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The Problem of Renormalizability in QG

The Hilbert-Einstein action
— 1 4 2 _
Sug = — d*zv/—gR, k° =8rG
2K2

is perturbatively nonrenormalizable.
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The Problem of Renormalizability in QG

The Hilbert-Einstein action
SHE——Q—2 d*zv/—gR, k° = 871G
K
is perturbatively nonrenormalizable.
Renormalization generates an infinite number of counterterms
1

4 2 v v o paf
So = aoyel d*v/=g[R+ a1 R* + ca R R +esRyG RIS R, + -

A high-energy modification of the theory is necessary.

2 /18



Higher-Derivative Quantum Gravity

Stelle theory provides a renormalizable model of quantum gravity

SHD = —i /d4$\/ —g[R+ OtRl“,RHV -‘rﬂRz}
22
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Violation of Unitarity

Optical theorem

i(T+ThH =TT, S=1+iT;

ImT = %T*T.
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Violation of Unitarity

Optical theorem
(T+TH=T'T, S=I+iT;

ImT = %TTT.

IDEA: Higher-derivative theory with complex poles.
e Higher derivatives = improve the convergence;

e Complex conjugated poles = trivial imaginary part.
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D. Anselmi and M. Piva, Perturbative unitarity of Lee-Wick quantum field theory, 17TA2
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U.G. Aglietti and D. Anselmi, Inconsistency of Minkowski higher-derivative theories, Eur.
Phys. J. C 77 (2017) 84, 16A2 Renormalization.com and arXiv:1612.06510 [hep-th].

The theory cannot be defined directly on Minkwoski spacetime.
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More recently: D.Anselmi, C.D. Carone, B. Grinstein, L. Modesto, D. O’Connell, M.Piva,
L. Rachwal, I. Shapiro, M. Wise.

Difficulties:
I) How to obtain the cancelations?
II) How to cure pinching singularities?

IIT) How to implement them in a Lagrangian formulation or in a set of
Feynman rules?

Our formulation inlcudes the answer to all these questions.
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I) Cancelations

Modify the contour integration in loop integrals (T.D. Lee and G.C. Wick).

7 /18



I) Cancelations

Modify the contour integration in loop integrals (T.D. Lee and G.C. Wick).
iM*
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iD(p*,m*, ) =
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I) Cancelations

Modify the contour integration in loop integrals (T.D. Lee and G.C. Wick).

VL
iD(p°,m? €) = M .
Y (p? —m? +ie)((p*)? + M*)

Im[pY]
X X

®

® Re[p]

X X
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IT) Pinching singularities

s = [ 2%
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IT) Pinching singularities

T®) = [ G DO md ) Dk =) )

Im[k”]
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IT) Pinching singularities

CLOP prescription (Cutkosky at al.): two different scales M and M’ s.t.
M—-M =is (2)

and send § — 0 at the end.

9 /18



IT) Pinching singularities

CLOP prescription (Cutkosky at al.): two different scales M and M’ s.t.
M—-M =is (2)

and send § — 0 at the end.
Problems:

i) No Lagrangian formulation or Feynman rules.

9 /18



IT) Pinching singularities

CLOP prescription (Cutkosky at al.): two different scales M and M’ s.t.

M—-M =i

and send § — 0 at the end.
Problems:
i) No Lagrangian formulation or Feynman rules.

ii) More complicated diagrams could give other difficulties.

9 /18



IT) Pinching singularities

CLOP prescription (Cutkosky at al.): two different scales M and M’ s.t.

M—-M =is
and send § — 0 at the end.
Problems:
i) No Lagrangian formulation or Feynman rules.
ii) More complicated diagrams could give other difficulties.

iii) Inconsistent at one loop in the case m1 # ma (D. Anselmi, M.Piva).

9 /18



IT) Pinching singularities

CLOP prescription (Cutkosky at al.): two different scales M and M’ s.t.

M—-M =is
and send § — 0 at the end.
Problems:
i) No Lagrangian formulation or Feynman rules.
ii) More complicated diagrams could give other difficulties.

iii) Inconsistent at one loop in the case m1 # ma (D. Anselmi, M.Piva).

9 /18



IT) Pinching singularities

CLOP prescription (Cutkosky at al.): two different scales M and M’ s.t.
M—-M =is (2)

and send § — 0 at the end.

Problems:

i) No Lagrangian formulation or Feynman rules.

ii) More complicated diagrams could give other difficulties.

iii) Inconsistent at one loop in the case m1 # ma (D. Anselmi, M.Piva).

Solution: define LW models as
Nonanalytically Wick rotated Euclidean theories.

D. Anselmi and M. Piva, A new formulation of Lee-Wick quantum field theory, 17A1l
Renormalization.com and arXiv:1703.04584 [hep-th].
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New formulation

p=0

1 1

kO —p0 + wi (k) kO — war (k)




New formulation

p=0

1 1
kO 71)0 +w34(k) kO — wM(k) ’

Pinching equation:

P’ = k2 +iM? + k2 — iM2.
Solution:

(p0)4 _ 4M4

2 J—
TR
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New formulation

p=0

1 1
kO —p0 4+ wi, (k) kO —wpr (k)

Pinching equation:

P’ = k2 +iM? + k2 — iM2.
Solution:

(p0)4 _ 4M4

2 J—
TR

VM

Im[p"]

VaM Re[p]

The amplitude is ill-defined on the real axis above the threshold p? = 2M?2.
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p#0

Pinching equation:

P’ = VK2 +iM? + \/(k — p)? — iM2.
Solution:

k2 _ (p0)4 _ 4M4 p2
4(p°)?
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p#0

Pinching equation:

P’ = VK2 +iM?+ /(k — p)? — iM?2.

