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why bother with alternatives?

Inflation : 

solves cosmological puzzles
uses GR + scalar fields [(semi-)classical]
can be implemented in high energy theories

makes falsifiable predictions ...

... consistent with all known observations

string implementation (brane inflation, ...)
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From R. Brandenberger, in M. Lemoine, J. Martin & PP (Eds.), “Inflationary cosmology”, 
Lect. Notes Phys. 738 (Springer, Berlin, 2007).
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A brief history of bouncing cosmology

Many new ideas, models…

M. Novello & S.E. Perez Bergliaffa,  “Bouncing cosmologies”, Phys. Rep. 463, 127  (2008) 

R. C. Tolman,  “On the Theoretical Requirements for a Periodic Behaviour of the Universe”, PRD 38, 1758 (1931) 

G. Lemaître,  “LÕUnivers en expansion”, Ann. Soc. Sci. Bruxelles (1933) 

A. A. Starobinsky,  “On one non-singular isotropic cosmological model”, Sov. Astron. Lett. 4, 82 (1978) 

V. N. Melnikov, S.V. Orlov, Phys. Lett. A 70, 263 (1979).
 R. Durrer & J. Laukerman,  “The oscillating Universe: an alternative to inflation”, Class. Quantum Grav. 13, 1069 (1996) 
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Singularity pb no solved

D. Battefeld & PP, “A Critical Review of Classical Bouncing CosmologiesÓ, Phys. Rep. 571, 1  (2015)

R. Brandenberger & PP,  “Bouncing cosmologies: Progress and problems”, Found. Phys. (2017) 
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Model listing:

Quantum gravity LQG & LQC

Canonical quantum gravity (WdW)
Non relativistic quantum gravity

String theory
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Singularity problem Quantum effect?
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Pre Big Bang scenario: 
M.Gasperini & G. Veneziano, Phys. Rep. 373, 1 (2003), hep-th/0207130 & hep-th/0703055 

20 M. Gasperini and G. Veneziano

t ions [44, 45]. With such potent ial V = V (! ) the string cosmology equat ions
can be rewrit ten in terms of a, ! , " = " a3 and p = pa3 as follows [36, 37, 38]:

ú!
2

! 3H 2 ! V (! ) = 2#2
se! " ,

úH ! H ú! = #2
se! p,

2¬! ! ú!
2

! 3H 2 + V (! ) !
$V

$!
= 0. (12)

These equat ions are st ill invariant under the duality t ransformat ions (4),
(7) but , di! erent ly from Eq. (5), they admit regular and self-dual solut ions.
We can also obtain exact analyt ical integrat ions for appropriate forms of the
potent ial V (! ), and for equat ions of state such that p/ " can be writ ten as
integrable funct ion of a suitable t ime parameter [15].

Let us consider, as a simple example, the exponent ial potent ial V =
! V0 exp(2! ) (with V0 > 0), to be regarded here only as an e! ect ive, low-
energy descript ion of the quantum-loop backreact ion, possibly computable at
higher orders. Let us use, in addit ion, an equat ion of state (mot ivated by an-
alyt ical simulat ions concerning the equat ion of state of a st ring gas in back-
grounds with rolling horizons [46]) evolving between the asymptot ic values
p = ! " / 3 at t " ! # and p = " / 3 at t " + # , so as to match the low-energy
pre-and post-big bang solut ions (10) and (8), respect ively. The plot of the
corresponding solut ion (see [15] for the exact analyt ic form) is illust rated in
Fig. 2.

t
H2

gS

! e"

pe"

PRE#BIG BANG POST#BIG BANG

V

Fig. 2. Example of smooth t ransit ion between a phase of pre-big bang inßat ion and
the standard radiat ion-dominated evolut ion.

The solut ion smoothly interpolates between the string perturbat ive vac-
uum at t " ! # and the standard, radiat ion-dominated phase at constant
dilaton (described by Eq. (8)) at t " + # , after a pre-big bang phase of grow-
ing curvature and growing dilaton described by Eq. (10). The dashed curves

22 M. Gasperini and G. Veneziano
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Fig. 3. Example of pre-big bang evolut ion represented in the E-frame, where the
scale factor is shrinking and the Hubble parameter H E is negat ive. The plots are
obtained from Eq. (14) with a0 = 0.8, ! 0 = 0, " 0 = 1, #0 = 1.

st rong coupling, in a marked quantum regime. Nevertheless, an epoch of pre-
big bang inßat ion is able to solve the kinemat ical problems of the standard
scenario start ing from di! erent init ial condit ions which are not necessarily
unnatural [49] or unlikely [50] (see also [51] for a detailed comparison of the
pre-big bang versus post-big bang inßat ionary kinemat ics). A possible excep-
t ion concerns the presence of primordial ÒshearÓ, which is not automat ically
inßated away during the phase of pre-big bang evolut ion: the isotropizat ion
of the three-dimensional spat ial sect ions might require some speciÞc post-big
bang mechanism (see e.g. the discussion of [52]), di! erent ly from the standard
inßat ionary scenario where the dilut ion of shear is automat ic.

Quantum e! ects, in the pre-big bang scenario, can become important to-
wards the end of the inßat ionary regime. We can say, in part icular, that the
monotonic growth of the curvature and of the string coupling automat ically
ÒpreparesÓthe onset of a typically ÒstringyÓepoch at st rong coupling. This
epoch could be characterized by the product ion of a gas of heavy objects
(such as winding strings [53, 54] or mini-black holes [55]) as well as light ,
higher-dimensional branes [56]. In such a context the interact ion (and/ or the
eventual collision) of two branes can drive a phase of slow-roll inßat ion [26],
as discussed in Sect . 3.

At this point of the cosmological evolut ion there are two possible alterna-
t ives.

i ) The phase of st ring/ brane dominated inßat ion is long enough to dilute
all e! ects of the preceding phase of dilaton inßat ion, and to give rise to
an epoch of slow-roll inßat ion able to prepare the subsequent evolut ion,
according to the convent ional inßat ionary picture.

i i ) The back-react ion of the quantum ßuctuat ions, ampliÞed by the phase of
pre-big bang inßat ion, induces a bounce as soon as the Universe reaches

Einstein frame

J. Acacio de Barros, N. Pinto-Neto & M. Sagorio-Leal 
Phys. Lett. A241, 229 (1998) 

dBB quantum cosmology:

String frame
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A simple bouncing quantum cosmological model 9
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Fig. 2. Illustration, for the shearless case ! = 1
2 , of typical bouncing models obtained as solutions

of the dBB equation of motion for the scale factor. The curves are labeled with the initial condition
assumed for H ini , and the solutions are obtained for values of " and # as in Fig. 1. One clearly
sees that not only are such bouncing solutions not necessarily symmetric in time, but also that
they can produce many bounces and not just one, even in the oversimpliÞed situation of the ßat
shearless FLRW.

apparent that the very simple solution of Ref. 1, is merely an exceptional case. In
the cases studied here, we Þnd that not only is the bounce often non symmetric in
time, but also that many bounces can naturally occur, and in a way which is quite
sensitive to the initial condition one sets onaini and H ini .

Our study opens a wide range of new studies that need now be done for a com-
plete understanding of such bouncing scenarios. First, the case with non vanishing
shear must be investigated in details, with particular emphasis on the so-called BKL
instability (see again Ref. 20 for a thorough discussion of bounce models and their
problems) according to which a pre-existing shear can spontaneously lead to many
new Kasner-like singularities.

The second point that should be examined in details concerns the propagation
of perturbations through such a complicated bounce. In models such as those based
on dBB trajectories, it was found that perturbations can be easily evaluated in a
way reminiscent the ordinary perturbation theory based on general relativity, but

S. Vitenti & PP 
Mod.Phys.Lett. A31, 1640006 (2016). 
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Model listing:

Quantum gravity LQG & LQC

Canonical quantum gravity (WdW)

Ekpyrotic & cyclic
Branes

Non relativistic quantum gravity

3

inspirat ion in the extra dimensional scenarios, à la Ran-
dall Ð Sundrum [4], and can be mot ivated by compact-
ifying the act ion of 11 dimensional supergravity on an
S1/ Z2 orbifold, compact iÞed on a CalabiÐYau three-fold.
This results in an e! ect ively Þve dimensional act ion read-
ing
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∫

M 5

d5x
√

" g5

[

R( 5) "
1
2

(∂ϕ)2 "
3
2

e2! F 2

5 !

]

, (1)

whereφ is the scalar modulus, and F the Þeld st rength of
a four-form gauge Þeld. Two fourÐdimensional boundary
branes (orbifold Þxed planes), one of which to be later
ident iÞed with our universe, areseparated by a Þnite gap.
Both are BPS states [13], i.e., they can be described at
low energy by an e! ect ive N = 1 supersymmetric model,
so that their curvature vanishes. This is how the ßatness
problem is addressed in the ekpyrot ic model.
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FIG. 1: Schemat ic representat ion of the old ekpyrot ic model
as a bulk Ð boundary branes in an effect ive Þve dimensional
theory. Our Universe is to be ident iÞed with the visible brane,
and a bulk brane is spontaneously nucleated near the hidden
brane, moving towards our universe to produce the Big-Bang
singularity and primordial perturbat ions. In the new ekpy-
rot ic scenario, the bulk brane is absent and it is the hidden
brane that collides with the visible one, generat ing the hot
Big Bang singularity.

In the ÒoldÓscenario [8], the Þve dimensional bulk is
also assumed to contain various Þelds not described here,
whose excitat ions can lead to the spontaneous nucleat ion
of yet another, much lighter, freely moving, brane. In
the so-called ÒnewÓ scenario [9], and its cyclic exten-
sion [23], it is the hidden boundary brane that is able
to move in the bulk. In both cases, this extra brane, if
assumed BPS (as demanded by minimizat ion of the ac-
t ion) is ßat , parallel to the boundary branes and init ially

at rest . Non perturbat ive e! ects yield an interact ion po-
tent ial between the visible and the bulk brane. The dis-
tance of the former to the lat ter can be regarded as a
scalar Þeld living on the four dimensional visible bound-
ary brane whose e! ect ive act ion is thus that of four di-
mensional GR together with a scalar Þeld ϕ evolving in
an exponent ial potent ial, namely

S4 =
∫

M 4

d4x
√

" g4

[

R
( 4)

2κ
"

1
2

(∂φ)2 " V (φ)
]

, (2)

with

V (ϕ) = " Vi exp
[

"
4
#

πγ

mP l

(ϕ " ϕi )
]

, (3)

where γ is a constant and κ = 8πG = 8π/ m2
P l

. Apart
from the sign, the potent ial is the one that leads to the
well known power-law inßat ion model if the value of γ
lies in a given range [24].

