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e Hydrodynamics of Fluids
o Building a Lagrangian formalism for
Hydrodynamical models

o Classification of the Media: Symmetries,
Thermodynamical and Mechanical properties

o Perturbations on a FRW background

o The 6-th Dof of Massive gravity

o A—Media: Fluids with p4+p =0

o Entropic Dark Perfect Fluids (DM+DE)




Relativistic Hydrodynamics equation of motion

The dynamical content of the hydrodynamic equation is simply
conservation of energy and other conserved global charges

_ 8uv _
® BYuv — W_TR_

T, Einstein equations

o V" T,,=0 EMT conservation
VEN, =0 density conservation
vVi#Ss, >0 second law of thermo.

o Thermodynamics:

e Fundamental relation: s = s(p, n) or p = p(s, n)
o Euler Relation: p4+p=T s+ pun

o First principle: dp =T ds + p dn

e Gibbs-Duhem relation: dp =s dT + ndu
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Perfect Fluids

variables: u* (v> = —1), n, p, p

T,uu = (P+P) Uy Uy + P 8w = (T5u+unu)uu+pguu
Euler: T s+p n
n* = n u*, st =s uy*

EoM : p+60(p+p)=0— TV,+uVe, =0,
0450

(p+p)iy + (6, + uuu”)Vyp =0

o _ S_h__ wo () =6 =0
Vi =0 = Z=2--9 = uvu<n)fa 0;

(0=V,u", f=u"V,f) entropy per particle is conserved
along the flow lines (adiabatic fluid).
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Thermodynamics with broken shift symmetry?

Take a generic potential || U(X, ©)|| X = (9¢)?

Tuu:Uguu_2XUXau¢az/Q0:
(P+p) Uy uy+pguw

p=—U+2XUx, p=U, u'=—

V=X

| Thermo|: T?=—-X, s =—2 Ux V=X, Sy =S u,
p+p=Ts, dp=Tds OK!
u V, T" =0—=TV"s, =v-X0,U = 0!

a perfect fluid is adiabatic V¥ s, =0




Building the Theory

Fields |g. @ ¢*|, A=0,1,2,3

e Lagrangian in Newtonian gauge
(2 tensors + 4 phonons)

/ VE (R+L@Y)

# DoF: 2 (tensor gravitational modes) + 4 (scalar fields) =6
o Lagrangian in Unitary Gauge ¢ = x*: Massive Gravity

[ VE (R+ £ie™. &% &)
# DoF:(2 tensors + 2 vectors + 2 scalars) gravitational modes =6
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Lagrangian formulation of hydrodynamical equation

Lagrangian of 4 scalar fields £(0p"=%1:23)

Stuckelberg fields for spont. broken space-time symm.
©*=123 comoving coordinates of the continuous medium

¢ internal time of the medium

o Internal Symmetries on scalars ¢*:
shift, SO(3),, Non Linear extensions

o Symmetries , Media (Supersolids, solids,
superfluids, fluids) and Thermodynamics

o Media Lagrangian C Massive Gravity
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Building the Lagrangian

shift sym. : * = 4+ 0ch: CB = @L(pA g" 9,08,

Ut ~ etes eabcaawaﬁggob&(pc
Global internal "spatial” SO(3), sym. ag=01,23, abc=123

W= @ 5 RE P RRT =1

Operator Definition
X 0? - 0°
b \/det|B| = \/det [0p? - 0P|
Y u"8,,°
Yn > (9% 097 [B"]?P 0P - 0¢°),  n=0,1,2,3
Tn Tr(B"), n=1,23

U50(3)9, invariant = U(Xa Y7 Yn, 7-n)
~—_———

9 operators
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Evaluation of the Mass parameters (Perturbative)

’ Unitary gauge ‘: " =

U(CAB — aaSOA ga,B 85908) — U(gAB)

= a% (n,,, + hy) and expansion at second order O(h)?

