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𝑑𝑑𝑠𝑠2 = −𝑑𝑑𝑡𝑡2 + 𝑎𝑎2 𝑡𝑡 𝑑𝑑𝑥⃗𝑥 ∙ 𝑑𝑑𝑥⃗𝑥 
𝐻𝐻(𝑡𝑡) ≡ 𝑎̇𝑎/𝑎𝑎   &   𝜖𝜖 𝑡𝑡 ≡ −𝐻̇𝐻/𝐻𝐻2(q =  -1 + 𝜖𝜖) 

• Hard to avoid an early phase of accelerated expansion  
– but what caused it is a mystery  

• Scalar potential models work 

ℒ =
𝑅𝑅 −𝑔𝑔
16𝜋𝜋𝜋𝜋

− 1
2𝜕𝜕𝜇𝜇𝜑𝜑𝜕𝜕ν𝜑𝜑𝑔𝑔

𝜇𝜇ν −𝑔𝑔 − 𝑉𝑉(𝜑𝜑) −𝑔𝑔 

1.                3𝐻𝐻2 = 8𝜋𝜋𝜋𝜋  12𝜑̇𝜑0
2 + 𝑉𝑉(𝜑𝜑0)  

2. −2𝐻̇𝐻 − 3𝐻𝐻2 = 8𝜋𝜋𝜋𝜋  12𝜑̇𝜑0
2 − 𝑉𝑉(𝜑𝜑0)  

• (1)+(2)     𝜑𝜑0 𝑡𝑡 = 𝜑𝜑𝑖𝑖 − ∫ 𝑑𝑑𝑑𝑑𝑑 −2𝐻̇𝐻(𝑡𝑡′)
8𝜋𝜋𝜋𝜋

𝑡𝑡
𝑡𝑡𝑖𝑖

 
• Rotate the graph  𝑡𝑡(𝜑𝜑0) 
• (1)-(2)     𝑉𝑉 𝜑𝜑 = 1

8𝜋𝜋𝜋𝜋
𝐻̇𝐻 + 3𝐻𝐻2

𝑡𝑡(𝜑𝜑) 



Fine Tuning Problems 
1. Initial Conditions 

• Potential energy domination over more than a Hubble volume 
2. Duration 

• 𝑁𝑁 = −8𝜋𝜋𝜋𝜋 ∫ 𝑑𝑑𝑑𝑑 𝑉𝑉(𝜑𝜑)
𝑉𝑉𝑉(𝜑𝜑)

≥ 50𝜑𝜑𝑓𝑓
𝜑𝜑𝑖𝑖

 

3. Scalar Perturbations 
• 𝐺𝐺𝐺𝐺 3

𝑉𝑉′2
  ~  10−11 

4. Tensor Perturbations 
• 𝐺𝐺2𝑉𝑉  ≤   5 × 10−12 

5. Reheating 
• Reheating requires coupling to normal matter 

6. Cosmological Constant 
• 𝐺𝐺2𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ≈ 10−123 



Reheating    ∆𝑉𝑉(𝜑𝜑)  
& an obstacle to more fine tuning 

• Flat Space: ∆𝑉𝑉 𝜑𝜑  ~ ± 𝑐𝑐𝑐𝑐 × 𝜑𝜑 4𝑙𝑙𝑙𝑙 𝑐𝑐𝑐𝑐2×𝜑𝜑2

𝜇𝜇2
 

• Not Planck suppressed & typically too steep 
• Just fine tune it away . . . 

• On de Sitter: ∆𝑉𝑉 𝜑𝜑  ~ ± 𝐻𝐻4𝑓𝑓 𝑐𝑐𝑐𝑐2×𝜑𝜑2

𝐻𝐻2  
• 𝑓𝑓 𝑥𝑥 → 𝑥𝑥2ln (𝑥𝑥) gives Coleman-Weinberg 
• But small 𝑥𝑥 is relevant: 𝑓𝑓 𝑥𝑥 = 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝑥𝑥2 + 𝑂𝑂(𝑥𝑥3)  
• Set 𝛼𝛼 = 0 with 𝛿𝛿ξ𝜑𝜑2𝑅𝑅 −𝑔𝑔  & 𝛽𝛽 = 0 with  𝛿𝛿λ𝜑𝜑4 −𝑔𝑔 