The interact ion between the two branes results in one
(bulk or hidden) brane moving towards the other (vis-
ible) boundary unt il they collide. This impact t ime is
then ident iÞed with the Big-Bang of standard cosmol-
ogy. Slight ly before that t ime, the exponent ial potent ial
abrupt ly goes to zero so the boundary brane is led to a
singular t ransit ion at which the kinet ic energy of the bulk
brane is converted into radiat ion. The result is, from this
point on, exact ly similar to standard big bang cosmology,
with the di! erence that the ßatness problem is claimed
to be solved by saying our Universe originated as a BPS
state (see however [23]).

FIG. 2: Scale factor in the new ekpyrot ic scenario. The
Universe starts it s evolut ion with a slow cont ract ion phase
a ! (" ! )1+ ! with " = " 0.9 on the Þgure. The bounce itself
is explicit ly associated with a singularity which is approached
by the scalar Þeld kinet ic term dominat ion phase, and the
expansion then connects to the standard Big-Bang radiat ion
dominated phase.

String theory
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Ekpyrotic scenario: 

3

inspirat ion in the extra dimensional scenarios, à la Ran-
dall Ð Sundrum [4], and can be mot ivated by compact-
ifying the act ion of 11 dimensional supergravity on an
S1/ Z2 orbifold, compact iÞed on a CalabiÐYau three-fold.
This results in an e! ect ively Þve dimensional act ion read-
ing
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whereφ is the scalar modulus, and F the Þeld st rength of
a four-form gauge Þeld. Two fourÐdimensional boundary
branes (orbifold Þxed planes), one of which to be later
ident iÞed with our universe, areseparated by a Þnite gap.
Both are BPS states [13], i.e., they can be described at
low energy by an e! ect ive N = 1 supersymmetric model,
so that their curvature vanishes. This is how the ßatness
problem is addressed in the ekpyrot ic model.
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FIG. 1: Schemat ic representat ion of the old ekpyrot ic model
as a bulk Ð boundary branes in an effect ive Þve dimensional
theory. Our Universe is to be ident iÞed with the visible brane,
and a bulk brane is spontaneously nucleated near the hidden
brane, moving towards our universe to produce the Big-Bang
singularity and primordial perturbat ions. In the new ekpy-
rot ic scenario, the bulk brane is absent and it is the hidden
brane that collides with the visible one, generat ing the hot
Big Bang singularity.

In the ÒoldÓscenario [8], the Þve dimensional bulk is
also assumed to contain various Þelds not described here,
whose excitat ions can lead to the spontaneous nucleat ion
of yet another, much lighter, freely moving, brane. In
the so-called ÒnewÓ scenario [9], and its cyclic exten-
sion [23], it is the hidden boundary brane that is able
to move in the bulk. In both cases, this extra brane, if
assumed BPS (as demanded by minimizat ion of the ac-
t ion) is ßat , parallel to the boundary branes and init ially

at rest . Non perturbat ive e! ects yield an interact ion po-
tent ial between the visible and the bulk brane. The dis-
tance of the former to the lat ter can be regarded as a
scalar Þeld living on the four dimensional visible bound-
ary brane whose e! ect ive act ion is thus that of four di-
mensional GR together with a scalar Þeld ϕ evolving in
an exponent ial potent ial, namely

S4 =
∫
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, (2)

with

V (ϕ) = " Vi exp
[

"
4
#

πγ

mP l
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, (3)

where γ is a constant and κ = 8πG = 8π/ m2
P l

. Apart
from the sign, the potent ial is the one that leads to the
well known power-law inßat ion model if the value of γ
lies in a given range [24].

The interact ion between the two branes results in one
(bulk or hidden) brane moving towards the other (vis-
ible) boundary unt il they collide. This impact t ime is
then ident iÞed with the Big-Bang of standard cosmol-
ogy. Slight ly before that t ime, the exponent ial potent ial
abrupt ly goes to zero so the boundary brane is led to a
singular t ransit ion at which the kinet ic energy of the bulk
brane is converted into radiat ion. The result is, from this
point on, exact ly similar to standard big bang cosmology,
with the di! erence that the ßatness problem is claimed
to be solved by saying our Universe originated as a BPS
state (see however [23]).

FIG. 2: Scale factor in the new ekpyrot ic scenario. The
Universe starts it s evolut ion with a slow cont ract ion phase
a ! (" ! )1+ ! with " = " 0.9 on the Þgure. The bounce itself
is explicit ly associated with a singularity which is approached
by the scalar Þeld kinet ic term dominat ion phase, and the
expansion then connects to the standard Big-Bang radiat ion
dominated phase.

3

inspirat ion in the extra dimensional scenarios, à la Ran-
dall Ð Sundrum [4], and can be mot ivated by compact-
ifying the act ion of 11 dimensional supergravity on an
S1/ Z2 orbifold, compact iÞed on a CalabiÐYau three-fold.
This results in an e! ect ively Þve dimensional act ion read-
ing
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Figure 2: Schematic of the potential in the ekpyrotic/cyclic scenario [136].

away from the scaling solution towards an ekpyrotic attractor [157, 158, 159]
see also [148] and Sec.4.5.1 for details. Alternatively, a reßection of Þelds
from a sharp boundary of Þeld space can result in a di! erent conversion
[160, 161], see Sec.4.5.2; one may also use the curvaton mechanism or modu-
lated (p)reheating [155, 156, 162] after the bounce, Sec.4.5.3. These entropic
mechanisms are constrained by PLANCK [163, 164] due to their generic pre-
diction of large non-Gaussianities. In that regard, it should be noted that
di! erent aspects are highlighted in the literature: before the improved con-
straints by PLANCK , Lehnerset al. [165, 166, 167] highlighted the generic
prediction of observably large non-Gaussianities off local

NL
of order 10 or big-

ger for the conversion mechanism in [160, 161]. However, after the publica-
tion of PLANCK , the emphasis was put onto the possibility to counterbal-
ance di! erent contributions to non-Gaussianities to enablef local

NL
of order 1

[151]. To this end, the focus shifted to potentials approximately symmetric
transverse to the adiabatic direction, as well as non-minimal entropic models
[168, 169, 170, 171]. All these models entail an unobservable primordial grav-
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FIG. 1: Schematic of the cyclic universe as initially envisioned in [ 129, 130]: expansion and contraction correspond to the
growing and shrinking of the orbifold in M-theory. The collision of the boundary branes is identiÞed with the big bang, a
singular bounce since the scale factor of the orbifold vanishes. Fluctuations in the distance between branes can be identiÞed
with density ßuctuations, which are imprinted onto density ßuctuations during the collision, which also reheats the matter
content on our brane. During each cycle the Universe is rendered ßat and empty via a phase of dark energy domination. Whilst
this model was not practically working, it has provided a strong motivation for subsequent developments of the cyclic universe.
In the table, the parameter ! is given by ! = ln( ! Vend )1/ 4Trh , where Trh is the temperature of radiation when it dominates.
To be compatible with observations, cyclic models require ! " 10 ! 20 [147].

Instabilities
Model Bounce no tuned i.c. no ghosts A B C D ns f local

NL

Ekpyrotic [ 148] singular brane ! " " " " " blue [148] ?
Cyclic [129, 130] quant.grav.e! . ! " " " " " HZ ?
PhÏnix [ 149] brane collision " " " " " " HZ O(± 10) [150]
Bars et al. [55Ð61] antigravity ? " " " " " ? ?

TABLE I: Singular bouncing models. Instabilities: A Ð Curvature pertubation; B Ð Quantum induced anisotropy; C Ð Grav-
itational instability; D Ð Initial anisotropy, see Sec. V. Fine-tuned initial conditions, i.c., entail: a) how to get the brane ßat,
and b) how to get both Þelds near the top of the ridge as in Fig. 18. The notation HZ indicates a power spectrum close to
the Harrison-Zeldovich one with ns = 1 ; in the cyclic/PhÏnix universe, the index can be made red by changing the potential
slightly from the exponential one used in e.g. (26) The Þrst three models lack an analytic understanding of the singular bounce
and rely on matching conditions; see section II D for a brief review of non-perturbative attempts based on the AdS/CFT
correspondence and Sec.II E for the singular antigravity bounce. Gravitational waves on CMBR scales are generically not
generated, see Sec.IV C .

is an attempt to incorporate strings and branes into a
cosmological setting by means of a gas approximation,
see [19, 203] for reviews. While attempts to construct al-
ternative proposals to inßation in string gas cosmology,

such as in [204], are still subject to unsolved problems5

5 Although it is possible to generate a nearly scale-invariant spec-
trum and gravitational waves, this proposals is still hampered by
the ßatness and relic problems; this is discussed in Sec. III A 4 .
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Model listing:

Quantum gravity LQG & LQC

Canonical quantum gravity (WdW)

Ekpyrotic & cyclic

String gas cosmology

Strings & AdS/CFT

Antigravity

Galileon

Massive gravity

Multiverse models

Horava-Lifshitz

Lee-Wick & Quintom

F(R), f(T), Gauss-Bonnet

Branes

Non relativistic quantum gravity

Mimetic matter
Non-linear electromagnetic action

Spinors & torsion
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Figure 3: Causal diagram of transitions in the multiverse mediated by a phenomenological
bounce [263]. The AdS bubbles denote a contracting universe with a negative cosmological
constant. Red zig-zag lines indicate a bounce mediating a transition from AdS to dS or
dS to AdS that could otherwise terminate in a big crunch. [262]

2.9. Other models
The models presented above represent the mainstream ideas that have

been proposed to implement a bouncing alternative to inßation. We conclude
this general model presentation by identifying some miscellaneous proposals
[35], which are generally viewed as less fashionable and/or are hampered by
conceptual problems.

2.9.1. Hoÿrava-Lifshitz
Hoÿrava-Liftshitz (HL) gravity, Þrst introduced in [269], is a power-counting

renormalizable theory of gravity with purportedly consistent UV-behavior
and a Þxed point in the IR-limit [270, 271]. Therefore, as a modiÞcation
to general relativity at high energies, this theory was explored signiÞcantly
within the context of cosmology: cosmological solutions with matter and the
possibility of a nonsingular bounce were studied in [272, 273, 274, 275]. HL
gravity was shown to have inconsistencies in [276] and more recently, to be
UV-incomplete [277]. We therefore do not dwell on these models further.