/\/_U ") /Mo 00+M1h2+M2h2+M3h2+M4h00h"

Gravi ton mass

M; Mf(Ua oV, ai,ru)}back7 k,r=b,Y,X,7i,yj
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Mechanical properties (Non Perturbative)

Solid

—_
T;wng;w+(P+p) Uy Uy + Gy Uy + Gy oty + Ty

Perfect Fluid Super Fluid /Solid
EMT Lagrangian Medium Masses
q,=0,M, =0 U(b, Y) Perfect Fluid | My o =0
q,=0,M, #0 U(b, 7, Y) Solid My =0
G, #0, My, < g, g Ub, Y, X) SuperFluid M, =0
g, #0, My, #0 U(b, Y, X, Tny yn) | SuperSolid My, #0
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Symmetries and mechanical properties

’ Four-dimensional media

’ Symmetries of the action LO scalar operators Type of medium
goA — <pA + A, Bqu =0 X, Y, Th, ¥n supersolids
R i () X, wh
0 — 0+ f(goo) T, Wn, Oagn
©° = 0% + (%) & ¥ — ¥ +f(¢°) Wn
@ = @0+ F(¥?) Y, Tn solids
VsDiff: @2 — Wa(pP), det|0W?/dpP| =1 b, Y, X superfluids
0 = 0+ f(cpo) & VsDiff b, O
WO = @O+ f(p?) & ViDiff b, Y perfect fluid
P = WA(PB), det|0WA/0pB| =1 bY p. f. with p+p=C
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Thermodynamics + Mechanics (Non Perturbative)

(s/n)=o
@ Adiabatic: u*Voao=6=0
@ isentropic: Voo =0

@ barotropic: p = p(p)

irrotational: u® = V%¢

uVao = —EVO‘ (ﬁ)

b Y
3

g =2Y |> U, [0¢° 907 [B"]* - 00" + Ux &,
n=0
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Example: Thermodynamics + Mechanics

Example: Superfluid U(b, Y, X)

Tw=pgw+(p+p) u u+q,u +q u,+T,
p=—U+Y Uy —2Y2Ux, p=U~—>bU,
Cu = (0 + uy, u®) RN
q,=2Y Ux (,, My o
T=Y, s=Uy—2YUx, n=b, y=—U
p+p=T s+ un,

O‘Vaa——EVO‘<Y>—>JO<Mlo<UX

qu Qv
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Classification for Perfect Fluids

Operators: (b, Y) (My, =0) and separately X

Lag Mo | My | Mo | Ms | My | M | DoF Features

U(b) 0 0 0 | #£0 0 #0 1 Barotropic, Isentropic

uy) #0| 0 0 0 | #0 | #0 2 Barotropic, Adiabatic

Ub, Y) | #0] 0 | 0 | #£0|#0]| #£0 | 2 Adiabatic

U(X) 20| #0] 0 0 0 0 1 Barotropic, Isent., Irrot.

Table: Masses and thermodynamical classification of Perfect Fluids

M =My +p+p
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Classification for Superfluids

Operators: (b, Y, X) (M2 =0)

Lagrangian My | My | My | M3z | My Mfff DoF Feature

Ub, X) | #0|#0| 0 |#£0|#0]| #£0 | 2

U(Y,X) | #0|#£0] 0| 0 |£0|£0]| 2

U, Y, X) | #0 | £0| 0 | #£0|#0]| #£0 | 2

U(0,) 0 [#0| O 0 0 #0 1 Isentropic

U(b, O.) 0 [#0| 0 | #0]| O #0 1 Isentropic

Table: Masses and features of superfluids
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Classification for Solids

Operators: (Y, T,=123) (M =0)

Lagrangian | My | My | My | M3 | M, Mfﬂr DoF | Features

U(ra) 0 0 |#0 | #0| O #0 1 Isentropic

U(rn, Y) | 20| 0 | #£0| #0|£0| #£0 | 2 | Adiabatic

Table: Mass spectrum and thermodynamical classification of Solids
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Thermodynamics + Mechanics