• Factors of ``𝐻𝐻2‘’ are not constant & not even local 
stuck with 𝑂𝑂(𝑥𝑥3) terms 



Three Models 
1. Another scalar  ϕ (h is a coupling constant) 

ℒ= − 12𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕ𝑔𝑔
𝜇𝜇𝜇 −𝑔𝑔 − 1+∆𝜉𝜉

12
ϕ2𝑅𝑅 −𝑔𝑔 − 1

4ℎ
2ϕ2𝜑𝜑2 −𝑔𝑔 

2. A fermion  ψ 
ℒ = ψ�𝛾𝛾𝑏𝑏𝑒𝑒𝑏𝑏

𝜇𝜇 𝑖𝑖𝜕𝜕𝜇𝜇 − 1
2𝐴𝐴𝜇𝜇𝜇𝜇𝜇𝜇𝐽𝐽

𝑐𝑐𝑐𝑐 ψ −𝑔𝑔  − 𝑓𝑓𝑓𝑓ψ�ψ −𝑔𝑔 
3. A vector gauge boson  𝐴𝐴𝜇𝜇 (with complex inflaton) 

ℒ = − 14𝐹𝐹𝜇𝜇ν𝐹𝐹𝜌𝜌𝜌𝜌𝑔𝑔
𝜇𝜇𝜇𝜇𝑔𝑔ν𝜎𝜎 −𝑔𝑔

− 𝜕𝜕𝜇𝜇 − 𝑖𝑖𝑖𝑖𝐴𝐴𝜇𝜇 𝜑𝜑 𝜕𝜕ν + 𝑖𝑖𝑖𝑖𝐴𝐴ν 𝜑𝜑∗𝑔𝑔𝜇𝜇ν −𝑔𝑔 
For each model: 
• Give general (de Sitter) form for ∆𝑉𝑉(𝜑𝜑) 
• Give large field expansion 
• Give small field expansion 



Relation between Re-heating & 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝜑𝜑) 

• In Flat Space 
ℒ = − 12𝜕𝜕𝜇𝜇ϕ𝜕𝜕νϕη

𝜇𝜇𝜇 − 1
4ℎ

2𝜑𝜑2ϕ2 
• Re-heating needs NO (large) extra ϕ mass term 

• Shaking φ with 𝜑𝜑0(𝑡𝑡) generates φ quanta 
• If  𝜑𝜑0(𝑡𝑡) were large we’d just subtract its VEV  small field limit 

• 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝜑𝜑) is the sum of 12ℏ𝜔𝜔 terms for φ 0-point energy 
• 𝜑𝜑 = constant      𝑚𝑚ϕ

2 = 1
2 ℎ

2𝜑𝜑2 

• 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒 𝜑𝜑 = ∑  1
2

𝑘𝑘2 + 𝑚𝑚ϕ
2

𝑘𝑘 =

∑  1
2
𝑘𝑘 1 +

𝑚𝑚ϕ
2

2𝑘𝑘2
−

𝑚𝑚ϕ
4

8𝑘𝑘4
+ ⋯ →

𝑚𝑚ϕ
4

64𝜋𝜋2
 𝑙𝑙𝑙𝑙

𝑚𝑚ϕ
2

𝜇𝜇2𝑘𝑘  

• It’s MUCH more complicated in de Sitter! 



Limit on backgrounds is PROPAGATORS 

1. Mass 𝑀𝑀 scalar with conformal coupling ξ 
−𝑔𝑔 ⧠ − ξ𝑅𝑅 −𝑀𝑀2 𝑖𝑖∆ ξ,𝑀𝑀2 𝑥𝑥; 𝑥𝑥′ = 𝑖𝑖𝛿𝛿𝐷𝐷(𝑥𝑥 − 𝑥𝑥′) 

2. Mass 𝑚𝑚 fermion on 𝑑𝑑𝑠𝑠2 = 𝑎𝑎2 −𝑑𝑑η2 + 𝑑𝑑𝑥⃗𝑥 ∙ 𝑑𝑑𝑥⃗𝑥  
𝑖𝑖[𝑖𝑖𝑆𝑆𝑗𝑗] 𝑥𝑥; 𝑥𝑥′ = 1

𝑎𝑎(𝐷𝐷−1) 2⁄ 𝑖𝑖𝛾𝛾𝜇𝜇𝜕𝜕𝜇𝜇 + 𝑎𝑎𝑎𝑎 𝑎𝑎(𝐷𝐷−1) 2⁄
𝑎𝑎𝑎𝑎𝑎

𝒮𝒮(𝑥𝑥; 𝑥𝑥′) 