2.9.2. Lee-Wick and Quintom
Lee and Wick [278, 279] proposed, in the late sixties, a Þnite version of

QED; based upon this proposition, Grinsteinet al. constructed a modiÞcation
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theory. Our Universe is to be ident iÞed with the visible brane,
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brane, moving towards our universe to produce the Big-Bang
singularity and primordial perturbat ions. In the new ekpy-
rot ic scenario, the bulk brane is absent and it is the hidden
brane that collides with the visible one, generat ing the hot
Big Bang singularity.

In the ÒoldÓscenario [8], the Þve dimensional bulk is
also assumed to contain various Þelds not described here,
whose excitat ions can lead to the spontaneous nucleat ion
of yet another, much lighter, freely moving, brane. In
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tent ial between the visible and the bulk brane. The dis-
tance of the former to the lat ter can be regarded as a
scalar Þeld living on the four dimensional visible bound-
ary brane whose e! ect ive act ion is thus that of four di-
mensional GR together with a scalar Þeld ϕ evolving in
an exponent ial potent ial, namely

S4 =
∫

M 4

d4x
√

" g4

[

R
( 4)

2κ
"

1
2

(∂φ)2 " V (φ)
]

, (2)

with

V (ϕ) = " Vi exp
[

"
4
#

πγ

mP l

(ϕ " ϕi )
]

, (3)

where γ is a constant and κ = 8πG = 8π/ m2
P l

. Apart
from the sign, the potent ial is the one that leads to the
well known power-law inßat ion model if the value of γ
lies in a given range [24].

The interact ion between the two branes results in one
(bulk or hidden) brane moving towards the other (vis-
ible) boundary unt il they collide. This impact t ime is
then ident iÞed with the Big-Bang of standard cosmol-
ogy. Slight ly before that t ime, the exponent ial potent ial
abrupt ly goes to zero so the boundary brane is led to a
singular t ransit ion at which the kinet ic energy of the bulk
brane is converted into radiat ion. The result is, from this
point on, exact ly similar to standard big bang cosmology,
with the di! erence that the ßatness problem is claimed
to be solved by saying our Universe originated as a BPS
state (see however [23]).

FIG. 2: Scale factor in the new ekpyrot ic scenario. The
Universe starts it s evolut ion with a slow cont ract ion phase
a ! (" ! )1+ ! with " = " 0.9 on the Þgure. The bounce itself
is explicit ly associated with a singularity which is approached
by the scalar Þeld kinet ic term dominat ion phase, and the
expansion then connects to the standard Big-Bang radiat ion
dominated phase.
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could have been the victim to OckhamÕs razor. Only sub-
sequent improvements to his model, particularly the use
of ellipses, led to the simple Keplerian model we know
today, which is still an approximation to the full solution
in General Relativity. Bouncing cosmologies may be at
a similar stage, where simplicity, if present, is not yet
apparent. Thus, we should strive to extract distinct pre-
dictions of bouncing cosmologies and confront them with
experiments, while simultaneously aiming to improve the
conceptual underpinning. We hope the present review of
pros and cons can be helpful in achieving these goals.
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Bouncing cosmologies require an ekpyrotic contracting phase (w ! 1) in order to achieve ßatness,
homogeneity, and isotropy. Models with a nonsingular bounce further require a bouncing phase that
violates the null energy condition (w < " 1). We show that the transition from the ekpyrotic phase to the
bouncing phase creates problems for cosmological perturbations. A component of the adiabatic curvature
perturbations, though decaying and negligible during the ekpyrotic phase, is exponentially ampliÞed just
beforew approaches" 1, enough to spoil the scale-invariant perturbation spectrum.
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Beginning with FriedmannÕs 1922 paper [1] introducing
expanding cosmological solutions in general relativity,
theorists have considered the possibility that the big
bang is a bounce from a preexisting contracting phase to
the current expanding phase. General models of this type
can be eliminated because the Universe undergoes chaotic
mixmaster oscillations during the contracting phase [2]
and becomes too inhomogeneous after the bounce to be
compatible with observations. Remaining possibilities,
though, are bouncing cosmologies in which there is a
phase of ultraslow contraction withw > 1 [3,4]. Such an
ekpyrotic phase not only suppresses chaotic mixmaster
oscillations [5] but actually smooths, isotropizes, and
ßattens the Universe and can generate a nearly scale-
invariant spectrum of curvature perturbations, consistent
with current observations of the cosmic microwave back-
ground (CMB).

Whether the remaining possibilities are truly viable
depends on whether the bounce maintains the conditions
created during the ekpyrotic phase into the expanding
phase. Two types of bounces have been discussed. In a
ÔÔsingular bounce,ÕÕ as used in the original ekpyrotic [6]
and cyclic [7] theories, the Universe contracts towards a
ÔÔbig crunchÕÕ until the scale factora#t$ is so small that
quantum gravity effects become important. The presump-
tion is that these quantum gravity effects introduce devia-
tions from conventional general relativity and produce a
bounce that preserves the smooth, ßat conditions achieved
during the ultraslow contraction phase.

The other type is a ÔÔnonsingular bounce,ÕÕ as considered
in the ÔÔnew ekpyrotic modelÕÕ [8], where the Universe
stops contraction and reverses to expansion at a Þnite value
of a#t$ where classical general relativity is still valid. A
signiÞcant advantage of this scenario is that the entire
cosmological history can be described by 4D effective Þeld
theory and classical general relativity, without invoking
extra dimensions or quantum gravity effects. However,
for the bounce to happen within classical general relativity,
the null energy condition (NEC) must be violated,

requiring a departure from the ekpyrotic phase into a
sustained period ofw < " 1 prior to the bounce.

In this Letter, we show that a nonsingular bounce is
problematic for cosmological perturbations. In particular,
while a scale-invariant component of curvature perturba-
tions is generated during or just after the ekpyrotic phase, a
potentially dangerous component of adiabatic curvature
perturbations is created at the same time. This mode has
been previously ignored because, after exiting horizon
when w % 1, its amplitude becomes exponentially sup-
pressed on large length scales compared to the scale-
invariant modes. In a singular bounce, this mode remains
completely negligible becausew % 1 all the way up to the
bounce. However, for the nonsingular bounce, the ekpyr-
otic phase must end andw must fall below" 1 in the
bouncing phase. We show that, right before crossing
w & " 1, the adiabatic mode undergoes exponential am-
pliÞcation such that the scale-invariant spectrum is spoiled
and perturbation theory breaks down.

To illustrate the effect, we take as an example the new
ekpyrotic model [8], which captures the generic features of
nonsingular bouncing models. In this example a scalar Þeld
is introduced to drive both the ekpyrotic phase during
which it behaves as a ßuid withw ! 1 and the bouncing
phase during whichw < " 1 by means ofghost condensa-
tion [9]. This framework can be described by an effective
Lagrangian

L &
!!!!!!!
" g

p
' P#X$ " V#! $(; X ) " 1

2#@! $2; (1)

for a scalar Þeld! and a Friedmann-Robertson-Walker
background metricg"# with signature (" * * * ). The
kinetic termP#X$is designed as in Fig.1, where it is linear
for largeX, P#X$ + X, but has a minimum at a low energy
scaleXc. The potentialV#! $is sketched in Fig.2, where,
beginning from the right-hand side,V is approximated by a
negative exponential" V0e"

!!!!!!
2=p

p
! over a range between

Vek-begandVek-end, then bottoms out and undergoes a steep
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Standard Failures and inßationary solutions

Singularity

Horizon

Flatness

Homogeneity & Isotropy

Perturbations

Others

Not solved... actually not addressed!

Bonus of the theory: predictions!!!

dark matter/energy, baryogenesis, ...
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accelerated expansion (inflation)
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can be made as big as one wishes

Initial Universe = very small patch 
Accelerated expansion drives the shear to zero...
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Singularity

Horizon

Flatness

Homogeneity

Isotropy

Others

Merely a non issue in the bounce case!

Potentially problematic: model dependent

dark matter/energy, baryogenesis, ...
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accelerated expansion (inflation) or decelerated contraction (bounce)
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can be made divergent easily if
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 Large & flat Universe + low initial density + diffusion
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indicating a high degree of Þne-tuning. One might argue that such initial
conditions make no sense in the framework of GR.

Inßation solves this puzzle by adding a phase during which the scale fac-
tor grows quasi-exponentially, in such a way that the causal horizon grows
larger than any other physically relevant scale. The Hubble scaleH ! 1 ! a/ úa
remains more or less constant, so the scale factor behaves roughly exponen-
tially, ainf " eHt , leading to an exponentially increasing horizon,i.e. dinf

H
#

H ! 1eH ! t , with ! T the duration of the inßationary phase. It su" ces that
this duration be large enough, in practiceH ! T $ 60, so that the resulting
horizon scale is much larger than the entire observable Universe today. More-
over, a given quantum ßuctuation of wavelength! sourced in the far past can
start out smaller than H ! 1; due to its subsequent growth" a, the wavelength
becomes larger thanH ! 1, which remains roughly constant. Nevertheless, it
remains within the causal horizon, which grows tremendously: no scale ac-
tually ever becomes Òsuper-horizonÓ. This is necessary for any consideration
in GR, including the setting of initial conditions, to make sense.

Bouncing models solve this puzzle in a completely di#erent way. As
far as the background is concerned, consider a contracting phase between
tini < 0 and tend < 0 dominated by a perfect ßuid with constant equation of
state parameterw, so that the scale factor behaves asacont " (%t)2/ [3(1+ w)] ;
we assume the bounce to take place att = 0. The contribution of this
contracting phase to the horizon is (we correct a misprint in [322] from which
the argument is taken)

dcont
H

=
3(1 + w)
1 + 3w

tend

!

1 %
"

tini

tend

# (1+3 w)/ [3(1+ w)]
$

, (15)

which can be made arbitrarily large for|t ini | & |tend| provided that w >
%1/ 3.

As for the perturbations, we consider that quantum ßuctuations are
sourced in the far past, deep within the horizon and the Hubble scale. The
horizon itself grows at all times, and it is possible to have it growing more
rapidly than the scale factor, so that a wavelength, initially smaller than
the horizon, remains so at all subsequent times. During a slow contrac-
tion, the wave modes stay approximately constant, whereas the Hubble scale
is rapidly shrinking as the bounce is approached; thus, modes which are
sourced by quantum mechanical ßuctuations inside the Hubble radius be-

39
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Carg•se - 4 th May 2017Figure 6: How a long contracting phase solves the ßatness problem: behavior of the
relative curvature density during a bounce,! K , as a function of conformal time! . During
the contracting phase, the contribution of curvature to the total energy budget in the
Friedmann equation decreases steadily. It then increases tremendously at the bounce
(technically, it actually diverges when H ! 0), but then returns almost to its pre-bounce
negligible value, provided the bounce itself is su" ciently symmetric. If the elapsed time
since the bounce to today is smaller than the time elapsed during the contracting phase,
curvature still appears negligible today.

radiation dominated era, we havea(t) " t1/ 2, so that |! K | # t # T! 2, indi-
cating that |! K | < 10! 16 at T $ 1010 K. That the value of this dimensionless
parameter ought to be so small compared to unity in the early Universe is
called the ßatness problem [324].