We have found that media can be classified according to the
following scheme:

e Adiabatic media with do(X) time independent, M; = 0:
o Perfect Fluids at finite Temperature: U(b, Y)
e Solids at finite Temperature: U(7,, Y)
e Isentropic media with do = 0 are characterised by My = 0:
Perfect Fluid: U(b)
Solids: U(7,)
Superfluid: U(O,), U(X + Y?)
Supersolids: U(Oq, Tn, Yn): U(Oapn),
U(X + Y27 Tn, }/n)» \% _X Z/{I(Tna )/n) + YZ/{Q(TH, yn)

Ousn = (3)" (). 00 ()"

<
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Thermodynamics + Mechanics

e The Lagrangian U(X) describes an irrotational isentropic
perfect fluid with 0o =0 for a combination of factors :
Mg = My =0 and ¢ = 2

° Isotroplc media have zero anlsotropic perturbation tensor
M,, = 0in the EMT (the two Bardeen potentials are
automatically equal: ® = W) and are characterised by
M, = 0 (massless spin two graviton).

o All Perfect Fluids;
o All Superfluids.

e Generically, superhorizon perturbations for all media
becomes adiabatic (limy /30 d0(k,t) = do(k)) despite,
in superfluids and supersolids, entropy perturbations have
a non trivial dynamics.

e Media with non-dynamical entropy perturbations
(the Bardeen potential determines his evolution: do = f(®)) are
characterised by M =0: U(b Y, X, w,).
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DoF structure: Scalar Perturbations

Bardeen Potential: &,
Phonons: ®0 = x0 4 15, &' = x' 4 9'm;

Mo | My | M | Propagating DoF Egs & — do

#0| #0 | #0 &, 7o (or mp) " +..=0,00"+..=0

0 |#0| #0 ¢ " 4+..=0,00=0
#0| 0 #0 b, m "+ ...=0, b0’ =
#0 | #0 0 d ®"+..=0,60+..=0

Table: Structure of the scalar equations of motion and degrees of
freedom (DoF) in terms of the masses
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Structure of Cosmological Perturbations

Sp=c2op+T, To(cg—c2)éo

Moc Moy, |60 o< My

Master Equation
" + 3% (c3+1) o + o [k2c52+37-12 (Cffw)} -

oo () BT

M
6o’ = ﬁ K (mo — ¢ )
The entropy per particle is not conserved (M; # 0) and, for example, for
superfluids it satisfies the following equation (Mfff =M+ p+p)

’
o2 Mg 5,} _kz{w(cﬁ—zcs) ¢” 2k4¢'(c§—c3)]¢

622 My(w + 1) H2 + 31+ w)H2

5
62w Tam |27
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The 6-th Mode

General structure of the quadratic Lagrangian ([ /g (R + U))
Phonon pert: 0 =x0 4+ 70 o = x' + 7},
w = 0w + v (3'V,' = 0)

Metric pert: gy = Ny + P 52 S+w 5L 5,
Ly = Ly(m™) + Ly(r?, &, V) + Lr(P, V)

General Behaviours
(1) Phonons on Minkowski: stable for p + p # 0
(2) Phonons + GR perturbaz on Minkowski: Ghost

(3) Phonons + GR perturbaz on FRW and
k? > H?: stable (same stability conditions of (1))
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The 6-th Mode: Phonons on Minkowski

Transverse vectors V = (V1, V2, V3) one gets
1 . .
L) = 5 (Mi+p+p) V2 — k2 My V2.

Scalars

k2 k?
Es = My 77624—? (My+p+p)m)? + k* (My — Mg)wf—gl\/llwg.

Imposing that the energy is bounded from below in both the scalar
and vector sectors leads to

My>0, |~(p+p)<Mi <0, M>0, M>Ms.

Clearly, when p + p > 0, stability is possible, as it should be.
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The 6-th Mode in Minkowski

The linear expansion of the medium action gives

57(1_1) _— / d*x [g 7:1'0 + (0’ —p— p) 8,‘7Ti] =0; p, p, o=const

(1) _ 4 v -
Sh _/ A [ Thtioic ] =00 1 —p must(049) 0 =0

p, p =0 — Ghost!!
QO R~ M < k? the flat space picture is adequate and the

ﬂuctuatlons of the spacetime metric can be neglected.