𝒮𝒮 = 1
2 1 + 𝛾𝛾0 𝑖𝑖∆ ξ𝑐𝑐 ,𝑀𝑀+

2 𝑥𝑥; 𝑥𝑥′ + 1
2 1 − 𝛾𝛾0 𝑖𝑖∆ ξ𝑐𝑐 ,𝑀𝑀−

2 (𝑥𝑥; 𝑥𝑥′) 

• With ξ𝑐𝑐 ≡
1

2(𝐷𝐷−1)
  &  𝑀𝑀±

2 ≡ 𝑚𝑚(𝑚𝑚 ∓ 𝑖𝑖𝑖𝑖) 

3. Mass 𝑀𝑀𝑉𝑉  vector with ξ𝑣𝑣 ≡
(𝐷𝐷−2)
𝐷𝐷(𝐷𝐷−1)

  

𝑖𝑖[𝜇𝜇∆𝜌𝜌] 𝑥𝑥; 𝑥𝑥′ = ⧠𝜇𝜇ν − 𝐷𝐷ν𝐷𝐷𝜇𝜇 ⧠′𝜌𝜌𝜎𝜎 − 𝐷𝐷𝐷𝜎𝜎𝐷𝐷𝐷𝜌𝜌
𝜕𝜕2ℓ2 𝑥𝑥; 𝑥𝑥′

𝜕𝜕𝑥𝑥ν𝜕𝜕𝑥𝑥′𝜎𝜎
𝑆𝑆(𝑥𝑥; 𝑥𝑥′)  

𝑆𝑆 𝑥𝑥; 𝑥𝑥′ =
𝑖𝑖∆ ξ𝑣𝑣,𝑀𝑀𝑉𝑉

2 − 𝑖𝑖∆[ξ𝑣𝑣, 0]
𝑀𝑀𝑉𝑉
4 −

1
𝑀𝑀𝑉𝑉
2
𝜕𝜕𝜕𝜕∆ ξ𝑣𝑣,𝑁𝑁2

𝜕𝜕𝑁𝑁2 |𝑁𝑁2=0 



∆𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠′ = 𝛿𝛿ξ𝑅𝑅𝑅𝑅 + 1
6𝛿𝛿λ𝜑𝜑

3 
                                 +1

2ℎ
2𝜑𝜑𝑖𝑖∆ 1+∆ξ

12 , 12ℎ
2𝜑𝜑2 (𝑥𝑥; 𝑥𝑥) 

• ν± ≡ 1
2 ± 1

2 1 − 8∆ξ  ,    𝑧𝑧2 ≡ ℎ2𝜑𝜑2

𝐻𝐻2   

• ψ 𝑥𝑥 ≡ 𝑑𝑑
𝑑𝑑𝑑𝑑

 𝑙𝑙𝑙𝑙 Γ(𝑥𝑥)  
• General form  

 
 



Large field and small field expansions 
• Large field  

 
 
 
 

• Small field  
 



∆𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓′ = 𝛿𝛿ξ𝑅𝑅𝑅𝑅 + 1
6𝛿𝛿λ𝜑𝜑

3 − 𝑓𝑓𝑓𝑓[𝑖𝑖𝑆𝑆𝑖𝑖](𝑥𝑥; 𝑥𝑥) 

• 𝑧𝑧2 ≡ 𝑓𝑓2𝜑𝜑2

𝐻𝐻2  
∆𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(general form)

= −
𝐻𝐻4

8𝜋𝜋2 �2𝛾𝛾𝑧𝑧2 − ζ 3 − 𝛾𝛾 𝑧𝑧4

+ 2� 𝑑𝑑𝑑𝑑 𝑥𝑥 + 𝑥𝑥3 ψ 1 + 𝑖𝑖𝑖𝑖 + ψ(1 − 𝑖𝑖𝑖𝑖)
𝑧𝑧

0
� 

∆𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(large field)