Inßation solves this problem in a simple way: consider (18) and add, for
a su" ciently long period of time, a phase of accelerated (¬a > 0) expansion
(úa > 0). In this case, d|! K |/ dt < 0 and |! K | naturally evolves towards
small values. To ensure that|! K | % 1 today, one needs roughly 60 e-folds
of inßation if |! K | " 1 initially. At the end of a quasi-exponential phase
with ainf # eHt , (18) indicates that ! K = |K|H ! 2e! 2H ! t , again requiring

41

Critical density

for the conservation equation,

H 2 + K =
!
8! GN

3
" +

!
3

"
a2 (21)

for the constraint, and finally

H ! =
#
"

4! GN

3
(" + 3p) +

!
3

$
a2. (22)

There exists a special solution, which happens to be realized in our Universe, at least
so seem to say the data, namely that for which the spatial curvature K vanishes. It defines
a density, called the critical density " c given by

" c #
3H2

8! GN

=$ " #
"
" c
, (23)

in terms of which one can express all densities in a dimensionless way. For each fluid
component but the cosmological constant, one can set " a = 8! GN" a/(3H2) = " a/" c;
we also introduce an equivalent curvature "density" as " K = " K /(a2H2) and finally
" ! = ! /(3H2), and then the Friedmann constraint simply reads:

%

a

" a + " ! + " K = 1, (24)

so the Friedmann equation is understandable as an energy budget: all possible contri-
butions basically sum up to 100%! Numerically, the Hubble constant today is measured
to be of the order of H0 = 100hkm ás" 1 áMpc" 1, where h = 0.704 ± 0.025. Similarly,
the relative densities are also measured in units of the critical density, estimated as
" c %1.9 & 10" 29g ácm" 3; they frequently are found expressed as " 0

i = " 0
i h2 to account

for the indeterminacy of the Hubble expansion rate as well as on the density parameter
itself, the subscript “0” meaning the present-day value.

Special solution: matter and radiation

With a varying equation of state w(t) and a scale factor a(t), which is a monotonic
function of time, it is always possible to parameterize all functions of time as functions
of a, and in particular w. On can then formally integrate the conservation equation as

" [a(t)] = " ini exp
&

" 3
'

[1 + w(a)]d lna
(

=
w' cst

" ini

!
a

aini

"" 3(1+w)
, (25)

which gives an exact solution for the constant equation of state situation. This is pre-
cisely the case when matter (w = wm = 0) or radiation (w = wr = 1

3) dominates over
everything else. Eq. (25) then shows that matter scales as " m ( a" 3, as expected from
mass conservation in an expanding volume, while radiation gets an extra power, scaling

Density parameter

22
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��2

V(  )

��
1

stable initial conditions
that make it through the bounce

Dark Energy Expansion

Ekpyrotic Phase

populated

Kinetic Phase

FIG. 8: Schematic of the potential for the Phœnix universe [149] during the dark energy domination. After the bounce, the
trajectory goes back up the hill to the plateau, but, due to the presence of an unstable direction, it will be displaced from the
initial trajectory. Initial values in the light blue region around the initial trajectory are su�cient to guarantee a successful next
bounce. Other initial values, on the other hand, lead to a big crunch. During the dark energy domination, quantum fluctuations
populate the red region. As long as the space-time region in which initial conditions lie within the blue patch grows from cycle
to cycle, universes are reborn out of their ashes. This is guaranteed in the cyclic model if dark energy domination lasts for at
least 60 e-folds.

! (w! = ! 1) curvature (wK = ! 1
3 ) or shear density

(w! = 1) evolves as

! I " a! 3(1+wI ) . (24)

The Friedmann equation (6) which provides the time evo-
lution of the Hubble parameter including the above com-
ponents, reads

H 2 =
1
3

!
!

3K
a2

+
! m0

a3
+

! r0

a4
+

! ! 0

a6
+ ... +

! " 0

a3(1+w! )

"

(25)
where we have considered a last contribution from a yet-
unknown constituent labeled " with equation of state pa-
rameter w" . In the absence of the latter constituent, it is
clear that when the universe contracts, i.e. when a # 0,
the anisotropy term, " a! 6, rapidly becomes dominant:
if one starts with even a slightly perturbed FLRW uni-
verse, one might end up with a highly anisotropic Bianchi
solution unless the primordial shear was generated by
quantum vacuum fluctuations; in this case, scalar and
vector perturbations, regardless of their magnitude [346],
remain comparable [347]: the problem only arises in the
presence of primordial classical shear and it is absent in
inflationary models because any pre-existing anisotropy
is diluted. Fortunately, there is a simple mechanism to
solve the shear problem in a contracting universe: the
incorporation of an ekpyrotic phase.

A generic ekpyrotic scenario requires a scalar field " ,
chosen to have canonical kinetic energy without higher

derivative interactions, that is set-up to roll down a steep,
negative potential V (" ); a slow contraction ensues with
an equation of state parameter w" $ 1, instead of an ac-
celerated expansion which occurs in the slow-roll poten-
tial of inflation. Hence, the scalar field dominates at some
point and anisotropies become suppressed in comparison.
Fig. 10 depicts such a generic ekpyrotic potential.

Let us illustrate this mechanism with a simple expo-
nential potential (which we will use for the calculation of
correlation functions in Sec. IV) as in [48],

V (" ) % ! V0e! c" , (26)

where15 c &
#

2/p $ 1, p ' 1 and V0 > 0; the energy
density and pressure in the homogeneous case are given
by (10) As the field rolls down the steep, negative region
of the exponential potential, the scale factor exhibits a
power-law solution, similar to power-law inflation; this
solution, which causes a slow contraction of the universe,
is an attractor. As discussed below, in order to meet
the requirement of a nearly scale-invariant spectrum, the
potential must satisfy the fast roll condition,

#&
$

V
V,"

%2

' 1 , (27)

15 To suppress anisotropies one needs p > ! , that is c2 > 6, which
is identical to the requirement for having an atractor [ 348].
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The problem with contraction: BKL/shear instability
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since in the present paper we adopt the convention that
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The function g(! ) is chosen such that a phase of ghost
condensation only occurs during a short time when! ap-
proaches! = 0 . This requires the dimensionless function
g to be smaller than unity when |! | ! 1 but larger than
unity when ! approaches the origin. To obtain a nonsin-
gular bounce, we must make an explicit choice ofg as a
function of ! . We want g to be negligible when|! | ! 1.
In order to obtain a violation of the Null Energy Con-
dition after the termination of the Ekpyrotic contracting
phase, g must become the dominant coe! cient in the
quadratic kinetic term when ! approaches0. Thus, we
suggest its form to be

g(! ) =
2g0

e!
q

2
p ! + ebg

q
2
p !

, (6)

where g0 is a positive constant deÞned as the value ofg
at the moment when ! = 0 , and is required to be larger
than unity, g0 > 1.

We have also introduced a non-trivial potential V for ! .
This potential is chosen such that Ekpyrotic contraction
is possible. It is well known that the homogeneous tra-
jectory of a scalar Þeld can be an attractor solution when
its potential is an exponential function. One example is
inßationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous Þeld trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be
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whereV0 is a positive constant with dimension of(mass)4.
Thus the potential is always negative and asymptotically
approaches zero when|! | ! 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functionsg(! )
and V(! ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(! , X ) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in ! , but the equation of
motion remains a second order di" erential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(! , X ). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-deÞnite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple

6 See [36] for a discussion of Galileon type Lagrangians.

Figure 1: Model functions g(! ) and V (! ) as given by Eqs. (6)
and (7), with background parameters taken as for the follow-
ing evolution Þgures, namely as in Eqs. (65) and (66).
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where t is cosmic time, #i are linearly independent at
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In the case of a Ricci ßat space, one can consider the
projection #i = d xi and thus the metric is of Bianchi
type-I form. The factor a(t) can be viewed as the mean
scale factor of this universe, and the functionse" i ( t ) de-
scribe the correction of anisotropies to the scale factor.
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ily, one can impose an additional constraint
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where the overdot denotes the derivative with respect to
cosmic time t.

Since we are interested in studying anisotropies rather
than inhomogeneities we can treat the matter Þelds to be
homogeneous, which implies! is only a function of cosmic
time. Thus, the kinetic terms of the homogeneous scalar
Þeld background become

X =
1
2

ú! 2,

! ! = ¬! + 3H ú! , (13)

so that, for this background, the energy density of the
scalar Þeld is

" ! =
1
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M 2
Pl

(1 ! g) ú! 2 +
3
4

# ú! 4 + 3$H ú! 3 + V (! ), (14)

and the pressure is

p! =
1
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M 2
Pl

(1 ! g) ú! 2 +
1
4

# ú! 4 ! $ ú! 2 ¬! ! V (! ), (15)

as follows by computing the diagonal components of the
stress-energy tensor (4).

Additionally, the matter ßuid contributes its own en-
ergy density " m and pressurepm , and usually they are
associated with a constant equation-of-state parameter
wm = pm / " m . Namely, for normal radiation, wm = 1

3 ,
while for normal matter, wm = 0 .

To derive the equation of motion for ! , one can either
vary the Lagrangian with respect to ! or, equivalently,
require that the covariant derivative of its stress-energy
tensor vanishes. This yields

P ¬! + D ú! + V,! = 0 , (16)

where we have introduced

P = (1 ! g)M 2
Pl

+ 6$H ú! + 3# ú! 2 +
3$2
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From Eq. (16), it is clear that the function P determines
the positivity of the kinetic term of the scalar Þeld and
thus can be used to determine whether the model con-
tains a ghost or not at the perturbative level; the function
D on the other hand, represents an e! ective damping
term. By keeping the Þrst terms of the expressions of
P and D and setting g = 0 , one can recover the stan-
dard Klein-Gordon equation in the FRW background.
Neglecting the other terms is a good approximation when
the velocity of ! is sub-Planckian. Note that the friction
term D contains the contributions from anisotropic fac-
tors and matter ßuid, which can be suppressed for small

values of ú! . However, these terms will become important
during the bouncing phase where ú! reaches a maximal
value. For simplicity, in the following we will consider
matter ßuid is cold and thus wm = 0 .

Finally, we can write down Einstein equations in this
background, given by

M 2
Pl
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R
2

gµ"

"
= T !

