservation laws |l

e The scalar spin (helicity x 72) is indeed a first integral of the previous
system (14)—(16) of ODE:
s p
S = —— = const.

lIpll
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Conservation laws |l

e The scalar spin (helicity x 72) is indeed a first integral of the previous
system (14)—(16) of ODE:

S .
S = —p — const.
lipll
e Define the transverse vectorial spin by
sti—s—s
lIpll

then the following is another constant of the motion, namely

S = VK + a’2||s*|| = const.
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Conservation laws |l

e The scalar spin (helicity x 72) is indeed a first integral of the previous
system (14)—(16) of ODE:

S .
S = —p — const.
lipll
e Define the transverse vectorial spin by
sti—s—s
lIpll

then the following is another constant of the motion, namely
S = VK + a2 ||s*|| = const.
e Since O = a(t)d/at is conformal Killing v.f., the “energy” & = P,0" is
& = a||p|| = const

= The redshift formula, z = ag/ae — 1, holds in the spinning case as

a(t
Q = const.

A(t)
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Final expression of the photonic velocity & birefingence

Our strategy: (i) express spin s(t) & linear momentum p(t) in terms of the
conserved quantities P, £, &, S; (i) plug those in Eq. (14) for the velocity
dx/dt; (iii) reduce hence the system (14)—(16) of equations of motion to a
non-autonomous ODE:

dx
= A(t B 17
= = Alx+B() (17)
where — in the flat case, K = 0, to simplify the notation:
a’ a/2 1 aa”
L ier+ e mie)|+ X [1- 2 i)

a” 1 aa”
B = [7)+ £><7’+ — (£ 7’)4—1——(1— 2)£
as a’
highlighting the spin s = +7 that induces gravitational birefringence, with
a’(t) 1
F(t) .= - .

( ) a’(t)2 S2 Lo SZ

E|1+ ga (1) + I
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For the integration of the photonic equations of motion
and the demonstration of birefringence of light in
ACDM backgrounds via

@ Numerical integration
@ Perturbative solutions

Rendez-vous with Thomas, next talk . ..
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For the integration of the photonic equations of motion
and the demonstration of birefringence of light in
ACDM backgrounds via

@ Numerical integration
@ Perturbative solutions

Rendez-vous with Thomas, next talk . ..

Thank you
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Spin Hall Effect of Light in picture

New Snel-Descartes laws

@ T(ransmission (Refraction)
o law of sines
e transverse shift

@ R(eflection

o law of mirror symmetry
e transverse shift

Figure: Onoda & al. (2004)
The optical spin Hall shift at I(incident angle 6, reads

(03)R,TCOSOR,T —(03)1COS )
(Ay)rT = - ~ A
k/ sin 9[
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