= −
𝐻𝐻4

8𝜋𝜋2 � 12𝑧𝑧
4 ln 𝑧𝑧2 + 1 − ζ 3 + 1

4 − 𝛾𝛾 𝑧𝑧4 + 𝑧𝑧2 ln 𝑧𝑧2 + 1

− 4
3−2𝛾𝛾 𝑧𝑧

2 +
11
60 ln 𝑧𝑧2 + 1 + 𝑂𝑂(𝑧𝑧0)� 

∆𝑉𝑉𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(small field) = −
𝐻𝐻4

8𝜋𝜋2
2
3 ζ 3 −ζ(5) 𝑧𝑧6− 12 𝜁𝜁 5 −𝜁𝜁 7 𝑧𝑧8+𝑂𝑂(𝑧𝑧10)  



∆𝑉𝑉𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣′ 𝜑𝜑∗𝜑𝜑 = 𝛿𝛿ξ𝑅𝑅 + 1
2𝛿𝛿λ𝜑𝜑

∗𝜑𝜑 + 𝑒𝑒2𝑔𝑔𝜇𝜇ν𝑖𝑖[𝜇𝜇∆ν](𝑥𝑥; 𝑥𝑥) 

• 𝑧𝑧2 ≡ 𝑒𝑒2𝜑𝜑∗𝜑𝜑
𝐻𝐻2  

• General form  

∆𝑉𝑉𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =
3𝐻𝐻4

8𝜋𝜋2
� 2𝛾𝛾 − 1 𝑧𝑧2 + 𝛾𝛾 − 3

2 𝑧𝑧
4

+ � 𝑑𝑑𝑑𝑑(1 + 𝑥𝑥) ψ
3
2

+
1
2

1 − 8𝑥𝑥 + ψ
3
2
−

1
2

1 − 8𝑥𝑥
𝑧𝑧2

0
� 

• Large field  

∆𝑉𝑉𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =
3𝐻𝐻4

8𝜋𝜋2
�

1
2
𝑧𝑧4 ln 𝑧𝑧2 + 1 + −

7
4

+
1
2

ln 2 + 𝛾𝛾 𝑧𝑧4 + 𝑧𝑧2 ln 𝑧𝑧2 + 1

+ −
13
6

+ ln 2 + 2𝛾𝛾 𝑧𝑧2 +
19
60

ln 𝑧𝑧2 + 1 + 𝑂𝑂(𝑧𝑧0)� 

• Small field  

∆𝑉𝑉𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 =
3𝐻𝐻4

8𝜋𝜋2
10
3
−

8
3
ζ(3) 𝑧𝑧6 + 12 − 10ζ(3) 𝑧𝑧8 + 𝑂𝑂(𝑧𝑧10)  



Factors of ``𝐻𝐻2‘’ are not constant 
• Evaluate ∆𝑇𝑇𝜇𝜇ν = − 2

−𝑔𝑔
𝛿𝛿∆Γ[𝑔𝑔]
𝛿𝛿𝑔𝑔𝜇𝜇ν

 on de Sitter 

• ∆Γ 𝑔𝑔 = −∫𝑑𝑑𝑥𝑥′∆𝑉𝑉(𝑔𝑔 𝑥𝑥′ ) −𝑔𝑔(𝑥𝑥′) 

• If 𝐻𝐻2 = Λ
3

   ∆𝑇𝑇𝜇𝜇ν 𝑑𝑑𝑑𝑑
= −𝑔𝑔𝜇𝜇ν𝐻𝐻4 × 𝑓𝑓(𝑧𝑧2) 

– Recall  ∆𝑉𝑉 = 𝐻𝐻4𝑓𝑓(𝑧𝑧2)   &   𝑧𝑧2 = 𝑐𝑐𝑐𝑐2 𝜑𝜑 2

𝐻𝐻2   

• If 𝐻𝐻2 = 𝑅𝑅
12  ∆𝑇𝑇𝜇𝜇ν 𝑑𝑑𝑑𝑑

= −𝑔𝑔𝜇𝜇ν𝐻𝐻4 × 1
2𝑧𝑧
2𝑓𝑓𝑓(𝑧𝑧2) 