µ " + Tm
µ" . (19)

Once expanded in components, this tensor equation
yields the e! ective Friedmann equations,
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ú%2
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" T + pT
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#

i

ú%2
i , (21)

where " T and pT represent the total energy density and
pressure in the Bianchi type-I universe, i.e., the sum of
the contributions of the scalar Þeld and the ßuid.

Moreover, combining the spatial component of Ein-
stein equation with the constraint equation (10) yields

¬%i + 3H ú%i = 0 , (22)

from which it follows that

ú%i (t) = M #,i
a3

B

a3(t)
, (23)

where aB is the mean scale factor of the universe at the
bouncing point. The coe" cients M #,i are integral con-
stants with a dimension of mass. According to the con-
straint equation (10), one can read o! that

#

i

M #,i = 0 . (24)

Plugging Eq. (23) into Eq. (20) shows that one can
introduce an e! ective energy density of anisotropy

" # "
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Pl

2

#
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ú%2
i # a! 6, (25)

whose evolution as1/a 6 implies an e! ective equation-of-
state parameter equal tow# = 1 . We see that this e! ec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.

III. BACKGROUND EVOLUTION

The initial conditions of our model are chosen (as in
[38]) such that we start in a contracting phase dominated
by regular matter. Since the energy density of the Ekpy-
rotic scalar Þeld! grows faster than that of regular mat-
ter, ! will at some time begin to dominate the energy
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D on the other hand, represents an e! ective damping
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A nonsingular bounce model: ghost condensate & Galileon
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sity ! ) is dominant in the contracting phase3. Such an
equation of state can be realized by treating the dominant
form of matter as a scalar Þeld with negative exponen-
tial potential. Since the energy density of the dominant
matter then scales with a! q with q ! 6, anisotropies be-
come negligible and the BKL instability is avoided [37]4.
In a recent paper [38], a subset of the present authors
introduced a scalar Þeld with an Ekpyrotic potential to
construct a matter bounce scenario which is free from the
BKL instability problem.

The Ekpyrotic scenario in its original formulation [32]
involves a singular bounce. In addition, the curvature
spectrum of " is an nS = 3 spectrum rather than a scale-
invariant nS = 1 one [39Ð42]. Hence, without non-trivial
matching of " across the bounce, one cannot obtain a
scale-invariant spectrum at late time5. To solve this
problem, a new and non-singular version of the Ekpyrotic
scenario [46] was proposed in which a second scalar Þeld
is introduced which does not inßuence the background
dynamics but develops a scale-invariant spectrum which
starts out as an isocurvature mode but which is trans-
ferred to the adiabatic mode during the evolution. The
second Þeld can also be given a Òghost condensateÓ La-
grangian [47] in which case it mediates a non-singular
bounce. However, as has been pointed out in [48], in
this ÒNew EkpyroticÓ scenario the anisotropies which are
highly suppressed during the contracting phase again
raise their head and lead to a BKL instability.

In our previous work [38], we argued qualitatively that
in the model we considered the anisotropies remained
negligibly small during the bouncing phase. The reason
for the di! erence compared to what happens in the model
of [46] is that in our model the kinetic condensate which
grows as the bounce is approached does not need to de-
crease again by the time of the bounce point. This leads
to a shorter bounce time scale and to di! erent dynamics.

In this paper we carefully study the development of
anisotropies in the bouncing cosmology with an Ekpy-
rotic phase of contraction introduced in [38]. We work
in the context of a homogeneous but anisotropic Bianchi
cosmology in which the scale factors in each spatial di-
mension evolve independently. We are able to show that
no BKL type instability develops, in agreement with
what the study of [38] indicated. Our work thus shows
that the arguments against non-singular (as opposed to
singular) bouncing cosmologies put forwards in [48] do

3 There are other approaches to address the anisotropy prob-
lem. For example, nonlinear matter terms may smooth out the
anisotropies [33]. Adding quadratic R!" R!" terms to the grav-
itational action can also prevent the BKL instability [34].

4 Note, however, that including anisotropic pressures may reintro-
duce instabilities towards anisotropy generation [35].

5 However, the spectrum of the Bardeen potential ! is scale-
invariant [43], and, as argued in [10] and shown explicitly in some
examples [44, 45], it is this spectrum which may pass through
the bounce, thus yielding a scale-invariant spectrum of curva-
ture ßuctuations at late times.

not apply to all non-singular bouncing cosmologies.
The outline of this paper is as follows. In the next sec-

tion we review the bounce model introduced in [38] and
derive the resulting equations of motion for a homoge-
neous but anisotropic universe. In Section 3 we analyt-
ically study the background dynamics in each phase of
the cosmological evolution from the initial matter phase
of contraction through the Ekpyrotic phase to the bounc-
ing phase and the subsequent fast-roll expanding period.
SpeciÞcally, we determine the decay or growth rates of
the anisotropy parameter in each phase. In Section 4 we
solve the dynamical system numerically and present our
Þnal results. We close with a general discussion.

A word on notation: We deÞne the reduced Planck
mass byM Pl = 1 /

!
8#GN where GN is NewtonÕs gravi-

tational constant. The sign of the metric is taken to be
(+ , " , " , " ). Note that we take the value of the mean
scale factor at the bounce point to beaB = 1 throughout
the paper.

II. A NONSINGULAR BOUNCE MODEL

We consider a nonsingular bounce model in which the
universe is Þlled with two matter components, a cosmic
scalar Þeld$ and a generic matter ßuid, as proposed in
Ref. [38] (which, in turn, is based on the theory devel-
oped in [49]). The Lagrangian of$ is given by

L [$ (x)] = K ($, X ) + G($, X )! $, (1)

where K and G are functions of $ and its canonical ki-
netic term

X #
1
2

%µ $%µ $, (2)

while the other kinetic terms of $ include the operator

! $ # gµ! $ µ $ ! $. (3)

Variation of the above scalar Þeld Lagrangian mini-
mally coupled to Einstein gravity leads to the following
corresponding energy momentum tensor

T"
µ ! = ( " K + 2XG ," + G,X $ # X $ # $)gµ !

+( K ,X + G,X ! $ " 2G," )$ µ $$ ! $

" G,X ($ µ X $ ! $ + $ ! X $ µ $), (4)

in which we use the notation that F ," and F,X denote
derivatives of whatever functional F ($, X ) may be with
respect to $ and X , respectively.

For the model under consideration we choose:

K ($, X ) = M 2
Pl

[1 " g($)] X + &X 2 " V ($), (5)

where we introduce a positive-deÞnite parameter& so
that the kinetic term is bounded from below at high en-
ergy scales. Note that the Þrst term ofK involves M 2

Pl
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since in the present paper we adopt the convention that
the scalar Þeld! is dimensionless.

The function g(! ) is chosen such that a phase of ghost
condensation only occurs during a short time when! ap-
proaches! = 0 . This requires the dimensionless function
g to be smaller than unity when |! | ! 1 but larger than
unity when ! approaches the origin. To obtain a nonsin-
gular bounce, we must make an explicit choice ofg as a
function of ! . We want g to be negligible when|! | ! 1.
In order to obtain a violation of the Null Energy Con-
dition after the termination of the Ekpyrotic contracting
phase, g must become the dominant coe! cient in the
quadratic kinetic term when ! approaches0. Thus, we
suggest its form to be

g(! ) =
2g0

e!
q

2
p ! + ebg

q
2
p !

, (6)

where g0 is a positive constant deÞned as the value ofg
at the moment when ! = 0 , and is required to be larger
than unity, g0 > 1.

We have also introduced a non-trivial potential V for ! .
This potential is chosen such that Ekpyrotic contraction
is possible. It is well known that the homogeneous tra-
jectory of a scalar Þeld can be an attractor solution when
its potential is an exponential function. One example is
inßationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous Þeld trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be

V(! ) = "
2V0

e!
q

2
q ! + ebV

q
2
q !

, (7)

whereV0 is a positive constant with dimension of(mass)4.
Thus the potential is always negative and asymptotically
approaches zero when|! | ! 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functionsg(! )
and V(! ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(! , X ) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in ! , but the equation of
motion remains a second order di" erential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(! , X ). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-deÞnite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple

6 See [36] for a discussion of Galileon type Lagrangians.

Figure 1: Model functions g(! ) and V (! ) as given by Eqs. (6)
and (7), with background parameters taken as for the follow-
ing evolution Þgures, namely as in Eqs. (65) and (66).

function of only X :

G(X ) = " X, (8)

where " is a positive-deÞnite number.
We now turn to the study of the cosmology of this

model. In order to characterize a homogeneous but
anisotropic universe, we take the metric to be of the form

ds2 = d t2 " a2(t)
!

i

e2" i ( t ) #i #i , (9)

where t is cosmic time, #i are linearly independent at
all points in space-time and form a three dimensional
homogeneous space.

In the case of a Ricci ßat space, one can consider the
projection #i = d xi and thus the metric is of Bianchi
type-I form. The factor a(t) can be viewed as the mean
scale factor of this universe, and the functionse" i ( t ) de-
scribe the correction of anisotropies to the scale factor.
Since the values of scale factors can be re-scaled arbitrar-
ily, one can impose an additional constraint

!

i

$i = 0 . (10)

Then, one can immediately deÞne a mean Hubble param-
eter as follows,

H #
úa
a

, (11)

and the individual Hubble parameters along spatial di-
rections are given by,

H i #
1

ae" i

d
dt

"
ae" i

#
= H + ú$i , (no sum) (12)
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inßationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous Þeld trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be
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whereV0 is a positive constant with dimension of(mass)4.
Thus the potential is always negative and asymptotically
approaches zero when|! | ! 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functionsg(! )
and V(! ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(! , X ) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in ! , but the equation of
motion remains a second order di" erential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(! , X ). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-deÞnite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple
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since in the present paper we adopt the convention that
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efÞcient at lowering the contribution of anisotropies since a mere few e-folds of ekpyrotic
contraction are enough to damp any reasonable initial anisotropy to negligible level.

Note that the e-folding numberNE can also be constrained on observable scales of CMB
experiments, and we expect that this may impose a much more stringent constraint on the
anisotropy parameters. For that, one could require that the anisotropy contribution be smaller
that the observed level of perturbations, namely! pert ! 10" 10.

It is interesting to note that increasing the ekpyrotic e-fold number to, say,NE ! 15,
while keepingq ! 0.1, leads to relation (31) to yield ! " ! 10" 10 ! ! 2

pert # ! pert. This
means that after a sufÞciently long ekpyrotic contraction, the anisotropy contribution is totally
negligible, even compared with the amplitude of primordial perturbations. At this particular
level, however, the anisotropy contribution could be comparable to second order in terms of
the primordial curvature perturbation expansion, and thus could contribute to the primordial
non-Gaussianities of local shape withfNL ! O(1).