Solution:
(p0)4 _ 4M4

2 _
K=
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p#0

Im[p]

Pinching equation: X
P’ = VK2 +iM2 + \/(k — p)? — iM2. P —
Solution: PN\P__— Refpf]

0\4 4
o (p)" —4M 2 f
k® = 74(1)0)2 , P =2p-k.

2 2\2
Ep = \/2M2 + p2, EP':\/I;“/(Z) +AM*,

Lorentz invariance seems violated (already noticed by Nakanishi)
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We deform the branch cuts

Im(pY]
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We deform the branch cuts

Im(pY]

Tm[p]

Constraints on the deformation:

e Symmetric w.r.t. the real axis (unitarity).
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We deform the branch cuts

Im(pY]

Tm[p"]

el

Constraints on the deformation:

e Symmetric w.r.t. the real axis (unitarity).

e Cross the real axis only in p? = 2M? (Lorentz invariance).

The amplitude are well defined but nonanalytic.
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Expansion around the pinching:

2 2
o_ o PsO+ Ps
ks = — + , =
ST 2p0 +T20',(p0)2 +U4U,M2 b

u = cosb, o+ =/ (p°)* £ 4MH4.

13 /18

0%

9. " "as arz



Expansion around the pinching:

2 2
(- a PsO+ DPs ot
ks = — + =
ST 2p0 + TQO',(pO)Z + 4o M2 T ok, 20_M?’
u = cosb, o+ =/ (p°)* £ 4MH4.
Dy = p°e" —war(k) — wis(k — p),
a1k B op(P=2)/2 Ui [02_ _ (po)ng}(Dﬂlw drdn
(2p°)P M> 7 —i(pow + pan)’

b, T(Z0)

13 /18



o First ¢ — 0, then p, — 0

dP-1k drdn
x
Do T —1psn

— drdn |P (%) + imsgn(n)d(7)
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e First ¢ — 0, then p; = 0

dP~ 'k drdn
X
Do T —1psN

— drdn |P (1) + tmsgn(n)d(T)
T N—_———

0
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e First ¢ — 0, then p; = 0

dP~ 'k drdn
X
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0
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e First ¢ — 0, then p; = 0

dP~ 'k o _drdn
Do T —1psN

—drdn [P (1) + dmwsgn(n)d(r)
T N—_———

0

e First ps — 0, then ¢ — 0

D1
7k o4 dr — dr [73 <l> :ti776(7')] .
T

0
Dylp.=0 7 —1ipPp p—o0*

The first result is the correct prescription.
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Comparison with other prescriptions

A more general prescription

i o M* 1
= iad dr.
o oo e |7 (7))
Contribution to the amplitude includes complex conjugated

2io_M*
(8m)2(p°)2(M* + m7)(M* + m3)

o' P (1) + ad o - md)o(r)|
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Comparison with other prescriptions

A more general prescription

i o M* 1
= iad dr.
o oo e |7 (7))
Contribution to the amplitude includes complex conjugated

2io_ M*
(8m)2(p)2(M* + m1)(M* + mj

s [or + mtwdye (1) + vt - mtyato)

No prescription with nonvanishing a is consistent with this formulation.

CLOP gives a = wsgn(M' — M)
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Discrepancy above the threshold

M=1,6§=10"3% mi =3, may=5.
IMT (p)]

0.000045 -
0.00004 -
0.000035
0.00003 |

0.000025 -

0.000015 -

Our formulation gives physical predictions which differ from the previous
ones.
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Simplest model for Lee-Wick quantum gravity

1
Soc = —g5 [ daV=g|2Ac + R+ aRu R + SR

(D,Ry)(D°R™) + D R)(DPR)] .

‘W 2M4(

17 /18



Simplest model for Lee-Wick quantum gravity

1
Soc = 5.2 /d4CL‘\/—g [2)\(; + (R + aRu R"™ + ﬂRQ
1 v
<71 (Do R (D" R™) + (D, R)(D'R)].
Expansion
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1
Soc = 5.2 /d4CL‘\/—g [2)\(; + (R + aRu R"™ + ﬂRQ
1 v
<71 (Do R (D" R™) + (D, R)(D'R)].
Expansion
Guv :nuu+2/‘5h,u,u, Nuv :dlag(l,fl,fl,fl)

De Donder gauge fermion

=L [atser (1 N f) (%B - %g) L G = k(20,hE — O,h2).

Propagator

M oo + TuoMvp — Nuw
h y _ free _ 1 upllvoe pollvp v po.
(Mu (PY oo (—P)) X G —a—p—0 2(p2 + ie) (p?)? + M+
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Conclusions
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Conclusions

® Reconcile unitarity and renormalizability in the new formulation.
e Well defined procedure to define the amplitudes and cutting equations.
e Numerators do not spoil unitarity — suitable for quantum gravity.

e Prediction of nonanalitycity of the amplitudes.

Physically different from the previous formulations.
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