• Actually consistent with ``𝐻𝐻2’’ =  𝑅𝑅
12

 
• Except for 𝜇𝜇𝐷𝐷−4 → 𝐻𝐻𝐷𝐷−4 in   𝛿𝛿ξ  and  𝛿𝛿λ 

– ∆𝑉𝑉 could be removed because 𝐹𝐹(𝑅𝑅) are ok 



Factors of ``𝐻𝐻2‘’ are not 𝑅𝑅
12

 
• Small 𝑀𝑀2 = 𝑐𝑐𝑐𝑐2 𝜑𝜑 2 relevant  expand in 𝑀𝑀2 

𝑖𝑖∆ ξ,𝑀𝑀2 𝑥𝑥; 𝑥𝑥

= 𝑖𝑖∆ ξ, 0 𝑥𝑥; 𝑥𝑥 − 𝑖𝑖𝑀𝑀2 �𝑑𝑑𝐷𝐷𝑤𝑤 −𝑔𝑔(𝑤𝑤) 𝑖𝑖∆ 𝜉𝜉, 0 𝑥𝑥;𝑤𝑤 2 + ⋯ 

• 𝑖𝑖∆[ξ, 0](𝑥𝑥; 𝑥𝑥′) is known for constant  𝜖𝜖 𝑡𝑡 ≡ − 𝐻̇𝐻
𝐻𝐻2 

• Indices ν depend on 𝜖𝜖, e.g., ν = 1
2

𝐷𝐷−1−𝜖𝜖
1−𝜖𝜖

  
• Interpolating these factors of ``𝜖𝜖’’ requires higher curvatures 

• E.g., 2
2−𝜖𝜖

= 1 + 1 − 6𝐺𝐺
𝑅𝑅2

 

• 𝐺𝐺 ≡ 𝑅𝑅𝜇𝜇ν𝜌𝜌𝜌𝜌𝑅𝑅𝜇𝜇ν𝜌𝜌𝜌𝜌 − 4𝑅𝑅𝜇𝜇ν𝑅𝑅𝜇𝜇ν + 𝑅𝑅2 
• Functions of these are not allowed in classical actions 



Factors of ``𝐻𝐻2‘’ are not even local! 

• E.g., ``ringing’’ in ∆ℛ2 (𝑘𝑘) 
• 𝜖𝜖1 = 1

200
  𝜖𝜖2 = 1

10
 

• Starobinsky 1992 

• Good analytic form in 
arXiv:1507.07452 
 
 

• This stuff also can’t be 
part of a classical action 



How bad is it in practice? 

• Could tune 𝑉𝑉 𝜑𝜑  to cancel ∆𝑉𝑉 at one instant 
• But 𝐻𝐻 𝑡𝑡  typically changes a lot 

• For 𝑉𝑉 𝜑𝜑 = 𝐴𝐴𝜑𝜑𝛼𝛼 we have 𝐻𝐻(𝑡𝑡)
𝐻𝐻𝑖𝑖

= 𝜖𝜖𝑖𝑖
𝜖𝜖(𝑡𝑡)

𝛼𝛼
4
 

• Could cancel with ``𝐻𝐻2’’    𝑅𝑅
12

 
• But then a modified gravity theory 
• E.g., Friedman equation changes 

• Need a careful numerical study 



Conclusions 
• 𝑉𝑉(𝜑𝜑) models need heavy fine tuning 
• Reheating requires couplings to light matter 
• These induce corrections ∆𝑉𝑉 to 𝑉𝑉(𝜑𝜑) 

• Not Planck-suppressed 

• Can’t compute for general 𝜖𝜖 𝑡𝑡 = − 𝐻̇𝐻
𝐻𝐻2 

• 𝜖𝜖 = 0      ∆𝑉𝑉 = 𝐻𝐻4𝑓𝑓 𝑐𝑐𝑐𝑐2 𝜑𝜑 2

𝐻𝐻2  

• Factors of ``𝐻𝐻2’’ are not constant, or 𝑅𝑅
12

, or even local 
 cannot remove ∆𝑉𝑉 by more fine tuning of 𝑉𝑉(𝜑𝜑) 

• This looks bad 
• At the least, a new constraint on model-building 
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