If one wants to make successful contact with late time cosmology, there is a second
constraint that should be implemented on the model, namely that the fast-roll phase ends
before the time of Big Bang nucleosynthesis (BBN). Roughly speaking, the energy density
of regular matter does not change much during the phase of ekpyrotic contraction (for small
values ofq). On the other hand, the density of# grows rapidly. In the fast-roll phase of
expansion, the decrease in the density of regular matter is no longer negligible. Hence, the
energy density of matter will be much lower at the timetF when$m(tF ) = $# (tF ) than at the
timetE when ekpyrotic contraction begins. In fact, it is straightforward to derive that

HF ! |HE| e" (1" 3q)N E/( 1" q), (62)

showing that the value ofHF should be much less than|HE|. The Hubble rateHF is associated
with the initial temperatureTF when the expansion begins to follow the Standard Big Bang
evolution (it is the equivalent of the temperature of reheating in inßationary cosmology).
SpeciÞcally, the relation is

HF $
g1/ 2

s %T2
F

9.5MPl

, (63)

wheregs is the effective particle number for radiation. As a consequence, in analogy with
inßationary cosmology, the constraint (62) leads to an upper bound on the effective ÔreheatingÕ
temperature:

TF !
!

3MPl|HB" |

g1/ 2
s

" 1
2

e" (2" 3q)N E/ [2(1" q)] (64)

in our nonsingular bounce model. From the BBN constraint, we Þnd that the lower limit of
the ÔreheatingÕ temperature is of the orderO(MeV). If we consider this lower bound and take
gs ! 100, NE ! 30 andq ! 0.1, then we Þnd thatHB+ > 10" 17MPl which can easily be
implemented in the model, as we shall see in the following numerical calculations.

3.6. Numerical estimates

To illustrate that a nonsingular bounce can be achieved in our model, we numerically solved
the background equations of motion. Expressing all relevant functions and parameters in the
corresponding units of the reduced Planck massMPl, we set

V0 = 10" 7, g0 = 1.1, & = 5, ' = 10" 3,

bV = 5, bg = 0.5, p = 0.01, q = 0.1 (65)

to illustrate the calculations.
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sity ! ) is dominant in the contracting phase3. Such an
equation of state can be realized by treating the dominant
form of matter as a scalar Þeld with negative exponen-
tial potential. Since the energy density of the dominant
matter then scales with a! q with q ! 6, anisotropies be-
come negligible and the BKL instability is avoided [37]4.
In a recent paper [38], a subset of the present authors
introduced a scalar Þeld with an Ekpyrotic potential to
construct a matter bounce scenario which is free from the
BKL instability problem.

The Ekpyrotic scenario in its original formulation [32]
involves a singular bounce. In addition, the curvature
spectrum of " is an nS = 3 spectrum rather than a scale-
invariant nS = 1 one [39Ð42]. Hence, without non-trivial
matching of " across the bounce, one cannot obtain a
scale-invariant spectrum at late time5. To solve this
problem, a new and non-singular version of the Ekpyrotic
scenario [46] was proposed in which a second scalar Þeld
is introduced which does not inßuence the background
dynamics but develops a scale-invariant spectrum which
starts out as an isocurvature mode but which is trans-
ferred to the adiabatic mode during the evolution. The
second Þeld can also be given a Òghost condensateÓ La-
grangian [47] in which case it mediates a non-singular
bounce. However, as has been pointed out in [48], in
this ÒNew EkpyroticÓ scenario the anisotropies which are
highly suppressed during the contracting phase again
raise their head and lead to a BKL instability.

In our previous work [38], we argued qualitatively that
in the model we considered the anisotropies remained
negligibly small during the bouncing phase. The reason
for the di! erence compared to what happens in the model
of [46] is that in our model the kinetic condensate which
grows as the bounce is approached does not need to de-
crease again by the time of the bounce point. This leads
to a shorter bounce time scale and to di! erent dynamics.

In this paper we carefully study the development of
anisotropies in the bouncing cosmology with an Ekpy-
rotic phase of contraction introduced in [38]. We work
in the context of a homogeneous but anisotropic Bianchi
cosmology in which the scale factors in each spatial di-
mension evolve independently. We are able to show that
no BKL type instability develops, in agreement with
what the study of [38] indicated. Our work thus shows
that the arguments against non-singular (as opposed to
singular) bouncing cosmologies put forwards in [48] do
not apply to all non-singular bouncing cosmologies.

The outline of this paper is as follows. In the next sec-

tion we review the bounce model introduced in [38] and
derive the resulting equations of motion for a homoge-
neous but anisotropic universe. In Section 3 we analyt-
ically study the background dynamics in each phase of
the cosmological evolution from the initial matter phase
of contraction through the Ekpyrotic phase to the bounc-
ing phase and the subsequent fast-roll expanding period.
SpeciÞcally, we determine the decay or growth rates of
the anisotropy parameter in each phase. In Section 4 we
solve the dynamical system numerically and present our
Þnal results. We close with a general discussion.

A word on notation: We deÞne the reduced Planck
mass byM Pl = 1 /

!
8#GN where GN is NewtonÕs gravi-

tational constant. The sign of the metric is taken to be
(+ , " , " , " ). Note that we take the value of the mean
scale factor at the bounce point to beaB = 1 throughout
the paper.

II. A NONSINGULAR BOUNCE MODEL

We consider a nonsingular bounce model in which the
universe is Þlled with two matter components, a cosmic
scalar Þeld$ and a generic matter ßuid, as proposed in
Ref. [38] (which, in turn, is based on the theory devel-
oped in [49]). The Lagrangian of$ is given by

L [$ (x)] = K ($, X ) + G($, X )! $, (1)

where K and G are functions of $ and its canonical ki-
netic term

X #
1
2

%µ $%µ $, (2)

while the other kinetic terms of $ include the operator

! $ # gµ! $ µ $ ! $. (3)

Variation of the above scalar Þeld Lagrangian mini-
mally coupled to Einstein gravity leads to the following
corresponding energy momentum tensor

T"
µ ! = ( " K + 2XG ," + G,X $ # X $ # $)gµ !

+( K ,X + G,X ! $ " 2G," )$ µ $$ ! $

" G,X ($ µ X $ ! $ + $ ! X $ µ $), (4)

T"
µ ! = ( " K + 2XG ," + G,X $ # X $ # $) gµ ! + ( K ,X + G,X ! $ " 2G," )$ µ $$ ! $ " G,X ($ µ X $ ! $ + $ ! X $ µ $) (5)

in which we use the notation that F ," and F,X denote
derivatives of whatever functional F ($, X ) may be with

respect to $ and X , respectively.
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and the individual Hubble parameters along spatial di-
rections are given by,

H i !
1

ae! i

d
dt

!
ae! i

"
= H + ú! i , (no sum) (13)

where the overdot denotes the derivative with respect to
cosmic time t.

Since we are interested in studying anisotropies rather
than inhomogeneities we can treat the matter Þelds to be
homogeneous, which implies" is only a function of cosmic
time. Thus, the kinetic terms of the homogeneous scalar
Þeld background become

X =
1
2

ú" 2,

! " = ¬" + 3H ú" , (14)

so that, for this background, the energy density of the
scalar Þeld is

#" =
1
2

M 2
Pl

(1 " g) ú" 2 +
3
4

$ ú" 4 + 3%H ú" 3 + V (" ), (15)

and the pressure is

p" =
1
2

M 2
Pl

(1 " g) ú" 2 +
1
4

$ ú" 4 " %ú" 2 ¬" " V (" ), (16)

as follows by computing the diagonal components of the
stress-energy tensor (4).

Additionally, the matter ßuid contributes its own en-
ergy density #m and pressurepm , and usually they are
associated with a constant equation-of-state parameter
wm = pm / #m . Namely, for normal radiation, wm = 1

3 ,
while for normal matter, wm = 0 .

To derive the equation of motion for " , one can either
vary the Lagrangian with respect to " or, equivalently,
require that the covariant derivative of its stress-energy
tensor vanishes. This yields

P ¬" + D ú" + V," = 0 , (17)

where we have introduced

P = (1 " g)M 2
Pl

+ 6%H ú" + 3$ ú" 2 +
3%2

2M 2
Pl

ú" 4, (18)

D = 3(1 " g)M 2
Pl

H +
#

9%H 2 "
1
2

M 2
Pl

g,"

$
ú" + 3$H ú" 2

"
3
2

(1 " g)%ú" 3 "
9%2H ú" 4

2M 2
Pl

"
3$%ú" 5

2M 2
Pl

"
3
2

G,X

%

i

ú! 2
i

ú" "
3G,X

2M 2
Pl

(#m + pm ) ú" . (19)

From Eq. (17), it is clear that the function P determines
the positivity of the kinetic term of the scalar Þeld and
thus can be used to determine whether the model con-
tains a ghost or not at the perturbative level; the function
D on the other hand, represents an e! ective damping
term. By keeping the Þrst terms of the expressions of

P and D and setting g = 0 , one can recover the stan-
dard Klein-Gordon equation in the FRW background.
Neglecting the other terms is a good approximation when
the velocity of " is sub-Planckian. Note that the friction
term D contains the contributions from anisotropic fac-
tors and matter ßuid, which can be suppressed for small
values of ú" . However, these terms will become important
during the bouncing phase where ú" reaches a maximal
value. For simplicity, in the following we will consider
matter ßuid is cold and thus wm = 0 .

Finally, we can write down Einstein equations in this
background, given by

M 2
Pl

#
Rµ# "

R
2

gµ#

$
= T"

µ# + Tm
µ# . (20)

Once expanded in components, this tensor equation
yields the e! ective Friedmann equations,

H 2 =
#T

3M 2
Pl

+
1
6

%

i

ú! 2
i , (21)

úH = "
#T + pT

2M 2
Pl

"
1
2

%

i

ú! 2
i , (22)

where #T and pT represent the total energy density and
pressure in the Bianchi type-I universe, i.e., the sum of
the contributions of the scalar Þeld and the ßuid.