Q@ R~ P~ k? the background solution has to amended and

pl
the metric fluctuations are important.
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The 6-th Mode

@ Phonons on Minkowski space show no instability.

o If we Add dynamical gravity we get a massive gravity model
with six degrees of freedom.

@ massive gravity theories with six DoF on Minkowski are
plagued by ghost instabilities.

WAY OUT:

@ Mink. space is not a consistent background for a
self-gravitating medium - massive gravity

o Taking a FLRW Universe; the stability analysis shows that
generically no ghost instability is present and actually for
modes with k > H the flat space results with gravity
switched off are recovered.

@ The fluid picture is incompatible with the requirement of
Lorentz invariance of the medium energy-momentum tensor
and leads again to p = p = 0 and inevitably the Lagrangian
has to be tuned to get less than six DoF.
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Suppose that we mesure w = p/p = —1, can we conclude then
that dark energy behaves as a CC?

Cosmological Constant : Tw=Nguw, dp=—0p=0

Improved CC: T,, =Ng. + (qu Uy + qy Uy, + 7%/): 5p=—8p #£0
@ Adiabatic: Perfect Fluid and Solid
G=mw =0  Upe(bY), ¢ =9%p"),  det ‘WA/WB‘ =1

=0 mw#0 US=U (er“%%) @ = HA(Y)
1 1

W w . S
Qu#0, T #0 UQS:U<XW31%7%) SOJ_>§0]+fJ(SOO)-
wy w
@ Isentropic: Special Solids

P i i i
G=0 720 UB=U(D.5), ¢+
T
1% W-
Gu # 0, T # 0 U/@5=U(%,%)7@°—><Po+f(<ﬂo)
wy wi
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A-Media Cosmological Perturbations

A-Medium | dp = —dp, do v ) Om mg
CcC 0 0 const. 0
UQF 0 0 0 const. 0

U./S\ & Ué\S 5p0 = 50’0 20 (Do 32 X 32 75 0

U//.\S & U,’}S 0 0 0 const. | #0

Table: Features of the different A-Media. The quantities ®y and dog are
time independent.

2 k2 11
0p = —0p =00 = ——— = const
p P=00= 32
2 M : .
n=— 7 anisotropic stress

32
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Entropic Dark Fluids: The Potential

Simplest Cosmological potentials

[P =w p], with w=0-c=w

Y Y
= pFw | — =ptv e —
U=b (bw>, U=b <bw>

@ Radiation Era
w=1/3: U=\, Y4+ Xy b*30r U= b*3f(Y b~1/3)

o Matter Eraw=20: U= Xy bor U=0bf(Y)
@ Vacuum energy Era w = —1: U= f(bY).
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Entropic Dark Fluids: Features

—U(b, Y) = Free Energy =p—T s
p=U—-bU,, p=-U+Y Uy,
s_Uv

‘T:Y’ SZUY‘v ’b:n,Uf:_Ub‘,O'E =

n b
Vi (nu,)=VH(su)=0 - Y+c20Y =0, 6=0

) p= C52 ) p+ I (M:intrinsic entropy)

S

FT=bY(2-c2) o
D e —~

t—dependent k—dependent

2 Uy —bUy)? = b Uy Uy > Uy —bUpy
2= , &=

Uy2 (p+p) Y Uy
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Sources of Entropic Perturbations

| ACDM | U(b, Y) | Radiation + U(b, Y) |

H I_rel ‘ I-im.‘ ‘ rint + I_rel ‘
’ » all fluids » 5 5
Ti=38p; —cidpj, op—cedp=Twr= D [6pj—ciopl=D>_ Ti+> (cZ;—cl)dp;
i i i
N

Cint Trel

. . api . .
Soi| =0 for Barotropl.c flu1.ds o I,y =0— p=p(p)
Isentropic fluids do; =0

Superhorizon evolution comoving curvature perturbations R

2 dd + 7?,0
v/ (p+ p)
k=0 —_——— ad/abatlc

entropic
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Example: Single Fluid Universe

Potentials that fit exactly the ACDM background parameters:

_ P &
w=_ and c 7
o Ub)=—-6H2(Q b**+Qnb+ Qun )
—— \\,./ ~—~
Radiation Matter Vacuum: CC
s=0—-R=0
Q

oU(b,Y):6H3(?'Y4 Qmb—  Qa ),

~—— Matter Vacuum: CC
Radiation
To

— 1o —x & _a
T— 20 R—D(0003a+4aeq

o Ub,Y)=6H2(—Q, b*2>—Q,, b+Qa (b Y)?),

Radiation Matter Vacuum

_ 3 a*
T = Toa7 RO(500 3214 ang
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Example: Two Fluid Universe: + Dark Fluid

Background = ACDM
Perturbations: ACDM + Entropic DF=DM+DE

/\/E R+ Upa+ U pf
=~

DM-+DE

Q, o
Upag = 6 H3 ( Y4>

Upm =6 H3 (— Qm b+ Qn (b Y)?),

Matter Vacuum

TDF = To 33

a* a
R x dog(k) ————— k) —mMm
> UO()3a+4aeq+So()3a+4aeq

Intrinsic entropy relative entropy =ACDM
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Conclusions

DoF: four Goldstone Modes ®* = U(9$*)

Hydrodynamical + Thermodynamical eqs = EoMga

Internal Symmetries <> Mechanics <+ Thermodynamics

Bardeen pert. ®
entropy pert. oo
Applications: 6 — th DoF of Massive GR

N\ Media

Entropic DM

FRW Perturbations {
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Building the Lagrangian

A=0,1,2,3 A
b bt i a
~— ¥

shift sym.:pA—pA+0cA

¥

CAB iz B ct=v. c*=
o up” g™ 0,° s, : T
Lorentz Scalar SO(3)¢ Scalar Vector Tensor

S7 7-,,[Tn:1,2,3]7 V- Tn:0,172,3 -V

= Ut~ ehoP eabcaagpaaggob&,goc — u“@ugoo

Lorentz Vector, SO(3)¢ Scalar Lorentz Scalar

A,B=0,1,2,3, a,b,c=1,2,3
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Lagrangian of 4 scalar + shift sym.+ Lorentz

o At lowest order in derivatives: | CA8 = BugoA g" 0,¢"
4 2 AB
Sz/dx\/_—g (M3 R + U(C"8))
global internal spatial SO(3)¢ symmetry

¥ = 0, ©? = RI P RRT =1, a=1,2,3
SO(3)¢ Tensors : €3 C30 (C%

Operator Definition
CcAB g 0,00 0,98, A B=0,1,2,3
B2b Cht =gh9,p? 9,0", ab=1,23
7ab €30 (b0
X co
Wab B — 7% /X
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Lagrangian of 4 scalar + shift +SO(3)¢ symm.
S50(3)¢ Scalars

LV.: o= —%eabc 0o ®? 950" 0,0°, V' = —%
Operator Definition
X co0
b Vdet B = /det dp2 Db
LS. Y uhg, d°

Vn Tr(B"-Z), n=0,1,2,3
Th Tr(B"), n=1,2,3
Wp Tr(W"), n=0,1,2,3

Oapn | (X/Y?)" (/Y?)’

USO(3)® invariant — v (Xa Y7 Yn, 7—n)
——_————

9 operators
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The 6-th Mode

@ Low energy phonon-like excitations of generic media on Minkowski space
showing that typically no instability is present.

@ Adding dynamical gravity, in the unitary gauge, self-gravitating media are
equivalent to massive gravity and six degrees of freedom are present.

@ massive gravity theories with six DoF on Minkowski are plagued by ghost
instabilities and a great effort has been devoted trying to find a
non-perturbative way to project out the unwanted (ghost) sixth mode.

@ The point is that flat space is not a consistent background for a
self-gravitating medium and for massive gravity, unless the background
pressure and energy density is set to zero.

@ Taking a FLRW Universe; the stability analysis shows that generically no
ghost instability is present and actually for modes with k > H the flat
space results with gravity switched off are recovered.

@ The fluid picture is incompatible with the requirement of Lorentz
invariance of the medium energy-momentum tensor and leads again to
p = p = 0 and inevitably the Lagrangian has to be tuned to get less than
six DoF.
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