Moreover, combining the spatial component of Ein-
stein equation with the constraint equation (11) yields

¬! i + 3H ú! i = 0 , (23)

from which it follows that

ú! i (t) = M ! ,i
a3

B

a3(t)
, (24)

where aB is the mean scale factor of the universe at the
bouncing point. The coe" cients M ! ,i are integral con-
stants with a dimension of mass. According to the con-
straint equation (11), one can read o! that

%

i

M ! ,i = 0 . (25)

Plugging Eq. (24) into Eq. (21) shows that one can
introduce an e! ective energy density of anisotropy

#! !
M 2

Pl

2

%

i

ú! 2
i # a! 6, (26)

whose evolution as1/a 6 implies an e! ective equation-of-
state parameter equal tow! = 1 . We see that this e! ec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.
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the contributions of the scalar Þeld and the ßuid.
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whose evolution as1/a 6 implies an e! ective equation-of-
state parameter equal tow! = 1 . We see that this e! ec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.
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H i !
1

ae! i

d
dt

!
ae! i

"
= H + ú! i , (no sum) (13)

where the overdot denotes the derivative with respect to
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Since we are interested in studying anisotropies rather
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homogeneous, which implies" is only a function of cosmic
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as follows by computing the diagonal components of the
stress-energy tensor (4).

Additionally, the matter ßuid contributes its own en-
ergy density #m and pressurepm , and usually they are
associated with a constant equation-of-state parameter
wm = pm / #m . Namely, for normal radiation, wm = 1

3 ,
while for normal matter, wm = 0 .

To derive the equation of motion for " , one can either
vary the Lagrangian with respect to " or, equivalently,
require that the covariant derivative of its stress-energy
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From Eq. (17), it is clear that the function P determines
the positivity of the kinetic term of the scalar Þeld and
thus can be used to determine whether the model con-
tains a ghost or not at the perturbative level; the function
D on the other hand, represents an e�ective damping
term. By keeping the Þrst terms of the expressions of

P and D and setting g = 0 , one can recover the stan-
dard Klein-Gordon equation in the FRW background.
Neglecting the other terms is a good approximation when
the velocity of " is sub-Planckian. Note that the friction
term D contains the contributions from anisotropic fac-
tors and matter ßuid, which can be suppressed for small
values of ú" . However, these terms will become important
during the bouncing phase where ú" reaches a maximal
value. For simplicity, in the following we will consider
matter ßuid is cold and thus wm = 0 .
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where #T and pT represent the total energy density and
pressure in the Bianchi type-I universe, i.e., the sum of
the contributions of the scalar Þeld and the ßuid.
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whose evolution as1/a 6 implies an e�ective equation-of-
state parameter equal tow! = 1 . We see that this e�ec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.
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D on the other hand, represents an e! ective damping
term. By keeping the Þrst terms of the expressions of

P and D and setting g = 0 , one can recover the stan-
dard Klein-Gordon equation in the FRW background.
Neglecting the other terms is a good approximation when
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term D contains the contributions from anisotropic fac-
tors and matter ßuid, which can be suppressed for small
values of ú" . However, these terms will become important
during the bouncing phase where ú" reaches a maximal
value. For simplicity, in the following we will consider
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where #T and pT represent the total energy density and
pressure in the Bianchi type-I universe, i.e., the sum of
the contributions of the scalar Þeld and the ßuid.
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straint equation (11), one can read o! that
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Plugging Eq. (24) into Eq. (21) shows that one can
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whose evolution as1/a 6 implies an e! ective equation-of-
state parameter equal tow! = 1 . We see that this e! ec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.
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Figure 2. Time evolution of the Hubble parametersH (black line) andHi (red dashed, blue
dotted and magenta dotÐdashed lines for the Hubble expansion rates along thex1, x2 andx3 axes,
respectively), in units of the reduced Planck massMPl, with background parameters given by
equations (65) and (66), and initial conditions as in (67). The main plot shows that a nonsingular
bounce occurs, and that the time scale of the bounce is short (it is a Ôfast bounceÕ model). The inner
inset shows a blowup of the smooth Hubble parameters during the bounce phase: this zoomed-in
view of the Hubble parameters around the bounce point shows that the Hubble rates vanish at
different times, so that the scale factors bounce at different times as well.

Moreover, we consider the following parameters of the matter ßuid and the anisotropy:

! m,B = 2.8 ! 10" 10, M" ,1 = 2.2 ! 10" 6,

M" ,2 = 3.4 ! 10" 6, M" ,3 = " 5.6 ! 10" 6, (66)

and choose the following as the initial conditions for the scalar Þeld::

#ini = " 2, ú#ini = 7.8 ! 10" 6. (67)

The actual computation also requires the initial value of the mean Hubble parameter, which
is determined by imposing the Hamiltonian constraint equation. Figures2 and3 show the
evolution of the Hubble parameters and ÔeffectiveÕ energy densities for matter components
and for the anisotropy, respectively.

From Þgure2, one can see that Hubble parameters along all spatial coordinates evolve
smoothly through the bouncing point with an approximate dependence on cosmic time which
is linear. The maximal value of the mean Hubble parameter, which we denote as the bounce
scaleHB, is mainly determined by the value of the potential parameterV0. SpeciÞcally,HB

is of orderO(10" 4MPl ) in our numerical result. We also note that the bounces occurring in
the three spatial directions do not occur at exactly the same momentÑa consequence of the
existence of anisotropy. This could leave a smoking gun signature for detecting nonsingular
bounce cosmology in high accuracy CMB experiments since the difference in the times
of the bounces along various spatial coordinates would affect the ultraviolet (UV) modes
of primordial perturbations passing through the bouncing phase. We leave this issue for a
forthcoming investigation.

From Þgure3, one can easily see that the universe in our model experiences four phases,
which are matter contraction, ekpyrotic contraction, the bounce, and fast-roll expansion, in
turn. At the beginning, the universe is dominated by the matter ßuid. At some point (timetE)
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the underlying parameters are those already chosen in
[22], so the numerical solutions presented below will be
comparable with this previous work. We have

V0 = 10! 7M 4
P

, g0 = 1 .1,

bv = 5 , bg = 0 .5,

p = 0 .01, q = 0 .1,

! = 5 , " = 10! 3.

The initial conditions are given by the set

# = ( $ini , %ini , &2
ini ), (23)

while H is given by the constraint (13), namely

Hini = !

!
' ! ini

3
+

1
6

&2
ini , (24)

where ' ! ini is obtained with Eq. (15) evaluated at $ini
and %ini . Finally, note that we have omitted the scale
factor a. Since it enters explicitly only in the expression
for the shear in Eq. (17), the results are independent
of the choice of its initial value, which we then choose
aini = 1 for simplicity.

Reference [22] considered the presence of a matter com-
ponent, p " ' , assumed to produce the initially scale-
invariant spectrum. Here, we want to focus on the bounce
itself, or the behavior of the scale factor in general when
the universe is dominated by the scalar Þeld. This means
we begin our analysis at a time for which we assume the
dust ßuid contribution has already turned negligible, hav-
ing been overcome by the other components when we set
our initial conditions. In other words, for a < a ini (we
set initial conditions in a contracting epoch), the mat-
ter ßuid is negligible and we shall accordingly forget it
altogether.

In the numerical solutions presented below in Figs.1
through 9, the time t is expressed in units of104M ! 1

P

and the Hubble rate H in units of 10! 4M P . In or-
der to compare the solutions with the same reference
point, we always set the initial time to t ini = 0 . The
estimated absolute error in the calculations shown are
of order O(10! 10) during the contraction and expansion
epochs, andO(10! 7) during the bounce phase.We in-
terested in the e ! ects of a remaining subdominant
anisotropy during the bounce. For this reason we
considered initial conditions such that the e ! ec-
tive equation of state (EoS) is not very large at
the beginning, i.e., we are using a weak ekpyrotic
phase where the EoS is only slightly above one.

A. The one bounce scenario

The one bounce scenario is the most widely discussed
background evolution for the bouncing cosmologies. The
background evolves dominated by the scalar Þeld during
contraction, passes through the ghost condensate phase,

makes a single non singular bounce and enters an ever
lasting expansion phase afterwards, as exempliÞed in
Fig. 1. These numerical solutions were obtained
for

#sb1 =
"
! 2.5, 8 # 10! 6, 5 # 10! 12#

,

#sb2 =
"
! 3.0, 8 # 10! 6, 5 # 10! 12#

,

note that the initial shear value is close to the ki-
netic term %2 = 64 # 10! 12, which is subsequently
diminished (in comparison to ' ) during the ekpy-
rotic phase.
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FIG. 1: Time evolution of the Hubble constant H (top left)
and scale factor a (bottom left) for two di ! erent values of
! ini : ! ini = ! 3 (full brown) and ! ini = ! 2.5 (dashed blue).
The bounce times are marked as tb . The discontinuity is
only apparent and a mere consequence of the fact that the
relevant time scale is extremely short for the fast bounce that
takes place in this theory: the right panels show the details of
this actually smooth transition (shown only for ! ini = ! 3.5)
over the much smaller time interval of ! t = 10 ! 4 around the
bounce time tb . Although not shown explicitly on later plots,
all the following curves are in fact smooth on the relevant
scales as we did check for all cases.

The ghost condensate and ekpyrotic phases are pre-
sented in Fig.2 where the time development of the kinetic
term coe! cient g and the potential V are presented. Be-
fore the bounce takes place, the scalar Þeld is driven by
the potential which becomes very negative all through
the ekpyrotic phase, until g takes over, at which point
the bounce occurs. Fig.3 shows, for this case and the
following (with more than one bounce taking place), the
time evolution of the energy contained in the scalar Þeld
and in the shear. The top panel is for the case at hand:
the di" erence between' ! and ' " is entirely due to V ($)
in this case, and as expected, the shear contribution de-
creases with respect to that of the Þeld.

Reducing the shear is what the ekpyrotic phase is made
for. Indeed, with the potential ( 7), there exists an attrac-
tor solution with EoS for the scalar Þeld w!

w! $ ! 2 +
2
3q

, (25)
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where the notations ,! and ,X stands for derivatives with
respect to ! and X , respectively.

Following Ref. [22], we choose

K (! , X ) = M 2
P

[1 ! g(! )] X + " X 2 ! V (! ), (5)

with the positive-deÞnite parameter " ensuring the ki-
netic term to be bounded from below at high energy
scales and the scalar Þeld! is dimensionless, hence the
Planck mass coe! cient on the Þrst term. The arbitrary
functions in (5) must be such as to render an ekpyrotic
contraction phase together with a non singular ghost con-
densate dominated bounce possible. As explained in [22],
an acceptable choice is provided by

g(! ) =
2g0

e!
!

2
p ! + ebg

!
2
p !

, (6)

with g0 > 1, p > 0 and bg constant and dimensionless,
the potential reads

V(! ) = !
2V0

e!
!

2
q ! + ebv

!
2
q !

, (7)

where V0 > 0 is constant with dimension of (mass)4

and two other dimensionless constantsq and bv . This
negative-deÞnite potential reduces to the exponential
form of the ekpyrotic scenario [9] for large values of ! .
Finally, the function G(! , X ) is of the Galileon type [28],
again chosen in agreement with [22] asG(X ) = #X , with
# is a positive dimensionless constant.

With the matter content Þxed, the system is complete
once we give the relevant geometrical symmetries. This
is done by assuming a ßat, homogeneous and anisotropic
universe, whose dynamics is described by a Bianchi I met-
ric, namely

ds2 = d t2 ! a2(t)
"

i

e2" i ( t ) dxi dxi , (8)

the average scale factora(t) permitting to deÞne a mean
Hubble rate through H " úa/a where the ÒdotÓ operator
is the time derivative with respect to the cosmic time t.

The equation of motion of the scalar Þeld! is derived
from the Lagrangian (2) and can be put in the form of a
modiÞed Klein-Gordon equation, namely

P ¬! + D ú! + V,! = 0 , (9)

where the functionsP and D, depend on both the scalar
Þeld itself and the scale factor; they are given by

P = (1 ! g)M 2
P

+ 6#H ú! + 3 " ú! 2 +
3#2

2M 2
P

ú! 4 (10)

and

D = 3(1 ! g)M 2
P

H +
#

9#H 2 !
1
2

M 2
P

g,!

$
ú! + 3 " H ú! 2

!
3
2

(1 ! g)# ú! 3 !
9#2H ú! 4

2M 2
P

!
3"# ú! 5

2M 2
P

!
3
2

#
"

i

ú$2
i

ú! . (11)

The parameters of the model areg0, V0, bg, bv , p, q, " ,
# all real, positive and assumed non vanishing. Without
lack of generality, we set M P # 1 for the rest of this
work.

DeÞning the shear

%2 =
"

i

ú$2
i , (12)

the Friedmann equations follow from the stress-energy
tensor (4); they are

H 2 =
&!

3
+

%2

6
, (13)

for the constraint, and

úH = !
&! + p!

2
!

1
2

%2. (14)

In (13) and (14), the energy density &! and pressurep!
of the scalar Þeld are given by

&! =
1
2

(1 ! g) ú! 2 +
3
4

" ú! 4 + 3#H ú! 3 + V (! ), (15)

p! =
1
2

(1 ! g) ú! 2 +
1
4

" ú! 4 ! # ú! 2 ¬! ! V (! ). (16)

Finally, as discussed in the introduction, the shear
evolves as

%2 = %2
ini

%aini

a

&6
, (17)

i.e., as a sti" -matter ßuid, where the subscript ini denotes
an arbitrary initial time. For future convenience, we shall
refer to the quantity

&# "
%2

2
= p# (18)

as the energy density and pressure associated to the
anisotropy.

III. NUMERICAL SOLUTIONS

The dynamical equations presented in the last section
can be recast into the system of Þrst order di" erential
equations

ú! = ' , (19)

ú' = !
D'
P

!
V,!

P
, (20)

úH = !
&! + p!

2
!

%2
ini

2

%aini

a

&6
, (21)

úa = aH, (22)

where we have introduced a new variable' to reduce
the system order and used the Eqs. (9), (14), (17) and
the deÞnition of the mean Hubble rateH . We assume
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FIG. 2: Time development of the kinetic function g [! (t)] (top
left) and potential V [! (t)] /V 0 (bottom left), with the same
convention as Fig. 1. The ghost condensate phase begins as
soon as g(! ) ! 1. The right panel shows how smooth the
transition goes when looked at on shorter timescales.

while on the other hand, Eq. (17) implies that the EoS
of the shear is w! = 1 . For small values of q, as the
one we are interested in and have chosen for the numer-
ical calculations, the shear can never dominate during
contraction. We obtained that behavior for two di ! erent
choices of initial conditions for ! ini . The more negative
! ini , the longer the contraction phase, because the scalar
Þeld begins farther away from the ghost condensate state
that permits the bounce. There is a degeneracy in the
initial condition space, since one could achieve a similar
behavior by changing" ini , an initially small velocity for
the Þeld leading to a longer contraction phase as it takes
more time to reach the ghost condensate phase.

At Þrst sight, one is tempted to conclude from the
previous discussion that ! ini or " ini could be chosen as
small as one wishes in order to yield a longer contraction
phase and varying the bounce characteristic features. As
it turns out, this is not the case at all: as we show in
the following section, changing the initial conditions pro-
duces drastically di! erent solutions involving more than
one bounce.

B. The two bounce case

Figure 4 illustrates what happens if one keeps decreas-
ing ! ini , trying to trigger a longer contraction phase: one
reaches a region in parameter space in which the Uni-
verse instead experiences two bounces. The universe con-
tracts, bounces, expands again, passes through a maxi-
mum, starts contracting again and moves towards a sec-
ond bounce, from which it Þnally expands forever. For
that to happen, the scalar Þeld must go twice through
the ghost condensate phase, a possibility which was al-
ways assumed hard to achieve, whereas in fact, we found
it actually goes through this phase three times (see Fig.
5) even though only two bounces took place.This evo-

lution is exempliÞed by the two following initial
conditions

#db1 =
!
! 3.49, 8 " 10! 6, 5 " 10! 12"

,

#db2 =
!
! 3.50, 8 " 10! 6, 5 " 10! 12"

,

depicted in Figs. 4 and 5.

The behavior we Þnd here is due to the existence of a
turning point for ! , marked astT in Fig. 3. At this point,
the scalar Þeld passes through the Þrst ghost condensate
phase while still contracting. It eventually returns and
goes back to pass through the top of the potentialg(! )
another time. Then, the universe bounces.

In Fig. 5, we show that after the Þrst bounce took
place, the expansion phase is again dominated by the
ekpyrotic potential V (! ). As we mentioned before, dur-
ing the ekpyrotic phase, the e! ective EoS of the scalar
Þeld is built to be larger than that of the anisotropy. This
means that, during contraction, the scalar Þeld domi-
nates for small values ofa, but conversely also that dur-
ing expansion, the anisotropy becomes more and more
important. This is illustrated in Fig. 3 where the shear
domination after the Þrst bounce is clearly visible.

With the expansion dominated by the anisotropy, !
reaches a second turning point, whileH became nega-
tive again. This is the beginning of the second contrac-
tion phase that will eventually drive ! into the ekpyrotic
phase again (see the third peak of Fig.5), thereby reduc-
ing the shear contribution again. When the scalar Þelds
again reaches the peak ofg(! ), (third ghost condensate
phase), this triggers the bounce in an even more isotropic
state.

From that example, one can envisage two possible sce-
narios. Without the Þrst turning point, the Universe
would have gone through a ghost condensate phase with-
out triggering a bounce and a singularity would have en-
sued. It is often stated that one of the most dangerous
e! ect that can prevent a bounce from taking place is
the uncontrolled growth of anisotropy. We found that
the scalar Þeld initial conditions are also important in
order to ensure the bounce can occur. Below we also ar-
gue that in fact, it is thanks to the existing anisotropy
that the universe does not plunge straightforwardly into
a singularity. The second scenario is when conditions are
such as to avoid the second turning point altogether. In
that case, the last expansion epoch begins anisotropic:
the ekpyrotic contraction, although controlling the rela-
tive shear decay, is not su" cient as the multiple bounces
subsequently spoil its e! ect. Contrary to previous claims
on that matter, a phase of ekpyrotic contraction is thus
not enough to guarantee that the resulting universe, after
the bounce, expands isotropically, the scalar Þeld initial
conditions playing a crucial role in the overall evolution
of the universe.
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FIG. 3: Comparative evolution of the energy densities for the anisotropy, ! ! (red dashed) and the scalar Þeld,! " (blue full) for
the initial conditions { " ini = ! 2.5, # ini = 8 " 10! 6} (top, single bounce), { " ini = ! 3.5, # ini = 8 " 10! 6} (middle, two bounces)
and { " ini = 1 .9, # ini = ! 10! 6} (bottom, three bounces). The initial anisotropic stress for all the plots is $2

ini = 5 " 10! 12 . The
indicated tT are the turning points at which the scalar Þeld goes through the maximum of g(" ).

C. The three bounces case

This Þnal example is rather counter intuitive. It be-
gins with a anisotropic contraction phase not leading to a
BKL instability and resulting into a Þnal expansion phase
even more isotropic than the previous cases (see Fig.3).
To produce this scenario, we tune the value of! ini , cho-
sen positive, keeping the amount of initial anisotropy as
before," 2

ini = 5 ! 10! 12, and we set # ini = " 10! 6, i.e.,
we use the following two initial conditions

$tb1 =
!
1.9, " 10! 6, 5 ! 10! 12"

,

$tb2 =
!
1.9001, " 10! 6, 5 ! 10! 12"

,

noting that since the initial Þeld time derivative
is smaller the anisotropy is initially larger than
the kinetic term #2 = 10! 12.

The usual ekpyrotic approach consists in beginning
with the ekpyrotic phase so as to lower, dissolve really,
the relative shear contribution immediately, during the
initial contraction, thereby solving the anisotropy prob-
lem. The case here is completely di! erent, as we start
with ! ini > 0 and #ini < 0 so that the scalar Þeld starts
evolving from the right hand side of the potential V (! )
and of g(! ). This means that, contrary to the cases dis-

cussed above, we do not begin the evolution of the uni-
verse with the ekpyrotic phase: this phase only happens
after the Þrst ghost condensate peak, as shown in Fig.6.

As in the two bounce case of Sec.III B , the existence of
a turning point is mandatory for the observed behavior.
Otherwise, the universe merely collapses into a singular-
ity.

The presence of three ghost condensate phases, i.e.,
the peaks of g(! ) in Fig. 6, leads to the three bounces
of Fig. 7. The Þrst contraction, containing no ekpy-
rotic phase, is completely dominated by the anisotropy
(Fig. 3). After the Þrst bounce, the universe expands
ekpyrotically as it reaches the Þrst peak ofV (! ), Fig.
6. During this ekpyrotic expansion, ! reaches a turning
point and H changes sign, initiating the second contrac-
tion.

After the second contraction, the universe once again
goes through the ghost condensate phase and another
bounce occurs. The ensuing expansion is still anisotropic,
until the scalar Þeld reaches another turning point, at
which point the universe begins contracting for the third
time while ! climbs bakc up in g(! ). During this third
contraction, which is not ekpyrotic-like, the scalar Þeld
energy contribution appears to grow faster than the
anisotropy, as shown in Fig. 3. The scenario ends after
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Conclusions:

Bounce model parameter dependent

Very rich structure

Perturbations (SVT, NG, …)

Compatibility with data…

More in 1705.xxxxx [A. Bacalhau, PP & S. Vitenti (to appear)]


